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Abstract

A general theory of piecewise multiharmonic splines is constructed for a class of
fractals (post-critically finite) that includes the familiar Sierpinski gasket, based on
Kigami’s theory of Laplacians on these fractals. The spline spaces are the analogues
of the spaces of piecewise C7 polynomials of degree 25 + 1 on an interval, with
nodes at dyadic rational points. We give explicit algorithms for effectively computing
multiharmonic functions (solutions of A7*'y = 0) and for constructing bases for the
spline spaces (for general fractals we need to assume that j is odd), and also for
computing inner products of these functions. This enables us to give a finite element
method for the approximate solution of fractal differential equations. We give the
analogue of Simpson’s method for numerical integration on the Sierpinski gasket.
We use splines to approximate functions vanishing on the boundary by functions
vanishing in a neighbourhood of the boundary.

1. Introduction

For a large class of fractals, called post-critically finite (p.c.f.), that includes the
familiar Sierpinski gasket, Kigami [Kil-Ki8] has constructed a theory of Laplacians
based on the renormalized limits of graph Laplacians. This allows a theory of fractal
differential equations, although strictly speaking these are not differential equations.
While there are no specific applications of this theory at the moment, it has the
potential to be used as a model for various physical processes on fractal objects. It is
therefore desirable to develop numerical analysis methods to approximate solutions
to these equations. In [DSV] the analogue of finite difference methods were used.
Here we will develop the analogue of the finite element method using spline spaces.
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The p.c.f. fractals are in many ways more closely related to the unit interval than
domains in higher dimensional spaces, so we should look to the theory of piecewise
polynomial splines on an interval for inspiration. The space of polynomials of degree
at most 2j + 1 is identical to the space of solutions of A7*'u = 0 on the line, so
we will use the analogous spaces of multiharmonic functions on our fractals as the
model spaces in our construction of splines. These spaces are finite dimensional and
as j increases the approximation power increases. In [S2] these spaces were used to
establish the analogue of Taylor approximations.

The first goal of this paper is to give an effective algorithm for the computation
of multiharmonic functions. A solution of A7*'y = 0 is uniquely determined by the
values of Au at boundary points for all £ < j. In Section 2 we find a recursive local
algorithm to determine the solution. The fractal is a limit of finite graphs I';,, with
vertices V,,,, the boundary being exactly Vj. The algorithm successively computes
the values of Afu(x) for z € V,, and £ < j in terms of the values of Afu(y) for
y € Vi—y and £ < j, but for each x it is only necessary to consider those vertices
y in a neighbourhood of x. The algorithm for harmonic functions (j = 0) was given
in [Ki2] and for biharmonic function (57 = 1) on the Sierpinski gasket an ad hoc
method was used in [DSV] to find the algorithm. The approach in [DSV] will not
work in general, so we use a different method. We also compute the inner products of
multiharmonic functions, and in fact it turns out that the two problems are linked.
In order to obtain the computation algorithm and the inner products for one value
of 7, it is necessary to have both for the value 7 — 1. Since the results are known for
J = 0. we have an inductive solution to both problems.

The results of Section 2 yield an easy basis for the space #; of solutions of A7y =
0, but this basis is not well adapted to construct splines; on the unit interval the
analogous construction would give a polynomial of degree at most 25 + 1 in terms
of the values of A‘f on the boundary for ¢ < j, in other words just even order
derivatives. To get C7 splines on the line we need to control all derivatives of order
< j at nodes. In the case of fractals this involves a mixture of normal derivatives and
Laplacians. In Section 3 we consider the global problem of finding a better basis for
A ; where we control the values of A‘u on the boundary for £ < j/2 and the values
of the normal derivatives 9,A on the boundary for £ < j/2. We are able to give
a general solution only under the assumption that j is odd, but this hypothesis is
unnecessary for the Sierpinski gasket (of course for j = 0 there is no problem since
the basis of Section 2 is the solution).

We localize the construction in Section 4 to obtain the splines spaces. Our fractals
K are given by an iterated function system (i.f.s.) of mappings F;, 1 <7 < N, with
intersections F; K N Fy K consisting of points in V. More generally, for any word
w = (Wy,...,Wy) on N letters of length m we write F, = F,, o F,, 0---0 F,,
and we have the decomposition K = Ulwlzm F,K of the fractal into cells F,,K
which intersect at points in V,,,. We call these intersection points junction points
and each junction point is contained in more than one cell F, K (in the case of
the Sierpinski gasket each junction point belongs to exactly 2 cells). There are also
points in V,,, that are not junction points (the Sierpinski gasket is rather atypical in
that the only nonjunction points in V;,, are boundary points). We define the spline
space S(H ;, Vi) to be, roughly speaking, the space of functions that belong to #;
on each cell F,K for |[w| = m and which satisfy certain matching conditions at
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junction points, namely that Afu(x) should be well defined for ¢ < j/2 and the
sum of the normal derivatives of Ay over all the cells containing x should vanish
for £ < j/2. Because the analogue of the Gauss—Green formula holds, the matching
conditions are exactly what is needed to have A‘u defined globally as an L* function
for £ < (j + 1)/2. There is a small technical problem here: we allow functions to be
locally in J#; that are not restrictions of global functions in J#; since we do not
require the equation A7*!'u = 0 to hold at points in V,,, that are not either junction
points or boundary points. This problem does not arise in the case of the Sierpinski
gasket. Once we have the spline spaces defined, we prove some approximation results,
both in energy and sup norms, that say that for functions in the domain of a power
of the Laplacian we can increase the rate of approximation by increasing j.

In Section 5 we specialize to the case of the Sierpinski gasket with its standard
Laplacian. We present all the algorithms of the previous sections in explicit and sim-
plified form. We omit the proofs, since they are just routine but lengthy calculations.
We then derive the analog of Simpson’s method for numerical integration.

In Section 6 we describe the finite element method using the spline spaces for
general fractals and prove some rate of convergence results. These are of the expec-
ted form, with some restrictions that may or may not be really necessary. A full
implementation and test of the method on the Sierpinski gasket may be found at
http://mathlab.cit.cornell.edu/ gibbons. See also [GRS].

In Section 7 we use splines to show that a function (on the Sierpinski gasket)
vanishing on the boundary in an appropriate sense may be approximated by func-
tions vanishing in a neichbourhood of the boundary, with the type of approximation
linked to the vanishing condition. The simpler approach based on multiplication by
cut-off functions is not always available in this context because of negative results in
[BST]|. As an application we give an improved version of the ‘weak = strong’ result
for solutions of Au = f from [S1]. This technique is expected to have many other
applications.

We now give a brief summary of Kigami’s theory of Laplacians on p.c.f. fractals.
The reader should consult [Ki2] or [Ki8] for more details. We will make a few sim-
plifying assumptions that are not strictly speaking necessary, but they do not seem
to rule out any interesting examples.

We assume the fractal K is a compact subset of a Euclidean space defined by the
self-similar identity

K:UFK (1-1)

where F; are contractive similarities. In fact the metric and Euclidean structures are
not used in the theory and only the combinatorial properties of the local connectivity
of K are important. We assume K is connected, but just barely, in that the nontrivial
intersections of the cells F; K are just finite sets of points. We assume that a finite set
Vo (with #V, = Ny), the boundary of K, is given. We form the sequence V, C V; C V, C
-+ - by setting V,,, = Vi, U(Uﬁil F;V—1). The basic assumption is that the nonempty
intersections of two cells F,, K and F, K for |w| = |w'| = m must consist only of
points in V,,,. We form a graph I',,, with vertices V,,, by joining those pairs of points
x,y € V,, for which there exists a cell F,, K with |w| = m containing both of them. The
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graph I',,, encodes the combinatorics of the local connectivity of K at the resolution
level m; in other words, if we are nearsighted enough to perceive the cells F,, K as
connected blobs, we need only pay attention to the points in V,,. In essence, the
Laplacians we consider on K are just limits of graph Laplacians on I';,,, as m — oo.

The unit interval is an example of such a fractal, where Fiz = éaz, For = §x+§ and
the boundary Vj is the usual boundary {0, 1}. The points in V,,, are just the dyadic
rationals k27™ and the cells F, K are just the dyadic intervals [k27™, (k+1)27™]. The
simplest nontrivial example is the Sierpinski gasket. Here K C R? is generated by 3
contractions with fixed points (V4, Vi, V5) the vertices of a triangle and contraction
ratio é These 3 vertices form the boundary V. In this example every point in V,,, is
either a boundary point or is the intersection point of exactly 2 distinct cells.

In order to construct a Laplacian, we first construct a Dirichlet form, which is the
analogue of the standard energy form

& (u,v) = /l o (z)v (z)dz (1-2)

0

on the unit interval. We begin with a Dirichlet form on V}

E(u,v) =Y Dyxlulx;) — ulzy)) (v(w;) — v(wy))
N (1-3)

=Y > Djpula;)v(wy).
j=1 j=1

Here Djj is a symmetric matrix of coefficients, with D;; = Zk#j Dj;, for the con-
sistency of the two expressions. We assume that D;, > 0 for j #+ k and that the
matrix is irreducible. We next require a vector » = (ry,...,7ry) of scaling factors
with 0 < r; < 1 for all j and we use them to extend the Dirichlet form to V; by
self-similarity:

E(u,0) =D 17 Eg(uo Fvo ). (1-4)

=1

More generally we define a sequence of Dirichlet forms &,,, on V;,, by

gm(uav) = Z T;160<quwvvon)7 (15)
[w]=m
where 1, = T4, Tw, - - - Tw,,- The final assumption, which is the most delicate, is that

the sequence of Dirichlet forms be consistent. Given a function u on V,,,_, consider
all extensions @ to V,,, and minimize the energy &,,(%, %). The extension realizing the
minimum is called the harmonic extension. The consistency assumption is that

gm—l(uau) = gm(aaﬂ) (16)

for the harmonic extension. It suffices to verify the condition for m = 1 and then
it follows for all m. However, the consistency condition places severe restrictions on
the choice of the matrix D;, and the r vector. For the Sierpinski gasket it is known
that the choice D, =1if j £k, Dj; = -2 and r = (%, %, —i) satisfies the consistency
condition. See [Sa] for the full story of all consistent choices for this example. For the
general p.c.f. fractal, it is still an open question whether or not there exist consistent

choices.
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Any consistent choice is called a harmonic structure. We can then define a Dirichlet
form on continuous functions u(z) on K by

E(u,u) = lim &, (u,u), (1-7)

m—00

where we denote the restriction of u to V,,, by the same letter u. The limit always
exists as an extended real because the sequence is monotone increasing and we define
the domain of & to be those functions for which the limit is finite. It can be shown
that & is a local regular Dirichlet form with respect to any reasonable measure and
points have positive capacity (this explains why it is no loss of generality to restrict
attention to continuous functions). We will only consider self-similar measures, which
are probability measures satisfying the self-similar identity

N
n= Zuju o FZ-_I, or equivalently
i=1

/fd/i:i:m/foFidm

for some finite non-zero probabilities {y;}. It is important to understand that the
measure g has nothing to do with the definition of & and it is decidedly not true (see
[Ku]) that

(1-8)

& (u, u) :/|Vu|2dp.

The harmonic structure alone gives rise to the class of harmonic functions, the
minimizers of &(u, u) subject to the boundary values uly,. It also gives a definition
of normal derivative 0,u(x) at boundary points x for any u € dom (&). We combine
the harmonic structure and the measure ;1 to define a Laplacian A, by

&(u,v) = —/UAHudu (1-9)

for all v € dom (&) vanishing at the boundary. More precisely, u is in the domain
of A, if uw € dom (&) and there exists a continuous function A,u that makes (1-9)
valid. For simplicity of notation we will drop the subscript 1 on the Laplacian. It is
possible to give a pointwise definition of Au(x) for points € V,,, and it is true that
u is harmonic as defined above if and only if Au = 0. A very important property of
the Laplacian is the Gauss—Green formula

/(uAU — vAu)dy = Z w(z)Opv(x) — v(X)Opu(x). (1-10)
z€V)

We will also use the scaling identities

N
o@(u,v)ZZri_lé“(qui,voE) (1-11)

i=1

and

A(u o Fy) = rip;(Au) o F; (1-12)

for the Dirichlet form and Laplacian.
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When K is the unit interval, the choice

1 -1
D:<_1 1) and 7= (41)

yields the standard Dirichlet form (1-2). With py = pe = % the measure p is just
Lebesgue measure and A is just the usual second derivative. For the example of the
Sierpinski gasket, we define the standard Laplacian by taking the harmonic structure
described above and the self-similar measure with gy = ps = p3 = % This measure
is just normalized Hausdorff measure in dimension log 3/log 2. In this case har-
monic functions are characterized by the property that for non-boundary points z
in V,,,, u(z) is just the average of u(y) over the 4 neighbouring points y joined to z in
I'), (we write y ~,,, x). The pointwise formula for the Laplacian is

Au(w) =3 lim 5" < > uly) - 4u(:13)> (1-13)
Yme
for any point x in one of the V,,,. Note that we have complete dihedral-3 symmetry
for this example.
Another important ingredient in the theory is an explicit formula for the Green’s
function. The Dirichlet problem

—Au=f withuly, =0 (1-14)

has a unique solution for each continuous function f and the solution is expressible
as

mm=/Gmmﬂwww (1-15)

for a specific continuous function G(x,y) called the Green’s function (the continuity
of G is related to the fact that points have positive capacity). In fact G depends only
on the harmonic structure, not the measure, and there is an explicit formula that
will be described in more detail in Section 2.

2. Multiharmonic functions
We consider the general setting of a p.c.f. self-similar fractal K generated by con-
tractions F;, ¢ = 1,..., N, with boundary Vi, #V,, = Ny, a regular harmonic structure
on K with Dirichlet form & satisfying
N
&(u,v) = r'E(uo Fy,voF) (2-1)

%
=1

and a self-similar probability measure 1 satisfying
N
p=Y o F (2:2)
i=1

for a set of discrete probability weights {g;}. We denote the associated Laplacian
simply as A and for each j > 0 we let #; = {f: A7"' f = 0} be the space of (j + 1)-
harmonic functions. Then dim J#; = (5 + 1) N, and we describe next the ‘easy’ basis
for A ;:
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Definition 2-1. For j > 0 and 1 < k < k < N, define f;; to be the solution of
ATt fix = 0 satisfying the boundary conditions

A" fix(Un) = 6mjbrn for 1<n <Ny, and m>0. (2:3)

Of course A™ f;, = 0 for m > j so we could restrict m < j in (2-3). Note that

fnla /Ga:y Sooel) dpty) for j>1 (2:4)

since Afjr = fij—ur and f;, vanishes on Vj. This will be the key to computing fj
algorithmically. We will also need the scaling identity

A(p o Fy) = ripi(Ap) o Fy, (2:5)

which follows from (2-1), (2-2) and the definition of the Laplacian, and its iteration

A™(po Fi) = (rip)™ (A" p) o F;. (2:6)

LemMa 2:20 { frk o<ms i<k, @5 a basis for A ; and any f € H; has the explicit

representation
J Ny

F=)0 ) (A f(0R) fuke (2:7)

Proof. Both sides of (2-7) belong to #; and give the same value for A’f(v,) for
0<l<,0<n<N,.

LemMa 2-3. For all j,k, i, we have

j N
f]k o F Z Z Tz,uz Fvn)fén (28)
=0 n=1

Proof. By (2-6) we have f;poF; € ;. s0 we apply (2-7) to f = f;zoF;. To compute
A’ f(v,) we use (2-6) and the result is (2-8).

We need to be able to compute the values of f;i(Fjv,,). for then (2-8) will be an
explicit scaling identity for the functions f;;. Note that we cannot use (2-8) directly
to find the required values, since evaluating (2-8) at v,, just yields a tautology. We
will succeed in finding a recursive formula for these values and at the same time find a
recursive solution to another important problem, that of computing inner products
of the basis functions. It is important to note that these recursions must proceed
simultaneously. Thus we let

Ik, K = / o 2.9)

We begin with the recursion formula for the Is. Although it is linear in I, it involves
the values of f;i(F;v,) quadratically. Also, terms of the highest order appear on both
sides of the identity.

LEMMA 2-4. For all j,k, 7', k', we have

J Ny i’ Ny

I(jk, j'k) Z Z Z ZMi(Tiui)M,f(j—&k(Fz‘vn)f(j'%’)k(Fivn')1(57%fln')-

=1 £=0 n=1 =0 n’=1
(2-10)
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Proof. We use (2-2) on the right-hand side of (2-9) to obtain

TGk, JK) = Zuz o Rt o Fdu

We then substitute (2-8) and the result is (2-10).

When 5 = 5 = 0 (2-10) takes the form
Ny Ny
I(0k,0K') = > >~ A(kK',nn’)I(0n, On') (2-11)
n=1 n'=1
for
N
AKE ,nn') = i for(Fyvn) forr (Frvm). (2:12)
i=1

Since the harmonic functions fo are all non-negative (2-11) says that I(0k, 0k') is a
non-negative eigenvector (with eigenvalue 1) for the non-negative matrix A(kk’, nn').
We will assume that this matrix is irreducible. This is true under very weak assumptions
on the harmonic structure and is probably true for any nondegenerate structure.
With this assumption (2-11) determines I(0n,0n’) up to a normalization factor and
that factor is determined by the condition

Ny Ny

D) 10k, 0) =1, (2:13)

k=1 k'=1
which is just the statement that a constant function integrates to the constant.

THEOREM 2-5. Assume the matriz A(kk',nn') is irreducible. If the values of fui(Fivy)
are known for m < max (4,7'), then (2-10) and (2-13) uniquely determine I1(jk,j'K').

Proof. We have already seen how I(0k,0k’) is determined. So assume I(¢k, l'k’) is
known if ¢ < j and ¢ < j” and both inequalities are not strict. Then transporting all
the highest order terms in (2-10) to the left side, we have

Ny Ny
I(jk,j'k Z ZA kk',nn')I(jn,j'n’)
n=1 n/=1

expressed in terms of known values, where

N
A(kK /') = pi(ari)™ for(Fyvn) forr (Fivn).

i=1
Comparing this expression with (2-12), we see that the spectral radius is strictly less
than 1 since p;7; < 1 and so the identity minus A is an invertible matrix, hence (2-10)
is solvable.

To get a recursion formula for the values of f;i(F;v,) we use (2:4) and an explicit
formula for the Green’s function, which we write as follows:

Ny

G(Fyvn, Foy) = Y (6,4, n,1) fomr (). (2-14)

n’=1
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Tt is clear that there must be such an identity for some constants (i, ', n, n’) because
G(F;v,, Fyry) is a harmonic function of y since the only singularity of the Green’s
function is on the diagonal and F;v,, = Fjyy would imply y € Vj,. But we can identify
the constants exactly, namely

7(% ila n, n/) = G;Dq for p= Fivna q= Fi'Un’ (215)
and the matrix G, is given by G = —X ', where X denotes the restriction to

(Vi\Vo) x (Vi\WV,) of the Dirichlet form &; on Vi x Vi. Indeed, since Fjv, € Vi,
definition 5-3 in [Ki2] yields

G(Fyon, Fuy) =Y Gpgthy(Fon) by (Fry),

where 1), denotes the continuous piecewise harmonic function satistying 1,(q) = 0,4
for ¢ € Vi. Thus 9, (F;v,) vanishes unless p = Fjv,. Similarly, 9,(F;y) = 0 unless
q = Fy v, for some n’. But in that case ¢y (Fiy) = fon/(y). and this proves (2-14) and
(2-15).

In any particular example it is easy to compute the coefficients G,,. It is also
easy to compute the values for(F;v,), since fyr is harmonic. Again there are explicit
matrices A; such that

Ny

h(Fon) = (Ad)urh(vr) (2-16)

k=1

for any harmonic function and so
Jou(Fivn) = (Ai)nk- (2-17)
This is the initial step and then we use the following recursion formula:
Lemma 2-6. For any j, k,i,n, we have

fin(Fivn)

N j=1 Ny Ny

= =D D0 >0 D o) (i d nn ) (K 0n) f i (Fyrvwe). - (2:18)

=1 £=0 n'=1 k/=(
Proof. We use (2-4) with « = Fjv,, and (2-2) to obtain

N
Fir(Fwn) = = i /G(Fz’UmFi’y)f(jl)k o Fir(y) duly).
i'=1
We substitute (2-8) for f,_x o Fyr and (2-14) for G(Fjv,, Fyy) and then do the
integrals to obtain (2-18).

THEOREM 2-7. The values of fir(Fyv,) and I(jk,0k') for any j may be successively
computed (based on the values for lower j) by first using (2-18) and then (2-10).

Proof. The values of £ in I(¢k',0n') and j — 1 — £ in f;_1_gr(Fyvp) that appear
on the right side of (2-18) are less than j, so these terms will have already been
computed. Thus (2-18) is an explicit formula for f;;(F;v,). Then we have all the
information required in Theorem 2-5 to compute I(jk,0k’) using (2-10).

There is a simple identity for computing all the inner products in terms of inner
products with harmonic functions.
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THEOREM 2-8. For all j, k, 5", k', we have
Ik, j'K")y = I((j + j')k, OK"). (2-19)
Proof. We apply the Gauss—CGreen formula to the functions fi;+, and fj for
i >0:
/(fj'/c'Af(jH)k — JuroeA i) dp =0

since f(j+1), and f; vanish on the boundary. But Afi;. i, = fir and Afji = fr—iw.
Thus I(jk,j'k") = I((j + 1)k, (5 — 1)EK'). Then (2-19) follows by induction.

The inner products are also useful for computing normal derivatives. We are grate-
ful to Teplyaev for the following result.

THEOREM 2-9. For every j, k,{, m, with { < j we have
On(A* fi1) (V) = 1((j = 1 = Ok, 0m). (2:20)

Proof. We apply the Gauss—Green formula to the functions A’ f;; and fy,, to obtain

/ FomA Fr — (Afom) AL fy0)di
Ny

= Z (f()m(vm’)anAzfjk(vm’) - anf()m(vm’)Aéfjk(vm’))' (221)

However Afy, = 0 and A“'f;; = f;_i_or so the left-hand side of (2-21) is just
I((j—1—=4£)k,0m). On the other hand, Agfjk(vm/) =0 since £ < j, and fom (Vm/) = Om m/
so the right-hand side of (2:21) is just 9,A" f;1. (V).

Now that we know how to compute the values of the basis functions on points
of Vi, we can use (2-8) inductively to compute the values on V,, and by (2-7) to
values of any function in #; on V,,. Note that this is a local computation: to get
the values at F,,Vj for any word w = (wy, ..., w,,) we only need to compute values
at Fiy, Vo, Fuo, Fu, Vo, -« s Fu - Fu,, Vo

3. A better basis

In order to combine piecewise multiharmonic functions into splines we need to be
able to match normal derivatives at nodes. The easy basis for #; will not allow us
to control normal derivatives and so is inadequate for the purpose. We are thus led
to the problem of constructing a better basis for #; involving normal derivatives.
The method we use will work for any odd value of j. To avoid cumbersome notation
we just present the cases 7 =1 and j = 3.

The easy basis for #| consists of the 2N, functions for and fix, which satisfy the
boundary conditions

f()k(vm) = 6k,ma flk(vm) = 07 (31)
Af()k(vm) = 0» Af”c(vm) = 6k,m- (32)

The better basis we will construct will consist of the 2V, functions f(g,lc) and g&) and
they will satisfy the boundary conditions

f{()llc)(vm) = 6k,7n) g((}lk)vm = Oa (33)
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On Sl (Wm) =0, Duglil(vm) = bem- (3:4)

Each function in the new basis must be a linear combination of functions in the old
basis and in view of (3-1) and (3:3) we must have

No

fol = foe ) brefie
= (3-5)

N
1
gf,k) = Z diefie-
=1

This gives (3-3) and to verify (3-4) we need, using Theorem 2.9,

Ny
On for(m) + > bieI (0€,0m) = 0
Ny - (3-6)
> deI(06,0m) = b .

£=1

Now the Ny x Ny matrix 1(0¢,0m) is invertible, since it is the matrix of inner products
of the easy basis of #,. Let J denote its inverse. Then

die = Jie

N,
0 (3'7)
ka = *Z Jméanf()k(vm)
m=1

solves (3:6) and completes the construction of the new basis. The values of the normal
derivatives of fy, are easily computed, since these are harmonic functions so it is not
necessary to take the limit in the definition. In fact

O for(Vm) = —Hmk, (3-8)
where {H,,1} denotes the Dirichlet form &, on Vi x Vj.
Next we consider the case 7 = 3. The easy basis of #; consists of the 4N, functions
Jors firs for, fan satisfying
A frr(Vm) = 80.nOpm  for 0< <3, (3-9)

The better basis will consist of the 4N, functions f(():,?, fl(',ri), g((sc), gﬁc) satisfying

A LD W) = Sombrm,  ALE) () = 0, (3-10)

A F D (0,) =0, 0A 9P (V) = S1.m Okms (3-11)

for £ = 0,1. IExpressing the new basis in terms of the old basis, and taking into
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account just (3-10), we find

Ny
for = For D (anefor + brefae)
~

fil = fie + ) (erefor + diefe)

N, (3-12)
9(()2 = Z(aﬁngze + bg fae)

N
95 =Y (Chofor + digfre)

=1

for certain coefficients to be determined. Now we impose the conditions (3-11), using
Theorems 2-8 and 2-9 to obtain
N‘i

> (areI (0€,0m) + by I(1£,0m)) = 0
o (3-13)
> (areI(1€,0m) + by I (10, 1m)) = =0y, for (vm),
=1
NO
> (eI (0£,0m) + die I (1€,0m)) = =0y, for (V)
éN (3-14)
> (ereL (16,0m) + dyeI(1£, tm)) = —I(0k, 0m),
=1
Ny
> (ke I(0,0m) + b, I(1€,0m)) = 0
=1 o (=
N (3:15)
D (@ I(14,0m) + b, I(1L, 1m)) = 6, m,
=1
Ny
D (e I(06,0m) + djy I(1,0m)) = 8y
=1 ¢ s
No (3-16)
> (ch I(16,0m) + di, I (12, 1m)) = 0.
=1

Note that each of these 4 systems of 2N, equations in 2V, unknowns involves the
2Ny x 2N, matrix of inner products for the easy basis for ;. Thus the systems are
uniquely solvable and this gives the new basis.

In general we can find a basis for #; for j odd consisting of functions fg,z and gif,i
for n < (j — 1)/2 satisfying

A[fy(gk) (Um) = 6E,n5k,m7 Azgg/i(vm) = 07 (317)

A F) (W) =0, 0nA G (V) = 8008k m (3-18)
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for £ < (j — 1)/2. This leads to systems of equations that are solvable because the
matrix involved is the matrix of inner products for the easy basis for A#;_;),». We
omit the details. The situation for j even is less clear. We want a basis with fr(f,g for
n < j/2 and g¥) for n < j/2, with (3-17) holding for n < j/2 and (3-18) holding for
n < j/2. We consider the case j = 2. Then

No

)
f(()k) = for + Zasz%
=1

Ny

1(?@) = fix + Zbkefzz (3-19)

=1
Ny

2
9'(.;2 = chef%
=1

from (3-17) and
Ny
> ap I (14,0m) = =0, for(vim)
£+1
]Vli
> " breI(1£,0m) = —I(0k, 0m) (3-20)
=1
Ny

Z Ckg.[(1£7 Om) - 6k,m

=1

from (3-18). We can solve these systems provided the Ny x Ny matrix [(1¢,0m) is
invertible. We do not know if this is true in general.

4. Splines
We will be dealing with weak solutions of Au = f and we now give precise defi-
nitions. The domain of the Dirichlet form, dom &, is defined in the usual way based
on L?. The functions in dom & are nevertheless continuous. In [Ki2]| the domain of
the Laplacian is defined based on C, the space of continuous functions. We will write
dom¢(A) to emphasize this.

Definition 4-1. We say u € domg(A) and Au = f ifu € dom &, f € C(K) and

E(u,v) = /fvdu (4-1)

for every v € dom & vanishing on the boundary. We say v € dom 4 (A) and Au = v if
u € dom(&), v € M (K), the space of finite measures on K, and

& (u,v) = /vdu (4-2)

for every v € dom & vanishing on the boudary. Similarly, domg(A) is defined for any
Banach space B intermediate between C and .Z. For j > 1 we define f € dompg(A7)
inductively by f € domp(A) and Af € dompg(AT™).
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In |Ki2]| the domain dom¢(A) is first defined by the uniform convergence of a
difference quotient and the above definition appears as a theorem. It should be a
relatively routine matter to establish equivalent difference quotient characteriza-
tions of the domains dompg(A) as well, but we will not do this here. A more subtle
question is the extent that the Gauss—Green formula holds for these weak domains.
We also note that (4-2) does not determine the measure v uniquely, since atoms on
the boundary will not make a difference. We do not want to rule out atoms altogether
since G(-,y) will belong to dom ,(A) with AG(-,y) = 6,.

Next we consider the localization of the Laplacian to a cell K, = F,K for w =
(wy, ..., wy) any word. We do this simply by taking the composition with F,, and
referring all questions back to the global setting, scaling using (2-5).

Definition 4-2. We say u € DomB(A’FwK) and Au = fon F,K ifuoF,, € Dompg(A)
and

A(uo Fy,) = rypiy f o Fy. (4-3)

This definition is not as straightforward as it seems since it treats all the points in
F,, Vi as boundary points of F,, K. Thus there may be functions which are harmonic
on F, K which do not satisfy the pointwise condition for being harmonic at points in
F,Vy, which are neither boundary points of K nor junction points (for the Sierpinski
gasket such points are nonexistent).

We also need to localize the notion of normal derivative to F,, K. For each bound-
ary point F, v, we define

Onu(Fyvr) = 1 0 (w0 Fy)(vp). (4-4)

The same point may be represented F, v in more than one way and so there are
different normal derivatives associated to each such representation. When this hap-
pens we call such a point a junction point. For each junction point z we denote by
Jm(z) the set of all pairs (w, k) where w is a word of length m and x = F,vy,.

We are now ready to define the space of splines S(;,V,,) based on #; of level
m. These will be functions that belong to #'; when restricted to F,, K for all words
of length m, and satisfy appropriate matching conditions at junction points.

Definition 4-3. We say f € S(H;,Vy,) if f o F, € #; for all words with |w| = m
and for all junction points  in V,,, the following matching conditions hold:

(7"111/Lu1>7€Az<f © Fw)(vk) (45)
is the same for all (w, k) € J,,,(x), for each £ < j/2 and
S (Pukte) (OA(f 0 Fu)(vr) = 0 (46)

(w,k)EIm ()
for each ¢ < j/2.
Note that (4-5) just says that a unique value for A®f(x) exists at a junction point
and (4-6) says that the sum of all the normal derivatives of A°f at x is zero. These

conditions suffice to obtain a certain order of ‘smoothness’ for f, except at points in
V. that are not junction or boundary points.

THEOREM 4-4. Let f € S(H;, Vy) and suppose that for any x € V,, that is not a
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Junction or boundary point we have
OA f(2) =0  for all €< j/2. (4-7)
Then for § odd we have f € domp, o (AYV/2), while for j even f € dome(AI/?).

Proof. For each w with |w| = m, the restriction of f to F,,K is in dom¢(Af|x, k)
for every £. We can then create a function f, on K by piecing together A’f on each
F,K. By (4-5) this will be a continuous function for £ < j/2, but it will only be L™
when ¢ = (j + 1)/2 for j odd. It remains to show A*f = f,, which by Definition 4-1
means

8(6n0) =~ [ frovdn (4-8)
for all v € dom & vanishing on V;, for £ < j/2, where f, = f. Now
/fé-*—lvd/j’_ Z :uw/ f£+l O-Fw 'UO-Fw)d (49)
[w|=m
by (2-2) and
E(fr,v)= Y ' E(fro Fuvo F,) (4-10)
|w|=m

by (2-1). Since Afy = fi+1 on F, K, we have

E(feo Fy,vo F,) = /(A(fg o Fy))vo F,du
Ny

+ZvoF (k) On(fr 0 Fu) (k)

/ (4-11)

= “HwTw (féﬂ 0 Fw)(v 0 Fw)dﬂ
Ny

+ () T 0(Furk) A (f 0 Fly)(vg).

k=1

We multiply (4-11) by r,;' and sum over w. Taking into account (4-9) and (4-10), we
find
No

6(6e0) =~ [ feevodi+ 330 ) o Fui)0n(f o Fu)(wn)

lw|=m k=1

Thus it suffices to show that the sum vanishes. If F,x;, € V, then v vanishes. If
F,}, is neither a boundary or a junction point then 9,A*(f o F,,)(vy) = 0 by (4-7).
Thus there remain only terms involving junction points. We can rearrange the sum
to vary over (w, k) € J,,(z) for each junction point x. The value of v(F,x) is the
same, v(x), for each (w, k) € J,,(x), so we can factor this out and we are left with the
sum (4-6) which vanishes.

THEOREM 4-5. Under the hypotheses of Theorem 2.5, the space S(H ;, V., for j odd
has dimension

(L +153/2D#HVim) + 1+ 1D)/2UN Ny — #Jm), (4-12)
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where Jp, denotes the set of junction points in V,, and each element of S(H ;,V.,) is
uniquely determined by specifying

A'f(x) for €V, and £<j/2 (4-13)
and
OnA(fo Fy)(vg) for |w|=m, v, €Vy and £<j/2, (4-14)

subject to the conditions (4-6) for all x € J,, and € < j/2. The same result holds for j
even in the cases when the construction in Section 3 can be carried out.

Proof. From the construction in Section 3 and Definition 4-3 it is clear that f €
S(H j, Vi) is uniquely specified by the data (4-13) and (4-14) subject to the conditions
(4-6), since (4-5) is exactly the condition that A®f(x) depends only on x and not its
particular representation Fi,vy. So it remains to verify the dimension formula (4-12).
The data (4-13) involves 1 +[j/2] choices of £ and #V,, choices of z and so contributes
(1 +[4/2])(#Vi) to the dimension. The data (4-14) involves [(j + 1)/2] choices of £,
N™ choices of w and N, choices of k, while the number of conditions of the form
(4-6) is [(7 + 1)/2](#Tm).

It is clear how to construct a basis for S(#;,V,,) by localizing the basis for J#;
constructed in Section 3, but there are many ways to incorporate the matching
conditions (4:6). We will not give a description in the general setting to avoid a
notational thicket of questionable value. In the next section we give an explicit
construction for the case of the Sierpinski gasket.

Now we establish the basic approximation properties of the spline spaces in the
energy norm &(u,u)?. We know that functions in dom(&) are continuous and we
have the basic estimate

lu(z) — u(y)| < cé(u,u)? (4-15)
for any z,y. In particular
ulloo < C(o@(u,u)% if u|px = 0. (4-16)
In what follows we will also use the weaker estimate
lullz < c6(u,u)?  if ulax = 0. (4-17)

The significance of (4-16) is that any estimate for the energy norm implies the same
estimate in the uniform norm. We first establish global estimates and then scale
them down to get spline approximation estimates.

LeMMA 4-6. If u € domp:A and u|sx = 0, then
éa(u,u)'—l’ < ¢||Aul|2, (4-18)
with the same constant in (4-18) as (4-17).

Proof. By the definition of dom:A we have u € dom (&), so &(u,u) is finite. Now
E(u,u) = — [uAudp by (4-1), since ulgpx = 0. Thus &(u, u) < ||ul|s]|Aul|s by Cauchy—
Schwartz and substituting (4-17) yields

& (u,u) < cb(u,u)? |

AUHQ
and (4-18) follows.
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TuEOREM 4-7. Suppose v € domp:A*>" and A‘u|3K =0 and 8nAZu|3K =0 for all
(<27 — 1. Then

E(u,u)? < cnl| A uls. (4-19)

Proof. Consider first the case n = 1. Since u|gr = 0 and J,u|sx = 0 we have

/(Au)zd,u = /uAgud,u

by the Gauss—Green formula. Thus
[ Aull3 < [lull2| A%l

by Cauchy—Schwartz. We substitute (4-17) and (4-18) to obtain
€8 (u,u) < [[Aull3 < c8u, u)* [ Aull,
and so (4-19) follows with ¢; = ¢*.
We prove the general case by induction, so suppose (4-18) holds for n — 1. Then

/(Azn]u)Qd,u = /uAgnudu

follows by applying the Gauss—Green formula 2”~! times. There are no boundary
terms because of the vanishing of A‘u and 9,A’u on the boundary for £ < 2"~! — 1.
We obtain

on—1 g on
1A% ull3 < ull2| A% ully

by Cauchy—Schwartz and then substitute (4:17) and the induction hypothesis to
obtain
cn 6 (uyu) < A )3 < eb(u, )}

n—1 AQnuH?

which yields (4-19) with ¢, = cc?

n—1-

Remark. 1t is reasonable to conjecture that analogous results hold for integers not
necessarily powers of 2. Thus if Aéu|aK =0 and 9,A%|sx = 0 for all £ < k we should
have

8 (u,u)* < | A%*ull.

Similarly, if Afulse = 0 for all £ < k+ 1 and 9,A%ulsx = 0 for all £ < k, then we
should have
E(u,u)? < Ay,
THEOREM 4-8. For j = 2" — 1 there exists a constant C; such that for any u €
domp: (A7) and any m there exists uy, € S(A j, Vin) with

"’@(u — U, U — um)% < Cj ||Aj+1u||2p(j+%)mv (420)

where p = max{r;u;:1 < i < N} In fact, w, may be taken to be the spline that
interpolates u on V,,, meaning Au,,(r) = Au(x) and 0,Au,, () = 0,A u(z) for all
< (j—1)/2 and all x € V,, (the equality for normal derivatives refers to all the different
normal derivatives at x).

Proof. For each word w of length m, we consider (v — u,,) o F,,. When u,, is the
interpolating spline, this function satisfies the hypothesis of Theorem 4-7. (Note that
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for n > 1 we have j odd, so the existence of the interpolating splines follows from
Theorem 4-5, while for j = 0 it is easy.) So (4-19) yields

E((u—um) o Fy, (u—upy) o Fy) < CiL”Azn((u — Up) © Fw)”é
= G JIA (wo Fu)l3

since A" (u,, o F,,) = 0. Using the self-similarity identity (2-1) for & and (2-6) for A
we obtain

E(U — Uy, U — Upy,) = Z T (U — Up) 0 Fy, (U — Uy,) 0 Fy)

|w|=m
<c Z T;IHAZTL(quleé
w|=m
b _ on+l on b
=2 Y ) 1[(AT u) o Fyl3.
w|=m

277,+I .)71,+I

" < p* ™y, Thus

But r ' (rypw)? = (rwuw)2n“

EU = Uy 1t — ) < Ep® I 1, [[(AT ) 0 B3

[w|=m

_ 2 (2"*'—1)mHA2”

— Cpp UH;

by (2-2) and this yields (4-20).

COROLLARY 4-9. Assume the hypotheses of Theorem 4-8 and u € domps (A7*). Then

[ =t loe < G147 ]| oo p " (4-21)

Proof. Every point x belongs to some F,, K. Then

[u(z) — wm(z)| < (U — Um) © Fu,y (U — Up,) © )2
by (4-16), since (u — u,,) o F,, vanishes on K. But the proof of Theorem 4-8 gives
E((u — ) © By, (u— ) 0 Fly) < A (rupn)” (A% w) 0 By 13

and now we use [|(A%"u) o Fy, s < [|A*" u]|s to obtain
(@) = ()] < cen(rupn)” |87 |00 (4-22)

for x € F, K. This yields (4-21) and in fact gives a more precise estimate when not
all the values of r;u; are the same.

5. The Sierpinski gasket

We now describe explicitly the algorithms of the previous sections for the case
of the standard Laplacian on SG. Because of the high degree of symmetry, there is
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much simplification. We have p; = % and r; = 5) for all 1,

L0 0 221 2oLz
A] - % % %’ s A2 = 0O 1 0 s Ag = % % é s
2 1 2 o2 2
5 5 3 5 5 3 001 (5-1)
9 e
o o) W ifp=gq
- 2 ifp+g.
Because of the symmetry we only have to determine 4 types of quantities:
ap = 1(lk,0k)
by =I(lk,0n) fork%n
. ) | (52)
pe =5 for(Fyog) = 5" for(Frvi), i+ k
qe = 5 for(Fyvy) i, k,n  distinct.
The initial values are
Clo:%, bt):ﬁ7 p():%7 Q(':% (5-3)
The recursion relations (2-10) for a, and b, are
j—1
5jaj = %CLJ‘ + ;*?bj + Z %(4]%,( + qj‘,g)(ag + 2[)[)
=0 (5-4)
Jj—1
5jbj = %aj + %bj + Z %(Bpj_g + QQj_g)(ag + Zb[)
£=0
These can be simplified if we express them in terms of a; + 2b; and —4a; + 7b;:
j—1
i+ 2b; = ————— 2pi_¢+qi_ +2b
4+ 2= 55 ;( Dj—¢ T qj—e)(ac + 2b)
. (5:5)
10 ,
—4a; +7b; = Z(pj—é +2¢;-¢)(ar + 2b).

5i+l _
3(57 1 £=0

Note that a; + 2b; is just equal to the integral of fjz, since foo + for + foo = 1. The
recursion relations (2-18) for p, and g, are

J—1

pj = —3bj_y — %2(4%714 +3bj_1—e)pe + (aj—1—0 T 2b;_1_)qe
0=
- (5-6)
7j—1

q; = _ébj—i - l, Z(Qaj—l_g +4bj_o)pe + (Baj_1—0 T bj_1_¢)qe
=0
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Table 5-1. The values of p;,q;,a;,b; for 0 < j <6

J Dj 4 a; b,
0 0.4 0.2 0.1555. .. 0.0888...
1 —0.12 —0.09333. .. —6.7489711 x 107%  —5.8847736 x 1073
2 0.034222 . .. 0.031555. . . 3.7547384 x 10~* 3.6095992 x 10~*
3 —0.01 —9.7530864 x 107°  —2.1918331 x 1077 —2.1662729 x 107"
4 2.9564688 x 107 2.9341351 x 1073 1.2963031 x 10~° 1.2917494 x 107°

—8.7752204 x 10™*  —8.7551683 x 10™*  —7.6961127 x 1075  —7.6879745 x 10~ °
6 2.6077998 x 10™* 2.6060037 x 10™* 4.5744047 x 107° 4.5729491 x 10~°

(o1

These can be simplified by expressing them in terms of 2p; + ¢; and p; — g;:

7j—1
2p;+q; = —bj1— Y (2a; ¢+ 2bj 1 0)(2pe + q0)
f=
(57)
J—1
Pi—q = —sbji1— %Z(zaj—1—e —bj—1-0)(Pe — qo)-
£=0

Table 5-1 gives the values of these constants for small values of j, obtained using
Maple.

We may compute the values of any function in J#; efficiently by using (2-7) and
(2-8) and appropriately scaled versions. For u € #; we have the following local
algorithm for computing A*u(z) for k < j and all z € V,,, in terms of the values on
Vin—1. It is local in the sense that the values at  depend only on the values at the
vertices of the level m — 1 triangle containing x. Specifically, if we call these vertices
vy, V1, V2 and x is the midpoint between vy and vy, then

J
1
Au(m) = s (peoi (A u(vg) + A'u(vy) + oA u(vy)). (5-8)
— 5m(€ k)
Next we give the explicit coefficients for the bases for J#; described in Section
3. Because of the symmetry, all the matrices by, etc. have the simple form that all
diagonal entries have one value and all off-diagonal entries have another value. We

report these values by giving by for the diagonal and by for the off diagonal. When
j =1, (3-5) holds with

by = =30, by =15, doy =11, dy = —4. (5-9)
When j =2, (3-19) holds with

— 16200 — _ 8100 — 402 — 138
Qoo = —7 5 Qo1 — —77 boo = 7 bo1—*77 5-10
_ _ 5526 _ 2574 (5-10)
Coo— =77, Cot — 7 -

In this case the 3 x 3 matrix I(1¢,0m) has a, on the diagonal and b off the diagonal
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Table 5-2. Inner products and energies for the better basis for j =1

1 Y 1 — 7 { — 206
ff““ f'}ﬂ dp = % ff(}u Goo dp = — 1;;,5 fgtlm Goo dpp = 3?825
1 1y — 1 1y 1 1 1\ _ 5
&(foo, Joo) = % &(foor gm) = — 18 &(go0s 9oo) = 3
Lopt _ 89 [ _ _ 61 [ _ _83
J foo fordp = 1674 J foo gordp = — 3550 J 900 gordps = 37665
o0 £l I 0 1y 1 o 1y —
&(foos f(%l) - _% 5(]%); goi) = ﬁ (5(911)0, Joi) = —ﬁ

and is invertible. When j = 3, (3:12) holds with

— 3515400 — 1757700
Qoo = =79 > Qot = T
— _ 27118 — 13559
b 271188000 135594000
00 — 449 9 01 — 149
— 177570 — 28170
Co0 = — 7449 > Cot = g
Aoy = — 10269180 do, = 4043520
00 = 49 01 = ~ 449 511
V).
1 1293030 /o — 464670 ( )
Qoo = “ga9 > Ay = 149
Bl = 92578140 Bl = _ 43015860
00 — 449 01— 449
/o 26864 /o 2656
€0 = Thg > Cot = ~ a9
7 1293030 /464670
dt)ﬂ T 449 dm =T 449

We do not have an explanation for the equalities ay, = d|,, and a;,, = dj,,. The large
size of some of these coeffcients may seem alarming, but it should be kept in mind
that they are multiplying functions whose values are relatively small. We have also
computed the coefficients for j = 4, but we will not give the results here. When j
is even, the systems of equations involve the matrix I((j/2)¢,0m), which has entries
a(j/2) on the diagonal and b(;/s) off the diagonal. Since the determinant of a 3 x 3
matrix with z on the diagonal and y off the diagonal is 2° —3zy*+2y* = (z—y)*(x+2y),
the matrix will be invertible unless © = y or x = —2y. It is apparent from the values
given in Table 5-1 that a, and b, are close, but presumably never equal, so the better
basis for J; exists for all even j. However, for large j, the computation becomes
unstable because the determinant is so close to 0.

It will be useful to have the values of the inner products fféfl) féf:l, du, fféfl) ggib,d,u,
J g%gﬁb, dp and the energies é”(fé‘;), fﬁl,), éa(féfl), ggl)), é”(géjn), gg;l,). Clearly the values
depend on whether or not n = n/, but not on the specific values of n,n’. The results
for j = 1 are given in Table 5-2.

Next we describe a specific basis for the spline spaces S(#;, V,,,). For each vertex
y € V,, we will have functions ga(e]y) for £ < j/2 and wfy) for £ < j/2 such that the
values (4-13) and (4-14) vanish at all other points in V,,, and at y exactly one of the
values is 1 and the others vanish. For go(zj; we have (4:14) vanish and Akap(ej;(y) = Ope
in (4-13). For 1/12) we have to resolve the ambiguity in the normal derivative at y. If
y is not one of the three boundary points, then y = F,v,, = F,/v,s for two distinct
choices of words with |w| = |w’| = m. We make the convention that w comes before
w’ in lexicographic order (or w < w’ if we interpret them as base 3 integers). Then
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for any function u, the normal derivative d,u(y) is defined with respect to Fy, K:

anu(y) = (g)man(quw)(vn)' (5'12)

3

With this convention, the spline ng will be determined by the conditions that (4-13)
always vanishes and (4-14) vanishes at all other points of V,,, while 8nAk¢g/)(y) = Ope.
The explicit expressions for go(ejy) and 1[12/) when y = F,,V,, = F,,,/V,,, are

57 oyl on F, K

vy = 5D 0 Fyt on Py K (5-13)
0 otherwise,
gmp=m g o et on F, K
P = —gmymgh) o ot on B K (5-14)
0 otherwise.

If y = v, is a boundary point, the expressions are slightly different:

x—mt £(7) -
o = ° " o By on FVK (515)
t 0 otherwise,

noon (5-16)

w(j) B 3m57m(2+1)géj) o F~™ on F;LnK
b 0 otherwise.

An arbitrary function u € S(#;,V,,,) can then be written

u= Y| D Aue) + Y b uyvy) | - (5:17)

YEVm \<j/2 0<5/2

It is straightforward to compute inner products and energies involving basis ele-
ments by using definitions (5-13)—(5-16), scaling properties and the inner products
and energies given in Table 5-2. It is clear that we get sparse matrices because basis
elements with disjoint supports will have zero inner product and energy.

As an application, we now give schemes for numerical integration analogous to the
trapezoidal rule and Simpson’s rule. The trapezoidal rule will provide exact values for
S(H vy, Vi) splines, while Simpson’s rule will exactly integrate S(#(, V,,—) splines.

The trapezoidal rule is the same as the obvious choice, based on the idea that the
average of the 3 values at the boundary provides the best estimate for the integral
based on boundary values alone and this choice is simply scaled down to each cell
of the decomposition K = U\w|:m F,K. This leads to the approximation for [ fdu
given by

=30 > 2f@)+ ) fa) ] (5:18)

eV \W zeVh

It is easy to see that this is exact for S(H#, V,,) splines. It follows from Corollary
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4.9 that if f € domp(A) then the error bound is

I (f) /fdu’ < b "|ASf ] oo (5-19)

To obtain Simpson’s method we first need to find the exact integral of functions
in | in terms of the values on V| (note that dim s = #V; = 6 and it is easy to
see that a function in 2 is uniquely determined by prescribing arbitrary values at
points of V). By symmetry the expression must be

Y fa)tdy Y f() (5-20)

zeVi\Vo zeVh

and to integrate constants we must have 3d; + 3ds = 1. Now the function f =
fiot fii+ fi2 takes values 0 on Vj, and 2p, +¢; on Vi\V;, while its integral is 3(a; +261).
Thus for (5:20) to be exact we must have 3d;(2p; + ¢1) = 3(a; + 2by), so d; = 5 and
dy = l—lg We then scale this down to cells = m — 1 and sum. Each
vertex in V;,\V,,—; will appear once with weight E) x 3™, Each vertex in V,,_{\Vj
will appear twice, each time with weight ;1) x 3. Boundary vertices appear only once
with Welght x 3™. Thus we set

R D S RN DRI R D) IENCEN

€V \Vin—1 €V _1\Vo zeVh

THEOREM 5-1 (Simpson’s rule). If f € domp(A?), then

- [ fdu‘ 0057278 o (5:22)

Proof. We have already seen that I](f) is exact for f € #. To show (5-22) we
break the integral up into the sum over all cells F,, K with |w| = m — 1. Fix such a
cell and compare f o F,, with the function g, € #; that assumes the same values
on the 6 points in V;. We have I{ (f o F,)) = I{(gw) = | guwdp. so

I(f o Fu) /foqu‘ ‘/ foF, du' lgw = f 0 Fulleos  (5:23)

where g, — f o F,, vanishes on V;. Since a function u in domp~ = (A?) vanishing on
Vi with A%u = 0 must be identically zero, it follows by standard functional analysis
principles that there must be an estimate of the form

[ulloo < erl|A?ulloe if  uly, =0. (5-24)

Combining (5-23) and (5-24) yields

If(foFm—/fondﬂ‘ < al|A*(f o Fy)lloo- (5:25)

Since we have

Lm(f)—/fdu= > ooz (Il(fon)—/(fon)du>

lw|=m—1
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and there are 3™~! terms in the sum,

() — /fdu‘ <caosup [JA%(fo Fy)lle < 57V A ||l O
Jw|=m—1

The proof shows that Simpson’s method gives the exact integral for functions in
S(H1, Vin—1), and more generally for piecewise #’; functions that are only continuous
at the V,,,_ nodes. It would be useful to have the optimal constants in (5-19) and
(5-22). We can obtain a plausible guess by assuming the maximum error occurs when
Af =1in (5:19) and A*f = 1 in (5-22). Thus, for f = fio+ fi1 + fi2 we have IJ)(f) = 0
and [ fdp = 3(a; +2by) = % so the constant ¢ in (5-19) is at least é and we conjecture
this in the correct bound. Similarly, the function
2p»

+ Qo
+> (fio+ fi1 + fi2)
Qi

f=Ffot fort fo— (2;01

vanishes on V; and A*f = 1, so I} (f) = 0 while

/fdu =3 <(a2 +2by) — (%) (g + 2b.)) .

6. The finite element method

We consider a simple class of fractal differential equations,
—Au+qu=1f (6-1)

for g and f in C'(K), with boundary conditions u|v“ = 0. Under the assumption g > 0
it is easy to see that there exists a unique solution in domg(A), using the theory
of self-adjoint operators. There is in fact quite a difference between the two cases ¢
constant and ¢ nonconstant. For ¢ constant we have a kind of hypoellipticity, in that
u € domg(A™) for any naslong as f € domg(A™™"). But for ¢ nonconstant, it follows
from [BST] that qu is never in domg(A), so we will not even have u € domg(A?) if
f € domg(A).

To use the finite element method [BS]| we incorporate the boundary conditions in
the spline space. So we define S,(#;, V,,) to be the subspace of S(#;, V,,,) consisting
of functions vanishing on V;. The spline approximation PJ u to the solution to (6-1)
is defined to be the function in Sy(#;, V;,,) satistying

8 (Pu,v) + /Q”UPTJ,;Ud,u = /fvd,u (6-2)

for all v € So(A#';, V). It is easy to see that PJu is the orthogonal projection of u
onto Sy(H# ;, V) with respect to the inner product

(u,v) = &(u,v) + /quvdu. (6-3)

The associated norm is equivalent to the energy norm, since [ qu®dp < c||ul]3 <
cé(u, u) on the space of functions vanishing on the boundary:.

We can obtain an easy estimate for the rate of convergency of P?u to u. Since PJ,
is an orthogonal projection we have

<U — PT‘Z’LU’,U’ — P,,'Z,LU> < <U - U”L,U - u77L>
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for any u,, € Sy(H#;, Vi), in particular the interpolant in Theorem 4-8. Thus
l|u — Pl u||o < 6w — Plu,u— PJu)e
L B (U — Uy, U — Upy,): (6-4)
<

C||Aj+lu||2p<j+._l,)

o=

m

when j+1is a power of 2, if u € domp:(A7*"). Tt seems plausible that the rate of con-
vergence could be improved to O(p?"V™) with the assumption that u € domg (A7),
In any case, we are not predicted to obtain faster convergence by increasing j above
0 except when ¢ is constant.

Another easy observation is that for the case ¢ = 0 we obtain the exact solution
at points of V,,, for any j. In fact we know the solution is given by

u(z) = / G, f () dia(y) (6:5)

and for x € V,,, the function G(z, +) belongs to Sy(#, V;,) hence Sy(#';,V,,) for any
j. In particular, choosing v = G(z, *) in (6-2) yields

8(Piu, Gz, ) = / Gl 9) f () duly) = u(z)

by (6-5). On the other hand
&(Piu, Gz, ) = — / G, ) AP uly)du(y) = Pi.u(z)

because P7 u vanishes on the boundary. Of course in this case we can also use (6-5) to
approximate the solution. Some of the computational aspects of this approach are
discussed in [KSS].

If we write PJu in terms of a basis for Sy(#;,V,,) then (6-2) becomes a sparse
system of linear equations for the coefficients. The computation of the energy term
on the left-hand side can be done theoretically and the same is true for the second
term on the left-hand side if g is constant. It is necessary to use numerical integration
for the right-hand side and for the second term on the left if ¢ is not constant.

A full implementation of this method and tests of accuracy have been carried out
by the first author in collaboration with M. Gibbons and A. Raj [GRS], and results
are available at http://mathlab.cit.cornell.edu/ gibbons.

The finite element method may be adapted to handle a wider class of fractal
differential equations, including equations involving powers of the Laplacian, space—
time equations such as the heat and wave equations where the time variable is a
standard real variable, and some nonlinear equations. There are no really new ideas
here, so we will not discuss the details.

7. Spline cut-offs
An important technical tool in the study of differential equations in Kuclidean
space, or on manifolds, is that a function that vanishes to finite order at a point (or
on a submanifold) may be approximated, in a suitable sense, by functions vanishing
in a neighbourhood of the point (or submanifold). The simplest way to accomplish
this is to multiply the function by an appropriate family of cut-off functions. This
approach is not available for fractals where the operation of multiplication by a
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nonconstant function is badly behaved [BST|. But we can still obtain analogous
results by a more complicated procedure that cuts off the function in small corners
and substitutes certain spline cut-off functions, at least for the standard Laplacian
on SG. As an application, we improve the ‘weak = strong’ result for solutions of
Au = f from [S1].

We begin by proving the result in a simple context, involving just dom & and using
just S, splines. A multiplication by cut-off functions argument could be used here,
but our purpose is to prepare the way for the context of dom A where this is not
possible.

THEOREM 7-1. Let f € dom & and suppose f vanishes on the boundary of K. Then
there exists a sequence of functions { f,} with each f,, € dom & vanishing in a neigh-
bourhood of the boundary, and

fm — f uniformly (7-1)

and
E(fm —fofm =) =0 as m — oo (7-2)

Proof. We first prove the result under the simplifying assumption that every
boundary point is the fixed point of one of the mappings Fj, (we may arrange that
F; =v; for 1 <i< Ny). Let Q,,, = K\ UZV:"I F"K. We will choose f, so that f,, = f
on Q,, and f,,, has support in Q,,+, hence vanishes in a neighbourhood of the bound-
ary. On each of the sets F/"K we define f,, to be the spline locally in S(#, Vin+1)
with f,, = f on the points in V,,.; N F"K N Q,, and f,, = 0 on all the other points
of Vet N F K. In particular, f,, vanishes on the boundary of F/*"'K and since it
is harmonic there it vanishes on all of F/"*' K as claimed. Also, f,, is continuous, so
it is easy to see that f,,, € dom &

It remains to show (7-2), since this implies (7-1) by (4-16). Now we use a basic
fact from the theory of Dirichlet forms (|[BH]|, [FOT]) that &(f, f) can be written as
the integral over K of a measure v;. For simple sets A (such as A = F, K, or finite
unions of such sets), it is a simple matter to define v;(A) to be the limit (1-7) with
the sum in (1-5) restricted to all words w such that F,, K C A. The nature of these
measures is discussed in [Ku] and [BST]. The only observation we need is that they
have no atoms. Thus

lim vy (F"K)=0. (7-3)

m—0o0
Since f,, — f vanishes on Q,, so does vy, ¢, hence

Ny
Efm = Fr fn = ) =Y Vi (F"K). (7+4)
i=1
Now we claim that vy (F;" K) is bounded by a constant multiple of v;(F/"K), with a
constant that is independent of m. This is straightforward for any fixed m. Since the
limit in (1-7) is increasing, a multiple of v;(F;"K) gives an upper bound for all the
values f(F/"K)? that enter into the expression &,,(f, f). These in turn control the
values of vy, (F;"K). The fact that the constants in the final estimate vy, (F;"K) <
cmVy(F]"K) are independent of m follows by a scaling argument. Now (7-2) is a
consequence of (7-3), (7-4) and the estimate vy, _¢ < 2(vy,, +vy).
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Without the simplifying assumption, the p.c.f. condition only shows that for each
boundary point v; there exist finite words w and w’ such that v; = F, z and F,z = 2.
In place of the sets F/" K above we need to consider instead F,, F' K. The argument
is essentially the same, only the notation gets more complicated. We omit the details.

CoRrROLLARY 7-2. Definition 4-1 remains unchanged if we replace the condition that v
vanish on the boundary by the condition that v vanish in a neighbourhood of the boundary.

Proof. We have to show that if (4-1) holds for all v vanishing in a neighbourhood of
the boundary, then it also holds when v just vanishes at the boundary (and similarly
for (4-2)). So, given v that vanishes at the boundary, we construct the sequence v,,
vanishing in a neighbourhood of the boundary by the theorem. Now (4-1) (or (4-2))
holds for v,,, by hypothesis, and we pass to the limit to obtain the same equation for
v, using (7-1) for the right-hand side and (7-2) for the left-hand side.

LemMA 7-3. For any u € ' we have

[|Aw

Fuklloo < c((Puwptw) ™! max [ul + i max |0,ul). (7-5)

Proof. Since Au is harmonic, it suffices to bound its values on 0F,K = F,0K.
Now for w equal to the empty word, the estimate (7-5) is an immediate consequence
of the existence of the basis for J#; constructed in Section 3. The general case then
follows from the scaling identity (2-5) for the Laplacian and the analogous scaling
identity (with r; in place of r;u;) for normal derivatives.

To use the estimate (7-5) effectively requires that we have tight control over the
rate of decay of the function and its normal derivative near the boundary, as a con-
sequence of the vanishing of the function and its normal derivative at the boundary.
This is difficult to obtain in general, but works out quite well on SG.

LeEMMA 7-4. Let A be the standard Laplacian on SG and suppose f € domg(A)
vanishes together with its normal derivatives as the boundary. Then

flormx = O(m($)™) (7-6)
and
Onflorm i = O(m(5)™) (7-7)
and p; = % Tl = %

Proof. The estimate (7-6) is proved in [BST] (for harmonic functions it was ob-
served in [DSV] without the m factor and in [S2] it is shown to hold without the
m factor if we assume Af satisfies a Holder condition). To prove (7-7) we use the
Gauss—Green formula (1-10) localized to F/*K with the functions v = f and v = h
where h is the harmonic function taking the values 1, —1, 0 on the boundary points
of F/"K (the value 1 at the point v;). This gives

- / hAfdp =" f(F]2)0,h(F] x) — W(F"x)0, f (F"x). (7-8)
FMK zeVy

By assumption 0, f(v;) = 0, so the only term of the form —h(F"x)0, f(F"x) that

occurs is the single value 0, f(F/"x) at the vertex where h assumes the value —1.

The integral on the left side is O((%)m) since h and f are uniformly bounded and
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the measure is (%)m, and the terms of the form f(F"z)0,h(F]"x) are O(m(%)m) since

Onh(F"x) = O((g)m) and we have the estimate (7-6) for f(F/"z).

THEOREM 7-5. For the standard Laplacian on SG, suppose f € dome(A) vanishes
together with its normal derwatives on the boundary. Then there exists a sequence of
Sunctions { fr,} with each f,, € dom & vanishing in a neighbourhood of the boundary,
with (7-1), (7-2) and

Afm — Af in L*(dp) as m — oo (7-9)
(also in LP(dp) for any p < o0).

Remark. We cannot expect uniform convergence in (7-9) because we may not have
Af = 0 at the boundary.

Proof. As in the proof of Theorem 7-1 we choose f,, so that f,, = f on Q,, with
support in Q,,+1. On each of the sets F/"K we take f,, to be the spline locally in
S(H 1, Vins1) so that f,,, = f and O, f,, = O, f at the two boundary points of F/"K
not equal to v;, and f,, = 0 and 9, f,, = 0 at the other 4 vertices in V,,+; N F"K.
Because we have matched the values of the functions and the normal derivatives,
the functions f,,, will be in dom¢(A). We will show

/ |Afp|Pdp — 0 as m — oo forany p < oco. (7-10)
FrK

This easily implies (7-9) as before and the proof of (7-1) and (7-2) as before.

To prove (7-10) we use the estimates (7-6) and (7-7) from Lemma 7-4. Then we
apply Lemma 7-3 to the function f,, on each of the sets F;"F,; K for j = 1,2,3. The
estimate (7-5) then yields

A fom

okl < (5™ foax |f]+ 3! max [0.f]) < em

which suffices to prove (7-10) since p(F"K) = (%)m

COROLLARY 7-6 (weak =strong). Let A be the standard Laplacian on SG. Suppose
w € L*(dp) and f € L*(du) (respectively, f is continuous) and

/KuAvdMZ/Kfvdu (7-11)

Jor all v € dome(A) vanishing on a neighbourhood of the boundary. Then v € domyz:(A)
(respectively, u € dome(A)) and Au = f.

Proof. In [S1] the same result is shown under the stronger hypothesis that (7-11)
holds for all v € dom¢(A) such that v and 0,,v vanish at the boundary. The argument
given there, which does not require that K = S@, is that this implies

u(z) = — /K G(x,y)f(y)duly) + h(z) (7-12)

for some harmonic function h. So we need to show that if (7-11) holds for the smaller
class of functions v, it holds for the larger class. For any v € dom¢g(A) such that v
and 0,v vanish at the boundary, we apply the theorem to obtain the approximating
sequence {v,,} and (7-11) holds for v, in place of v. We then pass to the limit to
obtain (7-11) for v, using (7-9) for the left-hand side and (7-1) for the right-hand side.
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In the case of a more general fractal we will not have as strong a result as Lemma
7-4. For this discussion we again adopt the simplifying assumptions from the proof
of Theorem 7-1. For harmonic functions, the estimate analogous to (7-6) will be

Florrx = OmM AT, 1<i <N, (7-13)

for some \; < r; that can be explicitly computed from the matrix A; in (2-16). If A;
is diagonalizable then ); is the third largest eigenvalue (in absolute value), the first
eigenvalue being 1 and the second being r; (if the third eigenvalue has multiplicity
1 then we can take k; = 0). The Perron—Frobenius theorem implies A; < r;, but it
does not imply that A\; = r;u;, and in fact this does not hold in two examples, the
hexagasket and the level 3 Sierpinski gasket, that are worked out in detail in [S2].

It seems plausible, although we do not have a proof, that the estimate (7-13) can
be transferred to functions satisfying the hypotheses of Lemma 7-4, allowing an
increase in the value of k;. The proof of this for SG in [BST] uses many specific facts,
so it is not immediately apparent how to extend it. If this conjecture holds, the same
argument as in the proof of Lemma 7-4 can be used to show

Onflormk = O(mF max (\; /7y, ju:)™) (7-14)

(we expect that max (\;/ry, ;) = A;/r;, but there is no harm in the other case since
O(m¥ ™) is the exact analogue of (7-7)).

Modulo our conjecture, we have the analogue of Lemma 7-4 with (7-6) and (7-7)
replaced by (7-13) and (7-14). For the analogue of Theorem 7-5 to hold (meaning L?
convergence in (7-9)) we need the condition

N <rpl for 1<i< Ny (7-15)

For LP convergence we need

A <™ for 1< < N, (7-16)

where p’ denotes the dual index. The proof is essentially the same. We note that (7-16)
will always hold if p is chosen close enough to 1. We do not know if (7-15) always
holds, but it does hold for the two examples mentioned above. Our conjecture thus
leads to the general validity of Corollary 7-6 under the additional hypothesis (7-15).

We conclude with an application of the original ‘weak = strong’ theorem, showing
that 'y functions may be characterized by a minimization condition analogous to
the minimum energy condition for harmonic functions.

THEOREM 7-7. Let u € dome(A). Then u minimizes

/IAvlzdu

over all functions v € domg(A) with v = uw and O,v = Opu on OK, if and only if
Au = 0.

Proof. Let w vary over the functions in dome(A) with w|sx = 0 and d,w|sx = 0.
Then v = u + tw is an allowable choice for any real ¢ (and conversely). Since

/|A(u+tw)|2du=/|Au|2d,u+2t/Aqud,u+t2/|Aw|2du
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the minimization is equivalent to

/ AuAwdp =0
for all such functions w. By ‘weak =strong’, this is equivalent to A*u = 0.

By a similar argument, if A**u = 0 then « minimizes

/lAkvl2dﬂ

subject to the conditions v € dom(AF) and Alv = Alu, 8,A%v = §,A’u on OK for
all 7 < k. It seems plausible that the converse statement is also true.
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