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ABSTRACT

Stochastic processes are becoming more important to actuaries. they underlie much of modern
finance, mortality analysis and general insurance; and they are reappearing in the actuarial syllabus. They
areimmensely useful, not because they lead to more advanced mathematics (though they can do that) but
because they form the common language of workers in many areas that overlap actuarial science. It is
precisely because most financial and insurance risks involve events unfolding as time passes that models
based on processes turn out to be most natural. This paper is an introduction to the language of stochastic
processes. We do not give rigorous definitions or derivations; our purpose is to introduce the vocabulary,
and then survey some applications in life insurance, finance and general insurance.
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1. INTRODUCTION

April 2000 will see the introduction of the new 100 series examinations. Among these is
a new subject called Stochastic Modelling (103). In this paper we will introduce you to the
main concepts in stochastic modelling, and then illustrate their application to Life Insurance
Mathematics, Finance and General Insurance. We hope that this paper will encourage you to
find out more about stochastic processes and how you can use them in your work.

This paper should be of particular interest to qualified actuaries and trainees who have
already completed subjects A to D and so (to their deep regret) will miss the opportunity to
sit the new examination. This paper assumes that you are already familiar with the basics of
probability and the actuarial applications.
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2. FAMILIAR TERRITORY

We will start off in what we hope is familiar territory. Consider two simple experiments:
(& spinning afair coin; or
(b) rolling an ordinary six sided die.

Each of these experiments has a number of possible outcomes:
(@ the possible outcomesare {H} (heads) and {T} (tails); and
(b) the possible outcomesare {1}, {2}, {3}, {4}, {5} and {6}.

Each of these outcomes has a probability associated with it:
(@ P[H]=05=P[T]; and
(b) Plj=%=...=P6].

The set of possible outcomes from experiment 1 is rather limited compared to that from
experiment 2. For experiment 2 we can consider more complicated events, each of which is
just a subset of the set of all possible outcomes. For example, we could consider the event
{even number}, which isequivalent to {2, 4 or 6}, or the event {lessthan or equal to 4}, which
is equivalent to {1, 2, 3 or 4}. Probabilities for these events are calculated by summing the
probabilities of the corresponding individual outcomes, so that:

Pleven number| = P[2] + P[4] 4 P[6] = 3 x (—15 = %

A real valued random variable is a function which associates a real number with each
possi ble outcome from an experiment. For example, for the coin spinning experiment we could
define the random variable X to be 1 if the outcomeis {H} and O if the outcomeis {T}.

Now suppose our experiment is to spin our coin 100 times. We now have 21® possible
outcomes. We can define events such as {the first spin gives Heads and the second spin gives
Heads} and, using the presumed independence of theresults of different spins, we can calculate
the probability of thiseventas 3 x 3 = 1.

Consider therandom variable X, forn= 1,2, ..., 100 which is defined to be the number of
Heads in the first n spins of the coin. Probabilities for X, come from the binomial distribution,

so that:
n 1 m 1 n—-m
P[Xn:m]:<m)><<§) X(E) form=0,1,...,n.

We can also consider conditional probabilitiesfor X,. « given the value of X,. For example:

P[X37 = 20 ‘ X36 = 19] =

PXs7 = 19| Xz =19| =
P[X37 = m ’ X3 = 19] =0 if m7é 19, 20.

NI NI

From these probabilities we can calculate the conditional expectation of Xg7 given that Xz =
19. Thisiswritten E[X37 | X35 = 19] and its value is 19.5. If we had not specified the value of
X3g, then we could still say that E[X37 | X3s] = X3 + 0.5. There are two points to note here:
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(@ E[Xgz7 | X36] denotes the expected value of X37 given some information about what hap-
pened in the first 36 spins of the coin; and

(b) E[X37 | X3g] isitself arandom variable whose value is determined by the value taken by
Xsz6. In other words, E[X37 | X3g] isafunction of Xzs.

The language of elementary probability theory has been adequate for describing the ideas
introduced in this section. However, when we consider more complex situations, we will need
a more precise language. This more precise language will be introduced in the next section,
although in some places we will sacrifice mathematical rigour for brevity and clarity.

3. BASIC TERMINOLOGY

3.1 Uncertainty

In this paper we are concerned with uncertainty. We will be interested in the results of
‘experiments’ that cannot be fully predicted beforehand. These experiments could be as varied
as measuring the speed of acar, recording the result on adie, or calculating the size of reserves.

3.2 Probability Triples

We will introduce the mathematical shorthand (Q,F ,P), known as a probability triple.
The three parts of (Q,F ,P) are the answers to three very important questions when dealing
with uncertain experiments, namely:
(8 What are the possible outcomes of an experiment?
(b) What information do we have about the outcome of an experiment?
(c) What isthe underlying probability of each outcome occurring?

We will start by explaining the use and meaning of the terminology (Q,F ,P).

3.3 Sample Spaces

The sample space Q is the set of al the possible outcomes, w, of the experiment. We
call each outcome a sample point. In an example of rolling a 6 sided die our sample space is
simply:

Q={1,2,3,4,5,6}

We see that in this case we have 6 sample points. We would now express the outcome of a 4
being rolled as w = 4.

An event is a subset of the sample space. In our example we would represent the event of
an odd number being rolled by the subset {1, 3,5}.

3.4 o-algebras

We denote by F the set of all eventsin which we could possibly be interested. To make the
mathematics work, we insist that F contains the empty set 0, the whole sample space Q, and
all (countable!) unions, intersections and complements of its members. With these conditions,
F iscaled ac-algebra of events.

LA countableinfinite set is one which can be put into one-to-one correspondence with the positive integers. The
set of al rational numbersis countable, but the set of all real numbersis not. All finite sets are countable.
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A sub-c-algebraof F isasubset G C F which satisfiesthe same conditionsasF ; that is,
G contains 0, the whole sample space Q, and all (countable) unions, intersections and comple-
ments of its members. For example, for the die-rolling experiment, we can take F to be the set
of all subsetsof Q = {1,2,3,4,5,6}; then:

G1={0,Q,{1,2,3,4},{5,6}}
isasub-o-algebra, but:
G, =1{0,Q,{1,2,3,4},{6}}
is not, since the complement of the set {6} does not belong to Go.

3.5 Random Variables
A real-valued random variable, X, is areal-valued function defined on the sample space Q.

3.6 Probability Measure
We now come to our third question — what is the underlying probability of an outcome
occurring? To answer this we extend our usual understanding of probability distribution to the
concept of probability measure. A probability measure, P, has the following properties:
(@ Pisamapping from F totheinterval [0, 1]; that is, each element of F is assigned a non-
negative real number between 0 and 1.
(b) The probability of acountable union of disjoint membersof F isthe sum of the individual
probabilities of each element; that is:

P(UZA) = iP(Ai)forAi € F andA;NA;j =0, for alli # |

(¢) P(Q) =1, thatis, an outcome w € Q occurs with probability 1.

The three axioms above are consistent with our usual understanding of probability. For our
die rolling experiment on the pair (Q,F ), we could have a very simple measure which assigns
a probability of % to each of the outcomes {1}, {2},{3},{4}, {5}, and {6}.

Now consider a biased die where the probability of an odd number is twice that of an
even number. We now need a new measure P* where P*({1}) = P*({3}) = P*({5}) = % and
P ({2}) = P*({4}) = P*({6}) = %. We see that this new measure P* still satisfies the axioms
above, but note that the sample space Q and the -algebraF are unchanged. So we have shown
that it is possible to define two different probability measures on the same sample space and
o-algebra, namely (Q,F ,P) and (Q,F ,P*).

3.7 Sochastic Processes

A stochastic process isa collection of random variablesindexed by time; {X.}_; isadis-
crete time stochastic process, and {X }t>o iS acontinuous time stochastic process. Stochastic
processes are useful for modelling situations where, at any given time, the value of some quan-
tity is uncertain, for example the price of a share, and we want to study the development of this
quantity over time. An example of a stochastic process {X,};_; was given in Section 2, where
Xn was the number of heads in thefirst n spins of acoin.
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A sample path for a stochastic process {X,t € T } ordered by some time set T, is the
realised set of random variables {X (w),t € T } for an outcome w € Q.

3.8 Information

Consider the stochastic process {Xn}r_; introduced in Section 2. As discussed there, the
conditional expectation E[Xnm|Xn] is @ random variable which depends on the value taken
by X,. Because of the nature of this particular stochastic process, the value of E[Xyim|Xn] is
the same as E[Xnm|{Xk}_,]- In other words, knowing the values of X, Xz,...,X,_1 does
not change the value of E[X,:m|X,]. Now let Fj be the sub-c-algebra created from all the
possible events, together with their possible unions, intersections and complements, that could
have happened in the first n spins of the coin. Then F,, represents the infor mation we would
have after n spins, from knowing the values of X1, Xo, ..., Xs. In this case, we would describe
Fn as the sub-o-algebra generated by X;, Xo, ..., Xy, and write F, = o(X1,X2,...,Xn). The
conditional expectation E[Xnm|{Xk}¢_,] could be written E[Xnm|Fn].

More generally, our information at timet is a g-algebra F; containing those events which,
at timet, we would know either had happened or had not happened.

3.9 Filtrations

Afiltration isany set of o-algebras {F } where F; C Fsfor alt <'s. Sowehave asequence
of increasing amounts of information where each member F; contains all the information in
prior members.

Usually F¢ contains all the information revealed up to timet, that is, we do not delete any
of our old information. Then at a later time, s, we have more information, Fs, because we add
to the original information the information we have obtained between timest and s.

For our coin-tossing experiment, the information provided by thefiltration F; should allow
us to reconstruct the result of all the coin tosses up to and including timet, but not after timet.
If F; recorded the results of the last three tosses only, it would not lead to a filtration since F
would tell us nothing about the (t — 3)™" toss.

If F¢(t > 0) isafiltration of a process X (taking continuous time as an example€), then we
have the Tower Law of conditional expectations. That is, for r < s<t:

E[E[xt“:s]“:r] = E[Xt“:r]-

In words, suppose that at time r we want to compute E[X|F;]. We could do so directly (as
on the right side above) or indirectly, by conditioning on the history of the process up to some
future time s (as on the | eft side above). The Tower Law says that we get the same answer.

3.10 Stopping Times
A random variable T mapping Q to thetimeindex set T isastoppingtimeif and only if:

{w:T(w)=t} ek foralteT.

Intuitively, a stopping time for a stochastic processis arule for stopping this process such
that the decision to stop at, say, timet can be taken only on the basis of information available
at timet. For example, let X; represent the price of a particular share at timet and consider the
following two definitions:
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(@ T isthefirst timethe process {X } reaches the value 120; or
(b) T isthetimewhen the process {X} reaches its maximum value.

Definition (@) defines a stopping time for the process because the decision to set T =t means
that the process reaches the value 120 for the first time at timet, and thisinformation should be
known at timet. Definition (b) does not define a stopping time for the process because setting
T =t requires knowledge of the values of the process before and after timet.

3.11 Martingales
If {Ft}i>0 isafiltration, amartingale with respect to {F; };>0 isastochastic process { X }
with the properties that:
(@ E(|%|) <o forall t;
(b) E(X|Fi—1) = X_1, wheret isadiscrete index; or
(©) E(X%|Fs) =Xsforals<t,wheret isacontinuousindex.

A consequence of either (b) or (c) isthat:

E[X]|=E[Xs] foranytands.

A very useful property of martingales is that the expectation is unchanged if we replace t
by a stopping time T for the process, so that:

E[X7] =E[X{] foranytands.

Thisisthe so-called Optional Stopping Theorem.

The word martingale has its origins in gambling games. For example take X; to be a gam-
bler'sfunds at timet. Given the information F;_1, we know the size of the gambler’s funds at
timet — 1 are X_1. For afair game (zero expected profit), the expected value of funds after a
further round of the game at timet would equal X;_1.

The study of martingalesis alarge and important field in probability. We find that many re-
sults of interest in actuarial science can be proved quickly by spotting that we have amartingale
and then applying the appropriate martingale theorems.

3.12 Markov Chains
A Markov chain isastochastic process { X } where

PX =X| X =X andXs=Xxs) = P(X = x| Xs=X%s) foralr <s<t

We are interested in the probability that a stochastic process will have a certain value in
the future. We may be given information as to the position of the stochastic process at certain
times in the past, and this information may affect the probability of the future outcome. How-
ever for a Markov Chain the only relevant information is the most recent known value of the
stochastic process. Any additional information prior to the most recent value will not change
the probability.
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For example, consider our die rolling experiment where N. was the number of sixesrolled
in the first r rolls. Given N, = 1, then the probability that Ns = 3 is 3—16 using afair die. This
probability is not altered if we also know that N; = 1.

3.13 Further Reading

Many textbooks cover the theory of stochastic processes. Two of the best are Grimmet
& Stirzaker (1992), which starts with the basics of probability and builds up to ideas such
as markov chains and martingales; and Williams (1991), which is specifically a book about
martingales, but does give a very rigorous treatment of of the (Q, F , P) terminology.

4. LIFE INSURANCE MATHEMATICS

4.1 Introduction

The aim of this section is to formulate life insurance mathematics in terms of stochastic
processes. The motivation for thisis the observation that life and related insurances depend on
life events (death, illness and so on) that, in sequence, form an individual’s life history. It is
thislife history that we regard as the sample path of a suitable stochastic process. The simplest
such life event is death, and precisely because of its smplicity it can be modelled successfully
without resorting to stochastic processes (for example, by regarding the remaining lifetime as
arandom variable). Other life events are not so simple, so it is more important to have regard
to the life history when we try to formulate models. Hence stochastic processes form a natural
starting point.

To keep matters clear, we will develop the ssimplest possible example, represented in an
intuitive way by the two-state (or single decrement) model in Figure 1. Of course, this process
— death as a single decrement — is very familiar, so at first it seemsthat all we do is express
familiar resultsin not-so-familiar language. Of itself this offers nothing new, but, we emphasise,
the payoff comes when we must model more complicated life histories.

(@ All the tools developed in the case of this simple process carry over to more complicated
processes, such as are often needed to model illness or long term care.

(b) The useful toolsturn out to be exactly those that are also needed in modern financial math-
ematics. In particular, stochastic integrals and conditional expectation are key ideas. So,
instead of acquiring two different toolkits, one will do for both.

The main difference between financial mathematics and life insurance mathematics is that
the former is based on processes with continuous paths, while the latter is based on processes
with jumps?. The fundamental objects in life insurance mathematics are stochastic processes
called * counting processes .

As will be obvious from the references, this section is based on the work of Professor
Ragnar Norberg.

2]t might be more accurate to say that, in financial mathematics, the easy examples are provided by continuous-
path processes, and discontinuities make the mathematics much harder, while in life insurance mathematicsiit is
the other way round. However, Norberg (1995b) suggests an interesting alternative point of view.
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Hx
0=able 1= dead

Figure 1: A two state model of mortality

Figure 2: A sample path No; (t) of a counting process: death at age 46

4.2 Counting Processes

Figure 1 represents a two-state Markov process, with transition intensity (‘force of mor-
tality’) px depending on age x. For convenience, we assign the number O to the able state, and
the number 1 to the dead state. A typical sample path of this process might then look like Figure
2, where alife dies at age 46. The sample path is a function of time; we call it Nog(t). Noa(t)
indicates whether death has yet occurred®. Looked at another way, Nog (t) counts the number of
events that have happened up to and including timet. Do not think that because only one type
of event can occur, and that only once, this ‘counting’ interpretation istrivial: far fromit. Itis
what defines a counting process.

We pay close attention to the increments of the sample path Noz (). They are very simple.
If the process does not jump at time t, the increment is 0. We write thisas dNoz (t) = 0. If the
process does jump at timet, theincrement is 1. We write thisas dNp; (t) = 1. (Sometimes you

3Strictly speaking, our sample space Q is the space of all functions like Figure 2, beginning at 0 and jumping
to 1 at sometime, and the particular sample path in Figure 2 isapoint w € Q.
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will see ANp; (t) instead of dNpy (t); here it does not matter.)

Discreteincrementslike dNoy (t) are, for counting processes, what the first derivative d/dx
is for processes with differentiable sample paths. Just as a differentiable sample path can be
reconstructed from its derivative (by integration) so can a counting process be reconstructed
from itsincrements (also by integration). That leads usto the stochastic integral.

4.3 The Stochastic Integral

Begin with a discrete-time counting process, say one which can jump only at integer times.
Then by definition, dNpz(t) = O at all non-integer times, and dNps(t) = 1 at no more than one
integer time. Can we reconstruct Nos (t) from its increments dNp (t)? To be specific, can we
find No1(T)? (T need not be an integer). Let J(T) be the set of al possible jump times up to
and including T (that is, all integers < T). Then:

No]_(T) = Z dNo]_(t). Q)
teJ(T)

Suppose Noz (t) isstill discrete-time, but can jump at more points: for example at the end of
each month. Again, define J(T) asthe set of all possible jump timesup to and including T, and
equation (1) remains valid. This works for any discrete set of possible jump times, no matter
how refined it is (years, months, days, minutes, nanoseconds. ..). What happensin the limit?
(a) the counting process becomes the continuous-time version with which we started;

(b) the set of possible jump timesJ(T) becomestheinterval (0, T]; and
(c) thesumfor Noi(T) becomesan integral:

-
No]_(T) = / dNo]_(t) = /dNo]_(t). 2
0

teJ(T)

The integral in equation (2) is a stochastic integral. Regarded as a function of T, itisa
stochastic process®. This idea is very useful; it lets us write down values of assurances and
annuities.

4.4 Assurances and Annuities

Consider a whole life assurance paying £1 at the moment of death. What is its present
value at age x (call it X)? In Subjects A2 and 104, one way of writing this down is introduced:
define Ty as the time until death of alife aged x (arandom variable) and then the present value
of the assurance is X = v’ = e~ (in the usual notation).

We can also write this as a stochastic integral. The present value of £1 paid at timet is V.
If thelife does not die at timet, the increment of the counting process N isdNp; (t) = 0, and the
present value of the payment is\VidNgy (t) = 0. If the life does die at timet, the increment of N
isdNpy (t) = 1, and the present value of the payment isVVdNgy (t) = V. Adding up (integrating)
we get:

4The stochastic integralsin this section are stochastic just because sample paths of the stochastic process Nog (t)
areinvolved in their definitions. Given the sample path of Noy (t), these integrals are constructed in the same way
as their deterministic counterparts. The stochastic integrals needed in financial mathematics, called It integrals,
are abit different.



Stochastic Processes: L earning the L anguage 10

X = /thN01(t). 3
0

Annuities can aso be written down as stochastic integrals, with a little more notation.
Consider a life annuity of 1 per annum payable continuously, and let Y be its present value.
Define a stochastic process lp(t) asfollows: Ip(t) = 1if thelifeisaliveat timet, and Ip(t) = 0
otherwise. Thisisan indicator process; it takes the value 1 or 0 depending on whether or not
agiven statusisfulfilled. Then:

Y — /vtlo(t)dt. @)
0

Given the sample path, this is a perfectly ordinary integral, but since the sample path is
random, so isY. Defining X(T) and Y(T) as the present value of payments up to time T, we
can write down the stochastic processes:

T T
X(T) = /vthm(t) and  Y(T)= /vtlo(t)dt. )
0 0

4.5 The Elements of Life Insurance Mathematics
Guided by these examples, we can now write down the elements of life insurance math-
ematics in terms of counting processes. This was first done surprisingly recently (Hoem &
Aalen, 1978; Ramlau-Hansen 1988; Norberg 1990, 1991). We start with payment functions:
(@ if N=0attimet (the life is alive), an annuity is payable continuously at rate ag(t) per
annum; and
(b) if NjumpsfromOto 1 attimet (thelifedies), asum assured of Ay (t) ispaid.

Noting the obvious, premiums can be treated as a negative annuity, and these definitions can be
extended to any multiple state model. Also without difficulty, discrete annuity or pure endow-
ment payments can also be accommodated, but we leave them out for simplicity.

The quantities ap(t) and Ags (t) are functions of time, but need not be stochastic processes.
They define payments that will be made, depending on events, but they do not represent the
events themselves. In the case of a non-profit assurance, for example, they will be deterministic
functions of age. The payments actually made can be expressed as arate, dL(t):

dL(t) = Aoa(t)dNoa(t) +ao(t)lo(t)dt. (6)

This gives the net rate of payment, ‘during’ the time interval t to t + dt, depending on events.
We suppose that no payments are made after time T (T could be ). The cumulative payment
isthen:

]
L— / dL(t) = / Aor(t)dNoa (t) + / ao(t)lo(t)dt ™
0
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and the value of the cumulative payment at time O, denoted V (0), is:

T T T
V(0) = /vtdL(t) _ /vtAm(t)de(t) +/v‘ao(t)lo(t)dt ®)
0 0 0

This quantity is the main target of study. Compare it with equation (5); it simply allows for
more general payments. It isastochastic process, asafunction of T, sinceit now represents the
payments made depending on the particular life history (that is, the sample path of No (t)).

We also make use of the accumulated/discounted value of the payments at any time s,
denoted V (s):

T

T T
V(s) = Vis/v‘dL(t) _ VES/JAm(t)de(t)+é/\fao(t)|o(t)dt. ©)
0 0

0

4.6 Sochastic Interest Rates

Although we have written the discount function as \f, implicitly assuming a constant, de-
terministic interest rate, thisis not necessary at this stage. We could just as well assume that the
discount function was a function of time, or even a stochastic process. For simplicity, we will
not pursue this, but see Norberg (1991) and Mgaller (1998).

4.7 Bases and Expected Present Values
In terms of probability models, all we have defined so far are the elements of the sample

space Q (the sample paths Noz(t)) and some related functions such as L and V(s). We have

not introduced any o-algebras, filtrations or probability measures, nor have we carried out any
probabilistic calculation, such as taking expectations. We now consider these:

(@ Our filtration is the ‘natural’ filtration generated by the process Nos(t), which is easily
described. At time t, the past values Noi(S) (s<t) are al known, and the future values
No1(s) (s> t) are unknown (unless Noz (t) = 1, in which case nothing more can happen).
Thisinformation is summed up by the o-algebra F;.

To picture this filtration, cover Figure 2 with your hand, and then slowly reveal the life
history. Before age 46, al possible future life histories are hidden by your hand; the infor-
mation F; isthe combination of the revealed life history and all these hidden possibilities.

(b) Our ‘overal’ g-algebraF istheunion of al the .

(c) The probability measure corresponds to the mortality basis. Asiswell known, the ac-
tuary will choose a different mortality basis for different purposes, and we suppose that
nature chooses the ‘real’ mortality basis. In other words, the sample space and the filtra-
tion do not determine the choice of probability measure; nor is the choice of probability
measure always an attempt to find nature’s ‘real’ probabilities (that is the estimation prob-
lem). This point is of even greater importance in financial mathematics, where it is often
misunderstood.

All concrete cal culations depend on the choice of probability measure (mortality basis). We
will illustrate this using expected present values. Suppose the actuary has chosen a probability
measure P (equivalent to life table probabilities {py). Taking as an example the whole life
assurance benefit, for alife aged x, say, Ep[X] is:
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Hgl
0=able 1=ill
T
1% i
2 = dead

Figure 3: Anillness-death model

00

Ep [/vthm} /VtEpdN()l( ) = /vt dNoa(t) /\/ttpxpx+tdt (10)

0

which should be familiar®. If the actuary chooses a different measure P*, say (equivalent to
different life table probabilities; py), we get a different expected value:

Ep-[X] = / Ve Pt (11)

Expected values of annuities are also easily written:
_ / Ve pedt. (12)
0

4.8 More Examples of Counting Processes

Figure 3 shows the well-known illness-death model. A precise formulation beginswith the
state S(t) occupied at timet; a stochastic process.

Figure 4 shows a single sample path from S(t): a life who has a short illness at age 40,
recovers at age 42, then has a longer, ultimately fatal illness starting at age 49. In the 2-state
mortality model, the stochastic process S(t ), representing the state occupied, coincided with the
counting process Noy (t) representing the number of events: here it is not so. In fact we can
define 4 counting processes, one for each transition, for example:

No1(t) = No. of transitionsabletoiill

5Thelast step in equation (10) follows because the event {dNo; (t) = 1} isjust the event * survivesto just before
age x+t, then diesin the next instant’, which has the probability  pxux.¢dt.
e did not introduce S(t) for the 2-state model: we do so now, it is the same as N (t).
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Figure 4: A sample path of an illness-death process S(t): O=able, 1=ill, 2=dead

No2(t) = No. of transitions able to dead
Nio(t) = No. of transitionsill to able
Ni2(t) = No. of transitionsill to dead

or, regarding them as one object, we have a multivariate counting process with 4 components.
We can also define stochastic processes indicating presence in each state, 1j(t), annuity pay-
ment functions aj(t) for each state, and sum assured functions for each possible transition,
Ajk(t). Then al of the life insurance mathematics from the 2-state model carries over with only
notational changes.

4.9 Where are the Martingales?

We have not yet mentioned any martingales associated with counting processes, but they
are very simple, and central to both data analysis and applications. In the 2-state model, the
martingaleis:

t
Moz (t) = Noa(t) —/lo(S)Ust- (13)
0

Moz (t) is called the compensated counting process, and the integral on the right hand side

is caled the compensator of Noi(t). It is easy to see that Mos(t) is a martingale from its
increments:

dMoa(t) = dNoa(t) — lo(t)pdt (14)
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Ep[dMoa(t)] = Ep[dNoa(t)] —Ep[lo(t)wdt] =0 (15)

We have been careful to specify the probability measure P in the expectation. If we change
the measure, for exampleto P*, corresponding to probabilities; py, we get adifferent martingal e:

M2 (t) = Nox(t) / lo(s)iids (16)

and Ep:[dM{;; (t)] = 0. Alternatively, given a force of mortality 1§, we can find a probability
measure P* such that M{; (t) is a P*-martingale; P* is ssimply given by the probabilities ¢ p; =
exp(— f ds). Thisistrue of any (well-behaved) force of mortality, not just nature’s chosen
‘true’ force of mortality’.
An idea of the usefulness of Mo, (t) can be gained from equation (13). If we consider an
age interval short enough that a constant transition intensity p is a reasonable approximation,
this becomes:

Moz (t) = Noz(t) —p / lo(s (17)

But the two random quantities on the right are just the number of deaths No;(t), and the total
time spent at risk fé lo(S)ds, better known as the central exposed to risk. All the properties
of the maximum likelihood estimate of |, based on these two statistics (summed over many
independent lives) are consequences of the fact that Moy (t) is a martingale (see Macdonald
(19963, 1996h)).

For more complicated models, we get a set of martingales, one for each possible transition
(from state j to state k) of the form:

t
Mi(t) = Nig(t) — /Ij(s)uy‘ds (18)
0
which have al the same properties.

4.10 Prospective and Retrospective Reserves

We now return to equation (9): V(s) =v ° fOT VidL(t). Recall that the premium is part
of the payment function ag(t); setting the premium according to the equivalence principle
simply means setting Ep[V (0)] = 0 and solving for ag(t), where P is the probability measure
corresponding to the premium basis.

For convenience, we will use the same basis (measure) for premiums and reserves, as is
common in other European countries.

Reserves follow when we consider the evolution of the value function V over time, as
information emerges. We start from the conditional expectation; for s< T:

"This is exactly analogous to the ‘ equivalent martingale measure’ of financial mathematics, in which we are
given the drift of a geometric Brownian motion (coincidentally, also often denoted ;) and then find a probability
measure under which the discounted processis a martingale.
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B T
EV(SIF = Ep | [VaLW |Fe (19)
:105 : 17
— B $0/vtdL(t) Fo| +Ep [Vs/vtdL(t)'Fs} (20)

The second term on the right is the prospective reserve at time s. If the information Fs is
the complete life history up to time s, it is the same as the usual prospective reserve. However,
this definition is more general; for example, under a joint-life second-death assurance, the first
death might not be reported, so that Fs represents incomplete information. Also, it does not
depend on the probabilistic nature of the process generating the life history; it is not necessary
to suppose that the process is Markov, for example. |If the process is Markov (as we often
suppose) then conditioning on Fs simply means conditioning on the state occupied at time s,
which is very convenient in practice.

Thefirst term on the right is minus the retrospective reserve. This definition of the retro-
spective reserve is new (Norberg, 1991) and is not equivalent to ‘classical’ definitions. Thisis
a striking achievement of the stochastic process approach: for convenience we aso list some of
the notions of retrospective reserve that have preceded it:

(@ The'‘classica’ retrospectivereserve (for example, Neill (1977)) depends on a deterministic
cohort of lives, who share out a fund among survivors at the end of the term. However,
thisjust exposes the weaknesses of the deterministic model: given awhole number of lives
at outset, Iy say, the number of survivors some time later, Iy px is usually not an integer.
Viewed prospectively this can be excused as being a convenient way of thinking about
expected values, but viewed retrospectively there is no such excuse.

(b) Hoem (1969) allowed both the number of survivors, and the fund shared among survivors,
to be random, and showed that the classical retrospective reserve was obtained in the limit,
as the number of livesincreased to infinity.

(c) Perhapssurprisingly, the‘classical’ notion of retrospective reserve does not lead to aunique
specification of what the reserve should be in each state of ageneral Markov model, leading
to severa aternative definitions (Hoem, 1988; Wolthius & Hoem, 1990; Wolthius, 1992)
in which the retrospective and prospective reserves in the initial state were equated by
definition.

(d) Finally, Norberg (1991) pointed out that the ‘classical’ retrospectivereserveis”... rather a
retrospective formulafor the prospectivereserve...”, and introduced the definition in equa-
tion (20). Thisis properly defined for individual lives, and depends on known information
Fs. If Fsisthe completelife history, the conditional expectation disappears and:

S
Retrospective reserve = _Fl / VidL (1) (21)
0

which is more akin to an asset share on an individual policy basis. If Fs represents coarser
information, for example aggregate data in respect of a cohort of policies, the retrospective
reserve is akin to an asset share with pooling of mortality costs.
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We have spent some time on retrospective reserves, because it is an example of the greater
clarity obtained from a careful mathematical formulation of the process being modelled, in this
case thelife history.

4.11 Differential Equations
The chief computational tools associated with multiple-state models are ordinary differ-

ential equations (ODEs). We mention three useful systems of ODEs:

(8 The Kolmogorov forward equations can be found in any textbook on Markov processes
(for example, Kulkarni (1995)) and have been in the actuarial syllabusfor sometime. They
allow us to calculate transition probabilities in a Markov process, given the transition in-
tensities, which is exactly what we need since transition intensities are the quantities most
easily estimated from data. We give just one example, the simplest of al from the 2-state
model:

0
att Px = —t PxMx+t- (22)

(b) Theile'sequation governsthe development of the prospective reserve. For example, if{Vy
isthe reserve under awhole life assurance for £1, Theile’'sequation is:

& = 85, P (1= Vs @)
which has a very intuitive interpretation. In fact, it is the continuous-time equivalent of
the recursive formula for reserves well-known to British actuaries. It was extended to any
Markov model by Hoem (1969).

(c) Norberg (1995b) extended Theile's equations for prospective policy values (that is, first
moments of present values) to second and higher moments. We do not show these equa-
tions, as that would need too much new notation, but we note that they were obtained from

the properties of counting process martingales.

Most systems of ODEs do not admit closed-form solutions, and have to be solved nu-
merically, but many methods of solution are quite simple®, and well within the capability of a
modern PC. So, while closed-form solutions are nice, they are not too important, and it is better
to seek ODEs that are relevant to the problem, rather than explicitly soluble. We would remind
actuaries of avenerable example of anumerical solution to an intractable ODE, namely thelife
table.

4.12 Advantages of the Counting Process Approach

(&) First and foremost, counting processes represent complete life histories. In practice, not
all this information might be available or useable, but it is best to start with a model that
represents the underlying process, and then to make whatever approximations might be
needed to meet the circumstances (for example, data grouped into years).

(b) The mathematics of counting processes and multiple-state models is easily introduced in
terms of the 2-state mortality model, but carries over to any more complicated model, thus
solving problems that defeat life-table methods. Thisisincreasingly important in practice,
as new insurances are introduced.

8Numerical solution of ODEs is one of the most basic tasks in numerical analysis,
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(c) Completely new results have been obtained, such as an operational definition of retrospec-
tive reserves, and Norberg's differential equations.

(d) The tools we use are exactly those that are essential in modern financial mathematics, in
particular stochastic integrals and conditional expectations. For a remarkable synthesis of
these two fields, see Maller (1998). An aternative approach, in which rates of return as
well aslifetimes are modelled by Markov processes, has been devel oped (Norberg, 1995hb)
extending greatly the scope of the material discussed here.

(e) We have not discussed data analysis, but mortality studies are increasingly turning towards
counting process tools, for exactly the same reason as in (a). It will often be helpful for
actuaries at least to understand the language.

5. FINANCE

5.1 Introduction

In this section we are going to illustrate how stochastic processes can be used to price
financial derivatives.

A financial derivative is a contract which derives its value from some underlying security.
For example, a European call option on a share givesthe holder the right, but not the obligation,
to buy the share at the exercise date T at the strike price of K. If the share priceat time T, &,
islessthan K then the option will not be exercised and it will expire without any value. If Sy is
greater than K then the holder will exercise the option and a profit of S — K will be made. The
profitat T is, therefore, max{Sr — K, 0}.

5.2 Models of Asset Prices
Much of financial mathematics must be based on explicit models of asset prices, and the

results we get depend on the model swe decide to use. In this section we will look at two models

for share prices. a simple binomial model which will bring out the main points; and geometric

Brownian motion. Throughout we make the following general assumptions’.

(@ Wewill use § to represent the price of anon-dividend-paying stock at timet (t=0,1,2,...).
Fort > 0, § israndom.

(b) Besidesthe stock we can also invest in abond or a cash account which hasvalue B; at time
t per unitinvested at time 0. Thisaccount isassumed to berisk free and we will assume that
it earns interest at the constant risk-free continuously compounding rate of r per annum.
Thus B; = exp(rt). (In discrete time, risk free means that we know at timet — 1 what the
value of therisk-free investment will be at timet. In thismore simple case, the value of the
risk-free investment at any timet isknown at time 0.)

(c) Atany pointintimewe can hold arbitrarily large amounts (positive or negative) of stock or
cash.

5.3 The No-Arbitrage Principle
Before we progressit is necessary to discuss ar bitrage.

9These assumptions can be relaxed considerably with more work.
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Suppose that we have a set of assets in which we can invest (with holdings which can be
positive or negative). Consider a particular portfolio which starts off with value zero at time 0
(so we have some positive holdings and some negative). With this portfolio, it is known that
thereissometime T in the future when its value will be non-negative with certainty and strictly
positive with probability greater than zero. Thisis called an arbitrage opportunity. To exploit it
we could multiply up all amounts by one thousand or one million and make huge profits without
any cost or risk.

In financial mathematics and derivative pricing we make the fundamental assumption that
arbitrage opportunities like this do not exist (or at least that if they do exist, they disappear too
quickly to be exploited).

5.4 A One-Period Binomial Model
First we consider a model for stock prices over one discrete time period. We have two
possibilitiesfor the price at time 1 (see Figure 5):

S = Su if the price goes up
T | Sd if the price goes down

withd < u (strictly, it isnot necessary that d < 1).

In order to avoid arbitrage we must have d < € < u. Suppose this is not the case: for
example, if € < d. Then we could borrow £1 of cash and buy £1 of stock. At time 0 thiswould
have a net cost of £0. At time 1 our portfolio would be worthd — € or u— € both of which are
greater than 0: an example of arbitrage.

Suppose that we have a derivative which pays f if the price of the underlying stock goes
up and fy if the price of the underlying stock goes down. At what price should this derivative
trade at time 0?

In this model (and aso in the multi-period model that we consider later) we will assume:
(&) thereare no trading costs,

(b) there are no minimum or maximum units of trading;
(c) stock and bonds can only be bought and sold at discretetimes 1, 2, ...

As such the model appearsto be quite unrealistic. However, it does provide us with good insight
into the theory behind more realistic models. Furthermore it provides us with an effective
computational tool for derivatives pricing.

At time 0 suppose we hold @ units of stock and U units of cash. The value of this portfolio
at time 0isVp. At time 1 the same portfolio has the value:

vy = ] #Sou+ e’ if the stock price goes up
171 ¢Sod+ e if the stock price goes down

Let us choose @ and Y so that V1 = fy if the stock price goes up and V; = fq if the stock
price goes down. Then:

PSu+ye = fy
and @Sd+ye = fq
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.S)u

® Sd

Figure 5: One-period binomial model for stock prices

Thuswe havetwo linear equationsin two unknowns, ¢ and Y. We solvethis system of equations
and find that:

N fu—fq
- S(u—d)
U = e (fu—oSu)

=Vo = ¢Q+Y

= e ' (qfu+(1-a)fq)

e —d

where g = =
u—¢e e —d
1-q = u—d_l_ u—od

Note that the no-arbitrage conditiond < € < uensuresthat 0 < q < 1.
If we denote the payoff of the derivative at t = 1 by the random variable f(S), we can
write:

Vo = e "Eq(f(S1))

where Q is a probability measure which gives probability g to an upward move in prices and
1 — g to adownward move. We can see that g depends only upon u, d and r and not upon the
potential derivative prices. In particular, Q does not depend on the type of derivative; it is the
same for all derivatives on the same stock.
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The portfolio (@,) is called areplicating portfolio because it replicates, precisely, the
payoff at time 1 on the derivative without any risk. It is also a smple example of a hedging
strategy: that is, an investment strategy which reduces the amount of risk carried by the issuer
of the contract. In thisrespect not al hedging strategies are replicating strategies.

Up until now we have not mentioned the real-world probabilities of up and down moves
inprices. Let thesebe pand 1— p where 0 < p < 1, defining a probability measure P.

Other than by total coincidence, p will not be equal to g.

Let us consider the expected stock price at time 1. Under P thisis:

So(pu+(1—p)d) = Ep(S1)
and under Qitis:

(¢ —d) du-—¢€)
u—d + u—d

Eo(S) = S(au+ (1)) = o - )-se.

Under Q we see that the expected return on the risky stock isthe same as that on arisk-free
investment in cash. In other words under the probability measure Q investors are neutral with
regard to risk: they require no additional returns for taking on more risk. Thisiswhy Q is
sometimes referred to as arisk-neutral probability measure.

Under the real-world measure P the expected return on the stock will not normally be equal
to the return on risk-free cash. Under normal circumstances investors demand higher expected
returns in return for accepting the risk in the stock price. Thus we would normally find that
p > g. However, this makes no difference to our analysis.

5.5 Comparison of Actuarial and Financial Economic Approaches
The actuaria approach to the pricing of this contract would give:

V& = e %Ep[f(S)] = e °(pfu+(1—p)fa)

where 9 is the actuarial, risk-discount rate. Compare this with the price calculated using the
principles of financial economics above:

Vo=e"Eq(f(S1)) =€ " (afut+ (1-a)fa).

If forwards are trading at /', where Vi§! > Vo, then we can sell one derivative at the actuarial
price, and use an amount \p to set up the replicating portfolio (¢, ) at time 0. The replicating
portfolio ensures that we have the right amount of money at t = 1 to pay off the holder of the
derivative contract. The difference between V§ and Vy is then guaranteed profit with no risk.

Similarly if V§ < Vo we can also make arbitrage profits.

(In fact neither of these situations could persist for any length of time because demand for
such contracts trading at V3 would push the price back towards Vg very quickly. Thisisafunda-
mental principle of financial economics: that is, prices should not admit arbitrage opportunities.
If they did exist then the market would spot any opportunities very quickly and the resulting
excess supply or demand would remove the arbitrage opportunity before any substantial profits
could be made. In other words, arbitrage opportunities might exist for very short periods of time
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in practice, while the market is free from arbitrage for the great magjority of time and certainly at
any pointsin time where large financial transactions are concerned. Of course, we would have
no problem in buying such a contract if we were to offer a price of \j§ to the seller if thiswas
greater than \Vp but we would not be able to sell at that price. Similarly we could easily sell such
acontract if V§ < Vo but not buy at that price. In both cases we would be left in aposition where
we would have to maintain arisky portfolio in order to give ourselves a chance of a profit, since
hedging would result in a guaranteed |0ss.)

For V§' to make reasonable sense, then, we must set 6 in such away that V§ equals V. In
other words, the subjective choice of & in actuarial work equates to the objective selection of
the risk-neutral probability measure Q. Choosing & to equate Vi§ and Vp is not what happens
in practice and, although & is set with regard to the level of risk under the derivative contract,
the subjective element in this choice means that there is no guarantee that Vi3 will equal Vo. In
general, therefore, the actuarial approach, on its own, is not appropriate for use in derivative
pricing. Where models are generalised and assumptions weakened to such an extent that it is
not possible to construct hedging strategies which replicate derivative payoffs then there is a
role for a combination of the financial economic and actuarial approaches. However, thisis
beyond the scope of this paper.

5.6 Binomial Lattices

Now let uslook at how we might price a derivative contract in a multiperiod model with n
time periods. Let f(x) be the payoff on the derivative if the share has a price of x at the expiry
date n. For example, for a European call option we have f(x) = max{x—K,0}, whereK isthe
strike price.

Suppose now that over each time period the share price can rise by afactor of u or fall by
afactor of d = 1/u: that is, for al t, S, isequal to Su or Sd. This means that the effect of
successive ‘up and down’ moves is the same as successive ‘down and up’ moves. Furthermore
the risk-free rate of interest is constant and equal to r, with, still, d < € < u. Then we have:

§ = Suitd ™

where N isthe number of up-steps!® between time 0 and timet. This means that we haven+ 1
possible states at time n. We can see that the value of the stock price at timet depends only
upon the number of up and down steps and not on the order in which they occurred. Because
of this property the model is called a recombining binomial tree or a binomial lattice (see
Figure 6).

The sample space for this model, Q, is the set of all sample paths from time 0 to time n.
Thisiswidely known as the random walk model. There are 2" such sample paths since there are
two pssible outcomes in each time period. The information F isthe o-algebra generated by all
sample paths from time 0 to n while the filtrations F; are generated by all sample paths up to
timet. (Given the sample space Q, each sample path up to timet is equivalent to 2"t elements
of the sample space, each element being the same over the period Otot. N and § are random
variables which are functions of the sample space.)

Under thismodel all periods have the same probability of an up step and stepsin each time
period are independent of one another. Thus the number of up steps up to timet, N, has under

101 this sense, Ny can aso be regarded as a discrete-time counting process; see Section 4.
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Figure 6: Recombining binomial tree or binomial lattice

Q abinomial distribution with parameterst and q. Furthermore, for 0 <t < n, N isindependent
of Np — Nt and N, — N has a binomial distribution with parametersn—t and q.

Let us extend our notation alittle bit. Let \V;(j) be the fair value of the derivative at timet
givenN; = j for j =0,....t. Alsolet Vy(j) = f (Suld"}). Finally we write \t =V (N;) to be
the random value at some future timet.

In order for usto calculate the value at time O, Vp(0), we must work backwards one period
at atime from time n making use of the one-period binomial model as we go.

First let us consider the time period n— 1 to n. Suppose that N,_1 = j. Then, by analogy
with the one-period model we have:

Voo1(j) = €' [aVa(j+ 1)+ (1—g)Va(j)]
= e‘rEQ[Vn\Fn_l]
= € 'EQ[f(Sh) | Nn-1=]]
= € 'Eq[f(S) | Fa-1]
¢ —d

where q = TR
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Equivalently we can write thisasVy_1 = e "Eq[f(Sh) | Fn-1].
Aswe work backwards we have;

Vi-1 = € EqM |F4]
e "Eq[e "Eq (M1 | Fr) | Fr-1]
= e ¥Eg[My1|Fi1]  (using the Tower Law)

_ ef(nftle)rEQ [Vn ‘ thl]
= e "UIEQ[f(Sh) | Pl

Finally we get to:

Vo=e""Eq[f(S) | Fo] = ™EQ[f(Sh) | Sl -

The price at timet of the path-dependent derivative is thus:

Vi = e’r(n’t)EQ [f (SuNn*Ntd(n*t)*(Nn*Nt)> | N[]

n—t Y
— a1 kqn—t—k (n=t! 4 S ntk
© éﬁ@“d )mmq—mﬂ“ S

We have noted before that Eq(S;) = S€ giving rise to the use of the name risk-neutral
measure for Q. Similarly in the n-period model we have (putting f(s) = ):

Eq[S|Fo] = S

So the use of the expression risk-neutral measure for Q is still valid. Alternatively we can
write:

Eole 'St |F]=e"s.

In other words, the discounted asset value process Dy = e 'S is a martingale under Q. This
givesrise to another name for Q: equivalent martingale measure.

In fact we normally use this result the other way round, as we will see in the next section.
That is, the first thing we do is to find the equivalent martingale measure Q, and then use it
immediately to price derivatives.

5.7 A Continuous-Time Model

Let us now work in continuous time. Let § be the price of the non-dividend-paying share
for 0 <t <T. Supposethat a derivative pays f(s) at time T if the sharepriceat time T isequal
tos.
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The particular model we are going to look at for S is called geometric Brownian motion:
that is, § = Spexp[(L— %cz)t + 0Z;] where Z; is a standard Brownian motion under the real-
world measure P. (For the properties of Brownian motion see Appendix A.) This means that
S has alog-normal distribution with mean Spexp(pt) and variance exp(2yt). [exp(o?t) — 1].
By application of 1t0’slemma (see Appendix B) we can write down the stochastic differential
equation (SDE) for § asfollows:

dS = uSdt + 0Sdz.

By analogy with the binomia model thereisanother probability measure Q (the risk-neutral
measure or equivalent martingale measure) under which:
(@ e S isamartingale
(b) S can be written as the geometric Brownian motion Sexp [ (r — 302) t + 0Z;] where Z(t)
isastandard Brownian motion under Q

By continuing the analogy with the binomial model (for example, see Baxter & Rennie
(1996)) we can aso say that the value at timet of the derivativeis:

Vi =e T VEQ[f(Sr) | Fi] =e T VEq[f(Sr) | §].

With a bit more work we can also see that, under this model, if we invest \ in the right
way (that is, with a suitable hedging strategy), then we can replicate the payoff at T without the
need for extra cash.

Suppose that we consider a European call option, so that f(s) = max{s—K,0}. Then we
can exploit a well known property of the log-normal distribution to get the celebrated Black-
Scholes formula:

Vi = S®(cdh)—Ke T Ya(d2)
logR + (r+20?) (T —1)
oVT —t

and d2 = dl—O'\/T——t.

A more detailed development of pricing and hedging of derivativesin continuous time can
be found in Baxter & Rennie (1996).

where d; =

6. APPLICATIONS IN RISK THEORY

6.1 Introduction

In this section we show how stochastic processes can be used to gaininsight into the pricing
of general insurance policies. In particular, we will make use of the notion of a martingale,
Brownian motion and also the optional stopping theorem.

Suppose we have a general insurance risk, for example comprehensive insurance for a
fleet of cars or professional indemnity insurance for a software supplier, for which cover is
required on an annual basis. We want to answer the question: “In an ideal world, how should
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we calculate the annual premium for this cover?” Let us denote by B, the premium to be
charged for cover in year n, where the coming year isyear 1.

The starting point is to consider the claims which will arise each year. Since the aggregate
amount of claimsisuncertain, we model these amountsasrandom variables. Let S, bearandom
variable denoting the aggregate claims arising from the risk in year n. We might aso take into
consideration, particularly for a large risk, the amount of capital with which we are prepared
to back this risk. We denote this initial capital, or ‘initial surplus’, U. In practice, we would
also take into consideration many other factors, for example, expenses and the premium rates
charged by our competitors. However, to keep things ssmple, we will ignore these other factors.

Throughout this section we will assume that the random variables {S,}7_; areindependent
of each other, but we will not assume they are identically distributed. To be able to calculate
P, we need to be able to calculate, or at least estimate, the distribution of S,. If we have
information about the distributions of claim numbers and claim amounts in year n, we may
be able to use Panjer’'s celebrated recursion formula to calculate the distribution of §,. See,
for example, Klugman et al (1997). In some circumstances, for example, when §, is the sum
of alarge number of independent claim amounts, it may be reasonable to assume that S, has,
approximately, anormal distribution. In what follows we will occasionally make the following
assumption:

for some parameters W, and o,.

6.2 The Standard Deviation Principle

Suppose we decide that each year B, should be set at a level such that the probability that
aggregate claims exceed the premium in that year should be suitably small, say 1— p. Formally,
this criterion can be expressed as follows:

P[S < Pa] =p. (25)

Making the additional assumption that S, is normally distributed, that is, assumption (24),
itiseasy to see that:

Pr = bn+YpOn (26)
where y is such that:

D(Yp) = p

and ®(z) isthe cumulative distribution function of the N(0, 1) distribution.

Formula(26) saysthat inyear n, P, should be calcul ated as the mean of the aggregate claims
for that year plusaloading proportional to the standard deviation of the aggregate claims. Notice
that the proportionality factor, y,, does not depend on n. In the actuaria literature, formula (26)
is known as the standard deviation principle for the calculation of premiums, and y;, is referred
to as the loading factor. See Goovaerts, De Vylder, & Haezendonck (1984).
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6.3 Utility Functions and the Variance Principle

Now suppose that our attitude to money is summarised by a utility function, u(x). Intu-
itively, u(x) is areal-valued function which expresses ‘ how much we like an amount of money
X' . Mathematically, we require the following two conditions to hold:

d 2
dx u(x) >0 and v
The first of these conditions says that “we always prefer more money”. The second condition
says that “an extra pound is worth less, the wealthier we are”. See Bowers et al. (1997) for
more details.

We can use this utility function to calculate P, from the following formula

(x) <O.

u(W) = EJu(W + P — S)] (27)

where W is our wealth at the start of the n-th year. The rationale behind this formula is as
follows: if we do not insure thisrisk, the utility of our wealth isu(W); if we do insure the risk,
our expected utility of wealth at the end of the year is E[u(W + R, — §,)]. Formula (27) says
that for a premium of B, we are indifferent between insuring the risk and not insuring it. In this
sense the premium B, is‘fair’. See, for example, Bowerset al. (1997) for details.

Now assume that u(x) isan exponential utility function with parameter o > 0, so that:

ux)=1-e % (28)
Using (28) in (27) and solving for P,, we have:

Ph= o *log(Ms, (@) (29)

where the notation Mz(.) denotes the moment generating function of a random variable Z, so
that Mz(a) = E[€*4]. Notice that in this special case P, does not depend on W, our wealth at
the start of the n-th year.

Finally, let us assume that S, has anormal distribution, asin (24). Then:

1
Ms, () = exp{pna + 5aap}

and so (29) becomes:

Ph = pn+ %aoﬁ. (30)

Thus, P, is calculated according to the variance principle.
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6.4 Multi-period Analysis— Discrete Time
Formulae (26) and (30) provide two alternative ways of calculating B, in an ideal world.
They have some features in common:
() ineach case R, isthe sum of the expected value of S, and a positiveloading; and
(b) in each case we arrived at aformulafor R, by considering the n-th year in isolation from
any other years.

A magjor differencein the development so far isthat for (26) theloading factor y, hasanintuitive
meaning, whereas in (30), or (29), the parameter a is not so easily understood or quantified. To
fill in this gap, we need to consider our surplus at the end of each year in the future.

Let U, denote the surplus at the end of the n-th year, so that:

n
Un=U+ Y (A—S)
K=1
forn=1,2,3,..., withUg defined to be U. Now define:

YU)=PU,<0 forsomen,n=123 ..

to be the probability that at some time in the future we will need more capital to back thisrisk,
that is, in more emotivelanguage, the probability of ultimate ruin in discretetimefor our surplus
process. Let us assume that P, is calculated using (29).

Consider the process {Yn};r_o, Where Y, = exp{—aUn} forn=0,1,2,... . Then {Y,}_, is
amartingale with respect to {S,}_;. To prove this, note that:

Unr1 =Un+Poi1— S

impliesthat:

E [Yn+1‘817 . ,Sn]
= Elexp{—a(Un+Pri1—S1)[S,- ... S}
= Elexp{—a(Pri1—S1)}SL -, S exp{—aUn}.

Since {&}_; isasequence of independent random variablesit follows that:

E [exp{—a(Pht1— Sw1) }SL- .-, S
E[exp{—a(Pht1—S+1)}]
exp{—aPn1}E [exp{aSyi1}]

= 1

where the final step follows from (29). Hence:

E [Yn+1|517 73’1] = exp{_aun} = Yh,
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and so the proof is complete.
We can now use this fact to find abound for Y(U). To do so, let usintroduce the positive
constant b > U, and define the stopping time T by:

T=min(n:U,<0o0rU, >b):

Thus, the process stops when the first of two events occurs: (i) ruin; or, (ii) the surplus reaches
at least level b. The optional stopping theorem tells us that:

E [exp{—aUr}] = exp{—aU}.

Let pp denote the probability that ruin occurs without the surplus ever having been at level
b or above. Then, conditioning on the two events described above:

Elexp{—aUr}] = E[exp{—aUr}Ur <0pp
+E [exp{—aUr }|Ut > b] (1 pp) (31)
= exp{—aU}.

Now let b — co. Then p, — Y(u), the first expectation on the right hand side of (31) is at
least 1 since it isthe moment generating function of the deficit at ruin, evaluated at a, and the
second expectation goesto 0 since it is bounded above by exp{—ab}. Thus:

exp{~aU} = Y(U)E [exp{ ~aUr}|Ur <0
giving:
exp{—aU}
U)=
YY)= Elep{—aUr}Ur <0

This gives us a simple bound on the probability of ultimate ruin. It also suggests an appro-
priate value for the parameter a in formula(29). For example, if theinitial surplusis 10, and we
require that the probability of ultimate ruin is to be no more than 1%, then we require a such
that exp{—10a} = 0.01, giving a = 0.461.

L et us consider the special casewhen {S,})7_; isasequence of independent and identically

distributed random variables, each distributed as compound Poisson with Poisson parameter A.
Then P, isindependent of n, say P, = P, and:

<exp{—aU}. (32

P = a llogE [exp{aS}]
= a tlog[exp{A (Mx(a)—1)}]

where Mx (.) is the moment generating function of the distribution of a single claim amount,
giving:

A+ Pa = AMx(a). (33)
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Thisisthe equation for the adjustment coefficient for this model (see, for example, Gerber
(1979)). Thus, inthisparticular case, the parameter a isthe adjustment coefficient, and equation
(32) issimply Lundberg’'sinequality.

6.5 Multi-period Analysis — Continuous Time

Formula (32) showsthat when the annual premium is cal culated according to formula (29),
the probability of ultimate ruin in discrete time for our surplus process is bounded above by
exp{—aU }. If, in addition, the distribution of aggregate claims each year isnormal (assumption
(24)) then formula (29) implies that the premium loading is proportional to the variance of the
aggregate claims.

We can gain alittle more insight, particularly into formula (32), by moving from a discrete
time model to a continuous time model. In this section we assume that the aggregate claimsin
the timeinterval [0,t] are arandom variable pt 4+ 0B(t), where the stochastic process {B(t) }t>o0
is standard Brownian motion (see Appendix A). This means that in any year, the aggregate
claims are distributed as N(p, 6%), and are independent of the claims in any other year. This
is the continuous time version of assumption (24), but note that we are now assuming that the
mean and variance of the annual aggregate claims do not change over time. Brownian motion
has stationary and independent increments so for any 0 < s< t:

B(t) —B(s) ~ N ((t—s)p, (t—5)0?). (34)

We assume that premiums are received continuously at constant rate P per annum, where:

P=pu+ %aoz (35)
which is equivalent to formula (30). The surplus at timet is denoted U (t), where:

U(t)=U+Pt— (it +0oB(t)). (36)
Now let:

We(U)=PU(t) <0 forsomet,t >0

so that Y (U ) isthe probability of ultimate ruin in continuous time for our surplus process. We
will apply the martingale argument of the previous subsection to find Yc(U ). First note that:

Elexp{—a((P—wWt—oB(t))}] =1 (37)

Thisfollows from formulae (34) and (35) and the formula for the moment generating function
of the normal distribution.

Next, let Y(t) = E[exp{—aU(t)}]. Then the process {Y(t)}+>0 is @ martingale with re-
spect to!? {B(t)}t=0. (Since {U (t)}t>0 is a continuous time stochastic process, {Y (t)}i>oisa
martingale in continuoustime.) Thisfollowssincefort > s:

1 Recall that a martingale is defined with respect to afiltration: here we mean that the relevant filtration is that
generated by the process {B(t) }>o.
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E[Y(1)|B(u),0<u<§
= E[exp{—aU(t)}[B(u),0<u<s

Elexp{—a(U(t) —U(s))} exp{—aU(s)}[B(u),0 <u <.

Hence:
E[Y(t)|B(u),0<u<s|
= Efexp{—a(U(t) —U(s))}|B(u),0 < u < slE[exp{—aU(s)}|B(u),0<u <
= Efexp{—a(U(t) —U(s))} exp{—aU(s)}.
Now:

U(t)-U(s) = (P—w)(t—s)—a(B(t) —B(s)).
We can then use the fact that the process {B(t) }+>0 has stationary incrementsto say that B(t) —
B(s) isequivalent in distribution to B(t — s), and hence U (t) — U (s) is equivaent in distribution
toU(t—s)—U. (All that stationarity implies is that the distribution of the increment of a
process over a given time interval depends only on the length of that time interval, and not on

its location. In our context, we are simply interested in the increment of the process {B(t) }t>0
inatimeinterval of lengtht —s.) Hence:

Elexp{—a(U(t) —U(s))}]

Elexp{—a (U(t—s)—U)}]
= Elexp{—a((P—p(t—s) +0B(t—s))}]
-1

where the final step follows from (37). Hence:
E[Y(t)|B(u),0<u<g =exp{—aU(s)} =Y(s)
and so {Y (t) }+>0 isamartingale with respect to {B(t) }+>0.

The optional stopping theorem also applies to martingales in continuous time, so we can
use the same argument as in the previous subsection. We define:

Te=inf{t: U(t) <0orU(t) >b)
where b > U. From the optional stopping theorem we have:

E [exp{—aU (Tc) }| = exp{—aU}.

Once again defining py to be the probability that ruin occurs without the surplus process ever
having been at level b or above, we have:
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Elexp{—-aU(Te)}] = Elexp{—aU(Tc)}U(Tc) <0lpp
+E[exp{—aU (Tc) }|U (Tc) = bJ (1~ po)
= exp{—aU}.

If the surplus level attains b without ruin occurring, then U (Tc) = b since the sample paths of
Brownian motion are continuous, i.e. the process cannot jump from below b to above b without
passing through b. The situation is the same if ruin occurs. Hence:

E [exp{—aU (Tc) }U (Te) = b] = exp{—ab}
and:
E [exp{—aU(Te)}|U(Te) < 0] = 1.
Thus:

Pp +exp{—ab}(1— pp) = exp{—aU}

and if welet b — oo, then p, — Wc(U), and hence:

Pe(U) =exp{—aU }. (38)
Formula (38) is Lundberg’s inequality for our continuous time surplus process, but thisis
now an equality. Going back to formula (32), this showsthat the upper bound for the probability

of ruinin discretetime, in the special case where the mean and variance of claims do not change
over time, isjust the exact probability of ruin in continuous time.
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APPENDIX A

BROWNIAN MOTION

Suppose that Z; is a standard Brownian motion under a measure P. Then we have the

following properties of Z:

() £ has continuous sample paths which are nowhere differentiable

(b) Zo=0

(¢) % isnormally distributed with mean 0 and variancet

(d For0<s<t, 4 —Zsisnormaly distributed with mean O and variancet —s and it is
independent of Zg

(e) Z can be written as the stochastic integral fé dZs where dZs can be taken as the increment
in Z; over the small interval (s,s+ ds|, isnormally distributed with mean 0 and variance ds
and isindependent of Zg

APPENDIX B
STOCHASTIC DIFFERENTIAL EQUATIONS

A diffusion process, X;, isastochastic process which, locally, looks like a scaled Brownian
motion with drift. Its dynamics are determined by a stochastic differential equation:

dX = m(t, X)dt +s(t, X )dz

and we can write down the solution to this as:
t t
X :X0+/0 m(u,Xu)du+/0 s(u, Xy)dZ,,.

With traditional calculus we have no problem in dealing with the first integral. However in
the second integral the usual Riemann-Stieltjes approach fails because Z; is just too volatile a
function. (Thisis related to the fact that Z is not differentiable.) In fact the second integral is
dealt with using 1t0 integration. A good treatment of this can be found in @ksendal (1998).

Writing down the stochastic integral is not really very informative and it is useful to have,
if possible, a closed expression for X;. An important result which allows us to do thisin many
casesis|td’'s Lemma: suppose that X; and Y; are diffusion processes with dX = m(t, X;)dt +
S(t, %)dZ; and'Y; = f(t,X;) for some function f(t,x). Then:

of of 10°f

2

For example suppose that X; = Z; and Y; = explat + bX;] = f(t,X%;). Then:

d¥; =

% = aexplat +bx] = af(t,x)
of

Pl bf(t,x)

2

ot _ b2f (t,x).

0x2
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Thus, by 1td’s Lemma:

dY;, = aYdt+bY,dX + %bzvtdt

= (a+ %bz)YtdterYtdzt.

34



