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� Introduction

With the rapid innovation and growth of the derivative securities� the manage�
ment of volatility risk in its many forms has become an important topic for
researchers and practitioners� This is due to the sensitivity of derivatives to
market volatility and the need to manage this risk accurately and at low cost�
There have been several approaches to this end� each with its own advantages
and pitfalls� One consists in using �implied tree� models 	Dupire� ����� Ru�
binstein� ����� Derman and Kani� ����
� a more traditional approach consists
managing the Vegas corresponding to di�erent maturities� Other models use
the notion of stochastic volatility� Hull and White 	����
� for example� treat
the spot volatility as an exogenous random source� while Engle and collabora�
tors 	Engle and Noh� ����� Engle and Mezrich� ���
� Engle and Rosenberg�
���

 analyze the volatility of the underlying process using heteroskedastic
auto�regressive models 	the Autoregressive Conditionally Heteroskedastic� or
ARCH�GARCH family
� Other approaches involve the use of con�dence bands
for future volatility movements 	Avellaneda and Par�as� ����
�
In this article� we contribute to the theoretical understanding of the volatility

of option prices by studying empirically the dynamics of the term�structure

of implied volatilities of currency options� We use a Principal Component
Analysis 	PCA
 	Judge� ����
 combined with ARCH techniques to derive a
statistical model for the evolution of the term structure of volatility� Thus� the
present statistical analysis is not on the volatility of the underlying asset� as in
traditional work 	see Engle� ����� ���

� but rather on the implied volatilities�
The latter provide a �dimensionless� representation of the currency options
market�
Using historical data on the implied volatility of options on �� currency

pairs for the period Jan� �� ���
 to July ��� ����� we develop a three�factor
term�structure model which appears to be applicable to all the studied cur�
rency pairs� A similar methodology was used by other authors in the study
of term structure of interest�rates 	Litterman and Scheinkman� ����
� There
are� however� important structural di�erences between interest rates and im�
plied volatilities� The main di�erence is that the term�structure of volatility
is a stochastic process which is far from equilibrium� As an illustration of
this� Figure � shows an �equilibrium� AR model �tted using least squares
and maximum likelihood techniques compared against real data� One clearly
observes more structure in the real data than in the equilibrium model� and
unlike the latter� the real implied volatility data exhibits a trend� A formal
test for non�stationarity or �trend� of time series is the unit root test 	Enders�
���

� We apply this test to the term�structure of volatility� and the results
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Figure �� Simulated paths �one realization� of AR Model vs� Real Term Volatility
for USD�JPY� A� �� day implied Volatility � B� �� day implied Volatility � The
simulated paths do not re	ect the structure of the real data�

fail to reject the null hypothesis of non�stationarity in all cases� On the other
hand� we will show that in similar vein to interest rates� most of the variance
on the term structure of volatility can be explained in terms of three factors�
level movement 	� ���
� slope 	� 
�
 and curvature 	� ��
�
The implied volatility processes exhibit strong heteroskedasticity� ie�� the

volatility of volatility is not constant� Therefore� we propose a class of ��factor
exponential ARCH� or E�ARCH� models to describe their dynamics� Based
on the analysis of sections � and �� the example in Figure � suggests that this
model predicts the real movement of implied volatilities much better than na��ve
AR models�
As an application of this E�ARCH model� we present a method for calcu�

lating conditional con�dence bands for the motion of the volatility curve� The
method is illustrated with the aforementioned dataset� One possible application
of such con�dence bands could be for �statistical arbitrage�� or alternatively�
in the context of the Uncertain Volatility Model 	Avellaneda and Par�as� ����
�
where option hedges are computed based on a proposed range for the future
spot volatility�
This article is organized as follows� Section � discusses the three�factor

model obtained by the Principal Component Analysis method applied to log�
di�erences of the vector of implied volatilities� Section � discusses the three�
factor E�ARCH model� Section � describes the construction of upper and lower
con�dence bands� for given time horizon� initial conditions and con�dence level�
The conclusions are presented in Section 
�
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(E)

Figure �� Simulated paths of E
ARCHModel �one realization� vs� Real Term Volatil

ity for USD�JPY� A� � month� B� � month� C� � month� D� � month� E� �� months�
Notice the similar structure of paths�
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� Risk Factors A�ecting the Volatility Term�

Structure of FX options

��� Volatility Risk

By de�nition� Vega measures the sensitivity of an option�s value to a parallel
shift in the volatility term structure� In reality� however� the term volatility
does not move in parallel fashion� it is well�known� for instance� that short�
term volatility tends to be more volatile than long�term volatility�
A one�factor model of the term�structure e�ectively �decomposes� the over�

all volatility risk into 	i
 a systematic risk modeled by the one�factor model and
	ii
 an unsystematic risk� which is not accounted for explicitly� represented by
the spreads between the realized term volatilities and the reference volatility
predicted by the model� Consequently� if we used a statistical one�factor model
for parallel shifts of the term structure of volatility� we would not be able to
explain the relative changes or correlations between the prices of options with
di�erent expirations� Such an approach is too simplistic to be of practical use�
Empirical observation shows that each term volatility has a separate move�

ment� This is why it is common practice in foreign�exchange markets to use
�term Vegas� 	i�e�� ��month Vega� ��month Vega� etc�
 for hedging the option
book� However� this approach requires using large numbers of options and
leads to the problem of hedging options with maturities which are not readily
quoted in the over�the�counter market� such as a �
�day or a ���day option�
The research conducted in this paper shows that the volatility term�structure

can be decomposed essentially into three �principal components�� or major
sources of risk� This is due to the fact that the �ve maturities quoted on a
day�to�day basis 	�� �� �� � and �� months
 are highly correlated� This suggests
the use of a multi�factor 	three�factor
 model to explain the �uctuations of the
curve� This type of model o�ers the advantage of giving a better framework
for hedging the book by hedging the exposure to each component rather than
looking at individual expiration dates� It o�ers a solution to the aforementioned
problems associated with �intensive� Vega�hedging� since fewer options will be
involved if we hedge according to the principal components� We expect� in
general� to hedge more than �
� of the risk in this way� in terms of a measure
that will be made precise below�
The advantage of using a multi�factor model is that the underlying factors

are not merely the quoted volatilities for standard maturities� ie�� we take into

�



account existing statistical correlations between volatilities� From the point of
view of hedging� we are only concerned with the sensitivity of the portfolio to
each factor�

��� The Three�Factor Model

The Principal Component Analysis 	PCA
 approach for analyzing a time�series
consists in studying the covariance matrix of successive shocks� If we view
the term�structure of volatility as a 
�dimensional vector� 	����� ����� � � � � ����
�
where the ��i��s represent the �� �� �� � and �� month volatility� respectively�
then we should analyze a 
�
 symmetric matrix of squares and cross�products
of volatility changes� The approach that we take in this paper is to analyze the
covariance of the di�erences of the logarithm of the implied volatilitiesA � aij�
which are de�ned as

aij �
�

T � �
T��X
t��

	 log ��i�	t� �
 � log ��i�	t

 	 log ��j�	t� �
 � log ��j�	t



where � � i� j � 
 and t ranges over the number of days observed�� Other
possible candidates for analyzing the principal components could be successive
di�erences of the volatilities 	instead of the logarithms
� the logarithm of the
data or simply the data itself 	in the latter two cases� the sample mean of the
term�structure enters the calculation as well
� The reason for working with
di�erenced data is the following� in conducting a unit root test on the implied
volatility movements of FX rates for �� currency pairs� we could not reject
in any of the cases a unit root null�hypothesis� Hence� we concluded that the
implied volatility curve does not behave like a stationary processes� Since� by
convention� the PCA analysis leads to factors that have mean zero and constant
variance� it is reasonable to select variables that are statistically stationary� The
di�erenced data� by inspection or the unit�root test� is stationary� Moreover�
to exclude the possibility of having negative volatilities� we chose to work with
the di�erenced logarithms rather than the di�erences of the volatilities�
Let us denote by Y

�j�
t � the j�th di�erenced logarithm of implied volatility

at time t and by �v�� �v�� ���� �v� the �ve normalized eigenvectors of the sample
covariance matrix of fY �j�

t g�j��� We can de�ne the coordinates of the vectors
Y

���
t � ���Y

���
t in the orthonormal frame de�ned by the eigenvectors� viz��

V
�i�
t �

X
j

vijY
�j�
t

�The data used were daily closing prices posted electronically by brokers�
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Table �� Eigenvectors and normalized Eigenvalues for USD�JPY

or
Y

�j�
t �

X
i

vijV
�i�
t �

In this formulation� the random variables V �i� are statistically uncorrelated
linear combinations of the Y �j�� This suggests the following ansatz for the
term�structure of volatility

�
�j�
t � �

�j�
t��exp	

X
i

vijV
�i�
t��
� 	�


where the statistics of the processes V
�i�
t i � �� � � � � 
 will be determined in the

next section�
Numerical values for the components of f�vig�i�� and their corresponding

normalized eigenvalues are shown in Table � for USD�JPY�� using the period
from January �� ���
 to July ��� ���� with daily observations� The eigenvalue
normalization is made such that their total sums are equal to �� Each normal�
ized eigenvalue represents the importance of the corresponding component for
explaining the variance of the curve� An important consequence of the PCA
analysis is that� in all �� cases� the variability of the term�structure of volatility

is explained to more than ��� by just � components or eigenvectors�

Figure � exhibit the factor sensitivities for USD�JPY� USD�DEM and
CAD�USD� The plotted curves represent the percentage change in term�vol
for a one standard deviation shock in the the corresponding factor� Only the
three factors with the largest eigenvalues are shown� We used cubic splines to
generate a smooth curve interpolating between the �ve standard maturities�
Table � in Appendix shows that the �rst 	largest eigenvalue
 factor accounts

for about ��� of the variance on average� We observe in Figure � that the
percentage changes caused by this �rst factor are positive and relatively �at

�Table � in the Appendix shows results for all the �� currency pairs�

�



1 2 3 4 5 6 7 8 9 10 11

−2

0

2

4

6

8

10

maturity(month)

ch
an

ge
 o

f t
er

m
 v

ol
 o

f j
py

(%
)

(A)

1 2 3 4 5 6 7 8 9 10 11

−2

0

2

4

6

8

10

maturity(month)

ch
an

ge
 o

f t
er

m
 v

ol
 o

f d
em

(%
)

(B)

1 2 3 4 5 6 7 8 9 10 11

−2

0

2

4

6

8

10

maturity(month)

ch
an

ge
 o

f t
er

m
 v

ol
 o

f c
ad

(%
)

(C)

Figure �� Factor Sensitivities for A� USD�JPY� B� USD�DEM and C� USD�CAD�
Solid line is Factor �� dot
dash line is Factor �� and dotted line is Factor ��

across all maturities� Thus� this �rst factor corresponds approximately to a
parallel movement of the term�structure of volatility � Note however that the
sensitivity curve of the �rst factor is downward�sloping for most currencies�
which is consistent with the fact that the longer term volatility is less volatile
than shorter term volatility�
The second factor� which explains about 
� of the variance on average�

corresponds to the variation of the slope of the term�structure� It �lowers� the
short�term volatilities and �raises� the long�term volatilities�
The third factor explains about �� of the variability on average� We can

view it as �twist component� of the term�structure curve� it tends to lower the
term volatility for short and long maturities and raise it in the middle�

�



Total
Term Variance
Vol Explained��� Factor ���� Factor ���� Factor ����
�M ����� ���� ��� ���
�M ���� ���� ��� ���
�M ���� ���� ��� ���
�M ���� ���� ��� ���
�YR ���� ���� ���� ���

Average ���� ���� ��� ���

Table �� Relative Importance of Factors

Table � exhibits the relative importance of the three factors of USD�JPY� in
explaining the variation of each of the �ve volatilities corresponding to standard
maturities�
We see that� on average� for all the currencies� the three factors account

for more than �
� of the total variance� Although they explain the shorter
term volatility better than the longer term volatility� the longer term volatility
is much less volatile�
Based on this analysis and equation 	�
� we shall consider in the sequel the

three�factor model for the volatility term�structure

�
�j�
t � �

�j�
t��exp	

�X
�

vijV
�i�
t��
 � 	�


where V �i�
t � i � �� �� �� represent the factors with the largest eigenvalues�

� Three�factor Exponential ARCH model

A cursory inspection of the real volatility processes of JPY in Figure �
shows that volatility of these processes is not constant across time� There
are periods of unusually large volatility followed by periods of relatively low
volatility of the term�structure� This clearly points to the inadequacy of na��ve
models in which the volatility of volatility is constant� Experiments with ho�
moskedastic autoregressive 	AR
 statistics strongly support this� since the path
�uctuations that result tend to be much more homogeneous across time than

�Table � in Appendix shows the results for all �� currency pairs�

�



indicated by the data� More formal statistical testing 	Lagrange Multiplier Test
of Engle� ����
 points to a strong heteroskedastic e�ect� In order to construct
an appropriate ARCH model� we �rst calculated the ACF 	Autocorrelation
Coe cient Function
 of the di�erenced data� which shows no autocorrelation
e�ect to any order� In fact� the ACF�s resemble those of simulated white noise�
Once we have an appropriate AR model� 	in this case� no AR coe cients
�
the TR�square statistic of a regression of residuals for each V �i� is used� and
it suggests that an ARCH	�
 model is appropriate for most currency pairs�
Therefore� we adopt the following model for each of the three factors�

V
�i�
t � a�i� � �

�i�
t

�
�i�
t � N	�� h

�i�
t 
 	�


h
�i�
t	� � Et�

�i��
t	� � �

�i�

 � �

�i�
� 	�

�i�
t��


� � �
�i�
� 	�

�i�
� 


� �

where i � �� �� �� Et is expectation conditional on time t� The parameters
a� �
� �� and �� are then determined by the Maximum Likelihood method for
each of the three factors� These values are shown in the Appendix�
Figure � shows the model vs� the real data for USD�JPY� We see that the

model selects the correct range of motions of the term�structure and captures
some of the �ner details of the series�
We believe that the present Exponential ARCH	�
 model is appropriate

for simulating term�volatility movement because it captures two important
features of the real processes� the unit root e�ect� or non�stationarity� and the
heteroskedasticity of the process� These hypotheses are strongly supported by
statistical testing�
One should not think of the ��factor Exponential ARCH	�
 model as a

�local volatility model� in the sense of Hull and White� Thus� it cannot be
used directly in a derivatives pricing model to simulate the dynamics of the
spot volatility� Nevertheless� it gives a realistic version of how the prices of
options with di�erent maturities are correlated in the currency markets� and
thus provides useful information for hedging a book with a spectrum of options�
To feed the market information directly into a derivatives pricing model�

we would need to model the local volatility variations� To this e�ect� we could
use the ��factor E�ARCH to construct dynamics for the �forward� volatility
processes� i�e�� the � month�� month� � month�� month volatilities� etc� Another
approach� which we explore below� is to determine �con�dence bands� for the
term�structure of volatilities� which could be used as inputs in the Uncertain
Volatility Model 	Avellaneda and Par�as� ����
� The next section describes a
methodology for computing con�dence bands�
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� Application� Con�dence Bands

Consider the model of equation 	�
 for V ���� V ��� and V ���� Let us make a change
of variables expressing volatility term�structure in its original representation�
Using the notations of the last section� we have�

� log ��j�t �
�X

i��

vija
�i� �

�X
i��

vij�
�i�
t

� A�j� �
�X

i��

vij�
�i�
t � 	j � �� � � � � 



Our goal is� for given con�dence level� to �nd the upper and lower bounds for
log ��i�s � i � �� � � � � 
� s � !�� t"� To this end we

�� approximate the processes by their continuous time version�

�� assume that the drift terms A�i��s are small compared with di�usion co�
e cient

P�
i�� v

�
ij�

Both approximations are reasonable� Typically A�i� is of order ����� while

h�log �ti �
X
i

v�ij

is of order ���� 	h�i is the quadratic variation 
�
In principle� one could use Monte�Carlo to �nd the joint distribution of

log ��i�min and log �
�i�
max� This involves �nding a two�dimensional histogram for

each standard maturity� but this is time�consuming� Instead� we used Monte�
Carlo simulation to �nd the distribution of the quadratic variation process of
log �

�i�
t � ie��

P 	hlog �ti � dT 


which involves calculating only a one�dimensional histogram� Then� we used
a time�change to transform� for each i� log �

�i�
t to a Brownian Motion with

drift�� We then used a formula for the Brownian �rst�passage time to compute

�Although in this case the drift is not constant� due to assumption � that the drift is small

compared to typical T� this conditional distribution won�t change much if we spread the drift

out evenly during time �� T � When T is small� ie�� the conditional motion is basically drift�

the band is big enough that the probability won�t be a	ected by the spreading out� Moreover�

when T is small� constant drift is fairly a good approximation anyway�

��



the probability of the time�changed log �t exits a band� This is a well�known
formula for the distribution of Brownian passage time with drift� often used to
generate closed�form solutions for double�barrier options 	Karatzas and Shreve�
����
�
Let us be more speci�c� First� we �x some notations� Wt is a Brownian

Motion starting from x� with drift �� T
 and Tb are the exiting time of Wt from
� and b� respectively� If P ���!T
 	 Tb � t" is the probability that the process
f�s�Wsgts�
 exits the band !�� b"� then

P ���!T
 	 Tb � t" �
�X
n�


e��!��N	A	
 � e����N	A�
"

�
�X
n�


e��!�� N	B	
 � e���� N	B�
"

�
�X
n�


e��!�� N	A	 �
bp
t

 � e����	�b�N	A� �

bp
t

"

�
�X
n�


e��	b�!�� N	B	 � bp
t

 � e������b�N	B� � bp

t

"

where

N	x
 �
�p
��

Z x

��

e�
z
�

� dz

and

�� � �	�nb
 x
�

A� � ��
p
t
 �nb� xp

t

B� � ��
p
t
 �nb � xp

t
�

The terms in the series decay like exp	��n�
� with � � �b�

t
� Evaluation of the

sum of the �rst two or three terms is su cient in practice�
This calculation gives the conditional probability

P 	log �s � !b�� b�"� s � !�� t"jhlog�ti � T 


where again h�i denotes the quardratic variation� Therefore�

P 	log �s � !b�� b�"� s � !�� t"

�
Z
�



P 	log �s � !b�� b�"jhlog �ti � T 
 � P 	hlog �ti � dT 


��



For a given con�dence level� say �
�� set

P 	log �s � !b�� b�"� s � !�� t"
 � ���
�
There are many pairs of !b�� b�" which satisfy the above equation� We simply
choose the initial position x in such a way that the the probabilities for exiting
the band on both sides are equal� namely

Px!	b� � 	b� " � Px!	b� � 	b�"

where 	bi is the exit time of the process log �s from boundary bi� The subscript
x denotes the initial condition� In practice� however� we approximate it by the
following equation�

x � E f y j 	Py!Tb� � Tb�jhlog �ti" � Py!Tb� � Tb�jhlog �ti"
 g
Table � shows the �
��con�dence bands for �� currency pairs� over di�er�

ent time periods T �� We �nd that the bands for the term�structure of volatility
form a �cone�� short maturities have wider con�dence intervals than long matu�
rities for any given time�window t� The bands were calculating using a speci�c
initial condition� we used the �rst three days in the dataset as the initial condi�
tion for the ARCH	�
 processes� Note that this is a conditional term volatility
band� i�e�� di�erent initial conditions give rise to di�erent bands� which depend
on the positions of the �ve term volatilities over the past three days�

	 Conclusion

The analysis of the implied volatilities of currency options for �� currency
pairs shows that the movements of the term�structure are explained to more
than �
� with a three�factor model� These factors are derived by a Principal
Component Analysis of the sample covariance matrix of the changes in the
log�di�erences of the implied volatilites of the �rst �ve standard maturities�
A heteroskedastic model for the evolution of the three factors driving the

volatility curve was derived� We found that an ARCH	�
 model was consistent
with the data for each currency pair�
Finally� this model was used to calculate con�dence bands for the term�

structure over di�erent periods of time� In all cases� these bands are �cone�
like�� in the sense that the con�dence intervals become narrower as the option�s
expiration date increases�

�CAD and DEMESP are more suitable for jump
di	usion processes� here we exclude

these two cases�
�The Table � shows time periods over ��� ��� ��� �� and ��� days�
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T �M �M �M �M ��M

�
 � ������ ������ ����
� ������ ���
���
� ������ ������ ������ ������ ������

�� � ������� ������� ��

�� ������ �����

� 
�

�� ������ ������ ������ ������
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Table �� Eigenvectors and Normalized Eigenvalues
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Table �� Relative Importance of Factors

Total
Term Variance
Volatility Explained	�
 Factor �	�
 Factor �	�
 Factor �	�

�M ����� ���� ��� ���
�M ���� ���� ��� ��

�M ���� ���� ���� ���
�M ���� 
��
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��� ���� 
��
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 ��� ���
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 ���
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�� ��� ���
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�� ��� ���
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�� ��
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�M ����� ���� ��� ���
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�M ���� ���� ��� ���
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Table �� Estmated ARCH��� Parameters and Errors
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