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Abstract

We consider a class of random recursive Sierpinski gaskets and examine the short-time asymp-
totics of the on-diagonal transition density for a natural Brownian motion. In contrast to the case
of divergence form operators in R” or regular fractals we show that there are unbounded fluc-
tuations in the leading order term. Using the resolvent density we are able to explicitly describe
the fluctuations in time at typical points in the fractal and, by considering the supremum and
infimum of the on-diagonal transition density over all points in the fractal, we can also describe
the fluctuations in space. (©) 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The fundamental work of Aronson (1967), established upper and lower estimates
on the heat kernel for an elliptic operator in R”. There is now a substantial literature
on the behaviour of the heat kernel for elliptic operators on manifolds, and that of
the transition kernel for random walks on groups or graphs (see for instance Coulhon
and Grigoryan, 1998; Davies, 1991). There are two components to the estimate, an on
diagonal term, which is usually determined by the volume growth of the space, and
the off diagonal term, where there is Gaussian decay.

The study of fractals has shown that the behaviour may be different when the
geometry is not smooth. We state here the results for regular fractals /' such as the
Sierpinski gasket or the Sierpinski carpet. If p,(x, y) denotes the transition density for
the natural Brownian motion on the fractal F (or the heat kernel for the corresponding
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Laplace operator on F'), then there exist constants c;j,c;, such that

d(x, )y \ /@D
p,(x,y)<cl.1fd5/2 exp (—cu <(xty)) , Vx,yeF, 0<t<l.

(1.1)

The exponent dy is called the spectral dimension and governs the asymptotics of the
spectral counting function, d, is called the walk dimension and is determined by the
time to distance scaling in the fractal, and d(-,-) is an intrinsic shortest path metric
(in the case of Sierpinski carpet or gasket it is equivalent to the Euclidean distance).
There is a corresponding lower bound of the same form but different constants. Note
that if d; =n and d,, =2 we recover the usual Gaussian bounds of R”. We will call
such upper and lower bounds Aronson-type estimates on the transition density (or heat
kernel). For a discussion of these estimates and background results concerning diffusion
on fractals see Barlow (1998).

We will be interested in the situation where the geometry of the fractal is generated
in a random way, and to determine the effect this has on the on-diagonal transition
density. In a previous paper (Hambly, 1997), a natural Brownian motion on a random
recursive Sierpinski gasket was constructed and relatively crude estimates obtained on
its transition density. The estimates were not tight and indicated that it might not be
possible to obtain the uniform Aronson type estimates of (1.1) in this setting.

One situation where fractals with irregular geometry were analysed in detail is the
case of scale irregular fractals, discussed in Barlow and Hambly (1997) and Hambly
et al. (2000b). These fractals are spatially homogeneous but not scale invariant with
the irregularity given by an environment sequence. It is known that there is typically
fluctuation in the short-time asymptotics of the heat kernel and, in the Sierpinski gasket
case, if the environment is generated by an iid sequence, an explicit description of the
fluctuation can be established. Using the relationship between the spectral counting
function and the trace of the heat semigroup it can be shown that the spectral counting
function also exhibits fluctuation in its asymptotics.

The spectral counting function for random recursive Sierpinski gaskets was the sub-
ject of Hambly (2000). It was shown that if N(1) denotes the number of eigenvalues
of the Laplacian (Dirichlet or Neumann), then under a certain non-lattice assumption,
there exists a non-zero mean one random variable W, and a constant ¢;3 such that
. N

lim —7 75 =C13 W'_ds/z, P-a.s.
A—oo A s/

This raises the question of whether there really are fluctuations in the short-time asymp-
totics of the heat kernel. In this paper we will show that there are fluctuations and we
identify their functional form (which is determined by the tails of the random vari-
able ). As the spectral counting function can be recovered from the trace of the heat
semigroup, this shows that integrating over the fractal leads to the cancellation of these
fluctuations.

We will consider the class of random recursive Sierpinski gaskets of Hambly (2000)
and state our main result here for a particular example. For random recursive fractals
generated from fractals SG(2) and SG(3) (SG(2) is the Sierpinski gasket and SG(3)
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Fig. 1. A graph approximation to a random recursive Sierpinski gasket.

is a triangular fractal with generator consisting of 6 upward pointing triangles and 3
downward ones which are removed, for definitions see Hambly (2000)) we describe
explicitly the fluctuations in time and space. Let (£, %, [P) denote the probability space
of random recursive fractals F(w) built from the two fractals as in Hambly (1997)
(a realization is shown in Fig. 1), where we choose type SG(2) with probability p and
SG(3) with probability 1 — p. The spectral dimension for the random fractal is given
by d/2 = o/(o + 1), almost surely, where

o= {s: p3(3/5)° + (1 — p)6(7/15) =1}.

Note that if we define o, =1log3/log(5/3) and a3 =log 6/log(15/7) the spectral dimen-
sion of SG(2) is given by oy/(a; + 1) =21log3/log5 and for SG(3) is o3/(0z + 1) =
2log 6/10g(90/7). We also need two correction exponents, i/ =a/ay — 1, f=1— o/o3.
The Laplace operator is defined with respect to a measure u induced by a suitable
general branching process. This measure is equivalent to the Hausdorff measure in the
resistance metric (see Sections 3 and 4 for details).

Theorem 1.1. (1) There exists a jointly continuous transition density p,(x,y) for
x,y € F andt>0.
(2) There exist constants c14,c15 such that

Ppi(x,x) <c
=/ (log|log ¢ yP/e+D S5,

c14 < limsu -ae.x € F, P-as.
p u

t—0

(3) There exist constants cy6,c17 such that

16 < lim sup pix%,x)

t—0 = “/(“+1)(\10gt|)/3/(9<+1)\617’ P-a.s.

(4) There exists a constant c\g such that

o pi(x,x)
llI}Ll(I)lf 7 logllog £ )P <ci8, p-ae.xcF, P-as.
(5) There exists a constant c\9 such that

Dpi(x,x)
zlgl% ;Ielg t=D([log t] )P /(=41

<ci9, P-as.
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It is possible to obtain lower bounds in cases (4) and (5) but, though they have the
same number of logarithms, we require a further assumption on the class of fractals
and the exponent in the logarithmic terms differs.

This result is quite different to that for elliptic operators in divergence form on a
bounded domain D C R”, where
Pi(x,x)

/2
In the case of regular fractals F* such as nested fractals (Lindstrem, 1990), or Sierpinski
carpets we have

cr12 < lim <criz, VxeD.
t—0

pi(x,x)

£ds12
In these settings any fluctuations for the leading order term in the transition density
must be bounded.

We note here that extending these fluctuation results to a wider class of random
fractals, such as random recursive nested fractals not based on d-dimensional tetrahedra,
is a non-trivial problem. The main difficulty lies in establishing the existence of a
Brownian motion on such fractals. It can be shown that there is no uniform Harnack
inequality in that setting and hence the existence of the process is a serious difficulty.

The outline of the paper is as follows. In Sections 2 and 3 we introduce the random
recursive Sierpinski gaskets and give a description of these sets via general branching
processes. In Section 4 we introduce the natural Laplace operator on these fractals
via its Dirichlet form and a natural measure. We also derive the crucial properties of
these quantities. In Section 5 we show fluctuations in the limiting random variable of
the general branching process. Section 6 will show the fluctuation in the on-diagonal
transition density via a corresponding fluctuation in the Green density. Throughout the
paper we will label the ith fixed constant in Section n by c¢,;, other constants ¢; may
be used in different proofs but will be fixed within a given proof.

c1.10 < lim <cpi, VxeF.
t—0

2. Random recursive Sierpinski gaskets

We construct our random recursive fractals from the class of affine nested Sierpinski
gaskets and begin by recalling the definitions of such fractals (Fitzsimmons et al., 1994;
Lindstrem, 1990). For [ > 1, an [-similitude is a map : RY — R such that

Y(x)=17"U(x) + xo, 2.1)

where U is a unitary, linear map and xo € R?. Let = {1,..., ¥} be a finite family
of maps where J; is an /;-similitude. For B C R¢, define

w(B) = w(B),
i=1

and let
Y.(By=%o---0¥(B).

The map ¥ on the set of compact subsets of R? has a unique fixed point F, which is
a self-similar set satisfying F = ¥Y(F).
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As each y; is a contraction, it has a unique fixed point. Let Fj be the set of fixed
points of the mappings y;, 1 <i<m. A point x € F|, is called an essential fixed point
if there exist i,j € {1,...,m},i # j and y € F{ such that y;(x) = y;(y). We write Fj
for the set of essential fixed points. Now define

Wil,...,i,,(B) = lﬁi[ ©---0 lpin(B)a BC RD‘

The set Fi__; = Wi..i,(Fo) is called an n-cell and the set E;__; = ;.. ;,(F) an
n-complex. The lattice of fixed points F;, is defined by

Fy = Y.(Fo) (2.2)

and the set F' can be recovered from the essential fixed points by setting

F:d@a).

We can now define an affine nested fractal as follows.

Definition 2.1. The set F is an affine nested fractal if {y,...,¥,} satisfy:

(A1) (Connectivity) For any l-cells C and C’, there is a sequence {C;: i =0,...,n}
of 1-cells such that Co=C, C,=C’ and C;_1 NC; #0, i=1,...,n.

(A2) (Symmetry) If x,y € Fy, then reflection in the hyperplane H,, = {z: |z — x| =
|z — y|} maps F, to itself.

(A3) (Nesting) If {i1,...,in},{Jj1,--.,ju} are distinct sequences, then

Yirais (F) OV () = Wi, i, (FO) N i (FO).

(A4) (Open set condition) There is a non-empty, bounded, open set ¥ such that the
Yi(V) are disjoint and |7, ys(V)C V.

Note that the difference between nested and affine nested fractals is that affine nested
fractals can have similitudes with different scale factors. We define a size class for an
affine nested fractal to consist of those sets that can be mapped to each other by
composition of the reflection maps in (A2). An affine nested fractal contains k size
classes and, as each set in a size class must have the same length scale factor, there
are k length scale factors (not necessarily different).

We fix a dimension d > 1 and define the family of affine nested random recursive
Sierpinski gaskets based on tetrahedra in RY. Let Fy = {z0,..-,z4} be the vertices of
the unit equilateral tetrahedron in RY. Let A be a finite set and for each a € 4, let B,
be a bounded subset of IR]_‘; for some k, € N. For each a € 4,b € B,, let

lpa,b — {wi‘”b; 1= 1,...,ma}

be a family of similitudes on RY containing the d + 1 essential fixed points given by
Fy. The similitudes can be divided into k, size classes and for j € {1,...,k,} we write
mg(j) or sometimes m(a, j), for the number of similitudes in class j and write /, ,(j) or
l(a,b, ) for the length scale factors of the similitudes. We only allow a finite number
of possible configurations of size classes but, for each possible configuration, the set
of length scale factors for the similitudes lies in the possibly uncountable subset B,
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(which must be compatible with the geometry). As above there is a unique compact
subset K, ;, of RY which satisfies

Ka,b = U lpia’b(lgz,b)'
i=1
Under the open set condition (A4), this set will have Hausdorff dimension
ka
dr(Kep) =1 o Y ma(j)lap(j) " =1
Jj=1

We will now set up our class of random recursive Sierpinski gaskets, which is the
same as that of Hambly (2000). Let 7, = [J;_, N* and let 7 =J, Ix be the space of
arbitrary length sequences. We will write #, j for concatenation of sequences. For a
point i € I\I, denote by #|n the sequence of length n such that i =i|n, k for a sequence
k. We write j <i, if i=j, k for some k, which provides a natural ordering on branches.
Also denote by |i| the length of the sequence i.

The infinite random tree, 7', is a subset of the space /, defined as the sample path of a
Galton—-Watson process. Let the root be Ty =1y =), the empty sequence. Let U;, i € [
be independent and identically distributed A-valued random variables, indicating the
type of affine nested fractal to be used, with probability distribution

P(Ui=a)=p,, a€Ad, Viel
Then i € T if iln € T, C I, for each 1<n<|i|, where i|n € T, if

1. l|}’l— 1eT,_1,
2. there is a j: 1<j<m(Ujj,—,) such that i|n — 1,j =i|n.

Let s(7) be the projection map which allocates to each address i the size class of the
similitude #||i|. We need another random variable V(a,i) € R%, chosen according to
®,, which specifies the length scale factor. Thus the length scale factor for the ith
similitude is the s(i)th coordinate of V, [(U;, V(U;,i),i)= Vi) (Ui, i) and this is a label
for each node in the tree. Let (2,4, P) be a probability space. We will now denote a
random tree 7 as a sample point w € Q. The g-algebras are defined as

By =0(Up, V(Uyi)ii € T,_i(w)), #=|] B,
n=1

and the probability measure, PP, is determined by both a Galton—Watson process, in
which an individual has m, offspring with probability p, for a € 4, and a labelling
process, in which each individual has a label according to @y .
Let £ = Ey be the unit equilateral tetrahedron. Then set E;, i € T,, geometrically
similar to E, to be
Uy, Vi)1)(Ug,0) Uipn—15Vs(i 1wy (Uiju—1,i[n—1)

Ei = i(E) = U] oy (E))).
We regard i as the address of the set E; and will use this notation for any sequence
i. A random gasket can then be defined by

o0
= | E-

n=0 ieT,(w)
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The Hausdorff dimension of the set F can be found by applying the results of Falconer
(1986), Mauldin and Williams (1986) and Graf (1987) and is given by

m(Up)
d/(F”) = inf {oc: E ( > Uy, V(Uw,Q)),i)“> = 1} forae. we Q. (23)
i=1

We conclude this section with some more notation. Firstly, we note that there is a
natural projection map 7 : T — F given by n(i )zﬂ}il Ej);. We will write E,(x)=Ej,,
for n(i)=x and i € T.. We also denote a neighbourhood for a point x by

D) =EmU |J  E.
Ey()NEa(x)#0
When on the address space we write N,(Z) = {j|n: n(j|n) € D,(x),n(i) = x}.
It will be convenient for us to approximate the fractal with a sequence of graphs
and we will write F;, for the nth graph approximation, where

F=J (o).
ilneT,
In the next section we will construct a general branching process with ancestry de-
scribed by 7T and such that the resistance of each edge in the graph F, is of resistance

approximately e™".

3. General branching processes

We introduce briefly C—M—J branching processes as it is the behaviour of the nor-
malized limit of their growth rate which will provide the fluctuation of the transition
density of the Brownian motion on the random fractal.

Let ¢ be a point process which describes the birth events, L the life-length and
¢, a function on [0,00), called a random characteristic of the process. We make no
assumptions about the joint distributions of these quantities. We write &(¢) for the
¢-measure of [0,¢] and v(¢) = E&(¢) for the mean reproduction measure. The basic
probability space is now

(2, 2,P) = [ %, P,
icl

where the spaces (£2;, %;,[P;) are identical and contain independent copies of (&, L, ¢).
We now denote a random tree by w € Q and we will write 0;(w) for the subtree of
o rooted at individual i. The attributes of the individual i are denoted by (&;, L;, ¢;)
and the birth time of the individual is denoted by o;.

Let {o(,)} be the sequence of ordered birth times and write ((,), L(n), $(n)) When we
refer to this time-ordered sequence. Note {o(,)} is not a strictly increasing sequence.
Let o(1) = oy = 0. We consider the process

22 =Y ult — o).
n:om <t

That is the individuals in the population are counted according to the random charac-
teristic ¢.
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We will assume that v(0) =0 and there exists a Malthusian parameter o > 0, such
that

/ e “ydt)=1 and / te”y(dt) < oo.
0 0

Let &,(t) = fot e~ ™&(ds), and define the probability measure v,(dt) = E(&,(d?)). We
also assume that each individual has at least two offspring so there is no possibility of
extinction and the process will be strictly supercritical. We will write

vO(t) = E(e™Z%(1))

for the discounted mean of the process with random characteristic ¢.
We define the g-algebra determined by the first » individuals and their characteristics
as

A n = 0((Ckys Lity, Piy): 1<k <),

The birth times o) are .2/;_; measurable. Now define
o0

_ § —u0,
R, = € ([)[{l is a child of the first » individuals}-
I=n+1

Then, in our setting, {R,}°, is a non-negative martingale with respect to .7, and
hence lim, ., R, = W > 0 exists. We also state a Theorem concerning the limiting
behaviour of Z%(¢) which is a version of Nerman (1981) Theorem 5.4.

Theorem 3.1. Let D[0,00) denote the set of Ry-valued cadlag paths and let ¢ be a
D[0, co)-valued characteristic. We assume that
(1) There exists a non-increasing, bounded positive integrable function g, such that

[Esup (éy(oo) B éa(”) < 00
>0 g(t)
(2) There exists a non-increasing, bounded positive integrable function h, such that
e (1 ))
Esup (| ————— | < o0.
>0 ( o)

Then, if the reproduction process is non-lattice,

lim e MZ%(t) = (o) as. (3.1)

If the lifelength distribution is lattice, then there exists a periodic function G?, such
that for large t,

Z%(t)=we*(GY(t) + o(1)) as. (3.2)

We define a specific general branching process to describe the fractal. Let the re-
production and lifelength be given by

kL/
(&(ds),L)= (Z Mq(i)010gx, (ds ), max log x,~> with probability p,®,(dxy,...,dx;),

i=1
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then, if we let ¢ denote the characteristic

$i(t) = &i(o0) — &i(2), (3.3)
which counts the individuals born after time ¢ to mothers born at or before time ¢, then
the process Z?(¢) is the number of sets in a e ’-cover for the fractal.

4. Laplacians on random recursive Sierpinski gaskets

We define a natural Laplace operator on each possible random fractal @ € Q2 and
give some properties. For more discussion see Hambly (2000). Note that for affine
nested fractals based upon the Sierpinski gasket there is no difficulty in solving the
fixed point problem of Lindstrem (1990). Recall that there are k, size classes of set
in the affine nested fractal (some of these could be the same size) and recall that
s(i) € {1,...,k,} denotes the size class of the set with address i. We can allocate a
fixed resistance r,(j), j =1,...,k, to all cells in a given class in the fractal K,. Let
Fy denote the complete graph on the essential fixed points and define

ol fg) =5 D0 (1)~ 00~ 9(0)

x,yeFy
for f,g € C(Fyp). If we let

ko m(a.j)
(@)

EVS )= ras) T o f o fod) =D D> 1)) o(f 0 s [ 0 )

i=1 j=1 =1
for f € C(FY), then there is a constant /, such that

S0 1) = ainf{é" (0.9): 9 = flr}.
This allows us to define the Dirichlet form for each fractal in our family A4, for details
see Barlow (1998). We will let p,(j)=p(a,j) = 44./ra(j) denote the conductance of a
cell of class j in the fractal.

We can define a Dirichlet form (&,.%) on an appropriate L>(F, ) for the random
fractal for each w € Q. As usual we build this up from a sequence of approximating
Dirichlet forms on the lattice approximations to the fractal. We define the resistance
of a cell with address i, by

lil

R =] (Ui, s(li)).
i=1

We can then write
EQ(f.9)="> RE) ' Eo(f o Wir [ o).
i€w,
By the construction of the conductances the sequence of Dirichlet forms is monotone
increasing as, for f : F — R, we have the property that

EV(f g, flg) =nf{&},1(9,9): g € C(Fps1),9 = fg}-

Once we have such a sequence of Dirichlet forms we can clearly define the limiting
Dirichlet form as the limit of the sequence.
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To define the associated Laplace operator, we need a measure. As in Hambly (1997,
2000) we choose a measure, equivalent to the Hausdorff measure of the fractal in the
resistance metric, as the limit of the invariant measures for the Markov chains on the
sequence of lattice approximations in which each edge has roughly the same resistance.
We modify the general branching process description of the fractal to describe this new
approximation to the fractal and to obtain the measure. Let the vector of conductances
pa = {pa(i), 1 <i<k,} be chosen according to the random variable V(a,i) with prob-
ability measure @,. As in Hambly (2000) we restrict the support of the measure to
ensure that the resistance and conductance can be controlled uniformly.

Assumption 4.1. For each a € 4, the support B, of the measure @, for the distribution
of conductances on the cells in the fractal K,, has each coordinate bounded away from
0 and oo in R¥.

Note that the resistance of a component of the fractal does not have to depend on
its length scale. Let

k(l
(&ds),L)= (Z 14 (i)010g x;(ds), max log x,-) with probability p,®,(dx,...,dxz,),

i=1

so that the offspring of an individual are born at times given by log p,(i). Let ¢
denote the characteristic, defined in (3.3), which counts the number of individuals in
the population born after time ¢ to mothers born before or at time ¢, and denote the
corresponding general branching process by zt‘b =Z%(¢).

Let

A, ={i €z},
identify an individual with their line of descent, and then define

Fy = viFo).

icA,

The graph based on F, has approximately the same resistance for the edge of each
tetrahedron, in that there exists a constant c¢4; > 0 such that ¢41e™" <R(i)<e™". We
will refer to the sets E; for i € A, as n-cells.

We now define the measure u® as a limit of a sequence of measures u. We specify
the measure u? on each m-complex E; as

e, REH!
>jea, RO

As the fractal F'“ is compact, by tightness there is a subsequence of the measures u;)
which converges weakly to a limit measure u® on the fractal F“. We can then define
the Dirichlet form (6% ®) on L*(F® u®) for each w € Q. Note that this measure
could be defined as the projection onto the fractal of a natural measure on the boundary
of the tree 7.

) (Ei) = (4.1)
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We define the Dirichlet form (£, ) on the space L>(F®, u®) as

7o = {f: sup 82(/. /) < oo}
and
E(f. )= lim &X(f f), VfeF”
The effective resistance between two points in the random fractal F' is defined by

r(x, y) = (inf{&°(f, ) f(x)=0, f() =1, f € F°}) .

As in Hambly (1997) we have the following estimate on the effective resistance.

Lemma 4.2. There exist constants csy,c43 such that for each edge (x,y) € F ,,w,
ca2e” " <r(x, y)<csze™", Vo € Q.
From this result it is not difficult to see that the measure u® is equivalent to the
a-dimensional Hausdorff measure in the effective resistance metric.
We note that using our conductivity coordinates, and the definition of effective re-
sistance, we can prove the following estimate on the continuity of functions in the
domain F# .

Lemma 4.3. There exists a constant cs4 such that

sup |f(x) = fDI<ScasR@DE(S. f), V€ F?, Vied, Vo€ Q.

X, yEE;

By construction we have cg1e”” <R(i)<e ™ for i € A, and this shows that the
domain #“ C C(F®). The first part of the following theorem follows from Lemma 4.3
and the second from the proof of Hambly (2000) Lemma 4.6.

Theorem 4.4. The bilinear form (6, ) is a local regular Dirichlet form on
LX(F®,u®) and has the property that there exist constants css,cse Such that for
all o € Q, we have

sup |f(x) = fD<casE(f. f) forall feF?, (4.2)
x,yekF®
1/ lloe <cas (8°CS )+ ISIR)  for all | eF°. (43)

We can also observe a scaling property of the Dirichlet form. We write p(1)(j) for
the conductance of the sets of size class j in the first division of the fractal. In the
corresponding branching process the first individual has m(Up, ;) offspring at times

log pp(/)-

Lemma 4.5. We can write for all f,g € F°,

Eny(o0)

)= S paysEENf 0 Yg o).
i=1
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5. Fluctuations in the branching process limit

We now work on Q' C Q with P(Q') = 1 where the general branching process
converges. By Theorem 3.1 we have that for all w € Q/,
ez (0) = Vi(co)W (),
where o satisfies the equation

¢y(o0)

2
E Y @™ | =D ma(i)p; pa=1. (5.1)
i=1

acd j=1

The branching process with characteristic ¢ can be written, for a fixed m, by taking ¢
large enough (using our Assumption 4.1), as

2=z,
iceA,

where z%(i) are iid copies of z%. Substituting the convergence result into the above,
and using the definition of A,, we see that

W= RGEW:
icA,
where

Wi =W (6:(0) = lim e™z}({)/}(c0).

Hence, for an m-complex E; in conductivity coordinates, we have
R@@)"W (0i(w))

W(w)
By taking the characteristic ¢;(¢) = R(i)~' and using Theorem 3.1 we can see that
this is the behaviour of the limit of the sequence of measures defined by (4.1). Note

that we can decompose W and hence the measure using any section of the tree , in
particular, by looking at the offspring of the first born individual,

(B = (52)

¢ay(o0)
W= puS)W;, (53)
i=1
Ey(o0)
[ S@uEn =3 @ WGEND) [ W),
» 1 0;(w
f e C(F®). (5.4)

We now note some bounds on the random variable ' that are essential for estab-
lishing the results of Section 6. Let o, = {x: 37 (p!)) ™ =1} and set & =max,c4 %
and o = mingcy4 o,. As the set 4 is finite we have 0 < a <& < oco. Define

o o
B=-—-1 and B=1--.
o &

Note that 0 < f/ <oo and 0 < f§ < 1.
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Theorem 5.1. There exist constants c¢s; >0, i =1,...,8 such that

s exp(—cs20 YK P(W < 8)<essexp(—csad™F), W5 >0 (5.5)
and

essexp(—esed P SKP(W > 8)<csqexp(—cssdF),  ¥o > 0. (5.6)

Proof. The upper bounds on both tails were given for a subclass of these fractals
in Hambly (1997). The arguments used there are easily extended to the affine nested
fractals discussed here.

For the lower bounds we can bound the right tail using (Liu, 1996) where exactly
this problem is analysed using characteristic functions and the above lower bound
obtained.

For the lower bound on the left tail we begin by estimating the Laplace transform
for W, @(u)=E(exp(—uW)). Using the worst case behaviour of the possible offspring
distribution, in the same way as in the proof of Hambly (1997) Lemma 3.6 we have
the existence of constants c¢y,c, such that

D(u) > crexp(—cu?™).
Now observe that
Bu) = E(exp(—ul i =s)) + E(exp(—ul )y <))
<e "+ PW <x)
and hence
P(W < x) > crexp(—cau?™) — e ™™ = (¢; exp(—cou?* + ux) — 1)e™  VYu > 0.

Choosing u = ¢3x¥*~*) and making suitable adjustments to the constants we have the
result. [

Using these estimates we will prove bounds on the fluctuation in #; more precise
estimates on the tails of 7 and finer results for this fluctuation (and that of the measure)
can be found in Hambly and Jones (2000).

Firstly, we require two preliminary lemmas. Let Tj ;_1(i)=T,,_,_, be the tree with
the root at i|n;_; for any subsequence {n;} and write Pr, for the probability measure
P conditioned on the tree T} —;(i) and E7, the corresponding expectation.

Lemma 5.2. There exist constants csg,cs.io and M € N such that if x; = cso(logk)P
and ny = Mk for each k € N, then

Pr,(Wine > X, Wi, <Xk—1) > csi0k "
Proof. This is proved using our tail estimates on W. Define i(k,k — 1) =j : ilny =
i|nk,1,j, then

Pr.(Wiine > Xics Wipn,_, <Xk—1)

=Pz, | Wipn, > Xk» Z RG)Y Wi, j <Xr—1
JETkk—1(0)
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o0
= / Pr | D RG)Wipn,_j + Rk — 1)) y<xi_y | P(Wy,, € dy)
i JAi(kk—1)

> P(Wi, € [xi,c1R(i(k,k — 1) x5 1])

<Pr | Y R Wiy <1 =iy
JAi(kk—1)

for some constant ¢; < 1. Observing that the second term in the product will be
bounded below by a constant c,, setting c3 = (¢;R(i(k,k — 1))~*)'/F and applying
the tail estimates in (5.6), gives

Pr.(Wipn, > Xt Wipn,_, <Xk—1)
1 1/B
=c(cess exP(705.6xk/ Py —ess exP(705.803xk/_’1 )

=c4k™ (1 — coexp(—(csgc3log(k — 1) — cs6logk))).

We can choose c¢sg in order that ¢s = 1, and also M large so that ¢3 is sufficiently
large to make cg exp(—(csgc3log(k — 1) —c¢s6log k))é% for all &, and hence we have
the result. [

Lemma 5.3. There exist constants c¢si1,¢512 and M € N such that if
v = ¢s11(log k)’ﬁ, and ny = Mk for each k € N, then

Ere(Wiin ({Witn, < i Wiin_, > yie—1}))-Zcsapik ™"
Proof. We begin by estimating the conditional distribution of W, for 0 < x < y,
lka(VVi‘nk 6 d'x|VVi|nA < yk, VVi|n;{,1 > J/kfl)
P (Wi, € dx, Wipn, < yis Wi, > Yi—1)
Pr.(Win, < Yis Wipn_, > Yi—1)
_PT/((VVi\nk € dx, ZjeTM,](i) R(l‘)“VVﬂnk,l,j > Vk—1)
PTk(VI/i|nk < yka ZjeTkykil(i)R(i)aVVi‘nk,],j > yk—l)

- P(Wiy, € dx) Pr, Qi1 RG Wipne_j > yi—1)
T PWin, < 30 PrQjer iy RO Wiin_j > Vi1 Wi, <x1)’

As PTk(Z]%éi(kﬂk—l)R(i)aVVl.‘”k—lgj > yr—1) — 1 as k — oo there is a constant ¢; such
that for 0 < x < yy, for all k£ > 0,

Pr,(Wipn, € dx[ Wi, < Yi> Wipn,_, > Yi—1) Zc1P(Wyp,,, € dx| Wy, < yi)
and thus

Er, (Wipn [ Witn, < Yis Wipne—, > Yi—1) Z 1 EWipu [ Wi, < i) (5.7)
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Now
Vi
EWin | Wi, < ) = / B(Winy > x| Wipn, < yi)da,
0

= O VPWipn, > c2viWign, < y1).

Finally, using the left tail estimates on W in (5.5), we see that if ¢y < (csa/csa)f,
then there exists a constant c¢3 such that

[E(VVi|nk|VVi|nk < J/k)203yk‘ (58)

To complete the proof we follow the same arguments as in Lemma 5.2 and hence
choose the constants ¢5; and M to obtain the estimate

Pr,(Witne < Yk Wi, > k1) =cak ™!
Putting this, (5.7) and (5.8) together gives the result. [J

Theorem 5.4. There exist constants cs; >0, i = 13,...,16 such that P-a.s.
Win .
C513 % llnn’_l)gf W <csy4, p-ae. i €T
and

C515 < lim sup
n— oo (l

)ﬁ\ csi6, p-ae i€ T.

Proof. We begin with the limsup case. Recall that we have assumed that we are
working in Q' in which the W; exist and are non-zero.

For the upper bound we use the first Borel-Cantelli lemma and need to show that
almost surely under P there is a constant ¢; such that

Z U Witn >c | <0
— "\ (logn)! '
By definition of the measure it is enough to show that

[EZ ZR(i|n)“VVi\n[{Wi‘,,>cI(logn)ﬁ} < oQ.
n €T,

By construction we have an upper bound on R(i|n) <ce”*". Now, conditioning on the
tree 7, and using the independence of 7, and W;),, we have

[EZ ZR(I|I’I) W\n[{W‘,,>cl(logn)ﬁ} Ze_nz[E(Zd))E(W]{W>c1(logn)/3})
n ieT,

As e_””[E(z )<c3, we just require an estimate on E(WI(y . ognyry)- Using an inte-
gration by parts and the estimate given in Theorem 5.1, we have

EWIw > cy(tog nyy ) < ca(log n)' =y

Thus by a suitable adjustment of the constant ¢s we have the result.
For the lower bound, it is enough to prove that almost surely under P,

{(Wij, =csaslogh)f i0.) =1,
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where {n;} is the subsequence which appeared in Lemma 5.2. Using the proof of the
second Borel-Cantelli lemma, if F;, is a sequence of events, then

pllimsup F) =1, if Y u(F|Fyy,....Ff) = o,

where Ay,...,Ay = A1 NN A,. Let the events Fy = {i € T,,: Wy, =ci(logk)F)}.
We can write

—1
WCFE s FIFDUCEE)
WF|F7_ ..., C):(1—&— (5.9)
- i U(FE_ s FS[FOu(FL )
As the sequence W;, has a Markov structure, in that
Wines = > RGY Win_, o
JETkk—1(i)
we can estimate the term
WCEE s FYIFDUCFY) (5.10)

WEG_ s FY|FOuFr)
This gives, for 1<i<k — 2,
WCFF|F7 s ) = w(FF |FF s F) = n(FTFT )
Substituting this into (5.10) and cancelling leaves
Wy - S FEIFOREY) — p(FEFEy)
WOy FYIFORF) — n(FFi_y)|
Note that the top term is bounded above by 1. For the bottom term we will write

x; = c1(logk)P, and observe that
WFGFE ) = Y e Wi I Wi, > x Wi, <xk1}): (5.11)

i€T,,

We will prove that there exists a constant ¢s such that

W(Fi FY_)=csk™', VkeN, P-as. (5.12)
With this bound we have that

Z,u(Fk\F,S_l,...,FlC) =00, P-as.,

k
which gives the result.
Thus all we need to establish is (5.12). Rewriting (5.11), we have

.u(F/ﬂFIS—l ) Zxk‘Tn/ffl ‘eikak’

where |T,| denotes the size of the tree 7, and

Z I Wi > X Wi, <Xk-1})-

i€T,

1
By=—
|Tnk—l |
By the convergence of the general branching process we have |7, |e”**-! — ¢; as
k — oo. We will use the independence of the W;), for fixed n and a straightforward
large deviation approach to estimate the behaviour of Bj. Let

g (e —ng—1)
Xijm_, =¢ E : [{Wi|nk,1,/>x/uWi|nk,] <we—1}
JET k—1(P)
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and also let )?,-‘nkfl =Xin,_, —E(Xi}p,_,) and E":Ziem,l )Z',-WH. With these definitions

we have

By

B, =
k |Tn

+ E(Xij,_,)- (5.13)

ol

Now, using Markov’s inequality and the independence,
P(Br < —x) = P(e” " > &™),
< e—OX[E(e—()Bk)

= e gu(0)/ ",

where ¢;(0) :Eexp(—())?,",,kfl) (which exists as )?,-‘,,H is bounded below). We now
recall the elementary inequalities that 1 —x<e™ forx e R and e ™" <1 —x + %xz for
x € R.. Applying the upper bound we have

d(0) = Ee™Pitne— ~EKin_,))
SE (1= 0K, — EXijn,_ ) + 30° Xy, — EXijn,_))?)
< 1+ 160°var (X, )
and then the lower bound,
P(Br < —x)< exp(—0x + 107 var(Xi,, )| Ty, ]).

Optimizing over 6 we have

2

P(Br < —x)<exp { —3 '
( < _x) exXp ( 2 Var()(i‘nkfl )‘ Tnk—l ‘ >

Hence, choosing x = ¢gEX;),, |7, _,| for some constant cg < 1, and using the relation-
ship in (5.13), we have a constant cg = %(1 —¢g)* > 0, such that

(EXip_,)? ) _

i) (5.14)

P(Bk < (1 - CS)[E‘Xi\nkA)geXp <69Tnkl|

We estimate EX;),, , by conditioning on the tree to get
EXipn,_, = E(Tis1(0)e™ "B 1, (Wi, > Xty Wi, < X41).
Thus, using Lemma 5.2, there is a subsequence such that
EXijn, , =crok ™"

As var (Xj),,_,) is bounded above by a constant we see that there is exponential con-
vergence in (5.14) and hence By >cj1k~' almost surely. Thus we have established
(5.12) which concludes the proof for the lim sup result.

We now turn to the liminf case, which is similar but requires some modifica-
tion. For the lower bound on the liminf we use the same argument as for the up-
per bound in the limsup case. For the upper bound we can argue as in the lim sup
case and hence we need to establish (5.12) for the appropriate choice of events
Fi = {Wipne < ks Wi, > yi—1} where yi = cio(logh) 7.
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However, if we write (5.11) in this case, we only have
:u(F/ﬂFlgfl)> |Tnk—l |e_kal/c’

where

B;c_ | | Z W\nkl({W\nk >yk,W\nk lgyk 1})
g —1 iet,

To apply the large deviation argument we write

/ _ (g —ng_1) g .
il — © § : I/V"n/cfl:’I{W'i\nk_l,i>y/wVVi\nk_| <yk—1}
JETkk—1(7)

and X, —X"nk ]

show using elementary inequalities and optimizing over 0, that

~/ ~/
iy - E(X}),, ) and B, = ZieTnkilXi‘nk—l' Now, as before we can

~/ 1 x2
P(B —x)<ex . 5.15
( k ) p( 2 ar(X )Tnkl> ( )

|75 —

Hence, choosing x:clg[EXW ] |T,,_,| for some constant ¢y3, we have a constant ¢4 > 0,
such that

(X}, _)?
P(B; < (1 — c13)EX; |nk 1)\exp< ar( l T, >
i|ng— Me—1

We condition on the tree and on this occasion use Lemma 5.3 to show that there is
a constant c¢;5 and a subsequence such that

EX; >cisyek ™!
Thus

STPBL < (1-cin)yk™) < o0
k

and By =(1 —c13) yek~™! eventually almost surely. As y; decreases as a logarithm, we
can adjust the constants to ensure that ), u(Fy,Fy_,) diverges and hence we have the
liminf result. [J

For the spatial fluctuation we can prove the following result in a similar but much
more straightforward manner, see Liu (1999) and Hambly and Jones (2000).

Theorem 5.5. There exist constants ¢s; >0, i =17,...,20 such that P-a.s.

cs17< lim inf

"<
n—00 i|neT, N ﬁ' SO
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and

. I/Vi\n
csa9< lim - sup —= <520,
"= lnet,

6. Fluctuation in the transition density

In this section we will omit reference to the underlying probability space unless
required. There is a transition semigroup associated with the Dirichlet form (&, %)
and it will have a transition density p,(x, y) with respect to the measure p. As the
Dirichlet form is local and regular there is also an associated Feller diffusion process
({X:}0,P*, x € F). In Hambly (1997) bounds were found on p,(x, y) which were
not tight and indicated that there might be fluctuation in the heat kernel in space. Here
we will show that this fluctuation occurs in both time and space.

We will take our first step toward uncovering the temporal fluctuation in the heat
kernel by proving that there is some fluctuation in the on-diagonal Green density. The
results for the heat kernel will then follow from Tauberian theorems.

Let g4(x,y) denote the Green density for the process killed upon leaving the set
A, and g,(x, y) denote the A-Green density. Let T ) =inf{r>0: X, & D,(x)} be the
exit time for the set D,(x). Observe that from Hambly (1997) we have the following
estimate on the A-Green density in terms of the killed Green density,

9,(%,%) = gp,) (%, X)P (Tp,xy < (),

where (; is an independent exponentially distributed random variable with mean 1//.
As it is possible to estimate the Green density for the process killed on exiting the set
D, (x) we have a constant c¢g; such that

gi(x,x)=cere” " if PX(Tp, > C;_)S%. (6.1)
By an elementary modification in the proof of Lemma 7.9 of Hambly (1997) we have
the following.
Lemma 6.1. There exists a constant cg» > 0 such that

PX(Tp, > () <3 if AE*Tp,x)<cea. (6.2)
The following lemma gives control on the exit time from a neighbourhood.

Lemma 6.2. There exist constants cg3,ce4 > 0 such that

06.39_(“+1)nWi|nSEXTDn(x)éff’éAe_(“H)” Z Win|, VYx€F.
JENJ(D)

Proof. From Hambly (1997) Section 6 we can control the supremum of the exit times
from a cell. Observe that there exists a fixed constant ¢; such that

sup  gp,)(»,2)< sup gp,)(z,z)<cre” "
»,2ED,(x) z€D,(x)
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Thus, for the upper bound, we have

sup E’Tp,x) = sup / 9o, (¥,z)u(dz)
YED,(x) YED,(x) J Dy(x)

< / sup  gp,)(y, y)u(dz)
D,(x) yED,(x)

< cre”" u(Dn(x)).

By using the results of Section 6 of Hambly (1997) it can be shown that there exists
a constant ¢ such that

gp,0)(x, y)Zce™", VX, ¥ € Ey(x).
Using this there is a lower bound on the exit time,
EXTDM(X) >c3e "uW(E,(x)), Vx €F,

and using (5.2) gives the result. [
We prove our fluctuation result in two parts, the upper and the lower bounds.

Proposition 6.3. There exist constants cgs,c66 > 0 such that P-a.s.

gi(x,x)

C65< llirggf 7T (log log £) P/ u-ae. x € F (6.3)
and
Ce6 < limsup - 9)(%,%) u-a.e.x € F, (6.4)

00 /L_l/(oﬂ‘l)(]og log /l)/}/(“"']) ’

Proof. We first prove (6.4). Using (6.2) in (6.1), we see that
g;(x,x))c().le*" if )»EXTD”(X) <Cpo- (6.5)

Now, from applying Theorem 5.4 in Lemma 6.2, for pu-a.e. x € F we can take a
subsequence my such that

E*(Tp,, )=ci(logmy)’ exp(—(o + 1)my).
Further, if we define the sequence {4} by
Ak <cy'(logmy) P exp((o + 1ymy),
we have
e~k 21;1/(“+1)(10g log ;Lk)/i/(oc-H).

Replacing this in (6.5) we have (6.4), the lower bound on the lim sup.
For the lower bound on the liminf we take the full sequence W), so that

E*(Tp,)=ca(log n)_ﬁ, exp(—(a+ 1)n) for p-a.e. x € F.
Then, if
In<cs ' (logm)¥ exp((a + 1)),
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we have
e ™" =2 D loglog 4,)F/0+D,
Replacing this in (6.5) we have (6.3). [
We can also tackle the upper bound using the scaling argument of Hambly et al.
(2000a). Let
yﬁ) — {f c FOo. f|F0 _ 0}, !970 i(w) {f c FO. f oF; € g(u},

7 ={f e P(F,p0): 3fi € 7V, flyiene = [}

:{feg’f‘“ﬂFl:O}

Set £7(f,9) = X, po&™ O (f1,9:) for f,g € F° . Then, (6°,%") is a regular local
Dirichlet form on L?(F, u). Note that

FoCTFOCTF CF. (6.6)
Let gg"”, g¢ be the J-order reproducing kernels for (6, 7§ ) (6% F ), respectively.
Also, let § .“,g;” be the A-order reproducing kernels for (£, v f),(éﬂ“’, 7", respec-
tively. Note that by the same proof as that of Lemma 4.3, the former kernels are
continuous on F X F and the latter are continuous on Uf\fl Vi(F) X Yi(F).

Lemma 6.4. For each x € F\F},

37 (xx) <47 (n ) g5 (6x) g7 (x, ).
Proof. Noting that

inf .
PRI A ©7

where &, ={u € Z: u(x)>1} and 69 (u,u)=E(u,u)~+ A||ul|3 (similar formulae also
hold for ¢ w,g? “.4;"), we obtain the result using (6.6) (see Hambly et al., 2000a).
[l

Lemma 6.5. For x € F\Fy, we have
g7 (x) = podo 1, (W), Yi(x)),
(U(x x) p@gpmt(E,-)*I}.(lpi(x)a lpl(x))

Proof. This can be proved by an application of the decomposition of the Dirichlet
form in Lemma 4.5, the decomposition of the L? norm of functions in domain (5.4),
with the definition of the A-Green density in (6.7). [J

Iterating Lemma 6.4 using Lemma 6.5 and setting t;), = p,-‘nu(tp”n(F))*l, we have
for x, € F\F,,

g; O (&, %) < pt\ngm A(wl\n(xn) %n(xn))

< pi\ng%ni(lpi\n(fn )a wi\n(fn)) ggvf(imin) (68)
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Now for x € F\F and A > 1 we can choose n such that 7;,_; </ < 7;),. By our
choice of A, and the fact that g, is decreasing in A, we have that

Piln—195,(6:X) < Pilngy (6, %) < pijngs,,_ (x.X).

If we write x=1;,(X,) and apply (6.8) with 2=1 to both sides of the above inequality,
there are constants cg7,c¢g such that

g(]),w('fna-fn) < pilng(f(xax) <06,7g7)(l//i,,(~fn )7 l//i,,(fn)) <cﬁ.87 (69)

where cg3 = 67 maxyero gP'(x,x). We can check that this constant is deterministic
following the proof of Fitzsimmons et al. (1994) Theorem 4.1. As, applying (4.3), we
see

sup gw(x x) < sup SupyEFU) g(lu(-xa J’) sup Supyer f(y)l <
T ) <cCap.
xere 1 xXeF® \/m feFo \/gw(f>f) -+ ||f‘|%

We summarize in the following lemma.

Lemma 6.6. If 7;,_; = e**!" Wt@l <, then there exists a constant cgo such that

—1
95 (6. x) < C69P;, -

Proposition 6.7. There are constants cg19,¢6.11 > 0 such that P-a.s.

. g:(x,x)

h)ﬁ?f A=+ (log log A)—F'/(a+1) S¢i0,  praex el
and

. g(x,x)

hzniilip T (log log 2P+ D <c611, M-ae.x€F.

Proof. Observe that due to the estimates we have on p;, and u, there exist constants
such that
) VVi‘—nle(aJrl)n <Ti\n <o VVi‘—nle(a+1)n’ Vl, Vn.

By Theorem 5.4, for u-a.e. x € F' we can choose a subsequence {n;} such that

/1‘ 26‘3(10g i’lk)ﬁl.

Wi,
Thus, if
Jx =5 (log ) exp(—(a + 1),
we have for p-ae. x € F,
g)'k(x’x)gpiTnlk <e ™ </1;1/(““)(10g log /lk)—/)"/(oc-H).

Replacing this in the above we have the bound on the liminf. If we just use the
worst-case bound for Wt;ll in Theorem 5.4, as in the demonstration of (6.3), we have

the lim sup upper bound. [J

We combine the above bounds in order to state a theorem for the fluctuation in the
Green density.
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Theorem 6.8. There exist constants cg; > 0, i =5,6,10,11 such that P-a.s.

Cos5 < hm inf 9:(xx)

M It G (log log ) /G S0l frae.x € F (6.10)

and

Co6 < limsup - g%, )
66 O F e D(log log 4 )P/t

)\06.11, u-a.e. x € F. (6.11)

We now need Tauberian-type arguments to obtain the limit result for the transition
density. The fluctuation prevents us from using Karamata’s Tauberian theorem and we
thus take a bare hands approach.

Theorem 6.9. There exist constants cg12,¢6.13 > 0 such that P-a.s.

(%, x) <c
— a/(¢+1)(10g|10g,D/;/(x+1)\ 6.13

Cco12 < hm sup u-a.e.x € F.

Proof. The upper bound is easy. As p;(x,x) is non-increasing w.r.t. £, we have

9,(x,%) = py(x,x) /0 Lo dg pie,x)(1 — e ")/

Taking ¢ = 1/4, the result easily follows using (6.11). For the lower bound, as p,(x,x)
is non-increasing w.r.t. ¢, using the upper bound just obtained, we have for small ¢ > 0,

t
9.0, %) < / po(x.x)e™ " ds + pi(x,x)e” " /A
0

t
< ¢ / sT(s)e M ds 4+ pi(x,x)e /A
0
for some ¢; > 0 where we set y=0o/(«+1) € (0,1) and I(s) = (log|log s|)”/*+D. Note

that I(s)=1(1/s) for s > 0 and [ is a slowly varying function, i.e. lim,_, . /(cx)/{(x)=1
for all ¢ > 0. Now,

t At
/ sT(s)e M ds = )f“*”")/ sTT(s/A)e™ " ds
0 0
At
< 27012 / sT e ds = AP I()h(It)
0
for all ¢ > 0 where we use the fact /(s/4)<I(s)I(A)<t~¢l()) for s small and /A large.

As h(co)=T(1 —y —¢), h(At) — 0 as At — 0. Take ¢; > 0 small enough so that
c1h(cy) < ce6/2 and take ¢ so that At = ¢;. By the above, we then have

pix,x)  pux,x) >CZ{ g:(x,x)
) (et (eaft)” 2—U=D[(})

By taking the limsup as 4 — oo, we obtain the desired lower bound. [

— clh(cz)} .

For the lim inf behaviour we do not yet have a completely sharp result. The following
is obtained in the same way as the upper bound of the above theorem using (6.10).
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Theorem 6.10. There exists cg14 > 0 such that P-a.s.

. . pt(x9x)
i I e log]log )P/

; <c¢14, p-a.e.x €F.

We remark that it is possible to get the following lower bound: if ' < 1, then there
exist constants cg15 > 0, f” such that

(X, X
€615 S hml(?f t—a/(x+1)(1(f)g|(10gt)|)—ﬁ"/(oc+1)'
This requires the use of a sharper estimate on the tail of the hitting time distribution
than that found in Hambly (1997) Lemma 7.7 and we do not give the argument here.
Note that the exponent for the iterated logarithm correction term are different in the
two bounds. We anticipate that it is the upper bound which is tight.

We now discuss the spatial fluctuation. From the results of Hambly (1997) there are
upper and lower bounds on the limsup and liminf, respectively. In order to establish
the corresponding lower bounds we follow the same approach as above. We have an
expression for the local Green density in terms of the sequence of random variables
Wija- If we choose a subsequence which approaches the worst-case behaviour of this
sequence it will demonstrate the required worst-case behaviour of the Green density.

Theorem 6.11. There exist constants ce g, .. .,C619 > 0 such that P-a.s.

616 < lim inf 9:(%,%)

i—ooxeF )~V (log A)=F/(a+1) SC6.17 (6.12)

and

Ce18 < lim sup - 9/(%,x)

00, SUD TG (log AP S €619 (6.13)

As before we can apply Tauberian theorems to obtain the spatial fluctuation in the
heat kernel.

Theorem 6.12. There exist constants cerg,ce21 > 0 such that P-a.s.

Co20 < lim su Pi(x%,x)
620 < 1} SUP FST [log [y

) <C621-

For the liminf result we can use (Hambly, 1997) Lemma 8.3 to get control on the
lower bound.

Theorem 6.13. There exists a constant cgr > 0 such that P-a.s.

lim inf Pi(x,x)

A2k 1 ([log 1)) PTG D S 6622

and constants cgp3, " > 0 such that

Pi(x,x)
co2 S i 10t T (log () P
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