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1 Introduction

Vega risk is the risk due to variations in volatility, or the volatility of volatility. An account of Vega risk is
important in any portfolio containing options, as it can generate exposure to the option’s volatility, even
if all the other Greeks are hedged away. The key idea to the implementation of Vega risk in RiskManager
is to treat implied volatility as any other risk factor that portfolios are exposed to. The main difference,
however, lies in the existence of the volatility smile, that is the different values of implied volatility at a
given date depending on the moneyness of the option.

This paper gives an overview of the Vega risk implementation in RiskManager via risk factors which
account for smile risk. We start by reviewing some basic concepts on option implied volatility and its
risk. We then carry out some diagnostic studies to help us gain a better understanding of the implied
volatility smile and its risk. Two enhancements to the existing RiskManager model are introduced and
tested.

2 Background
Remark on why one needs to study and account for implied volatility and its risk:
- Gives market view of risk-neutral volatility
- Determines the volatility risk premium
- Measures the forward-looking leverage effect

- Important risk factor for options

2.1 Implied Volatility Concepts

The Black-Scholes Framework
An implied volatility is linked to a particular option valuation model, the most common one being that of
Black-Scholes. This is the model adopted in RiskManager, under which the price of a call option on an
underlying asset is given by

C=Se "N(d,)—Ke "N(d,),

where S is the spot price, g is the dividend yield, tis the time to maturity, K is the strike, r is the risk-free
interest rate, N is the standard normal cumulative distribution function, and

In(S/K)+(g—r+0°/2)
oVt
The price P of a put option on the same underlying (and with same strike and maturity) can be
immediately derived via Put-Call-Parity:

d

C+Ke "™ =P+Se ™.

As a foreign currency is analogous to a stock paying a known dividend yield, namely the foreign risk-free
interest rate, and FX option can be priced using the same formula above, where the spot is the value of
one unit of foreign currency in the domestic currency.
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The Black-Scholes valuation formula implies a positive relationship between the price of an option and
the volatility parameter, assuming everything else is kept constant. Figure 1 illustrates that as the
volatility increases, so does the premium.
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Figure 1: Value of a generic 1-year-to-maturity call option as a function of volatility. Risk-free rate and yield are set to zero, spot
is taken to equal 1, in- and out-of-the-money calls have strikes equal to spot minus/plus 0.2, respectively.

Moneyness
The value of option moneyness can be taken in absolute terms as strike or in relative terms as strike
divided by the forward price of the underlying asset (for a forward contract maturity equal to that of the
option). The RiskManager convention is to take Black-Scholes Delta 6 as a measure of moneyness. Delta
is the first-order derivative of the Black-Scholes option price with respect to the underlying. For a given
spot S and volatility o, the call delta 6. and put delta 6, are given by

6.=e"N(d,) and 6, =6, —€e™".

Under this approach to moneyness, an at-the-money volatility is taken to be that implied by a call option
with a delta close to 0.5 (or 50). We will simply refer to at-the-money implieds as 50-Delta, hence
assuming that the ATM implied volatility quoted by the market refers to a 50-Delta call implied volatility.
This is not exactly true, but it is a good approximation.

Another common convention used in practice and in the RiskManager Vega risk model is to take the
Delta of a call option to be 1 minus the Delta of a put (with same maturity and strike). This is again not
strictly true, since the Delta of a call and the Delta of a put do not sum strictly to one, but to one
multiplied by the discount factor of the dividend yield (or the foreign risk-free interest rate for an FX
option).

Under these two assumptions, one may map option prices and their implied volatilities (as defined next)
as a function of call Delta, with Delta running from 0 to 100 (or simply from O to 1), thereby spanning the
entire range of all possible values.

Implied Volatilities
All inputs to the Black-Scholes option pricing formula are observable, except for the volatility parameter.
Given a market price for an option, one may back out a volatility value which equates the formula and
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market prices. This is precisely the implied volatility, namely the volatility implied by option prices
observed in the market under a particular valuation model (in our case that of Black and Scholes).

Implied volatilities are a forward looking measure of the market’s perception of volatility. Indeed,
traders use implied volatilities (of the most actively traded options) to monitor the market’s opinion
about the expected volatility level. In the context of the Black-Scholes model, an option implied volatility
can therefore be interpreted as the risk neutral estimate of the volatility of the returns to the underlying
asset over the life of the option.

Under the assumptions of the Black-Scholes model, asset return volatility is constant, which is rarely
supported by empirical research. Realized as well as option implied volatilities fluctuate over any given
period of time — hence the importance of Vega. Moreover, empirically observed option implied
volatilities differ for options with different strikes and different maturities. Any portfolio of options is
therefore not only affected by changes in the level volatility over time, but also by changes in the
volatility smile and the term structure of volatility, as described next.

Volatility Smiles
For a given analysis date and option maturity, a plot of implied volatility as a function of moneyness is
known as the volatility smile. Depending on the notion of moneyness one works with, the smile can be
parameterized in different ways, as shown in Figure 2. The term ‘smile’ describes the characteristic
shape of the volatility/moneyness plot: at-the-money options tend to have the lowest implied
volatilities. The volatility smile for FX options has the general shape shown in Figure 3. The likelihood of
extreme moves in exchange rates and the demand for insurance is reflected in the shape of the smile:
the option price (and hence its implied volatility) increases as it moves away from being at-the-money in
either direction.

Implied Vol

0 2000 4000 6000 -2 1 0 1
K X &

o
o
3]
N

Figure 2: Parameterizations of the volatility smile: implied volatility plotted as a function of strike K (left), moneyness x
(middle), and Black-Scholes delta & (right).

The volatility smile for equities is often referred to as volatility skew, as illustrated in Figure 3. The
implied volatility decreases for options that have a larger upside, i.e. for deep in-the-money puts or out-
of-the-money calls. Because equity options traded in the USA only revealed a skew-like behaviour after
the market crash of 1987, one reason for the equity volatility skew is traders’ concern about the
occurrence of another crash. Options are then priced accordingly, resulting in deep out-of-the-money
puts and deep in-the-money calls being more expensive. [Another reason: Black’s leverage effect?]
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Figure 3: The volatility smile for options on GBP/USD (left) and on the STOXX50 (right). Implied volatility is plotted as a function
of increasing strike levels, for the same spot and same time to maturity.
Term Structure of Volatility
The term structure of implied volatility describes, for a given moneyness or strike at a given pointin
time, the relationship between implied volatility and option maturity.
Volatility Surface
The volatility surface is simply a combination of the volatility smile and its term structure. It defines a
relationship between implied volatility and the two dimensions of moneyness and maturity. Figure 4
shows the implied volatility surface on September 9™ 2009 for options on the STOXX50.
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Figure 4: The implied volatility surface for options on the STOXX50 on September 9™ 2009.
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2.2 Vega Risk

Definition of Vega
Portfolios containing options are exposed to a range of risks, the so-called Greeks, each of which
measures the sensitivity of a given portfolio to some variable (spot, time, etc.). The constant volatility
assumption of the Black-Scholes model implies no sensitivity with respect to volatility. However, as in
practice implied volatilities change over time, the option value [Tis also liable to changes in the
movements of volatility.

The Vega V of an option [Tis its sensitivity to the volatility o of the underlying asset. It is formally
defined as the partial derivative

_an
do’

which measures the rate of change of the value of the option with respect to changes in its implied

volatility, while assuming that all other variables determining the option value (spot, strike, time to

maturity, etc.) are held constant. In the Black-Scholes model, the above expression for Vega V is thereby
given as

%

V=tSe™0(d,),

where all the variables are defined as in Section 2.1, and ¢ is the standard normal density function.

More intuitively, Vega expresses the change of the option value for every 1% change of its implied
volatility. In practice, it is measured and quoted in units of the base currency of the option.

Properties of Vega
Under the Black-Scholes model and its related formulas above, some fundamental properties of Vega
and its behaviour with respect to the other parameters can be inferred. First, since the value of an
option increases for higher volatility (recall Figure 1), the Vega of an option is always positive. Moreover,
when plotted against moneyness (and assuming all other variables of the Black-Scholes valuation
function are held constant), Vega is at its maximum for an at-the-money option, as illustrated in Figure
5. This implies that the value of an at-the-money option is approximately linearly (and positively)
proportional to its implied volatility. Finally, Vega increases with longer time to maturity, also shown in

Figure 5.
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Figure 5: Vega as a function of log moneyness, for strike K and forward F. Each curve corresponds to a different time-to-
maturity and depicted in decreasing maturity order.
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3 Understanding the Smile

Understanding the shape of the smile and how it evolves over time is an essential prerequisite to
developing the Vega risk model. In this Section, we review fundamental properties of the volatility smile
in the equity and FX space. We also perform some exploratory analyses to help us obtain a better
picture of smile dynamics.

3.1 Fixed-Delta and Fixed-Strike Volatility Models

Derman [?] introduced models that parameterize the volatility smile in equity index markets. This
development is motivated by the empirical observation that the way in which the volatility smile evolves
in the future depends on the regime of the underlying, for example whether it is trending, jumpy or
constrained within a specific range. Derman’s so-called sticky models aim to describe the aspects of the
smile that remain invariant (or ‘sticky’) as the underlying moves. As these were developed for equity
index models, the assumption is an implied volatility skew which varies linearly when the strike moves
away from its at-the-money value. We recall Derman'’s sticky-strike and sticky-delta models, which are
relevant to the RiskManager Vega risk model.

Sticky-Strike
The assumption in a sticky-strike model is that the volatility of an option with a particular strike is
independent of the level of the underlying: if the spot moves, the fixed-strike volatility, which we denote
by ok throughout, remains unchanged. In equity markets, and under the assumption of a monotonically
decreasing volatility skew as a function of strike over spot, the at-the-money volatility o,y decreases as
the spot increases when fixing the strike. The change in the option value in this model is affected only by
it moneyness, and the total delta of the option therefore equals the Black-Scholes delta.

The sticky-strike rule is often the underlying model used when the movement of the underlying is bound
to a specific range. In a stable range-bounded market, the volatility is likely to maintain its current level
without significant increases or decreases, and so the implied volatility of an option held at a given strike
remains unchanged.

Sticky-Delta
In a sticky-delta model, one assumes that the volatility of an option depends only on its delta (thought
of as its moneyness), and its dependence on the underlying movement comes implicitly from its
dependence on delta, which is defined in terms of strike and spot. The idea in this model is that as the
spot moves, the fixed-delta volatility o5, in particular the at-the-money volatility osmy = 0505, remains
unchanged. To keep a constant moneyness, the volatility of a given fixed strike increases with the spot.
Straightforward calculus shows that the total delta of the option is greater than the Black-Scholes delta:

Azd—n:a—n+a—na—0:6+va—a,
dS dS dodS dS
with smile correction term given by
do dodd do 0 )
—=——=y—=y—(a6"+bb6+c)=y(2a6 +b).
o5 asas Va5 Yas! )=v(2ad+b)

The sticky-delta model is usually used in an upward trending market, where the underlying is changing
positively in its level, but its realized volatility is not undergoing significant variation. Under this stable-
trending assumption, the implied volatility of an at-the-money option can be estimated via the realized
volatility. Therefore, since the realized volatility remains unchanged, so does the at-the-money volatility.
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Sticky Models in FX space
Derman’s sticky models have been developed for options on equity indices. The underlying assumption
is therefore a negatively sloping volatility smile. The shape of the smile for options on currencies is not
necessarily downward sloping, but is generally parabola-shaped or sometimes also upward sloping. In
that case, the way fixed-delta and fixed-strike volatilities vary with a movement in the underlying is
altered as well.

Comparing Fixed-Delta and Fixed-Strike Risk Factors
By fixed-delta risk factors we mean changes (or returns) to implied volatility for a fixed value of delta.
Fixed-delta volatilities remain constant under the assumptions of Derman’s sticky-delta model. Similarly,
fixed-strike risk factors are changes to implied volatility for a fixed strike, which remains unchanged in a
sticky-strike model

RiskManager currently employs fixed-delta implied volatilities in its Black-Scholes valuation function, the
implication of which we analyse in our backtesting analyses in Section 6. Here, we aim to understand the
general behaviour of fixed-delta risk factors and their fixed-strike counterparts.

The data used are implied volatilities and implied strikes for fixed deltas lying in the range between 20
and 80 for equities, and 10 to 90 for FX options. The number of fixed delta nodes we are given by the
vendor (?) are 23 and 5 for equities and FX, respectively. Fixed-strike risk factors are obtained from
these fixed-delta nodes as follows:

Volatility of risk factors
We find that generally fixed-strike implied volatility returns are less volatile than their fixed-delta
counterparts, across all maturities and option underlyings. Figure 6 displays this property for 1-month-
to-maturity options on the S&P 500.

[Possible explanations?]

14%
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Figure 6: 21-day exponentially weighted moving average of the volatilities of fixed-delta and fixed-strike risk factors (at Delta =
50) for 1-year-to-maturity options on the S&P 500.

Correlation with the underlying
Assuming a downward sloping volatility smile as in the equity options market, the sticky-strike model
implies negative correlation between the fixed-delta implied volatilities and the underlying. In
comparison, fixed-strike implied volatilities show less negative correlation. Figure 7 shows the
correlation with the underlying for fixed-delta and fixed-strike risk factors.
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Figure 7: 21-day exponentially weighted moving average of the correlations of fixed-delta and fixed-strike risk factors (at Delta
= 50) with the underlying. Top Figure: 1-year-to-maturity options on the S&P 500. Bottom Figure: 1-month-to-maturity options
on the GBP/USD exchange rate.

Forecasting implied volatility returns
One main question is when one should use one or the other risk factor in practice. As RiskManager
currently only provides fixed-delta risk factors, we investigate the value added by complementing (or
replacing) these with fixed-strike risk factors. To this end, we compare the forecasting accuracy of
implied volatility based on the two risk factors.

Assume we aim to forecast fixed-strike implied volatility changes. These define the price changes of an
actual options contract. One important aspect of this forecast is the sensitivity of the risk factors to the
underlying returns. We model the returns r(oy) to the fixed-strike implied volatilities ok as

rio,)=6r.+¢€,

where 8 is the sensitivity of the given risk factor to the spot, rsis the return to the spot, and € is the
residual. When using the fixed-strike risk factor to forecast fixed-strike implied volatility changes, our
model is therefore simply

r(o,)=86(o,)r; +¢, ,

where 8(oy) is the sensitivity of fixed-strike volatility o to the spot. For the fixed-delta risk factors, one
needs to account for smile correction:

do
rio,) = [6(05)+E}r5 +&,

where 8(o;) is the sensitivity of fixed-strike volatility os to the spot, and dU/dS corresponds to riding
the smile.
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We back-test the above two models for 1-month-to-maturity options on the S&P 500 and on GBP/USD
currency exchange rates. A 50-day moving average of daily fixed-strike and fixed-delta squared
residuals, €¢ and g5 respectively, is shown in Figure 8.

0.002
0.0015
0.001
0.000%

0
1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011

0.012
b0t Delta
0.008 Strike
0.006
0.004
0.002
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Figure 8: 50-day moving average of fixed-delta and fixed-strike squared residuals for 1-month-to-maturity options on the S&P
500 (top graph) and GBP/USD (bottom graph).

Clearly, fixed-strike implied volatility returns consistently yield smaller residuals over time, especially
during some of the turbulent market times, hence providing a better risk factor for forecasting purposes.
We finally point out that we have performed an analogous analysis for other times to maturity and
other equity and FX option underlyings, all of which produced similar results.

3.2 Smile Dynamics

Principal Component Analysis
We use the standard methodology for extracting the most important uncorrelated sources of variation
in the volatility smile via PCA, for both equity and currency markets. An analysis of the principal
components of daily changes in the fixed-delta and fixed-strike volatilities for 1-month-to-maturity
options on the S&P 500 and GBP/USD currencies are shown in Figures 9 and 10 with call implied
volatilities for 13 and 5 different delta-nodes, respectively. Fixed-strike returns are obtained using linear
interpolation as described in Section (?).
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Figure 9:
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Figure 10:

Almost 100% of the total variation of both fixed-delta and fixed-strike implied volatilities can be
explained by just three risk factors: parallel shift, tilt and curvature. The parallel shift component of the
fixed-delta returns accounts for almost all of this variation (99%), whereas it contributes with 88%-90%
to the variation of the fixed-strike implied volatility changes. The standard shift-twist-butterfly trend
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revealed from this analysis leads us to consider parameterizing the smile in terms of three risk factors
which capture almost all of the variation in the smile dynamics.

Quadratic Smiles
Standard PCA disentangled the three types of sources affecting the shape of the smile. RiskManager
uses a quadratic model in terms of these three risk factors to describe smile dynamics. Using this model,
the implied volatilities for any other level of delta can be easily inferred. The risk factors used are
inspired by the following three most liquid FX option structures:

- ATM straddle (‘ATM’), which is given by the sum of a call and a put struck at the at-the-money
level. Its implied volatility oy is approximated by the volatility at 50-Delta.

- 25-Delta risk reversal (‘RR’), which is given by going long a 25-Delta call and short a 25-Delta put
(or vice versa). Its volatility ogg is given by ggg= 025 — 075.

- 25-Delta Vega-weighted butterfly ("VWB’), which is built by selling an ATM straddle and buying a
symmetric 25-Delta strangle. The latter is simply the sum of a base currency call and put, both
struck at 25 Delta. Its volatility is given by oyws= 0.5 (055 + 075) — Oarise

Although designed by Malz [?] for the FX options market, these risk factors can be applied in equity
space as well. The 50-Delta volatility can be considered the central point of the smile, and the 25- and
75-Delta volatilities are roughly the wings of the smile. Malz’s framework for studying the shape and
movement of the smile uses the moneyness conventions described in Section 2.1. His model uses a
second-order polynomial in Delta to fit the above three implied volatility nodes. This way, an implied
volatility os for a given Delta 6 (and a fixed time to maturity) can be interpolated from the smile
described by

Os=0-Oarm+b-0Opr-(6—0.5)+c- oyws- (6 —0.5)°.

Under the assumption that 50-Delta is simply ATM, we can set the coefficient a to be 1. Similarly, using
the same assumptions and substituting the expressions for ozz and oyws explicitly, we can derive that b =
2, and c = 16. The volatility smile can therefore be approximated as

06=0ATM+2 * ORR * (6—0.5)+16'UVWB . (5—05)2

This model will be used to understand how the smile changes. Recalling the PCA study performed in the
previous section, one can in fact disentangle from this quadratic model the same three basic
movements of the smile: o7y is the parallel up and down movement of the smile; ogs describes the
slope movement (large values imply steeper smiles), and oyy; is the curvature movement (large values
imply a more convex smile). Therefore, this quadratic model is essentially a function in the principal
components of the smile. Indeed, these three risk factors coincide with the first three principal
components extracted earlier, in terms of their volatilities and correlations with the underlying spot,
details for which will be skipped here.

A second-order polynomial fit to three nodes generally performs quite well in the range within the two
outermost nodes. However, it is unclear whether implied volatilities are over- or underestimated for
high (> 75) or low (< 25) Deltas. To understand how well Malz’s quadratic parameterization explains
implied volatilities at large and small Deltas, we compare empirical volatility returns at the outermost
nodes to those implied by the quadratic model. We also perform the same analysis, but using the fixed-
strike risk factors [EXPLAIN]. The data we use are for 1-month-to-maturity options on the S&P 500, with
smallest and largest option implied volatilities available at 20- and 80-Delta, respectively, and for 1-
month-to-maturity currency options on GBP/USD, with smallest and largest volatilities given at the 10-
and 90-Delta nodes, respectively. Table 1 shows the percent unexplained variance when regressing the
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empirical volatility nodes against their quadratic estimators. Note that these numbers imply values of R?
in the range of approximately 97%—100%. Similar analyses performed on other equity and FX
underlyings and other option maturities consistently show similar R> numbers.

S&P 500 GBP/USD

Delta = 20 Delta = 80 Delta =10 Delta =90
Fixed-Delta 3.14% 2.44% 0.17% 0.25%
Fixed-Strike 1.54% 2.33% 0.24% 0.48%

Table 1: Average unexplained variance in the volatility smile wings for 1-month-to-maturity options on the S&P 500 and on the
GBP/USD exchange rate. The average is taken over 1996 — 2011 for S&P 500 and 2007 — 2011 for GBP/USD.

4 Vega Risk in RiskManager

The diagnostic studies carried out in Section 3 give us a clearer picture of the shape of the smile and
how to parameterize it. The underlying idea in accounting for the risk of implied volatility and the smile
in RiskManager is to treat it analogously to any other market risk factor that a portfolio is exposed to.

The Implied Volatility Risk Factor
Implied volatility risk factors are defined in RiskManager as logarithmic returns to fixed-delta implied
volatilities. More intuitively, these are the proportional changes over time to implied volatility at a given
delta. RiskManager assumes that these changes follow a random walk with zero mean.

Implied volatilities are naturally correlated with those of other options, with the underlying, and with
other risk factors. The assumption in RiskManager is that all of these risk factors, which are represented
in terms of logarithmic returns as defined above, are jointly normally distributed with mean zero and
constant standard deviation. The basic approach is then to use Monte Carlo to simulate changes in
implied volatilities, apply normally distributed shocks to the implied volatility, reprice the option, and
finally computing risk forecasts (in particular VaR) from these simulated scenarios. Detailed explanation
of each of these steps follows next.

4.1 A Simple No-Smile Case

Assume for the sake of illustration that volatilities were constant across all strikes for a given maturity.
This is in agreement with the simple Black-Scholes model assumptions. The aim is to forecast 1-day VaR
at some confidence level, say 95%.

Monte Carlo simulations under the joint-normality assumption are generated to calculate VaR numbers.
The first step is therefore the estimation of the volatilities of the risk factors (volatility of implied
volatility and spot) and their correlations. These can be equal-weighted historical estimates or
exponentially weighted moving averages with a specified half-life. Multivariate normal scenarios are
generated form these volatilities and correlations, where the mean is assumed to be zero. These
scenarios are the shocks we use to perturb, say, today’s spot rate and implied volatility by applying the
logarithmic changes to them. The position is next revalued and for each of these perturbed scenarios,
and any risk measure, in particular VaR, can be ‘empirically’ calculated from the distribution of the
scenario position changes.
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4.2 Incorporating the Smile

We now incorporate the effect of the volatility smile in forecasting implied volatility risk. This
methodology captures the differences in Vega risk among options on the same underlying, but with
different maturities and different strikes.

The Base Scenario
The volatility smile on any given day is specified by the implied volatility risk factors of the ATM straddle,
the risk reversal, and the Vega-weighted butterfly (recall Section 3.2), all of which are easily derived
from the implied volatilities at the 25, 50, and 75 delta nodes only. The quadratic function

0'(6) = 0atm +2- Ogr * (6_05) + 16 - Oyws * (6—05)2

in terms of delta & is then used to interpolate implied volatilities for any delta. We have seen in Section
3 that the quadratic fit to the implied volatility provides god explanatory power for the smile, even at its
wings outside the 25-delta and 75-delta range. This model is referred to as the quadratic base scenario,
because it models the volatility that will be perturbed by the Monte Carlo scenarios, i.e. we shock the
base scenario to generate Monte Carlo scenarios.

Monte Carlo VaR

Perturbing the Smile
Because of the increased dimensionality that the smile introduces, implied volatility scenarios are now
not only determined by the normally distributed shocks to the general level of implied volatility (as in
Section 4.1), but also by a displacement along the smile. This displacement is determined by a shock to
the underlying, as illustrated in Figure 11.

12.00

11.50

11.00

SYIOUS /

10.50

10.00

9.50 r

0.8250 0.8500 0.8750 0.9000 strike

Figure 11: Perturbation of the implied volatility smile via shocks to the volatility and shocks to the spot.

Note also from this Figure that volatility shocks are assumed to induce only parallel shifts to the volatility
smile, and not any changes to the shape of the smile. In the Monte Carlo scenario generation, we
therefore combine correlated shocks to implied volatility and the underlying.

4.3 Summary of Methodology
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5 The New Vega Risk Model

- Empirical base scenario

- Fixed-strike risk factors (explain how they are interpolated)

6 Backtestlng the Model

Overview of tests: volatility forecasts, delta forecasts, VaR/ES violations, etc
- Scope of backtests: STOXX 50, FX options, daily data, history, etc.
- Asimpleillustrative portfolio: single option portfolios (in FX)

- Explanation of the more complex portfolios we are testing (market-maker-type hedged
portfolios)

- Explanation of backtesting methodology

- Results!
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