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Summary. Let Y(¢) (t € RY) be a real-valued, strongly locally nondeter-
ministic Gaussian random field with stationary increments and Y(0) = 0.
Consider the (N, d) Gaussian random field defined by

X(@t)=(X(0),..., Xa(2) (t€RY) |

where Xj,...,X; are independent copies of Y. The local and global Hoélder
conditions in the set variable for the local time of X (¢) are established and the
exact Hausdorff measure of the level set X~!(x) is evaluated.
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1 Introduction
Let Y(7) (t € RY) be a real-valued, centered Gaussian random field with

Y(0) = 0. We assume that Y(7) (t € R") has stationary increments and
continuous covariance function R(¢,s) = EY(#)Y(s) given by

R(t,s) = /}R (e 1) (e 1A (1.1)

where (x,) is the ordinary scalar product in R" and A(d/) is a nonnegative
symmetric measure on IRV\ {0} satisfying
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AP )
—A(d2) < oo . (1.2)
RY 1 + [

Then there exists a centered complex-valued Gaussian random measure
W (d/) such that

_ i1,y _
Y(0) /}R (& 1) wan (1.3)
and for any Borel sets 4, B C RY

E(W(A)W) = A(ANB) and W(~A) = W(A) .

It follows from (1.3) that

E[(¥(r+h) - ¥(1)] = 2/ (1-cos () Ad) .  (14)
RY

We assume that there exist constants dg > 0, 0 < ¢; < ¢, < oo and a non-

decreasing, continuous function a: [0, dg) — [0, 00) which is regularly varying

at the origin with index o (0 < o < 1) such that for any r € RY and 7 € RY

with |h] < d

E[(Y(t+h) = Y(1)’] < cia®(Jh]) . (1.5)
and for all £ € RY and any 0 < » < min{¢|, S0}
Var(Y(£)|Y(s) : r < |s — #] < 8¢) > e20°(r) . (1.6)

If (1.5) and (1.6) hold, we shall say that Y(¢) (¢ € R") is strongly locally o-
nondeterministic. A typical example of strongly locally nondeterministic
Gaussian random fields is the so-called fractional Brownian motion in R of
index o (0 < a < 1), i.e. the centered, real-valued Gaussian random field
Y(¢) (t € RY) with covariance function

E(r(0(s)) = 31" + s = Je = s1) .

See Lemma 7.1 of Pitt (1978) for a proof of the strong local nondeterminism
of Y(¢). General conditions for strong local nondeterminism of Gaussian
processes Y (¢) (¢ € R) are given by Marcus (1968) and Berman (1972, 1978).
They proved that if (i) a(h) — 0 as h — 0 and ¢°(h) is concave on (0,); or
(ii) Y(¢) has stationary increments and the absolutely continuous component
of the spectral measure A has a density (1) which satisfies

f() = KA

for large |A|. Then Y (¢) is strongly locally nondeterministic. It is clear that the
Gaussian processes considered by Cs6rgd, Lin and Shao (1995) are strongly
locally nondeterministic. We also refer to Monrad and Pitt (1986), Cuzick
and Du Peez (1982) and Xiao (1996) for more information on strong local
nondeterminism and its use in studying sample path properties of Gaussian
random fields.
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We associate with Y(¢) (t € RY) a Gaussian random field X (¢) (1 € R")
in IRY by

X)) =X(0),...,X00)) , (1.7)

where Xj,...,X; are independent copies of Y. If Y(¢) is the fractional
Brownian motion in R of index o, then X (¢) is called d-dimensional frac-
tional Brownian motion of index o (see Kahane (1985)). When
N =1,a =13, X() is the ordinary d-dimensional Brownian motion.

It is known (cf. Pitt (1978), Kahane (1985)) that for any rectangle

I CRY, if
// dtds
(Jt = s))* ’

then almost surely the local time L(x,I) of X(¢) (¢ € I) exists and is square
integrable. For many Gaussian random fields including fractional Brownian
motion, this condition is also necessary. The joint continuity as well as
Holder conditions in both space variable and (time) set variable of the local
times of locally nondeterministic Gaussian processes and fields have been
studied by Berman (1969, 1972, 1973), Pitt (1978), Davis (1976), Kono
(1977), Cuzick (1982a), Geman and Horowitz (1980), Geman, Horowitz and
Rosen (1984), and recently by Csorgd, Lin and Shao (1995).

This paper is partially motivated by the following beautiful results about
the local time of Brownian motion. Let /(x, ) be the local time of a standard
Brownian motion B(¢)(¢ > 0) in R. Kesten (1965) proved the law of iterated
logarithm

I(x,h
lim sup s (x, ) =1 as. (1.8)
-0 x (2hloglog1/h)"
Perkins (1981) proved the following global result
limsup sup Hor,t 4 ) = Uxs ) =1 as. (1.9)

h—0 o0<i<i-h x  (2h logl/h)l/2

The first objective of this paper is to prove local and global Holder condi-
tions analogous to (1.8) and (1.9) for the local times of strongly locally
nondeterministic Gaussian random field X (¢). The proofs of Kesten (1965)
and Perkins (1981) depend on the Markov property of Brownian motion,
therefore can not be carried over to the present case. The methods in this
paper are based on the work of Berman (1969, 1972), Pitt (1978), Ehm (1981)
and Geman, Horowitz and Rosen (1984). The new idea needed to prove our
results is the use of strong local nondeterminism.
We will prove the following theorems.

Theorem 1.1 Let X (¢)(t € RY) be the Gaussian random field defined by (1.7)
and N > ad. For any B € #(RRY) define L*(B) = sup, L(x, B). Then there ex-
ists a positive finite constant K such that for any © € RY almost surely
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limsupwgl(, (1.10)

r—0 ¢1(V)

where B(t,r) is the (open) ball centered at © with radius r and

N
¢1(r) = :
1 a(r(log]og l/r)fl/N)d

Theorem 1.2 Assume the same conditions as above. Then for any rectangle
T C RY, there exists a positive finite constant K such that almost surely

. L*(B(t,r))
limsup sup———= <K , 1.11
r—0 P te? ¢2 (”) o ( )
where
N

P,(r) = .
) o 1/ Y

If X(1) (t € RY) is the d-dimensional fractional Brownian motion of in-
dex o (0 < o < 1), then by a result of Pitt (1978), conditions (1.5) and (1.6)
are satisfied with a(¢) = *. The following corollary is an immediate conse-
quence of Theorems 1.1 and 1.2.

Corollary 1.1 Let X (1) (t € RY) be the d-dimensional fractional Brownian
motion of index o« (0 < o < 1) with N > ad. Then for any t € RY almost surely

. L*(B(z,
lim sup (B(x,7)) ~ <K, (1.12)
r—0 rN=ud(loglog 1/r)™
and for any rectangle T C RN, almost surely
L*(B(t
limsup sup (B(t,r)) (1.13)

r—0 1T PN=%(log l/r)xd/N B

If «=1/2 and N =d = 1, then X(¢) is Brownian motion in IR. By (1.8)
and (1.9), we see that (1.12) and (1.13) are the best possible. In the case of
real-valued Gaussian processes (i.e. N = d = 1), results similar to (1.10) for
L(x,B(t,r)) with x € R fixed instead of L*(B(¢,7)) have been obtained by
Koéno (1977), Cuzick (1982a) and recently by Cs6rgd, Lin and Shao (1995).
Theorem 1.2 confirms a conjecture made by Csoérgd, Lin and Shao (1995) for
Gaussian processes.

The most important example of Gaussian random fields which are not
locally nondeterministic is the Brownian sheet or N-parameter Wiener pro-
cess W(t) (t € RY), see Orey and Pruitt (1973). Results similar to (1.10) and
(1.11) for the local time of Brownian sheet were obtained by Ehm (1981). We
will adapt some of his arguments to prove our results.

For Gaussian random fields considered in this paper, the problems of
proving lower bounds (with different constants) for the limits considered
above remain open.
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Another problem we consider in this paper is the exact Hausdorff mea-
sure of the level sets of Gaussian random field X (¢) (t € R"). The exact
Hausdorff measure functions for the level sets of Brownian motion and Lévy
stable process were obtained by Taylor and Wendel (1966). In the case of
Brownian motion in IR, Perkins (1981) proved that almost surely for any
xeR, te Ry,

(rloglog 1/r)' " —m(X~'(x) N [0,4]) = 1 L(x,[0,1)) (1.14)
V2
where ¢-m is ¢p-Hausdorff measure. We refer to Falconer (1990) for defini-
tion and properties of Hausdorff measure and Hausdorff dimension. The
result (1.14) has been extended to some Lévy processes by Barlow, Perkins
and Taylor (1986).

The Hausdorff dimension of the level sets of Gaussian random fields were
considered by many authors (see Adler (1981), Kahane (1985) and the ref-
erences therein). The uniform Hausdorff dimension of the level sets and
inverse image of strongly locally nondeterministic Gaussian random fields
were obtained by Monrad and Pitt (1986). The exact Hausdorff measure of
the level sets of certain stationary Gaussian processes was considered by
Davies (1976, 1977), in which she adapted partially the method of Taylor and
Wendel (1966) and it is essential to assume the stationarity and N = 1. In
light of our Theorem 1.1, it is natural to conjecture that ¢,(r) is the exact
Hausdorff measure function for X~!(x). The second objective of this paper is
to prove the following theorem.

Theorem 1.3 Let X (¢)(t € RY) be the Gaussian random field defined by (1.7)
with Y(£)(t € RY) further satisfying

E(Y(t+h) = Y(1)* = o*(|hl)

and N > ad. Let T be a closed cube in R¥\{0}. Then there exists a finite
constant Ky > 0 such that for every fixed x € RY, with probability 1

KL(x,T) < ¢-m(X '(x)NT) <oo. (1.15)

The proof of this theorem is very much different from those of the previous
work on this subject. In fact the proof of the lower bound relies much less on
the specific properties of the process than those of Taylor and Wendel (1966)
and Davies (1976, 1977), hence can be applied to other random fields such as
the Brownian sheet. The proof of the upper bound is based upon the ap-
proach of Talagrand (1996). We believe that there exist some finite constant
K> > 0 such that K>L(x, T) is an upper bound for ¢;-m(X~!(x) N T). It seems
that this can not be proved by the method of the present paper.

The rest of the paper is organized as follows. In Section 2 we prove some
basic facts about regularly varying functions and estimates about the mo-
ments of the local time of strongly locally nondeterministic Gaussian random
fields. In Section 3 we prove Theorems 1.1 and 1.2. We also apply Theorems
1.1 and 1.2 to study the degree of oscillation of the sample paths. In Section
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4, we study the Hausdorff measure of the level sets of X(¢) and prove The-
orem 1.3.

We will use K, K7, ...,Ks to denote unspecified positive finite constants
which may not necessarily be the same in each occurrence.

2 Basic estimates

We start with some facts about regularly varying functions. Since a(s) is
regularly varying at the origin with index «, it can be written as

o(s) = s*L(s) ,

where L(s): [0,d9) — [0,00) is slowing varying at the origin in the sense of
Karamata and hence can be represented by

L(s) = eXp(V/(S) +/i;) dt) ,

where 7(s): [0,00] — R, €(s): (0,a] — IR are bounded measurable functions
and

Iirr(l) n(s) =c, || < oo; Iing €(s)=0.

We lose nothing by restricting attention to those o(s) with

L(s)zexp</sa@ dt) . (2.1)

It follows from Theorem 1.8.2 in Bingham, Goldie and Teugels (1987) that
we may and will further assume L(s) varies smoothly at the origin with index
0. Then

s"L)(s)
L(s)

—0as s—0forn>1, (2.2)

where L") (s) is the n-th derivative of L(s). By (2.2) and elementary calcula-
tions, we have

Lemma 2.1 For any f > 0, let
S
J(Sl/z\/)/f ’

If afp <N, then there exist 6 = 6(B,N,a) > 0 such that t4(s) is concave on
(0,9).

Lemma 2.2 can be deduced from (2.1) by using the dominated conver-
gence theorem (see e.g. Theorem 2.6 in Seneta (1976) or Proposition 1.5.8 in
Bingham, Goldie and Teugels (1987)).

tp(s) =

Lemma 2.2 Let o be aregularly varying function at the origin with index oo > 0. If
N > afy, then there is a constant K > 0 such that for r > 0 small enough, we have
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1 -1
/O ﬁ ds < K(a(r)) " .

The following lemma generalizes Lemma 2.2 in Xiao (1997).

Lemma 2.3 Let > 0 with af <N, 0 <r < and s € RY. Then for any in-

teger n > 1 and any distinct t,,. .. ,t, € B(s,r), we have
dt N
1:/ F<K sy (2.3)
Bler) (a(min{|t =1, ,n})> (o))
where K > 0 is a finite constant depending on N, d and o only.
Proof. Let
I, = {t €B(s,r): |t—t] =min{|t— 1], j= 1,...,n}} .
Then
n n
B(s,r) = UT; and Jy(B(s,r)) = > (), (2.4)
= i=1

where Jy is the Lebesgue measure in RY. For any ¢ € T';, we write = 1, + p0,
where 0 € Sy_; the unit sphere in RY and 0 < p < p;(6). Then

p;(0) N1
in(T)) = Cy / v(do) / PN dp
i 0

Sy
Cy

- p,(0)v(d0) (2.5)

1

where v is the normalized surface area in Sy_; and Cy is a positive finite
constant depending on N only. Hence by Lemmas 2.1, 2.2, (2.4), Jensen’s
inequality and (2.5), we have

u dt
[= / _dr
,; ro(|t— 1))
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< Kn 1g (% Z }VN(F,')>
i=1
N

a(rn—l/N)/f '

This proves (2.3).
Lemma 2.4 is due to Cuzick and Du Peez (1982).

Lemma 2.4 Let Zy,...,7Z, be the mean zero Gaussian variables which are lin-
early independent and assume that

/ g(v)e’“zdv < 00

oo

for all € > 0. Then

1 n
/ng(vl)exp <—§Var<g ijj>>dvl ...dv,
=1

_ (2m)"”" / > g<1)evz "
(detCov(Z,...,Z)"? J-oc " \01 ’

where 0'% = Var(Z|Z,,...,Z,) is the conditional variance of Z, given Z,, ..., Z,
and det Cov(Zy,...,Z,) is the determinant of the covariance matrix of
(Zi,...,Zy).

Now we recall briefly the definition of local time. For an excellent survey
on local times of both random and nonrandom vector fields, we refer to
Geman and Horowitz (1980) (see also Geman, Horowitz and Rosen (1984)).
Let X(¢) be any Borel vector field on RY with values in RY. For any Borel set
B C RY, the occupation measure of X is defined by

ug(A) = An{t € B: X(¢) € 4} ,

for all Borel set 4 C RY. If yj is absolutely continuous with respect to the
Lebesgue measure 4, on IRY, we say that X (¢) has a local time on B and define
its local time L(x,B) to be the Radon-Nikodym derivative of p5.

For a fixed rectangle T = H?il[a,-,ai + 4, if we can choose
L(x, Hf;l[ai,ai +1]) to be a continuous function of (x,7,...,ty), x € RY,
0L <h (i=1,.".,N), then X is said to have a jointly continuous local
time on 7. Throughout this paper, we will always consider the jointly con-
tinuous version of the local time. Under this condition, L(x,-) can be ex-
tended to be a finite measure supported on the level set

X ') ={teT:X(t) =x},

see Adler (1981, Theorem 8.6.1). This fact has been used by Berman (1972),
Adler (1978), Ehm (1981), Monrad and Pitt (1986), Rosen (1984) and the
author (1995) to study the Hausdorff dimension of the level sets, inverse
image and multiple points of stochastic processes.
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We use (-,-) and | - | to denote the ordinary scalar product and the Eu-
clidean norm in R respectively. It follows from (25.5) and (25.7) in Geman
and Horowitz (1980) (see also Geman, Horowitz and Rosen (1984), Pitt
(1978)) that for any x,y € R?, B € 4(R") and any integer n > 1, we have

blete ) = ) [ [ en( 1)t

j
x Eexp <iz<uj,X(tj)>)dﬁdf (2.6)
J=1
and for any even integer n > 2

E[L(x +y,B) — L(x,B)]"

R / /}R T (exp(=ifx +39) = exp(—i(u. )
Sy

-Eexp <iz<uj,X(tj)>)dﬁdi , (2.7)
=
where @ = (u1,...,u,), t=(t1,...,t,), and each u; € RY, t; € RY. In the
coordinate notation we then write u; = (u},...,uf).

Let Y() (t € RY ) be a real-valued, centered Gaussian random field with
stationary increments. We assume Y(0) =0 and (1.5), (1.6) hold. Let
X(t) (t € RY) be the (N,d) Gaussian random field defined by (1.7).

Lemma 2.5 There exist 6 >0 such that for any r € (0,06), B=B(0,r),
x,y € RY, any even integer n > 2 and any 0 < y < min{l, (N /o — d)/2}, we
have

K" ],.Nn
E[L(x,B)]"<
L B S

v KA 5 (=20 Y
E[L(x+ y,B) — L(x,B)|"< H;’Zl(a(rj‘]/N))dH (n!) jl_ll(L(rjl/N)> ’

: (2.8)

(2.9)

where K > 0 is a finite constant depending on N,d and & only.

Proof. The proof of (2.8) is rather easy. Since Xj,...,X; are independent
copies of 7, it follows (2.6) that

E[L(x,B)]"< (2n)~ "/Hl/ exp(——Var(ZuY ))dU"
(2.10)

where U* = (uf,...,u!) € R". Denote the covariance matrix of Y(t),...,
Y(t,) by R(t1,...,t,). For distinct #,...,, € B\{0}, let (Zi,...,Z,) be the

di
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Gaussian vector with mean zero and the covariance matrix R~ (¢, ...,1,).
Then the density function of (Z;,...,Z,) is

(2n) " (det(R(t1, ..., t,)))"/* exp (=3 UR(t1,...,,)U")

where U = (uy,...,u,) € R", U’ is the transpose of U and det(R) denotes the
determinant of R. Hence for each 1 <k <d,

/ exp —lVar iukY(ﬁ) dU* = (2n)n/2 . (2.10)
, 2 A (det(R(t1, . .., 1))

Put (2.11) into (2.10) and notice that the set of 7 € R having # = ¢; for
some i # j is a set of Nn-dimensional Lebesgue measure 0, we have

E[L(x,B)]"S (2n)7nd/2 /Bn (det( (tl 1 - )))d/Z dt . (212)

It is well known that
det(R(ty, ..., t,)) = Var(Y(1;) HVar DY (1), Y(t ), (2.13)

where VarY and Var(Y|Z) denote the variance of Y and the conditional
variance of Y given Z respectively. It follows from (1.6) and (2.13) that (2.12)
is at most

n z 1 B
* /"Hl(a(min{lfj—ti,o i< (2.14)

J

where #p =0. Since N > ad, we see that (2.8) follows from (2.14) and Lemma
2.3.
Now we turn to the proof of (2.9). By (2.7) and the elementary inequality

le™ — 1] < 2'77|u|’ forany ue R, 0<y<1,
we see that for any even integer n > 2 and any 0 <y < 1,

E[L(x+,B) — L(x, B))"< (2m) 207" |y

/Bn/wdﬂlujl GXP(——Var(Zw (tj)>)>dud2. (2.15)

By making the change of variables #; =rs;, j=1,...,n and u; = a(r) v},

j=1,...,n and changing the letters s, v back to #, u, we see that (2.15)
equals

(2n)7nd2(l—y)n |y|n"/ an O_(r)*"(d+“/)

. /3(071)71 /]Rndjf[l|uj|” exp (—%Var (jznl:<uj, X(rtj)/o(r)>>)dgd;7 (2.16)
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To simplify the notations, let

Z(t));((;;) and &(s) = 708 = 5H)

Then Z(f) (t € RY) satisfies (1.5) and (1.6) with o(s) replaced by &(s). It is
also easy to verify that /(s) satisfies (2.2), and Lemma 2.3 holds with ¢(s) and
B(s,r) replaced by &(s) and B(s, 1) respectively. Let Z(t) = (Z(1), ..., Z4(1)),
where Zj,...,Z; are independent copies of Z. Since for any 0 <y <1,
la+ b|" < |a|” + |b|", we have

e Z/ﬁ‘”f’ .
=1 i1

where the summation Y is taken over all (ki,...,k,) € {1,...,d}". Fix such
a sequence (ki,...,k,), we consider the integral

/ JH‘ exp(——Var(i(ujj(tj»))dg .
R” 2

For any fixed distinct ¢#,...,5, € B(0,1)\{0}, Z(¢;) (I=1,....,d,
j=1,...,n) are linearly independent. Then by a generalized Holder’s in-
equality and Lemma 2.4, we have

J<HUW exp(——Var(jZ”ZulZg )) }W

B (2n)nd71
(detCov(Zi(1)), 1 <1<d, 1<j<n))

/ [v]"" ex v dv ﬁ !
R T2 =1 7

K" (n!)’ 1
= (detCov(Z(zl),...,Z(tn)))dﬂga; ’ (2.18)

a(rs)

(2.17)

u-/

where sz_ is the conditional variance of Z (t;) given Z(t;) (I #k; or

| = kj, i # j) and the last inequality follows from Stirling’s formula. By (1.6)
and the independence of Z,,...,Z,, we deduce that

o7 > comin{&(|t; — 1) : i=0o0ri#j}, (2.19)
where #) =0. Now we define a permutation = of {1,...,n} such that
|tzy| = min{|t], i = L...,n}

|tn(j) — tn(j—1)| :min{|ti —tn(j,1)|, i€ {1,...,n}\{n(l),...7n(j— 1)}}

Then by (2.19) and (2.13) we have
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L e
ESKl]mmawmrwm“f=0mi¢“ﬂ}

L 1

<K" - = -
Hmln{(f(\tn(j) — ta(i-n)))’s (Eltaer) — ()}
n 1

<]

i1 (€t = -0 D)

n 1
B 11:[1 (Var(z(tn(j))|z(tn(i))v i= la cee aj_ 1))"/
K"

S et Cov(zt), . Zm)) (220)
Combining (2.18) and (2.20), we obtain
J< K" (n!)’
= (det Cov(Z(ty), ..., Z(t,))**7
<— K"ty . (2.21)
[T (&(min{lt; 1,0 <i <j— 1}
=

Take

1 /N
y i —|——d .
0</<m1n{1,2<Ot )}

Then it follows from (2.15), (2.16), (2.17), (2.21) and Lemma 2.3 with
p =d+ 2y that

E[L(x +y,B) — L(x,B)]" < K" |y|nv(n!)ernO_(r)fn(dﬂ)

n 1
/Bwvl)” ,1:[1 (émin{ly; — 6,0 << j— 1)
1

TT(e(1/m))+

1
< Kn|y|"“/ an (n|)2V . L(l") !
- . d+y 0 LA\L(rmUNY )
(a(rj='/N)) J=1

< K|y (nt) Vo () "

s

j=1

This proves (2.9).

Remark. Under the extra condition g(ar) > a*a(r) for 0 <a <1 and r >0
small enough (see Csorgo, Lin and Shao (1995)), (2.9) becomes

E[L(x +,B) — L(x, B)]"< K"[y"rMa(r) ") (n!) ¥

and the above proof can be simplified.
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Since X (¢) has stationary increments, the above arguments also prove the
following lemma.

Lemma 2.6 For any t € R", let B = B(t,r) with r € (0,5). Then for any
x, y € R? even integer n > 2 and any 0 < y < min{1, (N /a — d)/2}

an

(a(rj=1/M))?
K" [y A

(017 Ny

XH(ULWY' (2.23)

E[L(x + X (), B)]"< K" 7 (2.22)

~.
[[Remb

E[L(x +y+ X (z),B) — L(x + X(1),B)]"

IN

u'::]:

(nt)>

Lemma 2.7 With the notations of Lemma 2.6, for any ¢ > 0 there exists a finite
constant A > 0, depending on N, d and o only, such that for any u > 0 small
enough,

ArN

P{L(x +X(z),B) > W

}gmmﬂmﬂ, (2.24)

P{|L(x—|—y—|—X(r),B) —L(x+X(z),B)| > ((Ar)])vck/’m}

<exp(—c/u") . (2.25)

Proof. We only prove (2.24). The proof is similar to that of Theorem 1 in
Kono (1977a). Let

L(x+X(1),B) 1
}"4]\/ and Uy :m .

A =
Then by Chebyshev’s inequality and Lemma 2.5, we have

n nd
P{/\ > A/(a(run))d} < E(A")(a(rus))™

n 1 /N ad —d
] r
j=
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It follows from Stirling’s formula that (2.26) is at most

(IZ{)H exp<%dn> (2mn)/@N) | <n1/N> HL(JI/N> d. -

By using the representation (2.1), we obtain

(o) i)

nd n—1 _r_
r @ e(r) TV e(t)
:L<m> exp(—nd/y Tdt+d E ) Tdt)

WN J=1 71N

_exp<d2]/_(7 )

G+
ed 1 o
§exp<— jlog(l—i——')) 0<e<s
N FZI j ( 2)
ed 1 1
< —(n-= —= .
< exp (N (n 3 logn 2log(2n)>> (2.28)

It follows from (2.26), (2.27) and (2.28) that for any ¢ > 0 we can choose a
constant 4 > K and an integer ng large enough such that for any n > ny

P{A = 4/(o(ru)"}
<exp <n (log (g) _L 2_N€)d> + (o 2_N€)d (logn + log(Zn)))
< exp(—2cn) = exp(—2c/u)) . (2.29)

Finally for any u > 0 small enough, there is n > ny such that

Upr1 S u<uy .

Hence by (2.29) and the fact that for every n > 1

we have

This completes the proof of (2.24).
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3 Holder conditions of the local time

Let Y (1) (1€ RY ) be a real-valued, centered Gaussian random field with
stationary increments. We assume that ¥(0) =0 and (1.5), (1.6) hold. Let
X(t) (t € RY) be the (N,d) Gaussian random field defined by (1.7). In this
section, we adapt the arguments of Ehm (1981) and Geman, Horowitz and
Rosen (1984) to prove Theorems 1.1 and 1.2.

We start with the following lemma, which is a consequence of Lemma 2.1
in Talagrand (1995).

Lemma 3.1 Let Y(¢) (t € RY) be a Gaussian random field satisfying (1.5) and
Y(0) = 0. Then for any r > 0 small enough and u > Ko (r), we have

P{stllig 1Y(1)] >u} <exp(—$j(r)> . (3.1)

Proof of Theorem 1.1. For any fixed T € R", let B, = B(t,27") (n=1,2,...).
It follows from Lemma 3.1 that

P{sup |X(t) — X (7)] > 0(27")\/2K logn } <n?.

teB,

Then by the Borel-Cantelli lemma, almost surely there exist #n; = n; () such
that

sup [X (1) — X ()| < a(27")/2K logn  for n>n; . (3.2)

teB,

Let 0, = 6(2*”/(10g log 2”)1/N> (loglog2")~* and

G, = {x eRY: |x| < a(27")\/2Klogn, x=0,p forsome p € Zd} ,
where Z¢ is the integer lattice in IRY. The cardinality of G, satisfies
#G, < K(logn)**! (3.3)

at least when » is large enough. Recall that

Y
J(r(log log l/r)_]/N>d

It follows from Lemma 2.7 that

¢, (r) =

P{L(x+X(t),B,) > A¢,(27") for some x € G,}
< K(logn)**!' exp(—2logn)
= K(logn)™'n2 .

Hence by the Borel-Cantelli lemma there is ny = na(w) such that almost
surely
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sup L(x + X (1),B,) < Ap(27") for n>n, . (3.4)

xeG,

For any fixed integers n with n> > 29, h > 1 and any x € G,, define
h
F(n,h,x) = {y eRY:y=x+0, ZeJZ’j for ¢; € {0, l}d} . (3.5)
=

A pair of points y;, y» € F(n,h,x) is said to be linked if y» — y; = 0,27" for
some ¢ € {0,1}?. Then by (2.25) we have
A2y — |’ (hloglog2)*

(0 (27"/(h loglog Zn)l/N)>d+.,

P{|L(yl +X(T)7Bn) _L(y2 +X(T)’Bn)| >

for some x € G,,h > 1 and some linked pair y;,y, € F(n,h,x)}

[o.¢]
< #G, Y 2" exp(—2hlogn)
h=1
24 /n?
3d+1
Since
0 Zd/nz
(logn)Sd+1 — =< 0,
n—[zfz/;]ﬂ 1 —24/n2

there exist n3 = n3(w) such that for almost surely for n > n3

A27N )y — 3|7 (hloglog 2M)%
d+y

(a(Z*“/(h loglogZ”)l/N))

for all x € G,, h > 1 and any linked pair y;, y, € F(n,h,x). Let Q be the
event that (3.2), (3.4) and (3.6) hold eventually. Then P(Qy) = 1. Fix an
n > ng = max{n;,ny,n3} and any y € R? with [y| < ¢(27")/2Klogn. We
represent y in the form y = limy,_,, y;, where

ILOn +X(7),By) = L2 + X(7),B,)| < (3-6)

h
yh=x+0, ZejZ’j (yo =x, ¢ €{0, 1}d)

J=1

for some x € G,. Then each pair y,_1, y, is linked, so by (3.6) and the con-
tinuity of L(-,B,) we have

‘L(y +X(T)aBn) _L(x +X(T)1Bn)|

[e%e} n 2~/
<M 0,27 (hloglog2™) "
;; (a(z—n/(h loglog 2n)1/N))d+’
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(loglog 2n)2y
(0 (2*n/(log log 2,,)1/N)>d+y

< K2—Nn0;,; Z 9—hy h2y+z(d+}')/N
h=1

0" (loglog2")*
(a(2*”/(loglog 2")1/N))
=K (27") .
It follows from (3.4) and (3.7) that almost surely for n > ny
L(y+X(t),By) <K (27") (3-8)
for any y € R? with |y| < ¢(27")/2K log n. Therefore

—Nn
S K2 d+y

sup L(x,B,) = sup L(x,B,)

xeR? xe€X(B,)

<K (27") . (3.9)

Finally for any » > 0 small enough, there exists an n > ns such that
27" < < 271 Hence by (3.9) we have

sup L(x,B(z,7)) < K¢, (r) .

xeR?
This completes the proof of Theorem 1.1.

The proof of Theorem 1.2 is quite similar to that of Theorem 1.1.

Proof of Theorem 1.2. For simplicity, we only consider the case 7' = [0, 1]".
Let 2, be the family of 2™ dyadic cubes of order n in 7. Let
an::a(z—"/(logz")‘“’)(1ogz")“2 and let

G, = {xeR": x| <n, x=0,p for some peZ} .

Then
3d+1

—and
(a(27))
It follows from (3.10) and the proof of Lemma 2.7 that there is a finite
constant 4 > 0 such that

P{L(x,B) > Ap,(27") for some x € G, and B € Z,}
< K2V"'4G, exp(—2N log2")
Kn3d+12—Nn
(a(27)"

Since N > ad, we have

#G, <K (3.10)

(3.11)

s Kn3d+127Nn
ST

= (a2
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Hence by the Borel-Cantelli lemma, there exist ns = ns(w) such that almost
surely

sup L(x,B) < A¢$,(27") forall n>ns andall B€ 2, . (3.12)

xeG,

For any fixed integers n, h > 1 and x € G,, we still define F(n,h,x) as in
(3.5). Similar to (3.11), we have for n > d/(2N)

A2 |y = yaf" (hlog2")”
(0 (2—”/(11 log 2’7)1/1\/))(1er

Be 9, xeG, h>1and some linked pair y;,y, € F(n,h,x)}

for some

P{|L(J’1,B) —L(y,B)| >

o0
< K2V #G, Y 2" exp(—2Nhlog2")
h=1
v nd -
S K2 ﬁ 2 "
(e(27))
3d+127Nn
g e 6.13)
(e(27))
and these terms are summable over n. Hence there is an integer ng = ng(w)
such that almost surely the event in (3.13) does not occur for n > ng.
Finally, since X(¢) is almost surely continuous on 7, there exist
n7 = n7(®) such that almost surely

sup | X(¢)| < ny . (3.14)

teT

Let n > ng=max{ns,ne,n7}. For any y € RY, if ly| > n, then L(y,T) =0;
whereas if |y| < n, then we can write

y= lim y,
with
h .
ww=x+0, ZEJQ’/
=
for some x € G,. Similar to (3.7), we have
< 427N (0,27") (hlog2")”
d+y
= (o’(2*”/(hlog2”)1/N)>
o0 277 p2 (log 2m) >
d+y
e (6(2*"/(h 1og2n)1/N))
< Ky(27") . (3.15)

|L( 7B) _L(x7B)| <

<K2 Mg
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Then (1.11) follows easily from (3.12), (3.15) and a monotonicity argument.

Remark. The methods in this paper can be applied to prove sharp Hélder
conditions in set variable for the self-intersection local times of Gaussian
random fields considered by Geman, Horowitz and Rosen (1984), Rosen
(1984).

The Holder conditions for the local times of Gaussian random field X (¢)
are closely related to the irregularity of the sample paths of X (¢) (cf. Berman
(1972)). To end this section, we apply Theorem 1.1 and Theorem 1.2 to
derive results about the degree of oscillation of the sample paths of X (¢).

Theorem 3.1 Let X (¢)(t € RY) be the Gaussian random field defined by (1.7).
For any © € RY, there is a finite constant K > 0 such that

liminf sup — PO ZXOL o g (3.16)
r=0 seB(rr) a(r/(log log1/r) I/N)
For any rectangle T C RY
liminf inf sup — & ZXOL o o (3.17)

r=0 el seB(fyr)o(r/(logl/r)l/N) a

In particular, X (t) is almost surely nowhere differentiable in RY .

Proof. Clearly it is sufficient to consider the case of d = 1. For any rectangle
O C R,

Q) = /X(Q)Loc, 0) dx
< 1*(Q) - sup [X(s) — X(1)| - (3.18)

s,teQ

Let Q = B(t,r). Then (3.16) follows immediately from (3.18) and (1.10).
Similarly, (3.17) follows from (3.18) and (1.11).

Remark. With a little more effort, we can prove that under the conditions of
Theorem 3.1, for any 7 € RY

liminf sup X(s) = X (o))

<K as.
=0 eB(rr) g(r/(log log l/r)l/N)

The proof is a modification of that of Theorem 3.2 of Monrad and Rootzén
(1995), using some technical lemmas in Xiao (1996). In particular, if
X(t) (te RY) is a d-dimensional fractional Brownian motion of index a,
then for any 7 € RY

X(s) —X
liminf sup X (s) ()| v =K as.
=0 seper) 1/ (loglog1/r)
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where the constant K depends on N,d and « only. This generalizes Chung’s
law of iterated logarithm (Chung (1948)) and Theorem 3.3 of Monrad and
Rootzén (1995) to multiparameter cases.

If X(t) is Brownian motion in R and we take 7 = [0, 1], then (3.17)
becomes

X (t+5) - X(¢
liminf inf M
r=0 0=l o<s<r (r/logl/r) !

Csorgé and Révész (1979) proved the following more precise result:
. . X (¢ — X(t
lim inf sup M = \/E a.s.
r=0 0<i<lo<y<r (r/log1/r) 8

It seems natural to believe that with the conditions of Theorem 3.1, the
following inequality holds for any rectangle 7 C RY,

. . X (s) — X(¢
limsup inf sup [X(s) Ul <K a.s.
r=0 €T seB(tr) a(r/(log l/r)l/N)

4 The Hausdorff measure of the level sets

Let X(¢) (t € RY) be a Gaussian random field with values in R?. For every
x € R, let

X 'x)={te RV : X(t) =x}

be the x-level set of X(¢). The Hausdorff dimension of the level sets of
fractional Brownian motion and more general Gaussian random fields have
been studied by several authors, see Kahane (1985) and Adler (1981). In this
section, we investigate the exact Hausdorff measure of the level sets of
strongly locally g-nondeterministic Gaussian random fields.

We start with the following lemma. Let T C R be a closed cube.

Lemma 4.1 Let p,, be a random measure on T and let fi(t) = fi(t,w) be a
sequence of positive random functions. If there exist a positive constant K such
that for any positive integers n, k,

2771Nk
R @)
' [T o2%)
j=1
Then with probability 1 for u, almost all t € T
lim sup filt) <K. (4.2)

k—o0 ¢1 (Z_k) a
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Proof. Let 4 > 0 be a constant which will be determined later and let
a(o) ={re T fi() = 40,27} .

Then by (4.1) we have
fT [.fk :uw dt)

Bltold) = =g, @Ry
K\" /. —1N\" 1
< (=) o(27*(loglog2* -
(4) o tewron2) ) T
K\" —ndIN nod y { m—k %% o 1
< (= -
< (A) (logk) n L<2 (logk) ) _J‘:IIL(Z*"j*I/N)d

By taking n = logk and similar to (2.28), we can choose A4 large such that

Elu(l)(Ak) S k_2 °
This implies that

E<Z M,U(Ak)> <oo.
k=1
Therefore with probability 1 for u, almost all # € T, (4.2) holds.

Proposition 4.1 Assume that the conditions of Theorem 1.1 are satisfied. Let
x € R? be fixed and let L(x,-) be the local time of X (t) at x which is a random
measure supported on X~'(x). Then with probability 1 for L(x,-) almost all
teT

lim supM <K, (4.3)
r—0 l(r)

where K > 0 is a finite constant which does not depend on x.

Proof. Let fi(t) = L(x,B(1,27%)) and g, be the restriction of L(x, -) on T, that
is, for any Borel set B C RY

Ho(B) = L(x,BNT) .

Then, by an argument similar to the proof of Proposition 3.1 of Pitt (1977),
we have that for any positive integer n > 1

/[fk x dl
(n+1)d n+1
=== exp| —i X, U;
<277~'> /T/‘Z(t.z")” [R“"W < ;< j>>

-Eexp (inif(uﬁ)((sj))> duds (4.4)

J=1
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where @ = (u,...,u,11) € R™ and 5= (t,51,...5,) € T x B(¢,27%)". Simi-
lar to the proof of (2.8) we have that (4.4) is at most

. ds
K /T /B(z,zk)” /det Cov(X (1), X (s1),...,X(sn))

g™ (4.5)

[T (21
j=1

where K > 0 is a finite constant depending on N,d, ¢ and T only. It is clear
that (4.3) follows immediately from (4.5) and Lemma 4.1.

Theorem 4.1 Assume that the conditions of Theorem 1.1 are satisfied. Let
T C RY be a closed cube and let L(x, T) be the local time of X(t) on T. Then
there exists a positive constant K such that for every x € R? with probability 1

¢o-m(X'(x)NT) > KL(x,T) , (4.6)

Proof. As we mentioned, L(x,-) is a locally finite Borel measure in R? sup-
ported on X~ !(x). Let

_ o L(x,B(t,r))
D_{IET.llrf}j(}lpW>K} ,

where K is the constant in (4.3). Then D is a Borel set and by Proposition 4.1,
L(x,D) = 0 almost surely. Using the upper density theorem of Rogers and
Taylor (1969), we have almost surely

-m(X'(x)N7T)
> ¢y-m(X ™' (x) N (T\D))
> KL(x, T\D)
=KL(x,T) .
This completes the proof of (4.6).

Now we will use an approach similar to that of Talagrand (1996) to study
the upper bound of ¢;-m(X~'(x)NT). In addition to the conditions in
Theorem 1.1, we further assume that

2
E(Y(t+h)—Y(t)” = a*(|h]) . (4.7
Let T be a closed cube in RV\{0} and denote
¢ =min a(lt]) -
Then € >0 and there exists a positive constant x such that for every
0<h<un,alh) <e/2
It is clear that there is a positive integer M, depending on T and 5, such

that 7 can be covered by M closed balls, say {B(t;,n),j=1,...,M}, of
radius #. In order to prove that almost surely
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o-m(X'(x)NT) < o0
it suffices to show for each j=1,...,M
¢1-m(X ' (x) N B(t;,n)) < o as.

To simplify the notations, we will assume 7' = B(ty, 17), where 5 € RY\{0} is
fixed. For any ¢t € T, let

X' =X(@) - X(1),  X() = E(X(1)|X (1)) -
The two random fields X! and X? are independent.

Lemma 4.2 For any s, t €T

[X2(s) = X(1)] < Kls — 1| (t0))| (4.8)

where y =20 if « < 1/2, y=1if o > 1/2, and K > 0 is a finite constant de-
pending on N,a,d, ty and n only.

Proof. 1t is sufficient to consider the case of d = 1. Then

E[(Y(s) = Y(1)Y (t)]
E(Y(to)z)
|a2(Is]) — a*(|t]) + o> (|t — 19]) — o> (|s — 10])|

= 2020 [Y(%)] . (4.9)

[V2(s) — Y2(t)| = | ¥ ()

Since L(s) is smooth, we have that for any s,z € T

| (Is]) = a*(e])| < ‘ISIZ“ — [eZ|L2(Is]) + 127 (Isl) — £ (Je])]
<Kls—1 (4.10)

where y =2a if a <1/2, y=11if > 1/2, and K > 0 is a finite constant
depending on N, 0,d, ty and n only. Combining (4.9) and (4.10) gives (4.8).

The following lemma is a generalization of Proposition 4.1 in Talagrand
(1995), see Xiao (1996) for a proof.

Lemma 4.3 There exists a constant 01 > 0 such that for any 0 < ry < 1, we
have

1\~
P{3r €1}, ro| such that sup |X(t)| < Ko r(loglog—)
t|<2VNr r

1
>1—exp <— <logi>h> .
7o

Theorem 4.2 Let X (¢)(t € RY) be the Gaussian random field defined by (1.7)
with Y(t) satisfying (4.7) and N > ad. Then for every fixed x € RY, with
probability 1
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¢1-m(X'(x)NT) < oo . (4.11)

Proof. 1t is sufficient to prove that
E(¢;-m(X~'(x)NT)) <K (4.12)
for some finite constant K = K(N,d, a,t,n) > 0. For k > 1, let

Ry :{t €T :3rc[27%,27% such that

I\ -UN
sup  |X(s) —X(1)] <Ko r(loglog—) } .
|s—£|<2v/Nr r

By Lemma 4.3 we have
P{teR}>1- exp(— k/2) .

It follows from Fubini’s theorem that

ZP(QICfl) < 0 9
k=1 '
where

Qi = {0 2n(R) = (1) (1 - exp(-VE/4)) } .
Let

Qi :{w : for every dyadic cube C of order k with CNT # 0
sup |X(s) — X ()| < Ka(2 ¥k } )
s,teC

It is known (e.g. it follows directly from Lemma 2.1 in Talagrand (1995)) that
we can choose K large enough such that

o0

ZP Q) <

k=1

Now we choose f# > 0 such that « + f < y and let
ng_{w t0)|<2kﬂ}
Then

> P <

k=1

o0

We also introduce the following event. Let
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R, = {t eT:3re [2’2",2’]‘} such that

—~1/N
sup  |X'(s) —X'()] <Ko r(loglog 1) .
|s—t|<2/Nr r

O = {w L (R > /IN(T)(I - exp(f\/l;/4))} .

By Lemma 4.2, we see that for k large enough, 1 N €y 3 C € 4, this implies

> P(Q,) < oo
k=1

and let

Now for any fixed x € RY, we start to construct a random covering of
X~'(x) N T in the following way. For any integer n > 1 and ¢ € T, denote by
C,(#) the unique dyadic cube of order n containing ¢. We call C,(¢) a good
dyadic cube of order # if it has the following property

sup X' (w) — X' ()| < Ka(Z’"(log log 2")*1/N) .
u,veC, (1)NT

We see that each ¢ € R} is contained in a good dyadic cube of order » with
k < n < 2k. Thus we have

, 2k
R,.CcV=1UFV,
n=k

and each ¥, is a union of good dyadic cubes C, of order n. Let (k) be the
family of the dyadic cubes in V. Now T\ is contained in a union of dyadic
cubes of order ¢ = 2k, none of which meets R;,. When the event Q; 4 occurs,
there can be at most

M) (T\V) < Kan(T)2V exp(—\//_c/4)

such cubes. We denote the family of such dyadic cubes of order g by #; (k).
Let # (k) = # (k) U #5(k). Then # (k) depends only upon the random
field X'(z) (t € T). For every 4 € #(k), we pick a distinguished point
vy €ANT, let

Q= {|X(vqg) — x| <214}
where if 4 is a dyadic cube of order n,
. {Ka(zn(loglogzn)‘”’v) it 4 e (k)
Ko(2")/n if A € #5(k)
Denote by 7 (k) the subfamily of #(k) defined by
F (k) = {4 € A (k) : Q4 occurs} .
Let @ =Qp > N3N Q4. Then
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> P(Q) < oo
k=1

Hence, with probability 1, for k large enough, the event Q; occurs. We denote
D = lim infk_,oc Qk.

Claim 1. For k large enough, on Q, Z (k) covers X~ !'(x) N T.

For each t € X~!(x) N T, we have X(¢) = x. Assume that ¢ belongs to some
dyadic cube 4 of order n in (k) (the case of 4 in #5(k) is simpler). Recall
that k < n < 2k. Hence for w € Q;, by Lemma 4.2 we have

X (va) = x| < X (04) = X' (0)] + X3 (04) = X°(0)]
<rg+ K272
S 2I’A .
Therefore 4 € 7 (k).

Denote

# = 0k .
Y (k)

Let X, be the o-algebra generated by X'(¢) (¢ € T). Then # depends on X,
only.

Claim 2. For any 4 €
P(Qu|Z1) < Krf (4.13)

where K > 0 is a finite constant depending on N, d, o, and # only.

To prove (4.13), it is sufficient to show that for every v € T and every
yeRY,
P(|X2(v) -y < r) < K.
This follows from the fact that Y?(v) is a Gaussian random variable with
mean 0 and variance

(a*(jv) + o*(Jto]) = o*(Jv — 10]))?
402(1())

E(Y(v)) =

>K>0.

Let |A4| denote the diameter of 4. It follows from (4.13) that for & large
enough, we have

E 1Qk.4 Z ¢1(|A|)
Ae7F (k)

=E E(lgM > ¢1<|A|)21)

AT (k)

=E|lq, Z E(I{Ae?(k)}|zl)¢l(|‘4|):|

AeA (k)
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< KE [1% > |A|N] (4.14)

AeA (k)

< Kin(T) .
Hence by Fatou’s lemma and (4.14) we have

E[(bl-m(X’l(x) NT)] =E[lp- qS]-m(X’l(x) NnT)]

< liminf E(lgM > ¢1(|AI))

AT (k)

< Kin(T) .

This proves (4.12) and hence (4.11).

Proof of Theorem 1.3. Combining Theorems 4.1 and 4.2 completes the proof
of Theorem 1.3.

We end this section with the following result on the Hausdorff measure of
the graph of Gaussian random fields. The exact Hausdorff measure function
for the graph of fractional Brownian motion has been obtained by Xiao
(1997). With the help of Theorem 1.1, we can give a different proof for the
lower bound and extend the result to more general Gaussian random fields.

Theorem 4.3 Let X (¢)(t € RY) be the Gaussian random field defined by (1.7)
and N > od. Then almost surely

K < q§3—m<GrX([0, 1]N>) <Ky, (4.15)

where K3, Ky are positive finite constants depending on N,d and o(s) only and
where

’,N+d

(U(r/(loglog l/r)l/N>)d .

Proof. We define a random Borel measure x on GrX|[0,1]Y € RY* by

$5(r) =

u(B) = in{tr € [0,1]" : (t,X(t)) € B} for any B C RV

Then u(RV*) = u(Grx[0,1]") = 1. It follows from Theorem 1.1 that for
any fixed 7, € [0, 11" almost surely

u(B((, X (1)), 7))
L(x, B(ty,r))dx
sémm”< (10,7)

< Ko (r) (4.16)



156 Xiao

By Fubini’s theorem, we see that (4.16) holds almost surely for Ay a.e.
f € [0, l]N. Then the lower bound in (4.15) follows from (4.16) and an upper
density theorem for Hausdorff measure due to Rogers and Taylor (1961).
The proof of the upper bound in (4.15), using Lemma 4.3, is similar to that of
Theorem 3.1 in Xiao (1997).

Remark. Let Y(t) (t € RY) be a centered Gaussian random field satisfying
conditions (1.5) and (1.6) with q;(s) =s%L;(s) (i=1,2,...,d). Define
Z(t) = (" (1),...,Ya(2)) (t € RY). If each Y; is a fractional Brownian motion
of index o; in IR, then Z(¢) is called a Gaussian random field with fractional
Brownian motion components. Such Gaussian random fields have been
studied by Cuzick (1978, 1982b), Adler (1981) and Xiao (1995, 1997). With a
careful modification of the arguments in this paper, results analogous to
Theorems 1.1, 1.2 and 1.3 can also be proved for Z(¢). We omit the details.
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