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ABSTRACT. We prove that for continuous stochastic processes S based on (£2, F,P)
for which there is an equivalent martingale measure Q° with square-integrable density
dQ®/dP we have that the so-called ”variance optimal” martingale measure Q°P* for
which the density dQ°P?/dP has minimal L?(P)-norm is automatically equivalent to P.

The result is then applied to an approximation problem arising in Mathematical F'i-
nance.

1. INTRODUCTION

Let S = (Si)ier, be an R%valued semi-martingale based on (2, F, (F;)ier, ,P)
which in most of this paper will be assumed to be continuous. The process S may be
interpreted to model the discounted price of d stocks.

A very important tool in Mathematical Finance is to replace the original measure
P by an equivalent local martingale measure Q, sometimes also called a risk-neutral
measure. More formally we denote as in [DS 94a] by

M(P) = {Q <« P: Q is a probability measure and S is a Q-local martingale}

the set of all probability measures Q on F which are absolutely continuous with
respect to P and such that S becomes a local martingale under Q. By

ME(P) ={Q ~ P: Q is a probability measure and S is a Q-local martingale}
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we denote the subset of M(P) formed by the probability measures Q € M(P) which
are equivalent to P.

A basic problem in Mathematical Finance is to determine (i.e., find necessary and
sufficient conditions on S) whether or not M¢(P) is non-empty. This issue is set-
tled by the Fundamental Theorem of Asset Pricing, where some kind of no arbitrage
assumption is needed to insure that M¢(P) # (. We refer to [DS 94] for a general
version of this theorem and for a detailed account on related work on this problem,
starting from the seminal papers [HK 79|, [HP 81], [Kre 81].

Once it is established that the set M¢(IP) of equivalent local martingale measures is
non-empty the question arises, which element Q in M€(P) is the “most natural” choice
and how the choice of Q is related to the pricing and hedging of a given contingent
claim, i.e., an F-measurable random variable f. The term “most natural”, of course,
depends on the context. Note that in the general setting of the Fundamental Theorem
of Asset Pricing (as presented in [DS 94]) it does not make sense to ask for a “most
natural” element of M¢(P) as this setting is invariant under changes of equivalent
measures. Hence the question is as meaningful (or meaningless) as asking “what is
the most natural point in a convex set”.

But once we fix the original measure IP, one may ask which element Q € M*(PP) is most
natural (relative to this measure P). In the applications in Mathematical Finance and
in particular in Actuarial Mathematics one often has quite a good knowledge of what
the measure P, which describes the “real” world, should be. For example, insurance
companies usually have a very precise knowledge of the “true” mortality in their (life
insurance) portfolios, which is modeled by P (“mortality tables of second order”),
while for calculating premia and reserves they use substantially different probability
measures Q (“mortality tables of first order”).

If we have a good reason to fix the measure P, it makes sense to ask for the element
Q € M*(P) which is “closest” to P. So far there have been mainly two notions
of “closest” element considered. For continuous semi-martingales H. Follmer and
M. Schweizer [FS 91] called the element Q € M*®(P) which minimizes the relative

entropy p
HQ|P) = [ log (%) a0

the minimal martingale measure. If S is continuous and its Doob-Meyer decomposi-
tion is of the form S = M + A = M + o’ - (M) (where ’ denotes transposition in R?)
for some predictable process «, then the density of the minimal martingale measure
Q™" is given by the Girsanov-type formula

d@min
dP

=&(—a - M)

[e.9] 1 oo
= exp (—/ o dMy; — —/ d{a - M>t> ,
0 2 Jo

provided this measure exists, i.e. provided that £(—a - M), is a strictly positive
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uniformly integrable martingale (compare [F-S 91]). This formula is particularly
appealing if we know from arguments involving martingale representation (e.g., in the
case of a “Brownian” setting) that there is at most one equivalent (local) martingale
measure. In this case one simply has to verify whether the process £(—a - M) is a
uniformly integrable strictly positive martingale or not; several sufficient conditions,
e.g. Novikov’s and Kazamaki’s condition [KS 91] [RY 91], are known to guarantee
this.

However, it turns out that the Girsanov-type formula above may go astray, although
there may be equivalent martingale measures around: in [Sch 93] and [DS 95] the
authors constructed a continuous process S = M + « - (M) such that there exist
equivalent martingale measures QQ (even with % uniformly bounded) but nevertheless
the local martingale £(—« - M) is not uniformly integrable. Hence, despite of many
appealing properties (see, e.g. [F'S 91], [DR 91|, [AS 93], [Schw 92a], [Sché 94]) one
cannot rely on the existence of the minimal martingale measure, even if .S is continuous
and models a perfectly arbitrage-free market.

Another natural approach is to look at the element of M¢(P) of smallest L?-norm, in
other words to look for the element Q € M®(PP) which minimizes

d 1/2
= (Va,riance (Q) + 1) ,
L2(P) dP

provided such an element exists (uniqueness will follow from strict convexity of the
norm of L?). We refer to [Schw 92a] for the name “variance-optimal” and for the
relevance and history of this idea.

D(@Q,P) = H‘fi%

To introduce this concept in a precise way it is convenient to introduce the notion
of“signed local martingale measures” which was introduced by S. Mi ller [M 85]
(compare [Schw 92a], [AS 92]). Let K denote the subspace of L>(£2, F,P) spanned
by the “simple” stochastic integrals of the form

f =n (STQ - STI)

where Ty < T are stopping times such that the stopped process S72 is bounded and
h is a bounded R%valued Fr,-measurable function. Obviously, if S is assumed to be
a locally bounded cadlag semi-martingale, a probability measure QQ on F is a local
martingale measure for S iff QQ vanishes on Ky, i.e.,

_w|9Q ] _
Eqlf] =E [d—Pf] =0 Vf € Ko.

Identifying absolutely continuous measures with their Radon-Nikodym derivatives —
which we shall freely do throughout this paper without further notice — this leads to
the subsequent concept.



1.1 Definition. The set of signed local martingale measures for the process S is the
affine subspace M?(P) of L!(P)

M*(P)={ge L*(P):E[gf] =0 for f € Ko, and E[g] = 1},

i.e., M*(P) is the intersection of the annihilator of K¢ with the set H = {g : E[g] = 1}.
Note that H is an affine hyperplane (i.e., an affine subspace of codimension 1) of L!(IP)
and that H is spanned by (the densities of) the probability measures in L'(P), i.e.,
H is the smallest affine subspace of L'(IP) containing these probability measures.

Obviously M(P) (resp. M¢(IP)) is the intersection of M?*(P) with the positive (resp.
strictly positive) orthant of L!(P). Noting that the intersection of M?(PP) with L?(PP)
is closed in the norm of L?(IP) and that a (non-empty) closed, convex subset of L?(IP)
has a unique element of minimal norm, we can now define the central concept of this

paper:

1.2 Definition. [Schw 92a] If M*(P) N L?(P) # () we call the element of M?(P)
with minimal L?(P)-norm the variance-optimal signed local martingale measure for
the process S.

Why do we have to pass to the space of signed local martingale measures? As observed
in [AS 92] one may easily construct examples (the underlying probability space {2 may
be chosen to consist of 3 elements only) such that the variance-optimal — as well as the
minimal — martingale measure is only a signed measure, i.e., assumes negative values.
This phenomenon is due to the fact that if S has jumps the stochastic exponential
E(—a - M) may become negative.

On the other hand, for continuous processes the stochastic exponential £(—a - M) is
certainly non-negative, hence the minimal local martingale measure — if it exists —
certainly is a probability measure.

This triggered the question, whether for continuous processes we always have that
the variance-optimal local martingale measure (whose existence follows from the very
weak assumption M*(P) N L?(P) # (), compare Lemma 2.1 below) is automatically
non-negative. In fact, it turns out that it is automatically strictly positive, i.e.,
equivalent to P, provided that the obviously necessary requirement M¢(P)NL3(P) # ()
is satisfied.

1.3 Main Theorem. Let S be a continuous, R -valued semi-martingale and sup-
pose that M¢(P) N L?(P) # 0, i.e., there is at least one equivalent local martingale
measure with square-integrable density. Then the variance—optimal measure Q°P! is a
probability measure equivalent to IP.

We finish this introduction by pointing out that M. Schweizer [Schw 94] showed inde-
pendently that in the setting of the main theorem we have that Q°P! is a P-absolutely
continuous probability measure, i.e., Q°?* € M(P) (as opposed to the stronger con-
clusion Q°P* € M¢(P) in the preceding theorem; compare Theorem 3.1 below).
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2. NOTATION AND PRELIMINARY RESULTS

By S = (S¢)ier, we denote an R%valued cadlag locally bounded semi-martingale.
We choose IR, as the time index set as this setting covers the most general case. The
process S will be based on a filtered probability space (2, F, (F:)ier, ,P) satisfying

the usual conditions. By IA(O we denote the closure of Ky in L?(Q, F,IP) and by K
the closure of the span of Ky and the constants in L?(PP):

K= span (Ko, 1).

The following easy lemma shows the orthogonality relation between the space Kj
of simple stochastic integrals on S and the affine space of signed local martingale
measures for S.

2.1 Lemma.
(a) M*(P)N L%(P) is non-empty iff Ko does not contain the constant function 1.
(b) A (sAz'gned) measure Q on F with % € L*(P) is in M*(P) iff Eg[-] vanishes
on Ko and equals 1 on the constant function 1.
(c) If M*(P)N L2(P) # (), then Q°P! is the unique element of K vanishing on K
and equaling 1 on the constant function 1. (Here we identify the measure Q°P
with the linear functional Eg[-] and linear functionals on L?(P) with elements

of L2(P).)

Proof. The assertion (b) is an immediate consequence of the very definition of the
space M?*(P) of signed local martingale measures and (a) follows from the fact that
the linear functional ¢ on K which satisfies ¢| i, = 0 and (1) = 1 is well defined
and continuous on the closed subspace K of L2(P) iff 1 ¢ Ky. Finally (c) is implied
by the elementary fact that the extension of ¢ from K to L2(P) with minimal norm

vanishes on the orthogonal complement of K.
q.e.d.

In the sequel we shall assume that M*(P) N L?(P) # 0 so that the (signed) variance-
optimal local martingale measure, denoted by Q°P*, exists. We denote by Z%* the

Radon-Nikodym derivative d%;pt and by Z ' the Radon-Nikodym derivative of the

restrictions to F; so that (Z;”");cr, is a P-martingale converging to Z* in L?(P).

In most of the paper we shall assume that M¢(P) N L?(P) # () and fix some element
Q% € M¢(P) N L3(P), i.e., an arbitrarily chosen equivalent local martingale measure

with square-integrable density Z0 = %. Again we denote by Z? the conditional
expectation of Z2_ with respect to F;.

We also associate to Z%P! the Q-martingale

ZP = Eqo (228 | F] .
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The next lemma shows that the process ZoPt ig independent of the choice of Q° and
may be written as a constant ¢, given by || Z%"]3, ) and a stochastic integral on

S. This basic fact was already observed in [DR 91], [Scha 94|, [Schw 94] in various
degrees of generality. We refer to [Schw 94] for an account on these results.

2.2 Lemma. Let S be a locally bounded semi-martingale such that M¢(P)NL?*(P) #
and fir Q¥ € M¢(P) N L*(P).

Letting ¢ = |\ZggtH2L2(P) we may find a predictable S-integrable R*-valued process (3
such that R
prt =c+ (8 -9):

where the stochastic integral ' - S is well defined and is a uniformly integrable mar-
tingale with respect to QY as well as with respect to any other measure Q* € M¢(P)N
L?(P).

The choice of 3 is independent of the choice of Q° € M¢(P) N L*(P).

Proof. Let f be in K = span (Kjy,1), i.e.,

f=08+> hi(Srz—Sp1),

=1

where § € IR and where T? > T are stopping times such that, for i = 1,...,n, the
process ST? is bounded and h; is a random variable in L (Q, Fr1,P; Rd). Clearly
the uniformly integrable Q°-martingale

ft:E@O[f‘ft]

is a simple stochastic integral on S (plus a constant) as

fe=0+ Z h; (St2pt — ST1A¢)
i=1

— (5 + (H.S)t
where H = Y"1 | b, I) T}, T?].

By Lemma 2.1 (c) there is a sequence (f;)32, € K converging to Z%' in L*(P),
whence by the Cauchy-Schwarz inequality, in L'(Q°). If §; denotes the real numbers
in the representation of f; as stochastic integrals we get

hm 5]' = hm EQO [fj]

j—00 j—o0

= lim Ep [Z2, ;]

Jj—00
— Ep [2, 23]
= B [(22)?] = || 22|}
6
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The last line follows from the fact that, by the optimality of ZSP*, the random variable
Z9 — 791 is orthogonal to ZP* in L2(PP).

The random variables (f; — d;)32; converge in L'(Q°) to Z* — [|Z&" |72 p) and we
may apply a theorem of Yor ([Yor 78] th. 4.2., for the vector-valued case see [Ja 79],
th. 4.60, p. 143) to obtain the desired integrand (.

As regards the last assertion of the lemma, note that, if we choose instead of QU
another element Q' of M¢(P) N L?(P) the process 3 - S remains unchanged and is a
Q! uniformly integrable martingale converging to Z%* — HZggtH%z(P) in L1(Q1). |

q.e.d.

2.3 Corollary. If the semi-martingale S is continuous, the process prt 1S continuous
too.

2.4 Remark. On the other hand, the continuity of S does not imply that the P-mar-
tingale Z,” " is continuous. The following easy example goes back to Harrison-Pliska
([HP 81]; see also [FS 91], ex. 5.13) and may serve as a general source of intuition for
the theory developed in section 3.

2.5 Example. Let W = (W;)o<t<2 be standard Brownian motion based on
(Q,F, (Gt)o<t<2,P) and let r be a random variable based on (€2, F,PP), independent
of W, taking the values 0 and 1 with probability % For t < 1 let F; = G; and for
t > 1 let F; be the o-algebra generated by G; and r and define

St = Wt —+ T(t — 1)+

We may and do assume that G; is the filtration generated by W and that F is
generated by W and r.

The process S models the following situation: Before time 1 we simply have Brownian
motion; at time 1 a coin is flipped and according to the result the process either
continues to be Brownian motion or it becomes Brownian motion with constant drift
equal to one. We stop the example at time ¢t = 2.

In this case we do not have uniqueness of the martingale measures for S. Indeed
z(Y) = 21{r = 0}

is the density of a martingale measure Q! and so is, by Girsanov’s formula,

2 1 /2
Z3 = 21{r = 1}.exp (—/ dWs — 5/ ds)
1 1

=21{r =1}.exp (90_ %)
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where ¢ denotes the standard Gaussian random variable p = W; — Wa.

The general form of the density Z of a signed martingale measure for S is given by
Zoo = N0 + (1 - 022,

with A € R and Z., is the density of a probability measure (resp. an equivalent

probability measure) iff A € [0, 1] (resp. A €]0, 1[).

Denoting again
Zy =E[Z | Ft],

the process Z is continuous iff A = %, in which case Z is the density of the “minimal”

martingale measure, as one easily verifies.

As regards the “variance-optimal” martingale measure, note that by elementary cal-
culations we obtain

1ZD 1728y = 2,
while HZég)H%Q(]P) = 26,

hence by Pythagoras’ theorem

IAZSY) + (1= N ZP|F2p) = 247 + 2e(1 — N)*.

The value of A which minimizes the above expression is not equal to % but equals

APt = o > + for which we get
(o) (o) o 26
128 ey = NP2+ (1= XY 2D ) =

In particular the (cadlag version of the) P-martingale Z** equals identically 1 for
0 <t< 1, while
opt _ 2€
et

2
I{r=20 ——1I{r=1
{r=0p+ —<1{r=1}

so that Z°P* has a jump at t = 1. For ¢ €]1,2] the process Z?* is continuous and we
also may explicitly calculate it:

2e
e+ 1

H{r=0}+ :21][{?“ =1}exp (—(Wt —Wy) — E) :

opt __
p =

2



3. THE PROOF OF THE THEOREM

Throughout this section we assume that S is a continuous adapted process. We
start with the preliminary result that, under very general conditions, Q°P! is a well-
defined probability measure absolutely continuous with respect to P and with square-
integrable density, i.e., Q°?* € M(P) N L2 (P). The more delicate issue of showing
that QP! is equivalent to P, i.e., Q°P* € M¢(P) N L% (P), will only be tackled later.

3.1 Theorem. If the adapted stochastic process S is continuous and if the constant

Function 1 is not in Ko then the variance-optimal measure Q°Pt exists and is in
L?(P).

Proof. We cannot make use of the results of lemma 2.2 and hence we cannot state
that ZSP* is given by a stochastic integral with respect to the process S. We in fact
don’t even assume that S is a semi-martingale. Some approximation is therefore
needed. Let f be the orthogonal projection of the constant function 1 onto the space
I?o. From elementary linear algebra it follows that the optimal measure is given
by Zt = 11%13{1‘]‘ Also it is clear that E[f] = E[1f] = E[f?] < 1, proving that
0 < E[f] < 1. Showing that Q°P* is non-negative, is therefore the same as proving
that f < 1.

Suppose on the contrary the existence of € > 0 such that P[f > 1+¢] > e. Take K
a simple integrand such that ¢ = (K - S)s € K and such that ||g — f|| < n where
3
g

n < £5. We may, as easily seen, also suppose that [[1 — (K - S)s|l2 < 1, where || - ||

denotes the norm of L?(P). From Cebysev’s inequality we deduce that

P(K Sy > 14 2| 2P[f > 1]~ P[If = (K- S)ac| >

4 2
26—6—277

Y
N[ )

Define now T' = inf{t | (K - §); > 1}. Clearly we have that

11— (K-> =1 = (K-9)7)* T{T =00} + (1 — (K - 9)so)’ T < o0}

(1= (K-S)r)*+ (1= (K-8)s)’ I{T < o0}

where the last equality follows from the continuity of S. From this we deduce that
(denoting by || - || the norm of L?(IP))
9



11— (K- ) > 1\1—<K-S>TH2+/T< (1— (K- 8)w)?

> ||1—<K-S>T||2+/ (1— (K - 8)s0)?

(K-S)oo>1+5
€ (€\2

> 11— (K - 8)r|? —(—)

> 1 - (K- S)rlP+ 5 (5

3

g
> |1 (K- S)rl* + 3

On the other hand
1= (K-Sl <1 = fll +n.
and hence, as |1 — (K - 9)| <1,
1= F1? > 11— (K- S)x® — 21

3
£

> 1= (K-9)7|* + ) —2n

e

16"

These inequalities show that f cannot be the projection of the function 1.

> |1 = (K- S)rl* +

q.e.d.

Remark. Some of the ideas of the above proof come from [St 90].

;From now on we again make the assumption that M¢(P) N L?(P) # (), which implies
in particular that S is a semi-martingale. Again we denote by Q°P! the element of
M?(P) of smallest L?(PP)-norm, we fix some Q € M¢(P) N L?(P) and we let

o d@opt
Zt pt — E]P’ |:—dIP> | ft:|
dQPo
ZS:EP{dP |~,/rt:|7

where, of course, we choose cadlag-versions for the processes Z°P* and Z°. The density
% = Z%" is given by Z%! = %E{ﬂ where f is the orthogonal projection of 1 on Kj.
As shown in section 2 the element f is given by a stochastic integral and is of the
form f = (H - S)o for some predictable process H. To show that Q°P! is equivalent
we only need to show that f <1 a.s.. Let us put

Y, =1 (H.8) =Eg[Ya | 7]  where Ya=1-f
X =Ep Yo | 7] = (1 - E[f]) 2™
o =inf{t | Y, =0}

T = inf{t | X; = 0}
10



JFrom the previous theorem 3.1 we know already that both processes Y and X are
non-negative. We also have that on the stochastic interval [o,oco[ (resp. [T, 00[)
the process Y (resp. X) is constant as, by the preceding theorem 3.1, the random
variables X, and Y,, are non-negative. Because the process Y is continuous, the
stopping time o is clearly predictable; indeed it is announced by the sequence o, =
inf{t |Y; < n%rl} Amn.

3.2 Lemma. Let S be a continuous semi-martingale. If the set M¢(P) N L*(P) #
then o =T. Consequently T is predictable.

Proof. (1) On the set {o < T'} we have
0< X, =E[Xy | %]
=E[Yo | Fo]
=Y, because Y, =Y, isF, -measurable
=0 since {o < T} C {0 < o0}.
This clearly shows that P [{oc < T}] = 0.

(2) On the set {T' < ¢} C {T' < oo} we have that
0=Xr =E[Xs | Fr]
=E[Ys | Fr]
=E[Y; | Fr].

We therefore obtain that fT <o Y, dPP = 0 and hence we have that Y, = 0 on the set
{T < o}. From the martingale property for Q" we then obtain that fT o YT dQ® = 0.
But this is clearly a contradiction to the definition of o.

q.e.d.

3.3 Corollary. Under the hypothesis and with the notation of lemma 3.2 we have
that
(1) The jump of the martingale Z** at the stopping time T is zero, i.e., Z{P is
continuous at t =T
(2) The stopping time T is announced by the sequence of stopping times

1
Tn:inf{ﬂprt < —}/\n.
n

Proof. The first claim follows from the fact that 7' is predictable and from the mar-
tingale property. Indeed E [AZ;p ¢ | fT_] = 0. On the other hand the jump can only
take non-positive values (as Zr = 0 while Z; > 0 for t < T), hence AZY?" = 0 as..
The second claim follows trivially from the first claim.

q.e.d.

The following lemma should be folklore, but for completeness we give a proof.
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3.4 Lemma. If U is a non-negative square integrable martingale, if Uy > 0, if the
stopping time T = inf{t | Uy = 0} is predictable and announced by a sequence of
stopping times (1r,),,~,, then

on the set {Up = 0}.

Proof. Since the martingale is uniformly integrable, non-negative and since Ur, > 0,
we find by the Cauchy-Schwarz inequality that

Voo

I=K
{UTH

| J:Tn}

B[ = 1{Ur #0}| 7,
Tn

U. 2 1/2 1/2
<B|(7=) 172] ElMwr 20} 7)Y
T,

n

Since E [I{Ur # 0} | Fr,| tends to zero on the set {Ur = 0}, the proof of the lemma
is completed.
q.e.d.

We are now ready to prove the main theorem of this paper which has been stated in
the introduction:

1.3 Main Theorem. Let S be a continuous, R*-valued semi-martingale and sup-
pose that M¢(P) N L3(P) # 0, i.e., there is at least one equivalent local martingale
measure with square-integrable density. Then the variance—optimal measure Q°Pt is a
probability measure equivalent to IP.

Proof. We use the notation introduced above. Suppose that P[ X7 = 0] > a > 0. The
stopping time 7' is predictable and is announced by the sequence (7},),~,. Because

the martingale ZY is strictly positive it is uniformly bounded away from zero a.s., i.e.
P [info<; Z{ > 0] = 1. Since the martingale Z° is also bounded in L?(P) we have that

supg<; E [(Zgo)2 | 3’-}] < 00 a.s.. On the other hand, the previous lemma shows that
the expression
E[(Z3£")" | Fr,]
opt 2
(22

tends to oo on the set {Z7" = 0}. It follows that for n large enough the set

A= {sup ]E[(Zgo)? ]:t] < E[(Zggt)Q ‘Q}—Tn} }
o )
12




is non empty. As a consequence, for large enough n, the set
4 JELZ) | Fr] _E[(22Y) | Fr]
(25,)° (z)’

is a non-empty set in Fr . The martingale

Zy = Z for t < T,

ZO
— —OtZ;pt for t > T,, on the set A,
ZTn n

= 7" for t > T,, outside the set A,

defines an equivalent martingale measure Q, dQ = Z, dP with density Z., in L?(P).
Because || Zso|l2 < || Z3P||2 we arrive at a contradiction.
q.e.d.

4. APPROXIMATION OF CONTINUOUS PROCESSES

In this section we apply the main theorem to a very natural and basic problem in
Mathematical Finance, which was pointed out to us by H. Follmer some years ago.

4.1 Problem. Given a continuous time stochastic process (S¢);er, based on and
adapted to the structure (2, F, (F;)ier, ,P) (satisfying suitable assumptions), find a
sequence (S}')ier, of processes based on and adapted to Q, ", (F{")icr, , P with the
following properties.

(i) Each S™ is finite, in the sense that S™ is adapted to (2, 7", (F{*)tcr, ) where
F™ and F}* are finite sub-o-algebras of F and F; respectively.

(ii) S™ as well as (F", (F{")ier,) converge in some reasonable sense to S and
(F, (Fi)ter, )

(iii) For each n there is a — in some sense naturally chosen — measure Q" on F"
equivalent to the restriction of P to F" such that there are only two possi-
bilities: either (Q™)52; converges, in which case it converges to an equivalent
measure Q on F under which S is a local martingale or (Q™)22, diverges

which implies that there is no equivalent local martingale measure for S on
F.

There is an obvious interest in finding reasonable solutions to this problem of discrete
approximation, which we deliberately formulated in somewhat vague terms. For ex-
ample, we might think of a process S with stochastic volatility which we want to
approximate by discretisations modelled on finite trees. We shall not elaborate on
particular examples but rather present a general methodology.

Of course, there is much known and a huge literature on the aspects (i) and (ii) of the
above problem. The new ingredient is the aspect (iii) pertaining to the construction
13



of equivalent martingale measures, which is of central importance in Mathematical
Finance. The problem pertains in particular to the question in which “natural sense”
the martingale measures Q" should be chosen for the finite processes S™.

Let us start with the easy situation of a complete market, i.e., if the process S admits
exactly one equivalent local martingale measure Q on F. In this case the problem of
“natural choice” does not arise and it is standard to approximate S by a sequence of
complete discretisations S™, i.e., such that there is exactly one equivalent martingale
measure Q" on F" and such that Q™ converges to Q (in a sense to be specified).
For example, we have the well known approximation of Brownian motion by binomial
processes.

The fun in problem 4.1 starts if we pass to non-complete markets where the problem of
“natural choice” becomes crucial. For example, choosing for each n € N the minimal
local martingale measure Q™ on F" may turn out to be a poor choice: the limit
measure Q should — in any reasonable construction — again be the minimal local
martingale measure; but the examples in [S 93] and [DS 94] show that — even if S is
a very nicely behaved process — the minimal martingale measure need not exist. In
other words, the minimal martingale measure may fail to be the target, to which the
Q™ can aim to converge to.

On the other hand, the main theorem 1.3 above gives us a possible target for the Q" to
aim for, namely the variance-optimal measure. We shall present a possible construc-
tion responding to problem 4.1 in the following situation. We assume S = (S;)ier.,
to be a continuous semi-martingale, which we also assume to be one-dimensional.
We shall add some technical assumptions as we proceed in our construction. For the
moment, we only suppose that S is based on (2, F, (F;)icr, ,P) satisfying the usual
assumptions and such that Fy consists of the null-sets and their complements only
and Sy = 0. We also assume that the process S “never runs out of steam”, i.e.

tlim (S)y = o0 a.s.

This assumption will be convenient for the time-change arguments below; it is easy
to convince oneself that this assumption is not really a restriction of generality.

4.2 Theorem. Let (St)t€R+ be a one-dimenstonal continuous semi-martingale based
on (S0, F, (Fi)ier, ,P) such that (S); — oo almost surely. Define
T, = inf{t: (S): > u}
and denote by (R,)uecr, the time-changed process
R, = Sr,

and by (Gu)uer, the natural filtration generated by (Ry)uer, so that G, C Fr, and
g = J((gu)u€R+) g F.
(a) If there is an equivalent local martingale measure Q¥ for the process R, on G,
then under QU the process R, is a standard Brownian motion with respect to
14



its natural filtration (Gy)uer, - The Doob-Meyer decomposition (with respect
to P and the filtration (G,)) of Ry, is of the form

dR, = dM,, + a,d{M), = dM,, + a,du

where (My)uer, 5 a standard Brownian motion with respect to P and to the
filtration (Gy)uer, and o is a (G,)-predictable process with fooo | a, | du < 00
almost surely. In this case the measure Q° on G is the unique local martingale
measure for R, and its density is given by

dQ®

Furthermore R, is a martingale (and not only a local martingale) under Q.

(b) If the process Sy admits an equivalent local martingale measure Q on F, then
the restriction of Q to G coincides with the above defined unique local martin-
gale measure Q° for R,,.

Proof. (a) is rather obvious and (b) results from the fact that each simple stochastic
integral on R (with respect to the filtration G, ) may be written as a simple stochastic
integral on S (with respect to the filtration 7).

q.e.d.

The theorem suggests the following strategy to analyse the set M¢(P) of equivalent
local martingale measures for the process S on F. First we pass to the time change R,,
of S; and check whether the (unique) martingale measure Q%for R exists onG. This
should be (relatively) easy to che ck as there is a formula at hand. The existence of
Q" is a necessary condition for the existence of a local martingale measure Q for S on
F. As asecond step one has to analyze, whether (and in which possible ways) Q° may
be extended from G to F by maintaining the property that Q is a local martingale
measure for S with respect to the filtration F;.

To study the enlargements of the filtration (G,)uer, which are contained in the
filtration (Fr, )uer, Wwe introduce a somewhat formal concept.

4.3 Definition. Let A denote the family of all objects A of the form
A - <u17...,Un7Hu17...,Hun)

where n € N,0 < u; < --- < u, and H,, are finite sub-o-algebras of FTui such that
(Hu, ) is increasing. We sometimes denote ug = 0, Hy, = {0,Q} and uy,41 = oc.
On the family A we define a partial order by saying that

B=(vi,...,0m, Koy s Ko, ))

is bigger than A if {v1,..., v, } contains {u1,...,u,} and v; = u; implies that £C,, D
Ho, -
15



For A € A we define the filtration (G{')u,cr, by

g;? = U(gluHm | u; < u)7

and the o-algebra G4 by
G* =0(G, Hu,).

It is intuitively obvious that the family of filtrations (G2)4c4 converges to the fil-
tration (Fr, )ucr, . To make this statement precise we adopt the usual L?-setting of
this paper. It will be convenient to add a mild technical assumption.

General Assumption: For the rest of this section we assume that S is a one-
dimensional continuous semi-martingale, (S); — oo a.s., and that, for each uy €

Ry ,R; = sup |R, € LP(P) for some p > 2. We shall also assume that the mar-
0<u<ug

tingale measure Q° for the process (R, )uecr, with respect to the filtration (Gu)uer,
exists and is equivalent to P (on the o-algebra G).

4.4 Proposition. Under the above assumption let f = (H - S)s be an element of
Ky, i.e., a simple integral on S of the form introduced in 1.1 above (with respect to
the filtration (Fi)ier, )-

For e > 0, there is A € A and a simple integrand H* with respect to (Ru)uer, and
the filtration (GZ') such that, for f4 = (H* - R)s, we have that

IfA = fllee) <e.

Proof. We may suppose that
f=h(Sr@ — Srm)

where T < T() are stopping times such that the stopped process ST® is bounded
and h is a bounded Fpa)-measurable function. We may also suppose that h is a
simple function and that 73 is bounded by some T, say T(?) < Ty, for some
M € IRi. Indeed, for the last assertion note that (7,).cr, increases to infinity,
hence (S7, A7) — S7) )uer, as well as (St ar@ — S7e )uer, tend to zero almost
surely as u — 0o. As they also remain uniformly bounded they also converge to zero
in L?(P).

By writing f = A (Sp@ — St,,) + h (ST,, — S71)) we see that we even may assume

that T(2) equals Tyy;.

Let 0 < u; < --- <wuy, =M, and define 'H,,, inductively, for i =1,...,n, to be gener-
ated by Hy, ,, {TM) <T,,}, and hI{TM < T, }. Let A= (uy,...,Un, Hu,,---Ha,)
16



and define the random variable

fA = Z hI[{T(l) S Tui_1} (STul - ST“i—l)

=1

= Z h][{T(l) < Tui—l} (Ruz - Rui—l)’

=1

which is a simple stochastic integral on R with respect to the filtration(G2),c r . -Note
that our technical assumption imp lies that the random variables f“ remain bounded

in LP(P); if (A7)%2, is a sequence in A, A7 = (ul, ..., ul ‘HJ .'HJ, ) constructed

j=1 Uy s -

as above such that lim max |u? —u/_ | = 0, it follows from the continuity of S that
j—00 1<i<n;

( fAj);?’;l converges almost surely to f. Therefore f4i converges to f with respect to
the norm of L?(IP), which finishes the proof.
q.e.d.

We may reformulate the assertion of Proposition 4.4 in the following way. Identifying
L?(9, G4, P) with a subspace of L?(€), F,P) and denoting by K' the space of simple
stochastic integrals on R, with respect to the filtration (Q;?), the assertion of propo-
sition 4.4 then becomes tantamount to saying that |J K¢ is a || - ||2-dense subspace

AcA
of K().

As a next step we analyze in detail the possible martingale measure extensions of the
measure Q° on G to a martingale measure Q4 on G*. In order to do the book-keeping
of the subsequent proposition 4.5 we introduce some notation. We denote by atom(H)
the atoms of a finite o-algebra H, i.e., the elements of H which contain only () as a
proper subset. If H; C Hy are both finite o-algebras and I is an atom of H; we
denote — if no confusion can arise — by atom([) the atoms of Hs contained in I. If
Hy C -+ C 'H,, are increasing finite o-algebras of 0 < k < j < n and I an atom of
H;, then we denote by 7 (/) the unique atom of H;, which contains /. The reader
may want to consult example 2.5 as an easy illustration of the situation described by
the subsequent result.

4.5 Proposition. Under the above assumption let
A= (up,...,Unp, Huyy- - Hy,) €A

be given. There is a one-to-one correspondence between
(i) the extensions Q of Q¥ to the o-algebra G such that Q is an equivalent local
martingale measure for R, with respect to the filtration G2
(ii) The families of functions ((fiIi>Ii€atom(’Hui)) with the following properties:

(a) each fiIi 1s measurable with respect to the o-algebra g;j‘i_ and takes values
a.s. in ]0,1] on the support of E[1I; | Gi* _] and zero elsewhere.
17



(b) For each 1 <i <n and each atom I,_1 € H,,_, we have that

Z lel = ]IIZ'_l a.s.

IiEatom(Ii_l)

The correspondence between (i) and (ii) is given by the subsequent formula for the
density Z = Z% of the measure Q on G4

n

(4.1) Zolw)= > w) - [TeF " (@) 1L, (w))

InEatom(Hun) i=1

where
I;
fi

I _
9 TR GA )

with the usual convention % =0.

Remark. We may interpret, for given 0 < ¢ < n and I;,_; € H,, ,, the family of
functions (f]") Licatom(l;_,) s the rule of distributing the mass of the probability
measure Q on I;_; among the atoms I; € atom(/;_1). The assertion of proposition
4.5 means that we obtain the general form of a local martingale measure extension Q
to G4 iff this distribution of weights is done in a o(Gy,, Hauy, - - -, Hu,_, )-measurable
(but otherwise arbitrary) way assigning to each I; strictly positive mass.

Proof. The verification of the assertion of the proposition is mainly a matter of book-
keeping.

Let Q be a local martingale measure for R, on G4 with respect to the filtration g;;‘.
Denote by (Z,)uer, the corresponding density process. For 1 < i < n and an atom
I; € H,, define

_E[Z,10]64 )
Bl o]

The verification of properties (ii) (a) and (b) is straightforward. To verify that Z
is indeed of the form given by formula (4.1) denote by Z the density process of Q
with respect to the filtration (GZ'),er, and by Z the GZ-martingale given by taking

conditional expectations in (4.1), so that, for j =1,...,n+ 1 and t € [u;_1,u;][ we
have

j—1
(4.2) Z, = 3 2 [ s Ve

Ij_leatom(’}-tuj_l) =1
18



Indeed, to verify (4.2) note that

n

Zuw= > 2% [[or" 1L,

I,€atom(Hy,,) i=1
n—1
Zuy- =23, > Elgrul, |62 ] ]
I, catom(Ha,,) i=1

n—1
_ 50 Z (f»,{"EUUn | gfn—]) H gti(In)
’ I, catom(Hy, ) E[]Iln | gA"_] i=1 '

n—1

DD DI | i 1
I, _1catom(H,, ) i=1
Continuing in an obvious way for i =n — 1,...,0 we verify (4.2).

To establish that Z equals Z we observe that

Zy, Zy,

(4.3) il S o
J Uj I;eatom H(u;)
forj=1,...,n and
(4.4) Doy _ NZ“J“ _ L
Z“jfl Zug‘—l 8j71

for j = 1,...,n 4 1. Equation (4.3) follows from the definition of f/* and (4.4) from
the uniqueness of the local martingale measure Q° with respect to the filtration G2.

Summing up, we have shown that for each equivalent local martingale measure Q
on G4 we may define functions ((fili)IiEatom(Hui))?zl verifying (i), (ii) and (4.1).
Conversely, given a family of functions ((f/*) I eatom(H,,))i=1 verifying (i) and (ii), we
may define Q via (4.1) and by going through the above identities again it follows that
Q is a probability measure equivalent to P on G4, such that R,, is a local martingale
with respect to Q and the filtration (G'),er, . Note that the equivalence of Q to P
follows from the fact that the functions ff are almost surely strictly positive on the
support of E[1I; | G,,,—].

q.e.d.

The explicit description of the possible equivalent local martingale extensions of QU
to G4 in proposition 4.5 now allows us to obtain an explicit characterization of the
“variance-optimal” extension.

We start with an elementary lemma.
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4.6 Lemma. (a) Let (ay)Y_, be strictly positive real numbers. Then the minimization
problem

N
F(xy,...,zN) = g r?aj — min!
k=1

where we minimize over all real numbers x1,...,xN under the constraint

N
Zxk =1
k=1

has a unique solution, namely

N -1
We have that F(&1,...,&N) = (z a,;l) .
k=1

(b) More generally, let (ar(w))N_, be strictly positive measurable functions, defined

on some (Q, F, P). Then the minimization problem

N

Z T3 (w)ag (w)] — min!

k=1

E

where we minimize over all real-valued measurable functions x1(w),...,zyN(w) under
the constraint

rp(w) =1

] =

k=1

has a unique solution (unique up to equality almost everywhere), namely
A ag(w)~!

W) = =~

D k=1 O (W)

Proof. (a) follows from elementary calculus with Lagrange multipliers. The second
part is an almost immediate consequence of the first one by reasoning pointwise on
w € . Let xx(w) be defined as above and let yi(w) be any measurable real-valued
functions satisfying the constraint

N

Zyk(w) =1.

k=1
20



Then for each w € 2 we have

with equality holding iff zx(w) = yi(w), for each k = 1,..., N. The conclusion now
follows.
q.e.d.

Note that in lemma 4.6 we have in particular that, for the solution Z1,...,Z,, each
T is strictly positive. The lemma provides us with a formula of variance-optimal
distribution of weights which allows us to calculate explicitly the family of functions
(( fZI) Iieatom(Hui))?:p for the variance-optimal measure Q#°P* with respect to R,
and the filtration G. Let us show this in some detail.

Denoting by Z4°P* the density process associated to Q4°P* we shall determine Z4-°Pt
by backward induction on ¢ =n, ..., 1. First note that

A,opt
ZAert 70
Asopt — 70
Zun p Zun

for t € [up, 00

Indeed, this follows from the fact that any local martingale measure Q on G4 for
R — R"" is uniquely determined by its restriction to Q{i‘n.

The subtle point consists in calculating the (possible) jumps of Z4°P* at time u,. To
do so, denote, for I,, € atom(H,,, ), the gfn_—measurable functions

Lopt \ 2
E|(Zer) JHn|gAn_]

A,opt
Zy, o

E [, | G2 _]?
o
CRare

CE[I, | G4 ]2

To construct the functions ( f,{") I, €atom(H,, ) corresponding to QA-°Pt via proposition
4.5 let

X I,\—1
f’r[Ln — (an ) :[[7-‘-”_1([”)
(af)~?
Icatom(mpn—1(1y))
and P
e i
" E[IL, |G ]
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A

We have to verify that (fi~) I catom(H,,,) Satisfies the conditions of proposition 4.5.

The verification of a) and b) of assertion ii) is straightforward. For example, note
that

(az) ™
N I,catom(l,—1)
Z f?’ILn = : I 1 * ][In—l
I,catom(l,_1) Z (a’n )
I,catom(l,—1)
=17,_;.
We claim that — given the function Z{t‘f’t — the formula
Z{jl,opt iy
ZAvO;Dt - Z gn* Uy,
Up — I,catom(Hu,, )

minimizes the quantity || Z ||%2(P) over all local martingale densities Z, with Z,, _ =

qun"f’t. Indeed, we have to solve the optimization problem

0 o (Zx)'] - mim

Un —

where we minimize over all densities Z, obtained via functions (f}")s, catom(#.. )
(resp.  (gln) I, catom(H,,)) as described in proposition 4.5. Noting that an atom
I,y € atom(H,, ,)is glﬁl_—measurable, we may argue on each I,,_1 € atom(H,,,_,)
separately so that in order to verify (4.5) we have to show that Z2°P! solves the
problem

Zoo \°
(46) E [(W) I[In_1:| — min! for In_l S atom(Hunil)

Unp —

Using the equations

Zy 1,4 = Zfrz‘f’t- Z g 11,

I,catom(l,—1)

A opt Z [l

= 7Pt n 17

Un — A n

I,catom(l,—1) E []IIn | g n_}
and

oo B Zgo
T, 29,

22



we may calculate

Zoo \’ Zoo \’
el () 1] =2 | 2 (Gm) v
Un — _Ineatorn(ln_l) Un —

= > (% )2 (5 [ﬂ(ﬁng)ﬁ_] >2]U”

_InEatom(In_l) Un

()2 K 28 ) A
=E Z N 5 Bl =5 ) 1nlGa, -
| I €atom(In—_1) E []II" | g;?n_} Zu"

_InEatom(In,l)

Noting the constraint » I, €atom(l,_1) fin =11, _, we are exactly in the situation of

A,opt

w,.— may be — the use

lemma 4.6 (b) which allows us to conclude that — whatever Z

of ( f,{") I, catom(H.,,) is the optimal choice to extend Z,f:?t to Zlf‘fpt and therefore to
Z40rt,

Now we may continue by backward induction to calculate Z4:°P*. By the uniqueness
of Q° with respect to G, there is no problem to calculate the ratio of Z°P! in the
interval [w,_1,uy[:

A,opt 0 0
Zun— - Zun— o Zun

Aopt — 70 70
Zun—l Zunfl Zunfl

and, more generally, for ¢ € [u,_1,u,|

A
zr g
Aopt — 70
Z’U,n_pl Zu'n— 1

The next more delicate point comes with the (possible) jumps of Z4°P* at u,_;.
Defining again, for I,,_; € atom(H,,_,),

2
ZA,opt A
E|:<Z?§,opt) ]IInfl | gun—l_
I,_1 _ Un—1

2
E[1,—1 | G2 ]

£ n—1

we may proceed analogously as above to calculate ( fi_l )L, 1 catom(Ha -
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Note that in the definition above we used the quotient

A opt A,opt A opt A,opt
45 2 Z Z

Upn —

ZA,opt o ZA,opt ) ZA,opt ) ZA,opt

Up—1 Un Uy — Un—1
0 A,opt 0

ZOO . Zun . Zun
0 A,opt 0

Zy —ZoPt Z

Uy — Un—1
0 A,opt
70 A,opt’
Zun_l Zu,,;_

for which we need to know the relative jump of Z;:‘fpt which we calculated in the
previous inductive step. This is the reason, why we have to use backward induction.

Continuing in an obvious inductive way, we finally arrive at the ratio % which
equals Z2°P*, Hence we obtain an (at least in theory) explicit way to calculate the
density of the measure Q4°P*. Noting that by lemma 4.6 all the functions fZ-Ii are
strictly positive on the support of E[1; | gAi _] we see that Z4°P! is equivalent to P
and we have, in particular, proved the subsequent proposition:

4.7 Proposition. Under the above assumption, the variance-optimal measure Q4-°Pt
for R, with respect to the filtration (gf)u€R+ exists for every A € A and is equivalent
to P.

In addition Q4°Pt may be calculated explicitly by backward induction.
q.e.d.

Next we turn to the behaviour of the family(Q4:°P*) 4c 4 as A increases along the
partial order defined on A.

4.8 Theorem. Under the above assumptions the following assertions are equivalent.

(i) The variance-optimal local martingale measure Q°P! for the process S relative
to the filtration (Fy)ier, exists and is a P-absolutely continuous probability
measure, i.e., in M(P).

(i) The family (QA°P) g4c 4 remains bounded in L?(P).

(iii) The family (Q4°P*) gqca converges in L?(P) along the partial order on A. In
this case the limit equals Q°Pt.
(iv) The constant function 1 is not in the L*(P)-closure of Ko N L*(P).
If, in addition, the intersection of the L?(P)-closure of Ko N L*(P) with L*(P), is
reduced to {0} the measure Q°P! is equivalent to P.

Proof. (i)<(iv): The equivalence of (i) and (iv) follows from lemma 2.1 and theorem
3.1.

As regards (ii) and (iii) denote, for A € A, by K§' (resp. K*) the subspace of L?(P)
spanned by the simple stochastic integrals on (R, ).er, with respect to the filtration
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(G uer . (resp. by K and the constants). We know by proposition 4.4 above that
(K8 aca (resp. (K4)eca) form a dense subspace of Ky (resp. K) with respect to
the norm of L?(IP).

(i)=(iii): Simply note that Q+°P* is by lemma 2.1 the orthogonal projection of Q°P!
onto the L?(P)-closure of K4,

(iii)=-(ii): Obvious, noting that for B > A

d@B,opt - d@A,opt
HW”LQ(P) = ||WHL2(]P’)~

(ii)=(i): This is an easy Hilbert space argument. For the convenience of the reader
we isolate it in the subsequent lemma 4.9.

The final assertion of the theorem follows from a theorem of Stricker ([St 90] th. 2)
and the main theorem 1.3.
q.e.d.

4.9 Lemma. Let (K;);cr be an upward directed family of subspaces of a Hilbert
space H and (x;)icr be elements of K; such that K; C K implies that x; equals the
orthogonal projection of x; onto K;.

If (z;)ier is bounded in H then (z;);c; converges with respect to the norm of H to an
element xo € H such that the orthogonal projection of xo onto K; equals x;.
g.e.d.

Let us pause for a moment and recapitulate what we have achieved (resp. not achieved)
in our attempt to give a satisfactory solution to problem 4.1.

First of all, we have not yet discretized the continuous process (S;)icr,. All we
have done is to time-change the process S to obtain a process R, = S, which is
adapted to the “natural Brownian filtration” (G,)uer . so that we have a unique
martingale measure Q0. Then we defined the family of “finite extensions” (G{')uemr,
and gave a method to calculate the variance-optimal measures Q4:°P*. Finally the
L?(P)-boundedness of the family (Q#°P!) ¢4 guarantees its convergence to the P-
absolutely continuous non-negative local martingale measure Q°P?.

If we know in addition that M¢(P) N L?(P) # (), which is guaranteed by Stricker’s
“no free lunch” type condition Kq N L?(P) = {0}, we may conclude that Q°P! is in
fact equivalent to P.

We now modify the above construction to obtain the finite discretizations of S. We

apply the most obvious way of discretising a continuous one-dimensional process by

looking at the instances when it had moved by n~!. We do this at a sufficiently

large number of instances, e.g., n3, to make sure that we follow the process all the
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time ¢ € R4 as n kinds to infinity. For n € N, define inductively the stopping times
(T’ by Ty = 0 and

(3

T = inf{t > T") | [S; — Sy | >0
i—1

(2
It follows from our assumption tlim (S)t = oo a.s. as well as from the existence of the
— 00

equivalent martingale measure Q° on G that each Ti(n) is almost surely finite and it
is easy to verify that

lim Tg) = 400 a.s.

Define the process S(™) = (St(n))t6R+ by

Sén) = S(T@n

where 0 < i < n? is the biggest number such that TZ-(") < t. Denote by R™ =
3
(Rgn))?zso the process (5;7_221))?:0 and by (g§”>);ﬁo the filtration generated by R(™).

Obviously R™ is a binomial process (scaled with step-size n~') and G™ = Qr(g)
consists of 2% atoms each having strictly positive P-measure (under the above as-
sumption on S). There is a unique equivalent martingale measure Q™ on G for R
which assigns to each atom the mass 2"’

Now we define the finite extensions QZA" of the filtration QZ-(n). We let A,, denote the

set of all 4,, = (Hﬁ”’, e ,Hn?,)), where (HE”));L; is an increasing sequence of finite
3

o-algebras contained in (F . )iz
For each A, € A, one may similarly as (and somewhat easier than) above calculate
the variance-optimal extensions Q4 °P* of Q(™) to the o-algebra GA» = Q;?S”. We
refer to [Schw 94a] for an extensive treatment of the variance-optimal measure in
finite discrete time.

Finally it should be clear how to proceed analogously as above to obtain the subse-
quent theorem 4.10.

4.10 Theorem. Under the above assumptions the following assertions are equivalent.

(i) The variance-optimal local martingale measure Q°P! for the process S relative
to the filtration (F;)icr, exists and is a P-absolutely continuous probability
measure, i.e., in M(P).

(i) The family ((QA7°P) 4 ca Jnen remains bounded in L?(P).

(iii) The family ((QA=°P*) 4 c A Jnen converges in L*(P) as n tends to infinity and
A, increases in A,,. In this case the limit equals Q°Pt.
(iv) The constant function 1 is not in the L*(P)-closure of Ko N L*(P).
If, in addition, the intersection of the L?(P)-closure of Ko N L*(P) with L*(P), is
reduced to {0} the measure Q°P! is equivalent to P.
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We believe, that 4.10 gives quite a satisfactory solution to problem 4.1 in the case of
continuous IR-valued processes S. Note that without the continuity assumption on
S there seems to be no hope for a reasonable solution to 4.1. On the other hand, it
should be possible to extend the above construction to the case of continuous IR%-
valued processes. We leave this question as an open problem.
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