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A Lévy process X, (t > 0) valued in IR? is, by definition, a stochastic pro-
cess with stationary independent increments: X, — X, is independent of
the (X,)o<y<s and has the same law as X;. Brownian motion and Poisson
processes are examples of Lévy processes that can be qualified as monofrac-
tal; for instance the Holder exponent of the Brownian motion is everywhere
1/2 (the variations of its regularity are only of a logarithmic order of mag-
nitude). These two examples are not typical: we will see that the other Lévy
processes are multifractal provided that their Lévy measure is neither too
small nor too large near zero. Furthermore their spectrum of singularities
depends precisely on the growth of the Lévy measure near the origin. Be-
fore stating our main result, we need to recall some basic definitions and
properties of Lévy processes and multifractal functions.

The characteristic function of a Lévy process X, (valued in IR?) satisfies
[E(e!HX)y = ¢~V where

v (A) =ialr) + %Q(k) +/ (1 =™ i) 1) w(dx) 5 (1)

R4
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Q is a positive quadratic form and 7 (dx) is the Lévy measure of X;, i.e. a
positive Radon measure defined on R¢ — {0} satisfying

/(1 Alx|P)7(dx) < oo . (2)

The Lévy measure is usually not integrable in the neighbourhood of the
origin; this is in particular the case for stable Lévy processes of index S
which satisfy (in polar coordinates) 7 (dr, d8) = r#~'drv(d6) where v is
a finite measure on the unit sphere. When JT(IRd) = 400, the growth of the
Lévy measure near the origin can be estimated using the upper index

,B:inf{yzO: / |x|¥ 7 (dx) <oo}
[x[<1

This index was introduced by R. Blumenthal and R. Getoor in [3].
W. Pruitt in [ 14] showed that the Holder exponent of Lévy processes (with-
out Brownian component) at + = 0 is 1/8. Condition (2) implies that
0 < B < 2, and when X, is a stable process, this definition coincides
with the definition of the stability index.

Let us recall the basic definitions concerning multifractal functions. The
starting point is the definition of pointwise regularity C'(ty). Let t, € R
and let / be a positive real number. A function f(¢) is C!(ty) if there exists
a constant C > 0 and a polynomial P, of degree at most [/] such that in a
neighbourhood of £y,

|f(t) — P, (1) < Clt — 10" .

Note that this definition is local and involves no uniform regularity; further-
more, f canbe C'(t) for alarge [ without being continuously differentiable
at tp: Indeed continuous differentiability at #, implies differentiabilty in a
neighbourhhod of #, which is not implied by this definition. The Holder
exponent of f at t; is

hy(t) = sup{l : f € C' (1))

(we emphasize that this definition is not sensitive to logarithmic corrections
in the modulus of continuity so that, for instance, with probability 1 the
Holder exponent of a sample path of the Brownian motion is everywhere
1/2).

The multifractal analysisis concerned in the study of the (usually fractal)
sets S, where a function f has a given Holder exponent / and in particular
in the determination of the Hausdorff dimension d (k) of S;. (Recall that
dim()) = —oo, so that, for instance, d(h) = 0 implies that there exists
at least one point of Holder exponent 4.) The function d(h) is called the
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spectrum of singularities of f. The notion of ‘multifractal functions’ was
first introduced by physicists in the context of fully developed turbulence,
see [8]. Since then several mathematical functions were shown to be mul-
tifractal, i.e. were shown to have a spectrum of singularities supported on
an interval of non empty interior, see for instance [9] and references therein.

We can determine immediately the spectrum of singularities of Lévy
processes in four cases:

e X, is deterministic; then X; = Ct and d(h) = —o0 Vh.

e X, isacompound Poisson process with drift; then X; is piecewise linear,
with a finite number of jumps on any bounded interval, so that d(0) = 0
and d(h) = —oo else.

e X, is a Brownian motion; then d(1/2) = 1 and d(h) = —o0 else (see
[4], [6] and [13]).

e X, is the superposition of a Brownian motion and a compound Poisson
process with drift; one easily checks that d(0) = 0, d(1/2) = 1 and
d(h) = —o0 else.

Let
dg(h) = Bh if he[0,1/B]
= —o0 else;
dg(h) = ph if he]0,1/2]
=1 if h=1)2
= —o0 else.
Let

C; =/ _ _JT(dx) ;
2771 <|x| <27

the exponent B can also be defined using the C;’s by

log C;
B = sup | 0, lim sup %8,
Jj—>00 J10g2

Our purpose in this paper is to prove the following theorem.

Theorem 1. Let X, be a Lévy process of évy measurer (dx) satisfying
B > 0and

3027 /C (14 C)) < o0 ®)
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¢ If X; has no Brownian componef® = 0), the spectrum of singularities
of almost every sample path &f is dg(h).

¢ If X; has a Brownian compone(® # 0), the spectrum of singularities
of almost every sample path &f is dg ().

If B =0 butr(RY) = +o0, for eachh, with probability 1, d(h) = 0.

Remarks.

1. If Condition (3) fails, there exists a subsequence j, such that

270/Cj, log(1+C;,) = 1/ -

Since 7 is a Lévy measure, C;, < 2%/ for n large enough, so that
27 /C;2j, = 1/j7

hence C;, > 2%/2j3, so that B = 2; thus all Lévy processes of upper
index 8 < 2 satisfy the assumptions of Theorem 1, or fall into one of the
cases we already considered. In fact Condition (3) is slightly stronger
than stating that v is a Lévy measure (which, near 0, is equivalent to the
requirement ) C j2_2j < 00). In particular all stable Lévy processes
are covered by this theorem.

2. In [13], S. Orey and S.J. Taylor proved that if X, is a stable symetric
Lévy process, the Hausdorff dimension of the set of points where the
Holder exponent of X, is at most h is fh. Note however that their
method cannot give regularity results at these points.

3. When B > 0, the assertion expressed in the theorem is stronger than
stating that, for each h, d(h) has almost surely a given value, which
would not be sufficient to determine the spectrum of singularities of
almost every sample path.

4. The almost everywhere Holder exponent of Lévy processes without
Brownian component is 1/, see [14], which of course agrees with the
theorem (case where h = 1/8).

5. Many results have been proved concerning the fractal nature of the range
of Lévy processes, see for instance [15], or [ 12] for references concern-
ing ‘Lévy flights’, or [1] for results concerning the range of subordina-
tors.

At the end of the paper we will also answer a question of Jean Bertoin
concerning the existence of moduli of continuity for Lévy processes outside
the jump points.
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1. Preliminaries

Since Lévy processes have independent increments, we can restrict our
study to the interval [0, 1]; indeed, if Theorem 1 is proved for ¢ € [0, 1], the
spectrum on any other interval [k, k 4 1] will be the same, and it will thus
also be the spectrum on R ™.

Any Lévy process can be decomposed as a sum of three independent
processes:

e A Brownian motion with drift of covariance matrix Q.
e A compound Poisson process, of Lévy measure 1|~ (dx)
e A Lévy process of Lévy measure 1< (dx).

We can clearly forget the second term, since it is piecewise linear, and
won’t affect the spectra given by Theorem 1. We will momentarily forget
the Brownian component, and we will see at the very end of this paper how
adding this component affects the spectrum. Thus, we now focus on the
study of the last term, that we also denote by X,.

Up to a linear term (which does not affect the regularity), these Lévy
processes can be constructed as a superposition of independent compensated
Poisson processes X; which have jumps the size of which belongs to

Ty={x: 2777 < x| <277} .
Let Y,j be the compound Poisson process of Lévy measure
mj(dx) = 1r,(x)m(dx)
and let X t] be the compound compensated Poisson process

X,j = Y,j —t/ xmi(dx) ;
]Rd

the X ,’ are independent processes and X; = Zj’;l X ,j .

Denote by N; the number of jumps of ¥, (hence of X ,’ )in [0, 1]. It is
a Poisson variable of intensity C; (and thus of expectation C):

P(N; = N) =e¢ “C;N/N!
We will use repeatedly the following lemma.

Lemma 1. There exist€’ such thatif N is a Poisson variable of intensity
Cc>C,

P (|N —C| = v/C(log C)z) < ¢ W20 4)
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IP<|N—C| 24‘/ClogC> <1/C7, (5)

and there exist® > 0 such that

P (N —C| > C/2) < e PCleC (6)

This lemma is a direct consequence of Stirling’s formula, however we sketch
its proof for the sake of completeness; (6) is derived by summing the proba-
bilities for |N — C| > C/2 which is straightforward to bound because these
probabilities decay geometrically.

Suppose now that [N — C| < C/2; by Stirling’s formula,

n—C+n(log C—logn)

IP(N =n) = NG (I+o(1) ,
thus, if [N — C| < +/C(log C)?,
—a%)2C
P(N —C =a) = e (1 +o(1)) . (7

Since IP(N = n) decays with [n — C|, IP(+/C(log C)> < [N —C| < |C|/2)
is bounded by 2\%@_“‘%’ ©)*/2_ hence (4) holds.
Similarly, the sum of the probabilities for 4,/ClogC < [N — C| <
V/C(log C)? is bounded by
—(44/ClogC)?/2C 1
e
3/ClogC)———M—— < —
VC(log C) 7 <=

hence (5) holds.
It follows immediately from Lemma 1 that, for every given j,

P(N; >2C; + j) <e™ 8)
(consider separately the cases 2C; > j and 2C; < j); and similarly,

P(1N; - Cjl = 4(V/Crlog €+ j)) < 1/47 . ©)

We now define the random fractal sets on which the Holder singularities of
X, will be situated. Let F; be the set of the jumps of X /, and let § > 0;
denote by Aj the union of the intervals of length 2 - 27 centered at the
points of F; and by Es the random set

Es = limsup A] .

j—o00



The multifractal nature of Lévy processes 213

Lemma 2. Almost surelyVvs < 8, every point of0, 1] belongs toEs.

This is a consequence of a result of Shepp concerning random coverings
of the circle, see [16]. We will actually rather use the following equivalent
formulation given by Lemma 3 (see [2], where Bertoin uses this lemma in
order to determine which Lévy processes with unbounded variation have
exceptional points of differentiability).

Denote by A the Lebesgue measure on IR and let i be an arbitrary
measure on (0, 1). We consider a Poisson point process £ with intensity
A ® . Corresponding to each point (x, y) in 2 we associate the interval
(x —y, x + y) of the real line, and we consider the set of points covered by
these intervals

v=J G—y.x+y .

(x,y)e2

Lemma 3. If the integral

1 1
/0 exp{2/ u((y, 1))dy} dt

diverges V = R almost surely.

Let us now prove Lemma 2. The process of the jumps of a Lévy process
Y; of Lévy measure i is a Poisson point process with intensity A& . We now
consider the Poisson point process of intensity A ® m;, where 7r; denotes
the image of 7 1|;|-,-s by the mapping y — |y|®. The corresponding set V
is contained in |_J i=J Ag . Thus, in order to prove Lemma 2, it is sufficient
to prove the divergence of the integral

1 1
/ exp{2/ 7] ((y, 1))dy} dt . (10)
0 t
Note that

1 1
/ 7] ((y, 1))dy=/w (/ . 2_J71(dx)> Suldu .

Let us now prove that (10) is divergent when § < B. Let w(u)
= fu<m<2,, 7(dx); wis decreasing and if u € [27/72, 2777, w(u) > C;.

Denote by j(¢) the largest integer j such that t!/% < 2=/(=2;
2-i-1

1
/ a)(u)Su‘s_lduzf a)(u)(Su‘s_ldu
t

1/8 2-j-2
>C;5 (2—1'(:)—2)3—1 2—j(n-2

= ;5273004
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Thus the function 2 ftl 7 ((y, 1))dy is larger than %2*‘” on the interval
[(27/73)3, (2777%)%]. Letr besuch that§ < r < B.If jissuchthat C; > 27/,

@7y 1 _ 5 .
/ exp {2f 7 (v, 1) dy} > 27U+ exp {—2“—5)/}
(2-i-3)? t 2

Since there exists an infinite number of such js, the integral (10) is divergent;
hence Lemma 2 holds for a fixed value of § picked smaller than §, hence
for a sequence §,, — . The result follows for any é smaller than 8 because
the E; are decreasing.

The following lemma of [9] yields an upper bound for the Holder expo-
nent of X;.

Lemma 4. Let f be afunction discontinuous on a dense set of ppirgsiR
and letr,, be a sequence of points of discontinuityfafonverging ta such
that, at each point,,, f has arightlimit and a left limitdenote byA (f)(r,)
the jump off atr,. Then

log [A(H G|

h¢(t) < liminf
() <limin log [ry — 1]

Since Lévy processes are right-continuous with left limits, this lemma can
be applied to X, and yields the following bound for the Holder exponent of
X,

If teEs then hx(r) <1/ . (11)
Note that (11) together with Lemma 2 implies that almost surely
vie RY h(t) <1/B . (12)

Denote by Rs (§ > 0) the set of ¢ € [0, 1] such that the Holder exponent
h(t) of X, satisfies h(t) = 1/8. The following proposition (which is a direct
consequence of (11) and of Proposition 2 below) compares the Rs with the
E;s.

Proposition 1. LetS be the countable set of all jumpsXf; if 0 < § < oo,

Rs = (ﬂ E) —~ (U E,,) -5 . (13)

a<s b>48

If § = o0,

Ry = (ﬂ E) U S . (14)
a>0
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Note that, since the Es are decreasing (in §), the @ and b in (13) and (14)
can be chosen to belong to a fixed countable set.

Let us first obtain an upper bound for the dimension of Rs. Using (8),
with probability at least 1 —2¢7%/,¥§ > B, A} is a union of at most 2C; + j
intervals of length 2 - 27%/; using these intervals for j > J as a covering,
we obtain that, with probability 1, V§ > g, the Hausdorff dimension of E;
is bounded by 8/§. This implies that with probability 1,

V6 > B dimy(Rs) < B/S .

In order to obtain a lower bound for the dimension of Rs when 8 > 0, we
will show Section 3 that a certain 8/§-dimensional measure s supported
by Es satisfies

0 < us(Es) < +00

and
V8’ > 8, us(Es) =0 ;

this implies that us(Rs) > 0, hence that dim gy (Rs) > B/58. The case 8 = 0
will be treated separately at the end of Section 3. Thus the proof of the first
part of the theorem is reduced to proving Proposition 1, which will be done
in Section 2, and to obtaining a Hausdorff 8/8-dimensional function for the
Es, which is done in Section 3.

2. Alower bound of pointwise regularity

Our purpose in this section is to show that the apparently crude upper bound
of regularity given by Lemma 4 is actually optimal for Lévy processes.

Proposition 2. Suppose that3) holds and let§ > 8 be a fixed number.
For almost every sample path &, if 7, is not a jump point of;,

th¢ Es = hx(to) > 1/5 . (15)

Note that Proposition 1 immediately follows from Proposition 2. We will
prove the regularity of X, by estimating the increments of the X; on inter-
vals of length between 2~ and 27"*!(= [). We will first prove uniform
(i.e. independent of ) bounds on such increments. Two cases have to be
considered depending on whether many or few points of jump fall in such
an interval. The first case will be considered in Lemma 5, and the second
case in Lemma 8.

The constant C| which appears in the following lemma is a universal
constant which will be defined in Lemma 6.
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Lemma 5. There exists/y > 0 such thaty; > J,, the following event
holds with probability at least — 2/;7:
Vm satisfying

2" jm (16)

with probability larger thanl — e~2ivm s ¢ € [0, 1] such tha™" <
ls —t] <27,

X! — XJ| < 16(d +2)27m (@Ht—sl leong) - A7

Note that, if m and C; satisfy (16), there exists D > 0 such that
C; = Dj, (18)
and Lemma 1 implies that, for j large enough,
P(N; —C;| > C;/2) <e™/ . (19)

Note also that (16) implies that, if j is large enough, m < 3.

Proof of Lemma 5The process X ,] can be written as the sum of two (de-
pendent) compound compensated Poisson processes

X/ =0l + Rl

where Q,j and Rf have their jumps at the same time as X 'f ,but Q{ has jumps
of constant size

1
Aj=— wi(d
=g [rman
while the expectation of the jumps of R,j vanishes. (Note that |[A;| <27/.)
Let us first estimate the increments of Q{ :

Q] = AP/ —C1) (20)

where P,j is a Poisson process (with jumps of size 1). Since C; > Dj,
Lemma 1 can be applied. _
We condition the Poisson process P, by the event

{P,j has exactly N jumps on [O, 1]} ,
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and we pick N in the interval [C; — ,/C;logC;, C; +,/C;log C;], which
holds with probability 1 — C’/j” by (5) and (18). The N times of jump are
now N independent uniformly distributed random variables on [0, 1], and
thus the process

. piN
ol = JN( ;v — z) Q1)

is an empirical process on [0, 1] (the letter N in the notation P/ Nis a
reminder of the conditioning). The increments of the empirical process can
be estimated using the following result which is a particular case of Lemma
2.4 of Stute [17]. 0

Lemma 6. There exist two positive constar@$ and C), such thatif 0 <
I <1/8, Nl >1and8 < A < C{v/NI,

. ) C’
IP( sup | — /N > Aﬁ) < 72e—A2/64 . (22)

lt—s|<l
Using the definition of ;"
01" = 0" < 11PN = PP = i = )]
N BN
< |A;I(WNla]"™" — o ™|+t —s]|C; — N|) .

We apply Lemma 6 with A = 16j/?m'/* and I = 27! in (22). Since
N > C;/2, Condition A < C{+/N! holds for j large enough because

C.
Ci|v/NIl > c;,/#z > 16,'2m'/*

(using (16)), and NI > 1 also holds because of (16); so that, with a proba-
bility larger than 1 — e—4im , Vt, s such that |t — s| <[,

10/ = Q™) =322 (JCilj + 1t = 51/Cilog Cj) . (23)

We now estimate the increments of R} N Recall that R/ is a compound
Poisson process; denote by Z,, the size of its jumps. The Z, are independent
centered variables and |Z,| < 27/, In order to bound the increments of
R/ "V we have to bound partial sums of the Z,,. We will use the following
lemma (see [11] Lemma 1.5, Chap. 1).
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Lemma 7. Let theu; be independent centered real random variables sat-
isfying|u;| < 1.Foralln > 1andallx >0

P(luy + -+ + uy| > A/n) <2672

Thus if the u; are independent centered random variables in R? satisfying
|u;| < 1,foralln > 1andall A > O,

Pluy + -+ u,| > A/n) < 2de /2" (24)

We have estimated above the increments of Qf N an estimate for the in-
crements of P/ "V hence for the number of jumps of R/ N immediately
follows: Uniformly on all dyadic intervals of length /, with a probability
larger than 1 — e“”\/a, Vt, s such that |t — s| <,

|P/N — PPN < 32m !/ (,/cjz]' + 1t —s51y/Cjlog Cj + |t — s|c,-)

which is bounded by 3C;/ because of (16).

Let now [ be any dyadic interval of length 27"*!; let us estimate the
increments of R/ "V between the beginning of / and another point of /. We
must estimate the maximum of |Z, + - -- + Z,|, where 7, is the first jump
in I and 7, is another jump in /, so that ¢ — p < 3C;l. We use (24) with
A = 4dm./j, which yields

P <|Z,, Fot Zyl > Sdm./lej> < 2de~Sim

We now add the unfavorable probabilities corresponding to all possible
values of ¢, and to all possible locations of the dyadic interval [k27"*!,
(k 4+ 1)27™*!7in [0, 1], which yields

P ( sup |R/"N — RIN| > 16dm2—f,/c,lj>
[t—s|<l

2

< 2"H13C;1 . 2de 8 < 72

(because C; < 22/). Thus, with a probability larger than 1 — e~ 2im?*

sup |R}Y — RIN| < 16dm277,/Clj . (25)
lt—s|=<I
Note that the bounds (23) and (25) are independent of N. Since the only
asumption we made on N is |C; — N| < ,/C;log C; which holds with
probability at least 1 — C’/j, finally, with probability at least 1 — C’/;j”:
Vm, with probability 1 — e=2/v™,
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sup |Q/ — Q|+ sup |R/ — R/|

lt—s|=<l lr—s|=!
< 16(d +2)m - 27 (w/cjz]' +1t — s1y/C; log c,-)
hence Lemma 5 holds.
We now consider the case of few jumps in each interval of length /.

Lemma 8. There existg, such thatv;j > J, andVm > 0 satisfying

Cj<—2"jm (26)

the probabilitythaﬂ// has on any of the” dyadic intervals of length—"+!
more thanmj? jumps is bounded by /", and thereforeif this event does
not happenVvs, ¢ such tha ™" < |s — | < 27"+,

Y, —v/| <2mj?2 i . (27)

Proof of Lemma 8The number of jumps of ¥,/ on an interval of length 2= +!
is a Poisson variable of parameter A; = C;27""! < Dj./m. We split the
interval [0, 1] into 2"~! dyadic intervals of length 27" *!. The probability
that ¥;/ has on any of these 2”~! intervals more than ;2 jumps is bounded
by

m—1 f m—1 (DJ\/_)k —mj?
et 3 st 35 DI
k=mj? k=mj?

Thus, if ¢ and s belong to the same dyadic interval of length 27",
P(Y/ - Y/l <mj2 )z 11—

If ¢ and s belong to two adjacent intervals, since there are at most jZ jumps
on each interval, with probability at least 1 — e/, |Y/ — Y{| < 2mj?27/.

a

Proof of Proposition 2Let 7 be such that o ¢ Esand 1y ¢ S. Sincety ¢ Es,
there exists Jy such that Vj > Jy, #o belongs to no set Aj. Since 1y ¢ S,
> i<l X ,’ is linear in a neighbourhood of 7y, and, in order to estimate the
regularity of X, = > X/ at 1y, we only have to consider the values of j
larger than Jp.

From Lemma 5 and Lemma 8, we deduce that (17) and (27) holdVj > J
and Vm > M with probability at least
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¢ (2 Z'f)
1-— — Qe IV
7
j>J 7" \om=m

since this series is convergent and since the event we consider in Proposition
2 do not depend on the first values of j and m, we can suppose in the
following that the uniform estimates (17) and (27) hold with probability 1.

Lety besuchthat 8 <y < 1ifB < 1,8 <y <2ifl1 < <2,and
y =2if f =2.Letm > 1 and ¢ be such that2™" < |t —fy] < 2-m+1 and
let ji = [§].

First case:g8 > 1.
Ifj<j,X ,’ has no jump between £y and ¢, so that

X/ = Xt =1t = 1) [ xmyan)] < - wl27IC,)
and the sum on the corresponding js is bounded by

Clt — 1277V < Clt — 1] =5+ (28)

(we sum geometrically decreasing series if 8 # 2, and the result holds also
for B = 2 because of (3)).
If j > j; and (26) holds,

X = X1 <Y/ =Y+t —nl27C;

<2mj227 + Clt —1|2772" j/m
(using (26) and (27)); and the sum for j > j; is bounded by
Cmji2~ < Clt — 1o]7 | log(It — o) . (29)

If j > j, and (16) holds, we use (17): If y < 2, the sum of the | X] — X] |
taken on the corresponding js is bounded by

27 log(|t — o)) 12727/ 11t — 10
+C27log (|t — toD||t — 10|27/27 /i
< Clt — o]~ 5*2 | log(|r — 1o])|?

+Clt — 1ol [ log(|t — 10D ; (30)
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if y = 2, using (3), the sum is bounded by +/|¢t — fy]|. Since § > B and since
y can be chosen arbitrarily close to 8, Proposition 2 follows in this case
follows from these estimates.

Second casep < 1. _
In this case, we rather estimate the increments of ¥, = ) Y/ (i.e. we do not
compensate the compound Poisson processes). _

We separate the subcases as above: If j < jj,eachY, / is constant between
t and 19, so that |Y/ — Y| = 0.

If j > ji,

Y/ =Y <I1X] =X+t —tlC;27/ .

The sum of the | X/ — X} | is estimated as in the first case; and, since y < 1,
, , 1
Yot —1lC27 <t — 127N < Clr — 1] E
Jzi

hence Proposition 2 in that case. 0

3. The Hausdorff measure ofRg

We suppose now that 8 > 0; the case 8 = 0 (where the spectrum of
singularities vanishes everywhere) will be treated separately at the end of
this section.

Deriving a lower bound for the Hausdorff dimension of Rs will be the
consequence of Theorem 2 proved in [ 10] concerning arather general type of
fractal sets. Let us first recall the statement of this result in its full generality.

Let A, be a sequence of points in [0, 1] and €, > 0. We define

G, = limsup U[)“" —€, My Fe€];

N—oo n>N

(G, is the set of points that belong to an infinite number of intervals [A, —
€., Ay + €/]). The function which associates to every a the Hausdorff
dimension of G, (denoted in the following by dimy(G,)) is decreasing.
We may know that for an a small enough, almost every point of [0, 1]
belongs to G,. This sole information yields a lower bound on dim g (G)
forb > a.

We start we a few classical notions and results related with Hausdorff di-
mensions. Let /(x) be a continuous increasing function defined on [0, +00)

such that
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h(0) =0
x/h(x) isincreasing 31)
lil%x/h(x) =0

define, if E is a subset of IR,

00
mesp(E) = 11_{1}) inf Zh(llnl), (In)nen € 2 (32)
n=0

where Z. is the set of all coverings de E by intervals I, of length at most €.

Theorem 2. Leth, be the dimension functidny (x) = (log x)?|x|¢, and let
#“ be the Hausdorff measure constructed with the help of this dimension
function. If almost every belongs toG,,

Vb >a #“°Gp) >0 .

(In particular, the Hausdorff dimension @f, is larger thana/b.)

Suppose that B > 0. There exists j, — oo such that C;, is increasing
and
logC;
M — B (33)
log DJn

By the Borel-Cantelli lemma, almost evry point of [0, 1] belongs to

1 1
lim sup U [t— C—,t+ C_]
j’l le

n—odo
[EFJ'”

We can thus apply Theorem 2 to almost every sample path, choosing for
sequence A the union of the F;, and ¢, = 1/C;, if A; € Fj ; we also
choose @ = 1. Thus for any b larger than 1, the set H;, of points covered by
an infinite number of the intervals

t ! ’ r+ ! ’ teF
- P 5 P ) € j
Cjn C.]n g

satisfies #'/*(H,) > 0. By (33), H, C Mu<pp Ea; furthermore,
since #'/*(E,) = 0 Va > PBb, it follows that e%l/b(ngb) > 0 so that
dimp(Rs) = B/3.

We consider now the case where 8 = 0. In that case we have to prove
that D(h) = 0 Vh. Since we already know that D(h) < 0, we only have
to prove that for each h there exists at least one point where the Holder
exponent is & (so that D(h) # —oo). This point will be obtained as an
intersection of compact intervals.
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Lemma 9. If 8 = 0 butz (RY) = 400, V8 > 0, with probability 1, the set
Rs is not empty.
Proof of Lemma 9Let D; be a non-decreasing sequence such that
J
> (Ci+i)=0(D;) when j— +oo (34)
i=1
and
Ve >0 3C D; < Cexp(ej) 35)

(such a sequence D exists because B = 0). Let § > 0. We will construct an
increasing sequence of integers j, and a decreasing sequence of intervals

I} =[S+27" 8+ D;27"]

or
I} =[S —D;27%", § — 27
such that
le i
if n>2, S isoneof the jump points of Z X/ . (36)
J=Jn-1

Let jy be a (large enough) integer that will be fixed later. Let j; be an integer
larger than jj and which satisfies simultaneously the following conditions:

e I CI0,1]
e The sets F; of jumps of X; satisfy
Vie{l,....jo} ¥VSeF; [S—27% S4+27%]NnI =0 . (37)

and
Vieljo+1.....j1} VSeF; [S—=27.S427Y|nI =0 .
Once the a.s. existence of such an interval Ij’.s1 will have been proved,

the construction will be continued as follows: We now look for an integer
J2 > Jji such that X ;, has a jump at a point S, and satisfies the conditions:

e
o The set F; of jumps of X ; satisfies

Vie{ji+1l....p) VSeF; [S-27.S+27InI =0 .
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Let us suppose for the moment that a whole sequence of imbedded intervals
1 ]a is thus constructed and let us prove that the Holder exponent of X, is 1/8
at the point 7y which is the intersection of the /3 ®  First note that, if S, is the

jump of 3~ _ - X/ used in the definition of I‘S ,dist(ty, S;,) < D;27%,
so that, using (36) (35) and Lemma 4, the Holder exponent of X, at I 18
at most 1/8. The proof of the regularity of X, at fy follows the proof of
Proposition 2, so we just sketch it. _
As in the case 8 < 1 above, we do not compensate the jumps of X/;
> i<j, X is C* at 1o by (37), so we estimate the increments of X only for
j > jo-Lett # to and let J be defined by 27%/ < |t — 19| < 27°UFD If
jo<Jj<J,1X] =X/ | =0.1f j > sup(J, jo), using (8), with probability
atleast 1 —2e™>/, X; jumps at most 2C;|t — to| 4 j times on [f, ¢]; so that,
with probability at least 1 — 2 - e=>/,

doIx!—x]1 =€) 2277 (Chlt—tol+j) < Clt —to]*[og(lt — to])] -

j=J j=J

The result holds almost surely because jj can be chosen large enough.

‘We now come back to the construction of j;. Let us consider an integer
Jj' > Jo such that XJ has a jump on [0, 1/2]. By (8), with probability at
least 1 — 2™/, 3" X/ hasatmost ) ,_, (2C; + j) jumps on [0, 1]. If
j < Jjo. we exclude around each of jump of X; an interval of length 2%,
and if j > jy, we exclude an interval of length 279 There remains in [0, 1]
at least one interval of length at least

Jo—1 T i Y
1_221 (2C; + j)2 % —2Zj()(2cj+])2 & i |
J' . - i’ .
> 26+ 2() -, 2C;+ )

because of (34) and (35). For each j° we have thus obtained a random
interval L of length at least

1
7 :
2 2C: +
Zjo it

Let us show that we can insert an interval I]‘.S, of length D;27% "inside L i
this is possible if D;27%" < 1;,i.e.if

Iy =

28(j'—jo)

Di<—"
J

23 20+

Zjo it

J —
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which will hold for j’ large enough because the sequences D; and C; do
not increase at an exponential rate; we pick for j; the first j’ such that the
above properties hold.

Let us now construct j,. If j, is large enough, using (8), with probability
atleast 1 — 2¢ =2, the number of jumps of the (X) j(;,. ;,; Which belong to
I /('31 is bounded by Zﬁ 2C; + j. Let us exclude around each of these jumps
an interval of length 27/ There remains in /;, at least one interval of length
at least

. j Y
(Dj =127 =23 °(2C; + j)2~ D, 2%
- > -
J2 - J2
2C; + j 2 (§ 2C; )
Zj] J + J i J + J

because of (34). For each j, we have thus obtained a random interval L,
of length at least

D;27%
I = ——t .
23 2cs+ )
2. et
Since ) . [] has a dense set of jumps, if j, is large enough, at least one

new jump has appeared in / j‘?l so that (36) will hold. Thus, we can insert an
interval I inside L, if D;,27%" < 1;,, i.e. if

8(ja—J
D;, 28(j2=j1)

P
Dj, 22;22c,-+j
1

which will hold for j, large enough; the j, and the corresponding I]‘.S“ are
constructed as j,; hence Lemma 9 holds, and the first part of Theorem 1 is
proved.

The second part of Theorem 1 (case with a Brownian component) is
a direct consequence of the following remark: the Holder exponent of the
sum of two functions is the infimum of the exponents, except perhaps when
the two exponents coincide, in which case the exponent of the sum may be
larger. In the case of the sum of a Brownian motion B, and a Lévy process
X, without Brownian component, X; + B; has the same jumps as X;, and
Lemma 4 thus gives the same upper bound for the Holder exponents of X,
and X; + B;; thus

Vi, hxyp(t) =inf(hyx (1), hp(?)) |

and the second part of Theorem 1 follows. 0
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RemarkThe methods we introduced in this paper allow to answer a problem
posed by Jean Bertoin. If X, is a composed Poisson process, and # is not
a time of jump, X, is C* at #;. The problem is to determine if a similar
property holds for Lévy processes satisfying 7 (IR?) = +oc. Does there
exist in this case a modulus of continuity which holds apart from all points
of jump? We will prove that the answer is negative.

A function w : Rt — R™ is a modulus of continuity at ¢ if @ is a
continuous strictly increasing function satisfying @ (0) = 0 and, for |t — |
small enough,

1X: = Xi| < (|t = 10]) .

Proposition 3. Let X, be a Levy process satisfying(IR?) = +o0. For any
continuous strictly increasing function satisfying0) = 0, there exists,
which is not a jump point oX,, and is such that» is not a modulus of
continuity atz,.

We can suppose that X, has no Brownian part (since the Brownian motion
is, say, C!/3 at every point, subtracting this part won’t change the muduli of
continuity larger than ¢!/3. Let w be a modulus of continuity and let ' be a
continuous strictly increasing function satisfying «’(0) = 0 and w = o(@’)
near 0. Let 7 be the invert of ’. The function 7 is also continuous strictly
increasing and satisfies 7(0) = 0. We consider as usual the decomposition
X, = Y_ X/ where the X; are independent compensated compound Poisson
processes with jumps of size satisfying

27 < x| <2772,

Let j; be the first positive j such that (X ,J )j>0 has a jump at (at least) one
point #; € [0, 1]. Note that j; < +o00 a.s.; let

2~ 2~
11=[t1—"(2 )’t1+n(2 )}

Let now j, be the first j larger than j; such that (X) has a jump at (at
least) one point t; € Ij; jo» < 400 a.s. We continue this procedure, thus
constructing a decreasing sequence of imbedded closed intervals. Let now
to = NI,; X" (hence X,) has a jump of amplitude larger than 2 - 27/», at a
distance at most (27/+) /2 from t. Thus we can pick u,, arbitrarily close to 7,
such that |tp—u,| < n(27/) and |X,,— X,,,| > 27/ (pick t, immediately on
the left or on the right hand side of the jump). Thus | X, — X, | > o'(|to—1,]),
and | X,, — X, | cannot be bounded by w(|ty — 1,]), since w = o(w’).
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