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ABSTRACT. A general theory of piecewise multiharmonic splines is constructed for
a class of fractals (post—critically finite) that includes the familiar Sierpinski gasket,
based on Kigami’s theory of Laplacians on these fractals. The spline spaces are the
analogs of the spaces of piecewise CJ polynomials of degree 2j + 1 on an interval,
with nodes at dyadic rational points. We give explicit algorithms for effectively
computing multiharmonic functions (solutions of AJ+1y = 0) and for constructing
bases for the spline spaces (for general fractals we need to assume that j is odd), and
also for computing inner products of these functions. This enables us to give a finite
element method for the approximate solution of fractal differential equations. We give
the analog of Simpson’s method for numerical integration on the Sierpinski gasket.
We use splines to approximate functions vanishing on the boundary by functions
vanishing in a neighborhood of the boundary.

61. Introduction.

For a large class of fractals, called post—critically finite (p.c.f.), that includes the
familiar Sierpinski gasket, Kigami [Ki 1-8] has constructed a theory of Laplacians
based on the renormalized limits of graph Laplacians. This allows a theory of fractal
differential equations, although strictly speaking these are not differential equations.
While there are no specific applications of this theory at the moment, it has the
potential to be used as a model for various physical processes on fractal objects. It is
therefore desirable to develop numerical analysis methods to approximate solutions
to these equations. In [DSV] the analog of finite difference methods were used.
Here we will develop the analog of the finite element method using spline spaces.
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The p.c.f. fractals are in many ways more closely related to the unit interval than
domains in higher dimensional spaces, so we should look to the theory of piecewise
polynomial splines on an interval for inspiration. The space of polynomials of degree
at most 2j + 1 is identical to the space of solutions of A7t1y = 0 on the line, so
we will use the analogous spaces of multiharmonic functions on our fractals as the
model spaces in our construction of splines. These spaces are finite dimensional,
and as j increases the approximation power increases. In [S2] these spaces were
used to establish the analog of Taylor approximations.

The first goal of this paper is to give an effective algorithm for the computation
of multiharmonic functions. A solution of A’*1u = 0 is uniquely determined by
the values of A’y at boundary points for all £ < j. In Section 2 we find a recursive
local algorithm to determine the solution. The fractal is a limit of finite graphs
[, with vertices V,,, the boundary being exactly Vj. The algorithm successively
computes the values of Afu(x) for x € V,, and £ < j in terms of the values of
Atu(y) for y € Vy,—1 and £ < 4, but for each z it is only necessary to consider those
vertices y in a neighborhood of z. The algorithm for harmonic functions (j = 0)
was given in [Ki 2], and for biharmonic function (j = 1) on the Sierpinski gasket an
ad hoc method was used in [DSV] to find the algorithm. The approach in [DSV]
will not work in general, so we use a different method. We also compute the inner
products of multiharmonic functions, and in fact it turns out that the two problems
are linked. In order to obtain the computation algorithm and the inner products
for one value of j, it is necessary to have both for the value j — 1. Since the results
are known for 7 = 0, we have an inductive solution to both problems.

The results of Section 2 yield an easy basis for the space H; of solutions of
AJtly = 0, but this basis is not well adapted to construct splines; on the unit
interval the analogous construction would give a polynomial of degree at most
27 + 1 in terms of the values of A*f on the boundary for ¢ < j, in other words
just even order derivatives. To get C7 splines on the line we need to control all
derivatives of order < j at nodes. In the case of fractals this involves a mixture of
normal derivatives and Laplacians. In Section 3 we consider the global problem of
finding a beter basis for H; where we control the values of A’y on the boundary
for £ < j/2 and the values of the normal derivatives 0,,A’u on the boundary for
¢ < j/2. We are able to give a general solution only under the assumption that j
is odd, but this hypothesis is unnecessary for the Sierpinski gasket (of course for
j = 0 there is no problem since the basis of Section 2 is the solution).

We localize the construction in Section 4 to obtain the splines spaces. Our
fractals K are given by an iterated function system (i.f.s.) of mappings F;, 1 < i <
N, with intersections F; K N F;: K consisting of points in V3. More generally, for any

word w = (w1, ... ,wy) on N letters of length m we write Fy, = Fy, 0F,,0---0F, |
and we have the decomposition K = U F,, K of the fractal into cells F,, K which
|lw|=m

intersect at points in V,,,. We call these intersection points junction points, and each
junction point is contained in more than one cell F, K (in the case of the Sierpinski
gasket each junction point belongs to exactly 2 cells). There are also points in
Vi that are not junction points (the Sierpinski gasket is rather atypical in that
the only nonjunction points in V,,, are boundary points). We define the spline
space S(H;,Vm) to be, roughly speaking, the space of functions that belong to
M, on each cell Fi, K for |w| = m, and which satisfy certain matching conditions
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at junction points, namely that Afu(z) should be well defined for £ < j/2, and
the sum of the normal derivatives of Afu over all the cells containing x should
vanish for ¢ < j/2. Because the analog of the Gauss—Green formula holds, the
matching conditions are exactly what is needed to have Afu defined globally as an
L function for £ < (j 4+ 1)/2. There is a small technical problem here: we allow
functions to be locally in H; that are not restrictions of global functions in H; since
we do not require the equation A/t1u = 0 to hold at points in Vj, that are not
either junction points or boundary points. This problem does not arise in the case
of the Sierpinski gasket. Once we have the spline spaces defined, we prove some
approximation results, both in energy and sup norms, that say that for functions in
the domain of a power of the Laplacian we can increase the rate of approximation
by increasing j.

In Section 5 we specialize to the case of the Sierpinski gasket with its standard
Laplacian. We present all the algorithms of the previous sections in explicit and
simplified form. We omit the proofs, since they are just routine but lengthy calcu-
lations. We then derive the analog of Simpson’s method for numerical integration.

In Section 6 we describe the finite element method using the spline spaces for
general fractals, and prove some rate of convergence results. These are of the
expected form, with some restrictions that may or may not be really necessary. A
full implementation and test of the method is planned for the future.

In Section 7 we use splines to show that a function (on the Sierpinski gasket)
vanishing on the boundary in an appropriate sense may be approximated by func-
tions vanishing in a neighborhood of the boundary, with the type of approximation
linked to the vanishing condition. The simpler approach based on multiplication by
cut—off functions is not always available in this context because of negative results
in [BST]. As an application we give an improved version of the “weak = strong”
result for solutions of Au = f from [S1]. This technique is expected to have many
other applications.

We now give a brief summary of Kigami’s theory of Laplacians on p.c.f. fractals.
The reader should consult [Ki 2] or [Ki 8] for more details. We will make a few
simplifying assumptions that are not strictly speaking necessary, but they do not
seem to rule out any interesting examples.

We assume the fractal K is a compact subset of a Euclidean space defined by
the self-similar identity

(1.1) K=|JFK

where F; are contractive similarities. In fact the metric and Euclidean structures
are not used in the theory, and only the combinatorial properties of the local con-
nectivity of K are important. We assume K is connected, but just barely, in that
the nontrivial intersections of the cells F; K are just finite sets of points. We as-
sume that a finite set Vy (with #Vy = Ny), the boundary of K, is given. We form

the sequence Vy C Vi C Vo C --- by setting V,,, = V,,—1 U (UFVm 1). The

basic assumption is that the nonempty intersections of two cells F K and F, K
for |w| = |w’| = m must consist only of points in V,,,. We form a graph I';,, with
vertices V,,, by joining those pairs of points z,y € V,,, for which there exists a cell
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F, K with |w| = m containing both of them. The graph I';, encodes the combina-
torics of the local connectivity of K at the resolution level m; in other words, if we
are nearsighted enough to perceive the cells F,, K as connected blobs, and only pay
attention to the points in V,,. In essence, the Laplacians we consider on K are just
limits of graph Laplacians on I',,, as m — oc.

The unit interval is an example of such a fractal, where Fix = %.T, For =
%.T + %, and the boundary Vj is the usual boundary {0,1}. The points in V,,, are
just the dyadic rationals k27", and the cells F,, K are just the dyadic intervals
[k27™ (k4 1)2~™]. The simplest nontrivial example is the Sierpinski gasket. Here
K C R? is generated by 3 contractions with fixed points (Vp, Vi, V) the vertices
of a triangle and contraction ratio 1/2. These 3 vertices form the boundary V.
In this example every point in V,,, is either a boundary point or is the intersection
point of exactly 2 distinct cells.

In order to construct a Laplacian, we first construct a Dirichlet form, which is
the analog of the standard energy form

1
(1.2) E(u,v) = / u' (z)v'(z)dx

0
on the unit interval. We begin with a Dirichlet form on Vj

(1.3) Eo(u,v) = Y Dji(ulz;) — ulwr))(v(z;) — v(wr))

i<k
No No
=— Z ZDjku(a:j)v(a:k).

i=1 j=1

Here Djj, is a symmetric matrix of coefficients, with D;; = — Z Djj, for the con-
kj

sistency of the two expressions. We assume that Dj; > 0 for j # k, and that the
matrix is irreducible. We next require a vector r = (ry,...,ry) of scaling factors

with 0 < r; < 1 for all j, and we use them to extend the Dirichelt form to V; by
self—similarity:

(1.4) E1(u,v) =Y 1 & (uo FivoF).
i=1
More generally we define a sequence of Dirichlet forms &,, on V,,, by
(1.5) Em(u,v) = Y rp'éo(uo Fy,voFy)
|lw|=m

where 7y, = 74y, Tw, * * " Tw,,. Lhe final assumption, which is the most delicate, is that
the sequence of Dirichlet forms be consistent. Given a function u on V,,,_1, consider
all extensions u to V,,,, and minimize the energy &,,(u,u). The extension realizing
the minimum is called the harmonic extension. The consistency assumption is that

(1.6) Em—1(u,u) = & (u, u)

for the harmonic extension. It suffices to verify the condition for m = 1, and then
it follows for all m. However, the consistency condition places severe restrictions
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on the choice of the matrix D;; and the r vector. For the Sierpinski gasket it is
known that the choice Dy, = 1if j # k, Dj; = —2 and r = (%, %, %) satisfies the
consistency condition. See [Sa] for the full story of all consistent choices for this
example. For the general p.c.f. fractal, it is still an open question whether or not
there exist consistent choices.

Any consistent choice is called a harmonic structure. We can then define a

Dirichlet form on continuous functions u(x) on K by
(1.7) E(u,u) = lim &, (u,u)
m—00

where we denote the restriction of u to V,, by the same letter u. The limit always
exists as an extended real because the sequence is monotone increasing, and we
define the domain of £ to be those functions for which the limit is finite. It can be
shown that £ is a local regular Dirichlet form with respect to any reasonable mea-
sure, and points have positive capacity (this explains why it is no loss of generality
to restrict attention to continuous functions). We will only consider self-similar
measures, which are probability measures satisfying the self—similar identity

N
= Z Lo © Fi_l, or equivalently
i=1

N
/fdll:;m/foﬂd/%

for some finite non—zero probabilities {u;}. It is important to understand that the
measure g has nothing to do with the definition of £, and it is decidedly not true
(see [Ku]) that

(1.8)

£ (u, 1) = / Vuldp.

The harmonic structure alone gives rise to the class of harmonic functions, the
minimizers of €(u, u) subject to the boundary values u‘VO. It also gives a definition
of normal derivative 9, u(x) at boundary points z for any v € dom(€). We combine
the harmonic structure and the measure p to define a Laplacian A, by

(1.9) E(u,v) = —/’uAuudp,

for all v € dom(€) vanishing at the boundary. More precisely, « is in the domain
of A, if u € dom(&) and there exists a continuous function A,u that makes (1.9)
valid. For simplicity of notation we will drop the subscript p on the Laplacian.
It is possible to give a pointwise definition of Au(z) for points z € Vj,, and it is
true that v is harmonic as defined above if and only if Au = 0. A very important
property of the Laplacian is the Gauss—Green formula

(1.10) /(uAv — vAu)dp = Z u(z)Opv(x) — v(x)Ohu(x).

rEVy

We will also use the scaling identities

N
(1.11) E(u,v) =Y ri'E(uo FyvoFy)
=1
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and

for the Dirichlet form and Laplacian.

When K is the unit interval, the choice D = 1 _1> and r = (%, %) yields

-1 1

the standard Dirichlet form (1.2). With py; = pe = 1/2 the measure p is just
Lebesgue measure, and A is just the usual second derivative. For the example
of the Sierpinski gasket, we define the standard Laplacian by taking the harmonic
structure described above and the self-similar measure with pu; = ps = usz = %
This measure is just normalized Hausdorff measure in dimension log 3/log 2. In this
case harmonic functions are characterized by the property that for nonboundary
points z in V,,, u(x) is just the average of u(y) over the 4 neighboring points y

joined to z in Iy, (we write y ~,, ). The pointwise formula for the Laplacian is

(1.13) Au(z) :g tim 5™ (3 uly) — du(x))

m—r00
Y~mT

for any point z in one of the V,,,. Note that we have complete dihedral-3 symmetry
for this example.

Another important ingredient in the theory is an explicit formula for the Green’s
function. The Dirichlet problem

(1.14) —Au = f with u|,, =0

has a unique solution for each continuous function f, and the solution is expressible
as

(1.15) u() = / G, 9)  (y)dpa(y)

for a specific continuous function G(z, y) called the Green’s function (the continuity
of G is related to the fact that points have positive capacity). In fact G' depends
only on the harmonic structure, not the measure, and there is an explicit formula
that will be described in more detail in Section 2.

Acknowledgments. We are grateful to Jun Kigami, Al Schatz and Alexander
Teplyaev for advice and encouragement.

§2. Multiharmonic functions.

We consider the general setting of a p.c.f. self-similar fractal K generated by
contractions F;, ¢ = 1,..., N, with boundary V,, #Vy = Ny, a regular harmonic
structure on K with Dirichlet form & satisfying

(2.1) E(u,v) = Zr.—lg(uom,vom)

(3
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and a self-similar probability measure p satisfying

N
(2.2) p="> pjpo F

1=1

for a set of discrete probability weights {yu;}. We denote the associated Laplacian
simply as A, and for each j > 0 we let H; = {f : AT f = 0} be the space of
(j + 1)-harmonic functions. Then dimH; = (j + 1)Ny and we describe next the
“easy” basis for H;:

Definition 2.1: For j > 0 and 1 < k < Ny define fji to be the solution of
Aj+1fjk = 0 satisfying the boundary conditions

(2.3) A" fik(Vn) = 0mjOkn for 1 <n < Ny and m > 0.

Of course A™ f;, = 0 for m > j so we could restrict m < j in (2.3). Note that

(2.4) file) = = [ G foewdnty) for =1

since Afjx = f(j—1)» and fjx vanishes on V5. This will be the key to computing
[jr algorithmically. We will also need the scaling identity

(2.5) A(po F;) = ripi(Ap) o Fj,
which follows from (2.1), (2.2) and the definition of the Laplacian, and its iteration

(2.6) A™(po Fy) = (ripi)™ (A™p) o F,

Lemma 2.2. {fpr}o<m<ji<k<n, @5 a basis for H;, and any f € H; has the
explicit representation

J No
(2.7) F=Y2 Y (A™f(ve) fnk-

m=0 k=1

Proof: Both sides of (2.7) belong to H; and give the same value for Aff(v,) for
0<£<j,1<n<N, Q.E.D.

Lemma 2.3. For all 5, k, i, we have

J Ny
(2.8) fik o Fy =3 Y (rima) fj—eye (Fivn) fon.

(=0 n=1

Proof: By (2.6) we have fj; o F; € H;, so we apply (2.7) to f = fjr o F;. To
compute Aff(v,) we use (2.6) and the result is (2.8). Q.E.D.

We need to be able to compute the values of f;x(Fjvy,), for then (2.8) will be an
explicit scaling identity for the functions f;;. Note that we cannot use (2.8) directly
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to find the required values, since evaluating (2.8) at v,, just yields a tautology. We
will succeed in finding a recursive formula for these values and at the same time
find a recursive solution to another important problem, that of computing inner
products of the basis functions. It is important to note that these recursions must
proceed simultaneously. Thus we let

(2.9) 1k %) = [ Sy

We begin with the recursion formula for the I's. Although it is linear in 7, it involves
the values of fji(F;v,) quadratically. Also, terms of the highest order appear on
both sides of the identity.

Lemma 2.4. For all j, k, 7', k', we have

(2.10)  I(jk,j'K)

0

J N i’ No .
SN i) f— o (Fivn) fgr—enye (Fyvon )1 (n, £,0).
'=0 n'=1

=1 (=0 n=1

[
M) =

Proof: We use (2.2) on the right side of (2.9) to obtain

I(jk,5'K) Zﬂz/ fik o Fy)(fjr o Fy)dp.

We then substitute (2.8) and the result is (2.10). Q.E.D.

When j = j" =0, (2.10) takes the form

Ny
(2.11) I(0k,0k") Z Z A(kE',nn)I(On, On')

n=1 n'=1

for
(2.12) A(kE \nn') =~ i for (Fyvn) forr (Fyvn).-

Since the harmonic functions foi are all nonnegative, (2.11) says that I(0k,0k’) is a
nonnegative eigenvector (with eigenvalue 1) for the nonnegative matrix A(kk’, nn').
We will assume that this matriz is irreducible. This is true under very weak as-
sumptions on the harmonic structure, and is probably true for any nondegenerate
structure. With this assumption (2.11) determines I(0n,0n’) up to a normalization
factor, and that factor is determined by the condition

No No

(2.13) > > I(0k,0K) =1

k=1 k'=1

which is just the statement that a constant function integrates to the constant.
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Theorem 2.5. Assume the matriz A(kk',nn’) is irreducible. If the values of
fme(Fiv,) are known for m < max(j,j'), then (2.10) and (2.13) uniquely determine
1k, 7'K).

Proof: We have already seen how I(0k, 0k’) is determined. So assume I(¢k,¢'k’)
is known if £ < j and £/ < j’ and both inequalities are not strict. Then transporting
all the highest order terms in (2.10) to the left side, we have

No N
Ik, 5'K) = > Y A(kk ,nn')I(jn, jn’)
n=1 n'=1
expressed in terms of known values, where
_ N
AR, n'n’) = ps(pars) ™ for(Fyvn) forr (Fivnr ).
i=1
Comparing this expression with (2.12), we see that the spectral radius is strictly

less than 1 since p;7; < 1, and so the identity minus A is an invertible matrix,
hence (2.10) is solvable. Q.E.D.

To get a recursion formula for the values of f;i(F;v,) we use (2.4) and an explicit

formula for the Green’s function, which we write as follows:

No
(2.14) G(Fiv,, Fyy) = Z (4,4, m,n") fon (v)-

n'=1
It is clear that there must be such an identity for some constants (7,4, n,n’)
because G(F;vy,, Fyry) is a harmonic function of y since the only singularity of the
Green’s function is on the diagonal, and F;v,, = F;y would imply y € V. But we
can identify the constants exactly, namely

(2.15) Y(i,i',n,n') = Gpqy for p= Fiv,, q= Fiy

and the matrix G, is given by G = —X ™!, where X denotes the restriction to
(Vi \ Vo) x (V1 \ Vp) of the Dirichlet form & on V; x Vi. Indeed, since Fu,, € Vi,
Definition 5.3 in [Ki 2] yields

G(Fyvn, Fuy) = Gpgtbp(Fivn )by (Firy)

where 1, denotes the continuous piecewise harmonic function satisfying 1,(¢) = d,q
for ¢ € V1. Thus 9, (F;v,) vanishes unless p = Fjv,,. Similarly, ¢,(Fiy) = 0 unless
q = Fyrv, for some n'. But in that case 4(F;y) = fon(y), and this proves (2.14)
and (2.15).

In any particular example it is easy to compute the coefficients G,. It is also easy
to compute the values for(Fjvy,), since for is harmonic. Again there are explicit
matrices A; such that

No
(2.16) h(Fyvn) =Y (Ai)neh(vi)
k=1

for any harmonic function, and so

(2.17) for(Fivn) = (Ai)nk-

This is the initial step, and then we use the following recursion formula:
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Lemma 2.6. For any j, k, ¢, n, we have

(2.18) fin(Fivn)

i'=

—1 0

No No
0> i (rarpar )y Gy iy my VTR, 00) G —1— oy (Firore).
k=1

/=0 n'=1

S,

[y

Proof: We use (2.4) with z = F;v,, and (2.2) to obtain

fik(Fivp) = —

] =

J2y /G(FiﬂnaFi’y)f(j—l)k o Fy (y)du(y).

' =1

We substitute (2.8) for f(;_1); o Fir and (2.14) for G(Fjvn, Firy), and then do the
integrals to obtain (2.18). Q.E.D.

Theorem 2.7. The values of fji(Fivy,) and I(jk,0k") for any j may be successively
computed (based on the values for lower j) by first using (2.18) and then (2.10).

Proof: The values of £ in I(¢k',0n') and j —1—£in f;_1_gk(Firvxr) that appear
on the right side of (2.18) are less than j, so these terms will have already been
computed. Thus (2.18) is an explicit formula for f;;(Fjv,). Then we have all the
information required in Theorem 2.5 to compute I(jk,0k’) using (2.10). Q.E.D.

There is a simple identity for computing all the inner products in terms of inner
products with harmonic functions.

Theorem 2.8. For all j, k, j', k', we have
(2.19) I(jk, j'K') = I((j + j'), OK).

Proof: We apply the Gauss—Green formula to the functions f(; 1) and fjg for
j' > 0:
/(fj’k’Af(j+l)k — fi+0eA S )dp =0
since f(j4+1)r and fjg vanish on the boundary. But Afji1y, = fjr and Afjg =

fir—1ywr- Thus I(jk, j'k") = I((j + 1)k, (' — 1)k’). Then (2.19) follows by induc-
tion. Q.E.D.

The inner products are also useful for computing normal derivatives. We are
grateful to Alexander Teplyaev for the following result.

Theorem 2.9. For every j, k, £, m, with £ < j we have
(2.20) O (A fir) () = I((j — 1 — L)k, 0m).

Proof: We apply the Gauss-Green formula to the functions A* [ir and fon, to
obtain

(2.21) /(meA”lfjk — (A fom) A" fix)dps
Np

= > (fom (Um)On A £k (Vmr) = On fom (Vm ) A’ £k (U ).

m’'=1
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But Afom = 0 and AL f = fli—1—e)k s0 the left side of (2.21) is just
I((j—1—£)k,0m). On the other hand, A f;1(vy,) = 0 since £ < j, and fom (V) =
Sm.m’, S0 the right side of (2.21) is just O, A fx(vim)- Q.E.D.

Now that we know how to compute the values of the basis functions on points
of V1, we can use (2.8) inductively to compute the values on V,,, and by (2.7) to
values of any function in H; on V,,. Note that this is a local computation: to get

the values at F,,Vp for any word w = (w1, ... ,w,,) we only need to compute values
at Fw1V07 leFw2V0, - ,le .. 'me71V0.

63. A better basis.

In order to combine piecewise multiharmonic fucntions into splines we need to be
able to match normal derivatives at nodes. The easy basis for H; will not allow us
to control normal derivatives, and so is inadequate for the purpose. We are thus led
to the problem of constructing a better basis for H; involving normal derivatives.
The method we use will work for any odd value of . To avoid cumbersome notation
we just present the cases 7 =1 and j = 3.

The easy basis for H; consists of the 2Ny functions for and fix, which satisfy
the boundary conditions

fok(Vm) = 0km  fie(vm) =0
AfOk(’Um) =0 Aflk(’Um) - 6k,m-

The better basis we will construct will consist of the 2Ny functions fé,? and g&),

and they will satisfy the boundary conditions

(3:3) 5 Wm) = em g6 vm =0
(3.4) Onfsy Wm) =0 9ugsy) (V) = Btm.

Each function in the new basis must be a linear combination of functions in the old
basis, and in view of (3.1) and (3.3) we must have

Np
élt) = fox + Zbszuz
=1

N
g6) = > diafe-
=1

This gives (3.3), and to verify (3.4) we need, using Theorem 2.9,

Ny

/=1
No
Z dkgI(Of, Om) = 5k,m-
/=1
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Now the Ny x Ny matrix I(0£,0m) is invertible, since it is the matrix of inner
products of the easy basis of Hy. Let .J denote its inverse. Then

die = Jie

No
bre == JmeOn for(vm)

m=1

(3.7)

solves (3.6), and completes the construction of the new basis. The values of the
normal derivatives of for are easily computed, since these are harmonic functions
so it is not necessary to take the limit in the definition. In fact

(38) 8nf0k(vm) — —1Iimg

where {H,,x} denotes the Dirichlet form &, on V) x V.
Next we consider the case j = 3. The easy basis of Hz consists of the 4N
functions fox, fik, fok, f3r satisfying

(3.9) Al frk(Um) = 60.00km for 0<£<3.

The better basis will consist of the 4Ny functions fOk , 1(2)7 g(g:,? g§k) satisfying

(3.10) A LD (o) = 600km A (0) =0
(3.11) A D () =0 8,A%%) (0,) = 60.10km

for £ = 0,1. Expressing the new basis in terms of the old basis, and taking into
account just (3.10), we find

;

No
D = fou+ Z(akefze + bre f3e)

& = i+ Z Crefoe + drefae)

(3.12) .

g% = Z(azefzz + bief3e)
=1
No

g5 = Z(C%efzf + die f3e)

N (=1

for certain coefficients to be determined. Now we impose the conditions (3.11),
using Theorems 2.8 and 2.9 to obtain

Ny

> (aeI(0£,0m) + byeI (14,0m)) = 0

/=1

Ny

> (axeI (16,0m) + bieI(1£, 1m)) = =0y, for (vm)
/=1

(3.13)
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Ny
> (creI(0£,0m) + dieI (1£,0m)) = =0y, for (vm)
/=1
No
> (creI (14,0m) + dieI (14, 1m)) = —I (0K, 0m)
/=1

(3.14)

No
Z(a%ﬂ(% 0m) + bl, I(1£,0m)) = 0
/=1

No

> (g I (14,0m) + b, I(14,1m)) = Sk
/=1

(3.15)

No
Z(C%ﬂ(% 0m) + dj, I(1£,0m)) = Sg.m

(3.16) =t

> (cheI (1£,0m) + di, I(14,1m)) = 0.
/=1

Note that each of these 4 systems of 2Ny equations in 2Ny unknowns involves the
2Ny X 2Ny matrix of inner products for the easy basis for H;. Thus the systems
are uniquely solvable, and this gives the new basis.

In general we can find a basis for H; for j odd consisting of functions féj,;) and

gibj}c) for n < (j —1)/2 satisfying

(3.17) ALD (0) = 6pnbhm A9 () =0
(3.18) oA D (W) =0 0,A% 9 (0m) = 60.n0km

for £ < (j — 1)/2. This leads to systems of equations that are solvable because the
matrix involved is the matrix of inner products for the easy basis for H;_1)/». We

omit the details. The situation for 7 even is less clear. We want a basis with 7§]k
for n < j/2 and g% for n < j/2, with (3.17) holding for n < j/2 and (3.18) holding
for n < j/2. We consider the case j = 2. Then

e

No
éz) = for + Zakefzz
=1
Ny
(3.19) < 1(2) = fix + Z brefae
=1
Ny

gé? = Z Cre for

\ =1
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from (3.17), and

¢ No

Z akgf(lf, Om) = _anfok (Um)
2+1

No
(3.20) $ S bieI(16,0m) = ~1(0k, 0m)
=1
Np
CkgI(lf, Om) = 5k,m
1

\ =

from (3.18). We can solve these systems provided the Ny x Ny matrix I(1£,0m) is
invertible. We do not know if this is true in general.

§4. Splines.

We will be dealing with weak solutions of Au = f, and we now give precise
definitions. The domain of the Dirichlet form, dom &, is defined in the usual way
based on L?. The functions in dom& are nevertheless continuous. In [Ki 2] the
domain of the Laplacian is defined based on C, the space of continuous functions.
We will write dome(A) to emphasize this.

Definition 4.1: We say u € domc(A) and Au = f if u € domé&, f € C(K), and

(4.1) E(u,v) = —/fvd,u

for every v € dom& wvanishing on the boundary. We say u € domag(A) and Au = v
if u € dom(€), v € M(K), the space of finite measures on K, and

(4.2) £ (u,v) = — / vy

for every v € dom& wvanishing on the boundary. Similarly, domp(A) is defined
for any Banach space B intermediate between C and M. For j > 1 we define
f € domp(AY) inductively by f € domp(A) and Af € domp(AI~1).

In [Ki 2] the domain dom¢(A) is first defined by the uniform convergence of a
difference quotient, and the above definition appears as a theorem. It should be
a relatively routine matter to establish equivalent difference quotient characteriza-
tions of the domains dompg(A) as well, but we will not do this here. A more subtle
question is the extent that the Gauss—Green formula holds for these weak domains.
We also note that (4.2) does not determine the measure v uniquely, since atoms
on the boundary will not make a difference. We do not want to rule out atoms
altogether since G(-,y) will belong to domps(A) with AG(-,y) = dy.

Next we consider the localization of the Laplacian to a cell K,, = F,K for
w = (wy,...,wy,) any word. We do this simply by taking the composition with
F,, and referring all questions back to the global setting, scaling using (2.5).

Definition 4.2: We say u € Domp (A‘F K) and Au = f on F, K ifuoF, €
Domp(A) and

(4.3) A(uo Fy) =ty f 0 Fy.
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This definition is not as straightforward as it seems since it treats all the points
in F,,Vp as boundary points of F, K. Thus there may be functions which are
harmonic on F,, K which do not satisfy the pointwise condition for being harmonic
at points in F,,Vj which are neither boundary points of K nor junction points (for
the Sierpinski gasket such points are nonexistent).

We also need to localize the notion of normal derivative to F,K. For each
boundary point F,v; we define

(4.4) Onu(Fyvg) = 1 0n(uo Fy) ().

The same point may be represented Fi,v; in more than one way, and so there
are different normal derivatives associated to each such representation. When this
happens we call such a point a junction point. For each junction point x we denote
by Jmn(x) the set of all pairs (w, k) where w is a word of length m and x = F,v.

We are now ready to define the space of splines S(#;, V;,) based on H; of level
m. These will be functions that belong to H; when restricted to F,, K for all words
of length m, and satisfy appropriate matching conditions at junction points.

Definition 4.3: We say f € S(H;, V) if foFy, € H; for all words with |w| =m
and for all junction points x in V,, the following matching conditions hold:

(45) (Tw//fw) eAe(f )(Uk:)

is the same for all (w, k) € Jp,(x), for each £ < j/2, and

(4.6) Z ot (rPupiw) 0, A(f o Fy)(vk) =0

(w,k)ETm ()

for each £ < j/2.

Note that (4.5) just says that a unique value for A*f(z) exists at a junction
point, and (4.6) says that the sum of all the normal derivatives of A*f at x is zero.
These conditions suffice to obtain a certain order of “smoothness” for f, except at
points in V,,, that are not junction or boundary points.

Theorem 4.4. Let f € S(H;, Vi), and suppose that for any x € V,, that is not a
Junction or boundary point we have

(4.7) O A f(2) =0 for all £ < j/2.

Then for j odd we have f € domp~(AUTY/2) while for j even f € domC(Aj/z).

Proof: For each w with |w| = m, the restriction of f to F}, K is in dom¢ ( AE‘F %)

for every £. We can then create a function f, on K by piecing together Aff on
each I, K. By (4.5) this will be a continuous function for £ < j/2, but it will only
be L when £ = (j + 1)/2 for j odd. It remains to show Aef = f¢, which by
Definition 4.1 means

(4.8) E(f0) = [ fevrvdn



16 ROBERT S. STRICHARTZ AND MICHAEL USHER

for all v € dom & vanishing on Vj, for £ < j/2, where fo = f. Now
(4.9) /fg+1vdu— > uw/ fo41 0 Fy)(vo Fy)du
lw|=

by (2.2), and

(4.10) E(fe,v)= Y rp'é(froFy,voF,)

lw|=m

by (2.1). Since Afy = for1 on F K, we have
411)  E(fro Fu,voFy) = —/(A(fgon))vondu
+Zqu 21)0n (fo 0 F)(z1)
— / (fi1 0 Fu)(vo Fy)dp

+ (o) zO: V(Fopxr)On AL (f o Fy) (k).

We multiply (4.11) by 7! and sum over w. Taking into account (4.9) and (4.10),
we find

E(e0) == [ frorvdus Y S o (ara) o(Fa) 00 A(F 0 )00,

lw|=m k=1

Thus it suffices to show that the sum vanishes. If F,x; € V then v vanishes. If
F, 1}, is neither a boundary or a junction point then 9, A*(fo F,)(vx) = 0 by (4.7).
Thus there remain only terms involving junction points. We can rearrange the sum
to vary over (w, k) € Jy,,(z) for each junction point z. The value of v(Fy,xy) is the
same, v(x), for each (w, k) € Jp,(x), so we can factor this out, and we are left with
the sum (4.6) which vanishes. Q.E.D.

Theorem 4.5. Under the hypotheses of Theorem 2.5, the space S(H;, Vi) for j
odd has dimension

(4.12) (1 +[5/2D)(#Vim) + [(5 + 1) /21 (N™ No — #Jm)

where J,, denotes the set of junction points in Vi, and each element of S(H;, Vi)
15 uniquely determined by specifying

(4.13) Alf(x) for €V, and £<j/2,
and

(4.14) Sn A (fo Fy)(v) for |w|=m, v, €Vy and £<j/2,



SPLINES ON FRACTALS 17

subject to the conditions (4.6) for all x € J,, and £ < j/2. The same result holds
for 7 even in the cases when the construction in Section 3 can be carried out.

Proof: From the construction in Section 3 and Definition 4.3 it is clear that
f € S(H;, V) is uniquely specified by the data (4.13) and (4.14) subject to the
conditions (4.6), since (4.5) is exactly the condition that A’f(z) depends only on
x and not its particular representation Fi,vg. So it remains to verify the dimension
formula (4.12). The data (4.13) involves 1 + [j/2] choices of £ and #V},, choices of
x, and so contributes (1 + [j/2])(#Vi,) to the dimension. The data (4.14) involves
[(7 +1)/2] choices of £, N™ choices of w, and Ny choices of k, while the number of
conditions of the form (4.6) is [(j + 1)/2](#Jm)- Q.E.D.

It is clear how to construct a basis for S(#;, Vy,) by localizing the basis for H,;
constructed in Section 3, but there are many ways to incorporate the matching
conditions (4.6). We will not give a description in the general setting to avoid a
notational thicket of questionable value. In the next section we give an explicit
construction for the case of the Sierpinski gasket.

Now we establish the basic approximation properties of the spline spaces in the
energy norm & (u,u)/2. We know that functions in dom(&) are continuous, and we
have the basic estimate

(4.15) lu(x) — u(y)| < & (u,u)/?

for any z, y. In particular

(4.16) oo < & (u,u)t/?  if u‘aK = 0.

In what follows we will also use the weaker estimate

(4.17) ull < c&(u,u)t? if u‘aK = 0.

The significance of (4.16) is that any estimate for the energy norm implies the same

estimate in the uniform norm. We first establish global estimates and then scale
them down to get spline approximation estimates.

Lemma 4.6. If u € domp2A and u‘aK =0, then
(4.18) E(u,u)Y? < ¢||Aul|s,

with the same constant in (4.18) as (4.17).

Proof: By the definition of domp2A we have u € dom(€), so £(u,u) is finite.
Now & (u,u) = — [[uAudp by (4.1), since “‘aK = 0. Thus &(u,u) < ||ul|2]|Au||2 by
Cauchy-Schwartz, and substituting (4.17) yields

€ (uyu) < c&(u,u)/?|| Aulls

and (4.18) follows. Q.E.D.
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Theorem 4.7. Suppose u € domp2A%" and A*
all £ <27=1 — 1. Then

U"BK =0 and a"AEU"aK =0 for

(4.19) E(u,u)/? < e || A% ul|,.

Proof: Consider first the case n = 1. Since “‘aK = 0 and 8”“‘8[{ = 0 we have

/ (Au)?dp = / uAZudp

by the Gauss—Green formula. Thus
1Aull3 < Jlull2/| A%l
by Cauchy-Schwartz. We substitute (4.17) and (4.18) to obtain
28 (u,u) < [|Aulf3 < o€ (u,w) 2] A%l

and so (4.19) follows with ¢; = ¢3.
We prove the general case by induction, so suppose (4.18) holds for n — 1. Then

/(Aznlu)zdu = /qunud,u

follows by applying the Gauss-Green formula 2"~! times. There are no boundary
terms because of the vanishing of Afu and 9,, Afu on the boundary for £ < 2n—1 —1.
We obtain - .

1A% |3 < flull2l|A% ull

by Cauchy—Schwartz, and then substitute (4.17) and the induction hypothesis to
obtain B
Cn21E (uyu) < [|A% ull3 < € (u,u) ]| A% ull;

which yields (4.19) with ¢, = cc2_ . Q.E.D.
Remark: It is reasonable to conjecture that analogous results hold for integers not

necessarily powers of 2. Thus if A = 0 and 3nA£U‘3K =0 for all £ < k we
should have

“‘aK
8(u,u)1/2 < | AFFu)|,.

Similarly, if Agu‘aK =0 forall ¢ <k+1and 9,A*
should have

u‘aK =0 for all £ < k, then we

E(u, u)/? < | A% H L.

Theorem 4.8. For j = 2" — 1 there exists a constant C; such that for any u €
domp> (AT*Y) and any m there exists up, € S(Hj, Vim) with

(4.20) E(t = U, 1 — )% < C|| AT 0| g pl )™,

where p = max{r;u; : 1 < i < N}. In fact, u,, may be taken to be the spline that
interpolates u on Vy,, meaning Au,,(z) = Alu(z) and 0,A%uy, (1) = 0,A%u(x)
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for all £ < (j+1)/2 and all x € V,,, (the equality for normal derivtaives refers to
all the different normal derivatives at x ).

Proof: For each word w of length m, we consider (u — uy,) o Fy,. When u,, is the
interpolating spline, this function satisfies the hypothesis of Theorem 4.7. (Note
that for n > 1 we have j odd, so the existence of the interpolating splines follows
from Theorem 4.5, while for j = 0 it is easy.) So (4.19) yields

E((w = ) © Fup, (1= 1) 0 Fy) < 2| A% ((u = un) 0 Fy) |13
= 1A% (uo Fy)|l3

since A?" (uy, o F,,) = 0. Using the self-similarity identity (2.1) for € and (2.6) for
A we obtain

E(U — Uy, U — Uy ) = Z r (U — um) 0 Fy, (4 — tp,) 0 Fy)

lw|=m

2 Z SHAT (wo B3
lw|=

& Z Hrwma) ™™ (A% 1) 0 Fy 3,
lw|=

)2n+1

_ n+1l__ n+1l__
But r, (r e = (Twlw)? Ly < p2 Um .. Thus

E(t = U, 1= ) < 2@ 0N (A w) 0 Fy3
|lw|=m
= cpp® M |AY w3

by (2.2), and this yields (4.20). Q.E.D.

Corollary 4.9. Assume the hypotheses of Theorem 4.8, and also that
u € domp~ (AJT1). Then

(4.21) lu = tmloo < Cyl|ATH ul|oopl+ D™,

Proof: Every point x belongs to some F,, K. Then
() = U ()| < cE((1 — ) © Foyy (th — tyy) 0 Fiy) /2

by (4.16), since (u — uyy,) o F,, vanishes on 0K . But the proof of Theorem 4.8 gives

2n+1

E((u—um) o Py, (u—um) o Fy) < Ci(rwﬂw) ||(A2nu) © Fw”%

and now we use ||(A%2"u) o Fy|s < [|A?" u||s to obtain
(4.22) [u(@) = um ()] < cea(rupn)? 1A% ull oo

for x € F,, K. This yields (4.21), and in fact gives a more precise estimate when
not all the values of r;u; are the same. Q.E.D.



20 ROBERT S. STRICHARTZ AND MICHAEL USHER

65. The Sierpinski gasket.

We now describe explicitly the algorithms of the previous sections for the case
of the standard Laplacian on SG. Becuase of the high degree of symmetry, there is
much simplification. We have p; = 1/3 and r; = 3/5 for all 4,

A2: A3:

—
[S1 G
al= gl O
o al— O
gl O gl
gl = ot
= O G
O gl g
O g G
= oo ol

(5.1) ¢

9 e
o _{% if p=gq
pq = .
( 5—?6 if p #£q.

Because of the symmetry we only have to determine 4 types of quantities:
ap = I(Lk,0k)
bg =I(k,0n) for k+#n

pe = 5 for,(Fyog) = 5 for (Fievi) i # k
qe = 5 for,(Fyup) 4, k,n  distinct.

(5.2)

The initial values are

7 4 2 1
. — b= = po=2, g ==
(5 3) aop 457 0 457 Do 57 q0 5

The recursion relations (2.10) for ay, and by are

( j—1
blaj = 22a; + 280, + > Z(4pj_r + qj—)(ae + 2by)
£=0
j—1
5]bj = %aj + %bj + Z%(?)pj_z + 2q]'_g)(ag + 2bg).
\ £=0

(5.4) ¢

These can be simplified if we express them in terms of a; + 2b; and —4a; + 7b;:

( 7—1
a; +2bj = 55 D_(2pje+ aj-)(ar + 2br)
£=0
(5.5) j—1
—4aj + 7bj = % (pj—é + 2qj—f)(a£ + 2bf)'
\ =0

Note that a; +2b; is just equal to the integral of f;x, since foo + fo1r + foo = 1. The
recursion relations (2.18) for p, and ¢, are

pj=—2bj_1 — £ Y (4aj_1_¢+ 3bj_1_¢)pe + (aj_1—¢ + 2bj_1_¢)qe
=0
(5.6) i1

g =—zbj—1— £ > (2aj_1-¢+4bj_1_¢)pe + (Baj_1-¢ + bj—1-¢)qe-
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These can be simplified by expressing them in terms of 2p; + ¢; and p; — g;:

(5.7)

e

\

7—1

2p; +q; = —bj—1 — > _(2a;_1-¢ + 2bj_1-¢)(2pe + q¢)

£=0
7—1

pj—q;=—tbj_1— 1) (2aj_1-¢—bj_1_0)(pe — q0).

=0

Table 5.1 gives the values of these constants for small values of j, obtained using

Maple.
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J pj q; a; bj

0 4 2 1555 .. .0888. ..

1 —.12 —.09333... —6.7489711 x 1073 —5.8847736 x 1073
2 034222 . .. 031555 .. .. 3.7547384 x 107*  3.6095992 x 10~*
3 —.01 —9.7530864 x 1073  —2.1918331 x 10~°> —2.1662729 x 10~°
4 2.9564688 x 1073 2.9341351 x 10~3  1.2963031 x 10~  1.2917494 x 106
5 —8.7752204 x 10~% —8.7551683 x 10~* —7.6961127 x 10=8 —7.6879745 x 10~8
6 2.6077998 x 10~*  2.6060037 x 10~*  4.5744047 x 102  4.5729491 x 10~°

Table 5.1: The values of p;, g;, a;, b; for 0 < j < 6.

We may compute the values of any function in #; efficiently by using (2.7) and
(2.8) and appropriately scaled versions. For u € H; we have the following local
algorithm for computing A*u(z) for k¥ < j and all z € V,, in terms of the values
on V,,_1. It is local in the sense that the values at z depend only on the values at
the vertices of the level m — 1 triangle containing x. Specifically, if we call these
vertices vy, v1, v2 and x is the midpoint between vy and vq, then

(5.8) APu(z) = Z ﬁ(pﬁ—k(Aeu(UO) + Alu(vy)) + gk A u(v2)).
=k

Next we give the explicit coefficients for the bases for H; described in Section 3.
Because of the symmetry, all the matrices bgy etc. have the simple form that all
diagonal entries have one value, and all off-diagonal entries have another value.
We report these values by giving by for the diagonal and by; for the off diagonal.
When j =1, (3.5) holds with

(59) boo - —30 b()l - 15 doo - 11 d01 - —4
When j = 2, (3.19) holds with

ago = 120 agy = =2 bop = 12 boy = —1F
(5.10) o 5526 _ 2574

00 = —% Co1= —7 -

In this case the 3 x 3 matrix I(14,0m) has a; on the diagonal and by off the diagonal,
and is invertible. When j = 3, (3.12) holds with

( ago = —32}1%400 g = 1721;00
boq — —271188000 bo, — 135594000
00 = — 449 01 — 449
Coo = — 177570 oL = 28170
— T 449 — 449
dnn — —10269180 dn; — 4043520
(5 11) 00 449 01 449
: ql — 1293030 ql. — —464670
00 — 449 01 — 449
bl — 92578140 bl — —43015860
00 449 01 449
! __ 26864 /' __ —2656
€00 = T449 Co1 = 449
d . — 1293030 d.. — —464670
\ 00 449 01 — 449 -
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We do not have an explanation for the equalities ag, = dfy, and ay; = dj;. The
large size of some of these coefficients may seem alarming, but it should be kept
in mind that they are multiplying functions whose values are relatively small. We
have also computed the coefficients for 7 = 4, but we will not give the results
here. When j is even, the systems of equations involve the matrix I((j/2)¢,0m),
which has entries a(j/2) on the diagonal and b(;/3) off the diagonal. Since the
determinant of a 3 x 3 matrix with z on the diagonal and y off the diagonal is

3 —3zy? + 23 = (z — y)(z + 2y), the matrix will be invertible unless x = y or
xr = —2y. It is apparent from the values given in Table 5.1 that a, and b, are
close, but presumably never equal, so the better basis for H; exists for all even j.
However, for large j, the computation becomes unstable because the determinant
is so close to 0.

It will be useful to have the values of the inner products [ fe(J)fe(,J),du, 1l fe(]) é,]),du,
fgéi)gég) dp and the energies &( e(,i), a) )y € (fz(z),géfl)), 5(91%),915,),) Clearly the
values depend on whether or not n = n but not on the specific values of n, n'.

The results for 7 = 1 are given in Table 5.2.
[ foofoodr = 537 [ fdog00dn = a5 [ 96096091 = 32658

E(foo» foo) = % E(fo0s900) = I—g E(9dos 980) = 217

[ foofordn= 167z [ foogor9m = 5555 [ 90090191 = 37665
E(foos for) = _1—129 E(fo0: 901) = % E(gbo 901) = 1_71;

Table 5.2: Inner products and energies for the better basis for j = 1.

Next we describe a specific basis for the spline spaces S(H;, V). For each vertex

y € V,, we will have functions goéj) for £ < j/2 and %; for £ < j/2 such that the
values (4.13) and (4.14) vanish at all other points in V,,, and at y exactly one

(%)

of the values is 1 and the others vanish. For ¢, ~ we will have (4.14) vanish and

Akgom( ) = 0 in (4.13). For wéi) we have to resolve the ambiguity in the normal
der1vat1ve at y. If y is not one of the three boundary points, then y = F,v,, = Fi,rvy
for two distinct choices of words with |w| = |w'| = m. We make the convention
that w comes before w’ in lexicographic order (or w < w’ if we interpret them as
base 3 integers). Then for any function u, the normal derivative d,u(y) is defined
with respect to F, K:

(5.12) Onuly) = (g)mﬁn(quw)(vn).

With this convention, the spline @b(j ) will be determined by the conditions that
(4.13) always vanishes and (4.14) vanishes at all other points of V,,, while 9, Akw(J )( )
= Oke-
The explicit expressions for cp(] ) and @bg) when y = F,,V,, = F,,,V,, are
5—m£f(j) o F—l on FwK
(5.13) o) = ¢ 5 mt ) o el on Fy K

0 otherwise
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gms—m ) o -1 on F,K
(5.14) P = _gmymmr) ) o pel op F K

w

0 otherwise.

If y = v,, is a boundary point, the expressions are slightly different:

s=mlfl) o pem on FMK

0 otherwise

(5.15) of) = {

. —me (3) F—m FmK
(5.16) g = O g e T on B
0 otherwise.

An arbitrary function u € S(H;, Vy,) can then be written

(5.17) u=3" (X Aul)el]) + 3 oA ulm)ef)).

YEVm  £<j/2 £<5/2

It is straightforward to compute inner products and energies involving basis
elements by using definitions (5.13-16), scaling properties, and the inner products
and energies given in Table 5.2. It is clear that we get sparse matrices because basis
elements with disjoint supports will have zero inner product and energy.

As an application, we now give schemes for numerical integration analogous to
the trapezoidal rule and Simpson’s rule. The trapezoidal rule will provide exact val-
ues for S(Ho, Vyn) splines, while Simpson’s rule will exactly integrate S(H1, Vin—1)
splines.

The trapezoidal rule is the same as the obvious choice, based on the idea that the
average of the 3 values at the boundary provides the best estimate for the integral
based on boundary values alone, and this choice is simply scaled down to each cell
of the decomposition K = U F,K. This leads to the approximation for [ fdu

|lw|=m

given by

(5.18) =30 2@+ Y fw).

:EEVm\VO zeVy

It is easy to see that this is exact for S(Ho, V;y,) splines. It follows from Corollary
4.9 that if f € dompe(A) then the error bound is

(5.19) 1)~ [ 1] < s A

To obtain Simpson’s method we first need to find the exact integral of functions
in H; in terms of the values on V; (note that dimH; = #V; = 6 and it is easy to
see that a function in H; is uniquely determined by prescribing arbitrary values at
points of V7). By symmetry the expression must be

(5.20) dy Y fl@)+dy Y f(w),

zeVi\Vo eV
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and to integrate constants we must have 3d; + 3dy = 1. Now the function f =
fio + fi1 + fi2 takes values 0 on Vj and 2p; + ¢; on Vi \ Vj, while its integral is
3(a1+2b1). Thus for (5.20) to be exact we must have 3dy(2p1+¢1) = 3(a1+2b1), so
dy = 5/18 and ds = 1/18. We then scale this down to cells F,, K with |w| =m — 1
and sum. Each vertex in V, \ V;,—1 will appear once with weight 5/6 - 3™. Each
vertex in V,,_1 \ Vo will appear twice, each time with weight 1/6 - 3™. Boundary
vertices appear only once with weight 1/6 - 3™. Thus we set

G2)  p=con(s X w2 Y f@+ Y i),

2EV\Vim—1 €V _1\Wo zeVo

Theorem 5.1 (Simpson’s rule). If f € domp~(A?), then

(5:22) 1) = [ 1] < 52

Proof: We have already seen that I (f) is exact for f € H;. To show (5.22) we
break the integral up into the sum over all cells Fi, K with |w| = m — 1. Fix such a
cell, and compare f o F,, with the function g¢,, € ’Hl that assumes the same values
on the 6 points in Vi. We have I (f o F\y) = I (9w) = [ gwdn, so

(5.23) |IMfoFy) /foF dp,‘—‘/ foF,) du‘<||gw—fon||oo

where g, — f o F,, vanishes on V;. Since a function u in domz~(A?) vanishing on
Vi with A%2u = 0 must be identically zero, it follows by standard functional analysis
principles that there must be an estimate of the form

(5.24) lulloo < 1| A%ulloo if uly, =0.

Combining (5.23) and (5.24) yields

(525) (o) = [ fo Pudn| < alla%(f o ).
Since we have

- [sau= Y s (nre R - [ (70 Fadn)

lw|=m—1

and there are 3™~ ! terms in the sum,
‘Il /fdp,‘ Sa SUP ||A2(fon)||oo < Cl5_2(m_1)||A2f||oo
lw|=

Q.E.D.

The proof shows that Simpson’s method gives the exact integral for functions
in S(H1,Vim—1), and more generally for piecewise #H; functions that are only con-
tinuous at the V,,,_; nodes. It would be useful to have the optimal constants in
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(5.19) and (5.22). We can obtain a plausible guess by assuming the maximum error
occurs when Af = 1in (5.19) and A%2f = 1 in (5.22). Thus, for f = fio+ f11 + fi2
we have IJ(f) = 0 and [ fdu = 3(a1 + 2by) = 1/6, so the constant ¢y in (5.19) is
at least 1/6, and we conjecture this in the correct bound. Similarly, the function

2p2 + g2

J = fao+ for + fa2 — (2p1+q1

)(f1o+f11 + fi2)

vanishes on Vi and A2f =1, so I1(f) = 0 while

/fdu = 3((a> +22) (Zf%gi) (1 +2b1)).

§6. The finite element method.

We consider a simple class of fractal differential equations,
(6.1) —Au+qu=f

for ¢ and f in C(K), with boundary conditions u‘VO = 0. Under the assumption
g > 0 it is easy to see that there exists a unique solution in domg(A), using
the theory of self-adjoint operators. There is in fact quite a difference between
the two cases ¢ constant and ¢ nonconstant. For ¢ constant we have a kind of
hypoellipticity, in that u € domg(A™) for any n as long as f € domg(A™1). But
for ¢ nonconstant, it follows from [BST]| that qu is never in domg(A), so we will
not even have u € domg(A?) if f € domg(A).

To use the finite element method [BS] we incorporate the boundary conditions
in the spline space. So we define Sy(#;,V,,) to be the subspace of S(#;, V)
consisting of functions vanishing on Vj. The spline approximation PJu to the
solution to (6.1) is defined to be the function in Sy(#;, V) satisfying

(6.2) S(Pglu,v)jL/quﬂLudu:/fvdu

for all v € So(Hj, Vin). It is easy to see that P/ u is the orthogonal projection of u
onto So(H;, Vi) with respect to the inner product

(6.3) (u,v) = E(u,v) + /quvdu.

The associated norm is equivalent to the energy norm, since [ qu?dpy < cl|ull3 <
c€(u,u) on the space of functions vanishing on the boundary.

We can obtain an easy estimate for the rate of convergence of PJu to u. Since
PJ is an orthogonal projection we have

(u — Pl au,u— Plu) < (U — tpm, % — )
for any w, € So(H;, Vim), in particular the interpolant in Theorem 4.8. Thus
(6.4) v — P?u)|oo < c€(u— P u,u— Pl u)t/?
< CE(U — Uy U — Upy ) /2

< c||Aj+1u||2p(j+%)m
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when j + 1 is a power of 2, if u € domyz2(A7*1). It seems plausible that the
rate of convergence could be improved to O(plt1)™) with the assumption that
u € domg (AJ+L). In any case, we are not predicted to obtain faster convergence
by increasing j above 0 except when ¢ is constant.

Another easy observation is that for the case ¢ = 0 we obtain the exact solution
at points of V,,, for any j. In fact we know the solution is given by

(6.5) u(w) = [ Gl f0)du(y).

and for x € V,, the function G(z,-) belongs to So(Ho, Vi) hence So(H;, Vi) for
any j. In particular, choosing v = G(z, ) in (6.2) yields

E(Plu,G(z /G z,y) f(y)du(y) = u(z)

by (6.5). On the other hand
(P Gl ) = — [ Glay) AP u(y)dn(y) = Phuta)

because PJ,u vanishes on the boundary. Of course in this case we can also use (6.5)
to approximate the solution. Some of the computational aspects of this approach
are discussed in [KSS].

If we write P7,u in terms of a basis for So(#;, Vi), then (6.2) becomes a sparse
system of linear equations for the coefficients. The computation of the energy term
on the left side can be done theoretically, and the same is true for the second term
on the left side if ¢ is constant. It is necessary to use numerical integration for the
right side, and for the second term on the left if ¢ is not constant.

A full implementation of this method and tests of speed and accuracy is planned
for the summer of 1999 and will be reported elsewhere.

The finite element method may be adapted to handle a wider class of fractal
differential equations, including equations involving powers of the Laplacian, space—
time equations such as the heat and wave equations where the time variable is a
standard real variable, and some nonlinear equations. There are no really new ideas
here, so we will not discuss the details.

§7. Spline cut—offs.

An important technical tool in the study of differential equations in Euclidean
space, or on manifolds, is that a function that vanishes to finite order at a point (or
on a submanifold) may be approximated, in a suitable sense, by functions vanishing
in a neighborhood of the point (or submanifold). The simplest way to accomplish
this is to multiply the function by an appropriate family of cut—off functions. This
approach is not available for fractals where the operation of multiplication by a
nonconstant function is badly behaved [BST]. But we can still obtain analogous
results by a more complicated procedure that cuts off the function in small corners
and substitutes certain spline cut—off functions, at least for the standard Laplacian
on SG. As an application, we improve the “weak = strong” result for solutions of
Ay = f from [S1].

We begin by proving the result in a simple context, involving just dom & and
using just Hg splines. A multiplication by cut—off functions argument could be used
here, but our purpose is to prepare the way for the context of dom A where this is
not possible.
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Theorem 7.1. Let f € dom& and suppose f wvanishes on the boundary of K.
Then there exists a sequence of functions { f,,} with each f,, € dom€& vanishing in
a neitghborhood of the boundary, and

(7.1) fm — [ uniformly,
and
(7.2) E(fm—Ffofm—f)—0 as m— .

Proof: We first prove the result under the simplifying assumption that every

boundary point is the fixed point of one of the mappings Fj (we may arrange that
Ny

Fyv; = v; for 1 < i < Np). Let Qp, = K\ | J F/"K. We will choose fn, so that
fm = f on Q,, and f,, has support in Qm+1z, ﬁence vanishes in a neighborhood of
the boundary. On each of the sets F/""K we define f,, to be the spline locally in
S(Ho, Vint+1) with f,, = f on the points in V1 N EFK N Q,, and f,, = 0 on all
the other points of V;,,11 N F"K. In particular, f,, vanishes on the boundary of
FimHK , and since it is harmonic there it vanishes on all of Fim"'lK , as claimed.
Also, fp, is continuous, so it is easy to see that f,, € dom&.

It remains to show (7.2), since this implies (7.1) by (4.16). Now we use a basic
fact from the theory of Dirichlet forms ([BH], [FOT]) that £(f, f) can be written
as the integral over K of a measure v¢. For simple sets A (such as A = F,, K, or
finite unions of such sets), it is a simple matter to define v¢(A) to be the limit (1.7)
with the sum in (1.5) restricted to all words w such that F,, K C A. The nature
of these measures is discussed in [Ku] and [BST]. The only observation we need is
that they have no atoms. Thus

(7.3) lim vp(F"K) =0.

m—00
Since f,, — f vanishes on €, so does vy, _r, hence

No

(7.4) E(fn = Fifm = F) = V- (F"K).

1=1

Now we claim that vy (F/"K) is bounded by a constant multiple of v¢(F"K),
with a constant that is independent of m. This is straightforward for any fixed m.
Since the limit in (1.7) is increasing, a multiple of v¢(F/"K) gives an upper bound
for all the values f(F/"v)? that enter into the expression &, (f, f). These in turn
control the values of vy, (F;"K). The fact that the constants in the final estimate
vy, (F"K) < cquy(Fy"K) are independent of m follows by a scaling argument.
Now (7.2) is a consequence of (7.3), (7.4) and the estimate vy, _¢ < 2(v¢,, + v¢).
Without the simplifying assumption, the p.c.f. condition only shows that for
each boundary point v; there exist finite words w and w’ such that v; = F,, 2z and
F,z = z. In place of the sets F;" K above we need to consider instead F,, F)'K.

The argument is essentially the same, only the notation gets more complicated. We
omit the details. Q.E.D.
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Corollary 7.2. Definition 4.1 remains unchanged if we replace the condition that
v vanish on the boundary by the condition that v vanish in a neighborhood of the
boundary.

Proof: We have to show that if (4.1) holds for all v vanishing in a neighborhood
of the boundary, then it also holds when v just vanishes at the boundary (and
similarly for (4.2)). So, given v that vanishes at the boundary, we construct the
sequence v, vanishing in a neighborhood of the boundary by the theorem. Now
(4.1) (or (4.2)) holds for v,, by hypothesis, and we pass to the limit to obtain the
same equation for v, using (7.1) for the right side and (7.2) for the left side. Q.E.D.

Lemma 7.3. For any u € H1 we have

(7.5) HAU‘FWKHOO < c((rwuw)_lg??3>é|u| + M;Ig%m;( |3nu|>

w

Proof: Since Aw is harmonic, it suffices to bound its values on 0F,K = F,,0K.
Now for w equal to the empty word, the estimate (7.5) is an immediate consequence
of the existence of the basis for H; constructed in Section 3. The general case then
follows from the scaling identity (2.5) for the Laplacian and the analogous scaling
identity (with r; in place of r;u;) for normal derivatives. Q.E.D.

To use the estimate (7.5) effectively requires that we have tight control over
the rate of decay of the function and its normal derivative near the boundary, as
a consequence of the vanishing of the function and its normal derivative at the
boundary. This is difficult to obtain in general, but works out quite well on SG.

Lemma 7.4. Let A be the standard Laplacian on SG, and suppose f € domec(A)
vanishes together with its normal derivatives at the boundary. Then

(76) Flopy e = OGm(1/5)™)
and
(77) On Lo = Olm(1/3)™)

and p; = 1/3, rip; = 1/5.

Proof: The estimate (7.6) is proved in [BST] (for harmonic functions it was
observed in [DSV] without the m factor, and in [S2] it is shown to hold without the
m factor if we assume A f satisfies a Holder condition). To prove (7.7) we use the
Gauss Green formula (1.10) localized to F"K with the functions u = f and v = h
where h is the harmonic function taking the values 1, —1,0 on the boundary points
of F/"K (the value 1 at the point v;). This gives

(7.8) - / hAfdp= 3" F(EM2)0h(FM5) — h(F™ )0, f (F).
FmK eV

By assumption 9y, f(v;) = 0, so the only term of the form —h(EF"xz)0, f(F"x) that
occurs is the single value 0, f(F/"x) at the vertex where h assumes the value —1.
The integral on the left side is O((1/3)™) since h and f are uniformly bounded
and the measure is (1/3)™, and the terms of the form f(F/"z)0,h(F™"zx) are
O(m(1/3)™) since O,h(F™xz) = O((5/3)™) and we have the estimate (7.6) for
F(Fma). Q.E.D.
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Theorem 7.5. For the standard Laplacian on SG, suppose f € domc(A) vanishes
together with its normal derivatives on the boundary. Then there exists a sequence of
functions { f} with each f,, € dom E vanishing in a neighborhood of the boundary,
with (7.1), (7.2) and

(7.9) Afm — Af in L?(dp) as m — oo
(also in LP(dp) for any p < 0o).

Remark: We cannot expect uniform convergence in (7.9) because we may not have
Af = 0 at the boundary.

Proof: As in the proof of Theorem 7.1 we choose f,, so that f,, = f on €, with
support in €2,,41. On each of the sets F/"K we take f,, to be the spline locally in
S(H1, Vint1) so that f,, = f and 0, fn, = O, f at the two boundary points of F/" K
not equal to v;, and f,, = 0 and 0, fn, = 0 at the other 4 vertices in V1 N F"K.
Because we have matched the values of the functions and the normal derivatives,
the functions f,, will be in domg(A). We will show

(7.10) / IAfm|Pdpp — 0 as m — oo forany p < co.
FmK

(3

This easily implies (7.9) as before, and the proof of (7.1) and (7.2) go as before.

To prove (7.10) we use the estimates (7.6) and (7.7) from Lemma 7.4. Then we
apply Lemma 7.3 to the function f,, on each of the sets F;"F;K for j = 1,2, 3.
The estimate (7.5) then yields

[ gl < (57" gmivs 141+ 374 s 1007]) < em

which suffices to prove (7.10) since p(F;"K) = (1/3)™. Q.E.D.

Corollary 7.6. (weak = strong) Let A be the standard Laplacian on SG. Suppose
u € L?(dp) and f € L?(dp) (respectively, f is continuous), and

(7.11) /KuAvdu:/Kfvdu

for all v € domg(A) wvanishing on a neighborhood of the boundary. Then u €
dompz(A) (respectively, u € doma(A)) and Au = f.

Proof: In [S1] the same result is shown under the stronger hypothesis that (7.11)
holds for all v € domg(A) such that v and 0,v vanish at the boundary. The
argument given there, which does not require that K = SG, is that this implies

(7.12) u() = - /K Gz, y) f (9)dp(y) + hiz)

for some harmonic function h. So we need to show that if (7.11) holds for the
smaller class of functions v, it holds for the larger class. For any v € domg(A)
such that v and 0,v vanish at the boundary, we apply the theorem to obtain the
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approximating sequence {v,,}, and (7.11) holds for v,, in place of v. We then pass
to the limit to obtain (7.11) for v, using (7.9) for the left side and (7.1) for the right
side. Q.E.D.

In the case of a more general fractal we will not have as strong a result as Lemma
7.4. For this discussion we again adopt the simplifying assumptions from the proof
of Theorem 7.1. For harmonic functions, the estimate analogous to (7.6) will be

(7.13) = O(m*\™), 1<i< N,

f ‘8FimK
for some A; < r; that can be explicitly computed from the matrix A; in (2.16). If A;
is diagonalizable then J; is the third largest eigenvalue (in absolute value), the first
eigenvalue being 1 and the second being r; (if the third eigenvalue has multiplicity
1 then we can take k; = 0). The Perron—Frobenius theorem implies A; < r;, but it
does not imply that A\; = r;u;, and in fact this does not hold in two examples, the
hexagasket and the level 3 Sierpinski gasket, that are worked out in detail in [S2].

It seems plausible, although we do not have a proof, that the estimate (7.13)
can be transfered to functions satisfying the hypotheses of Lemma 7.4, allowing an
increase in the value of k;. The proof of this for SG in [BST] uses many specific
facts, so it is not immediately apparent how to extend it. If this conjecture holds,
the same argument as in the proof of Lemma 7.4 can be used to show

(7.14) anf‘aFimK = O(mF max(X\; /74, ui)™)

(we expect that max(A;/r;, ;) = A;i/r;, but there is no harm in the other case since
O(mFi ™) is the exact analog of (7.7)).

Modulo our conjecture, we have the analog of Lemma 7.4 with (7.6) and (7.7)
replaced by (7.13) and (7.14). For the analog of Theorem 7.5 to hold (meaning L?
convergence in (7.9)) we need the condition

1/2

(7.15) Ai < Tilt; for 1<4<N,.
For L? convergence we need
(7.16) A <t/ for 1<i< N,

where p’ denotes the dual index. The proof is essentially the same. We note
that (7.16) will always hold if p is chosen close enough to 1. We do not know if
(7.15) always holds, but it does hold for the two examples mentioned above. Our
conjecture thus leads to the general validity of Corollary 7.6 under the additional
hypothesis (7.15).

We conclude with an application of the original “weak = strong” theorem, show-
ing that H; functions may be characterized by a minimization condition analogous
to the minimum energy condition for harmonic functions.

Theorem 7.7. Let u € domg(A). Then u minimizes

/IAvlzdu
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over all functions v € domg(A) with v = u and 0,v = dpu on 0K, if and only if
A%y = 0.

Proof: Let w vary over the functions in domg (A) with w‘aK =0 and 87””‘31( =
0. Then v = u + tw is an allowable choice for any real ¢ (and conversely). Since

/|A(u+tw)|2d,u:/|Au|2du+2t/Aqud,u+t2/|Aw|2d,u

the minimization is equivalent to
/ AuAwdp =0

for all such functions w. By “weak = strong”, this is equivalent to A%y = 0. Q.E.D.

By a similar argument, if A?*u = 0 then v minimizes

/IAkvlzdu

subject to the conditions v € domg (A*) and AJv = Alu, 0,AMv = 0,Au on OK
for all j < k. It seems plausible that the converse statement is also true.
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