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OVERVIEW

. Introducing the Libor Market Model

. The LMM and the Swap market Model

. Pricing swaptions with MC or approximations

. Some points on correlation modelling

. Reducing model dimension

. Calibration, diagnostics and practical cases
Pricing Examples:

. Finding exact formulas: In advance swaps and caps

. Finding approximations: ZC swaptions and CMS

. Tenor issues: Interpolation and Bridging techniques

. Early exercise: LSMC for the LMM
Extending the framework:

. Changing the dynamics: Libor Models for smile
. Changing the market: Market Models for credit
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Interest rates

The money-market account B (t) accrues at the instan-
taneous spot rate r (¢):

dB (t) = r (t) B (t) dt
so investing 1 at time 0 we have at ¢
B (t) _ efotr(s) ds

With B (t) define the stochastic discount factor from date
T to date t:

D, T)= 22 — = Jir)ds

With D(t,T) define the price at t of a security paying 1 at T,
the T-maturity zero-coupon bond:

P(t,T)=E?[D(t, T)1] = E? [e— Ji' 7 ﬂ .

With P (t,T) define the (simply compounded) spot Libor
rate L (t,T) with maturity T
1
1+ Lt,T)r(t,T)| =
[ —|_ ( ) >T< Y )] P(t,T)
and the forward Libor rate F'(¢;S,T) with expiry S and
maturity 1"

(14 F(t; S, T)r(S,T)) =

1 [P(,S)
PSS =5 [P(t,ﬂ - 1] |
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Interest Rate Swap

At every instant T; in Ti,41, ..., T the fixed leg pays
T,
whereas the floating leg pays
TiL(T;-1,T;).
The discounted payoff at t for the payer of the fixed leg is:

1=a+1
The price is
p
SwaPll; = Y P(t,T)m(F(t,Ti-1,T) — K)
1=a+1
B
= P(t,T,) — P(t,Ts) — > [P(t, T})7:K].
1=a+1

The Swap rate (fair K) is

S, 4(t) — P(t,T,) — P(t, Tg)

Zz a+1 ( )TZ




A Cap is an interest rate swap where each exchange payment
is executed only if it has positive value. The discounted payoft
1S

g
> D, T)m(L(Tiy, T)) — K)™.

1=a+1

A Swaption is an option on a swap contract as whole, with
exercise date T,,. The discounted payoff is

+
B
D, T.) | Y P(Ta,T)n(F(Ty; Ti1, T)) — K)
1=a+1

s
D(t,T.) S P(Tw, T)rSaslT) — K)*

1=a+1



Cap Market Black Formula

s
Capll = E¢ | Y D(0,T)n(L(Ti—1, T;) — K)*

1=a+1

b
- Z EEQ D0, T3)7i(L(Ti-1, T;) — K)ﬂ/.

i=a+l CAPLETII

Treating D(0,T;) as a deterministic discount factor
CaPLETI] = E9 [D(0, T)7i(F(Tj—1; T;-1,T;) — K)*]
= P(0,T)mE [(F(Ti—1; T;-1, T;) — K)*] .

Assuming driftless lognormal dynamics for F'(¢;T;_1,T;)
dF(t;T;-1,T;) = o F(t;Ti-1,T;) AW,
leads to
CAPLETIT = P(0, T))r;BLACK (F(O; T.,.T), K, a\/ﬁ)
BrAack (F, K,v) = F N(dy(F,K,v)) — K N(dy(F, K,v))




Change of Numeraire

(), F, P,TF)

Given a probability measure Q¥ ~ P and a numeraire N1,
Q"' is the measure associated with N1; if the price of

any tradable asset X; expressed in terms of N1, is a martingale
under QN1 ie.

Theorem (Geman et al.) : if Q! is a measure associated
with N1;, given a different numeraire N2; there exists a measure

QN2 equivalent to Q! such that Q™V? is associated to N2;.

N1,
Nlp

N2,

X
g N2,

XT

Xt:ENl [

o

7.

Therefore we can price a payoff using a convenient numeraire:

iy I (X7)
I1(X,)] = Ef [ h "O*11 (Xr)| = BOE? [
) = B2 (X)) = B (087 |5
H(X7)
= | N2ZEN? .
. [ N27 ]
Two goals for changing numeraire:
I1(Xr) : :
1) to be a simple quantity.
N2p

2) N2, X; to be a tradable asset, so X; is a martingale
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In case N2; = P (t,T) the associated probability measure is
the T-forward measure Q' and

H@&>:xﬂawﬁﬂ[

1
ﬁmﬂvHO@ﬂ
1

— P(L,T)E" [I1(X >\].

— P(t,T)IET[

)7

Caplet Black Formula by Change of Numeraire

CAPLETI = E [D(0, T,)7;(F(T;—1; -1, T;) — K)*]
Take numeraire P(t,T;)

CAPLETII = P(0, T;)E" Ti(F(T,—1; T, T;) — K)F

P(t,T,)
T, ) n[f%uﬂ>_”]
V2= Pl T | St -1 = P L)z 2P T,

which is the price of a tradable asset, so F'(t; T;_1,T;) is
a martingale. Assuming lognormality

dE (T 1, T)) = oF(t: Ty, T;) dW,.

This leads exactly to market Black pricing formula.



The Libor Market Model

The set {Tp,..., Ty} of expiry-maturity dates is the tenor
structure with the corresponding year fractions {m, ..., 7 }.

We model the simply compounded forward rates Fj(¢)
resetting at Tj_; (expiry) and with maturity 7. Q" is the T}-
forward probability measure associated to P (¢,7T}). We
know F}.(t) is a martingale under Q.

The Libor Market Model assumes for each F}, (t) under QF:

dF.(t) = op(t)Fy(t) dZF(t), t < T)_q,

where Z¥ is an M-dimensional Wiener process, the instanta-
neous correlation is matrix p, and ox(¢) is the instanta-
neous volatility function.

If o1 () is bounded, we have a unique strong solution
ox(t)”

Fk(T):Fk(O)eXp{— /O ) i+ /0 Tak(t)de(t).}

\

T o2, T
NN(— | "ké) dt, [ ak(t)th>

Therefore F,(T) is lognormally distributed under Q*, and
recalling the MGF of N (u, 02)

R (em) _ plttott?

)

we see that

E[F(T)] = Fj, (0) e~ 2 Jo oe®de+b i oe®dt — gy
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Change of Numeraire for dynamics

Start from M-dimensional X under Q™! associated with N1
dX). =yt () dt Y dz™M
(00 ...04..0 0)

with Z¥! M-dimensional with instantaneous correlation p.

The drift V2 of X under Q™2 associated with N2 is

N1
)t =t — &y () pVeeDiffCoeff | In — | .
N2
In the LMM, changing from Q¥ to @', i < k, we have
M o P(taTk) P(taTk) P(t7Tk‘—1) P(taﬂ%-l)

N2  P(t,T;) Pt Ti_1) P(t,T)_o) P(t,T;)

_ ﬁ P(,T) _ ﬁ 1
j=i+1 P(t7 1}_1) j=i+1 1 + T]F](t)
30 % is expressed in terms of rates in the LMM.

LMM Dynamics of Fj(t) under Q', k # i

i < k, t<T;:

dE(t) = ox(t) Fi(t) ) pk’ljzaj_(?.g)(t) dt + oi(t) Fy.(t)dZ(t)
.i>k, t<Tp_q: g
dFL(t) = —op(t) Fi(t) p‘“ﬁ“j,(;)g)@ dt + oy (t)Fy(t)dZ, (t)

j=k+1
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Few remarks on the tenor structure of a Libor Market Model

« Nested rates. The tenor structure we describe does not include nested
forward rates, such as

Ei(t) = F(t; Ty-1, T1), Fia(t) = F(: Ty, Tir), F(1) = F(t; Thi-1, Tirr)-

In fact, assuming 7, are 6-month spaced, we have

| [Pt T ) 1 [ PT)
Blt) = 53 [ BT _1] - Fienlt) = 55 [P(t,Tki) B 1]
U [PTe) ] P(Tey) PLTY)
) = 1 [P(t>TZ+1) - 1] N P(@%z) P(taka—l) -
_ B+ Fien(®) | Fe(t) Fin(?)

2 4
If F}. and F}),q are lognormal under their measures, F' cannot be so.

« Overlapping rates. Tenor structure does not include overlapping rates
such as

F(ta T/{Z—la Tk—l—l)) F(ty Tk’7 Tk+2)

In fact for the dynamics of F'(¢; T}, Tj12) under Q¥+ we need

P(t7Tk+2) _ 1

P(t,Tiv1) 1+ Tep2F (8 Thr, Thgo)
and for the dynamics of F(¢; T)_1, Tj11) under Q" we need

P(t7T/€—|—1) _ 1
P(t,Ty) 14+ 11 F (T, Tig)

Notice F(t; Ty, Ti11) and F(t; Ty 1, Ti12) are nested into F'(t; Ty, Tii2).

12



Volatility Structures

General Piecewise Constant (GPC)

or(t) = Ok =(t)s withe(t) =1 if T, o<t <T; ;.

t € (0,T0) | (To, Th) (T, T3] | . .. | (Th—2, Thi—1]
Fi(t) 01,1 - - -
Fi(t) 02,1 0929 - -
Fyul) o OM2 | OMg3 OM.M
Constant structure
O'k(t) = Sk

Separable piecewise constant (SPC)

ok(t) = Op ety = Prthi—(c(t)-1)

Linear exponential (LE)

or(t) = ©(Th-1—t;a,b,¢,d)

= &, ([a(Tk_l — t) + d] e U Tk—17t) + C) :

13




Cap Calibration
With
CAPLETII = P(0, T}),BLACK (F(0; T)—1, T}), K, v;) |

v; = o/ 1i—1.

If g;(t) is the instantaneous volatility of Fj (¢) in the LMM,
ensure

T;_
I o;(t)*dt = v?

For GPC:

14



The Swap Market Model

Recall the swaption payoff

5]
D(t, To)(Sap(To) — K)* Y P(To, T)m.
1=a+1
Consider the numeraire
&
Cap(t)= Y Pt,T)7
1=a+1

and the associated probability measure, called the swap
measure. Assuming lognormality of S, g(¢) under this mea-
sure,

dS, 5(t) = 045(t)Sa 5(t) AW,

one recovers exactly the Black formula for swaptions:

Ta
SWAPTIONII, = C, 5 (t) BLACK | S, (1), K, \// 04.5(5)%ds
t

15



Swap-Forward rates relationships

First recall that, with k > 1

P(t,T,)  P(t,Ty) Pt Ti1) Pt T.)

Pt T) P, TPt T  PtT)
o PRT) )
N j:zH+1 P(t,Tj—1) j:zH+1 1+ 7 F5(t)

We compute the swap rate setting the swap price to zero:

5
1) SwaPll, = > P(t,T)n(F(t, T, T}) — K)
1=a+1 ;
= P(t,T,) — P(t,Ty) — Y [P(t,T)mK] =0,
so that h
| PTy)
350 — P(t,T,) — P(t,T5) _ P(t,T.)

Zz =a+1 ( )7—2 Z

byz(l)

16



Swap-Forward rates relationships

...or equivalently

2) SwaPIl, = ZPtTTz t,T,1,T;) — K) =0,

- Z@ a+1 P(t, ) F(t, T, T;)
Zz a+1 P(t, T

P(t,T;)
ZF t?ﬂ— 71—;
Zz a+1 P(t,TQ)T < 1 >
P(t,T;)
Zz a+1 (thOJTZ

— Zz a+1 wz( ) E(t)

; 1

T; | | .
tllj=at+lyq F (¢
”LUZ(t> — + TJ J(l)

Ci-an 1T T L 7 Fy(t)

17



Testing LMM-LSM Consistency

1) Assume F}’s lognormal under Q* (hypothesis of the Libor
Market Model).

2) Change the measure to see their dynamics under Qo‘ﬁ

3) Combine them and see which distribution they imply for
Sa.5(t) under Q°

4) Check if this distribution of S, g(¢) under Q¥ is lognormal
(hypothesis of the Swap Market Model).

18



Pricing Swaptions with Montecarlo

SWAPTIONII; =
— E9 | D(0,T,) (Sap Z 7.P(Ty, T))
1=a+1
— P(0,T,)E* | (S, Z 7.P(Ty, T;)
1=a+1

= P(0,T,)E* |V (Fori(Tn), Fara(T0), - - ., F5(T0))

! W(F(T)) |
Recall the dynamics of F), under Q', ¢ < k:
k
AF() = o Ft) S LTI e @y dze),
izt 1'+'ij9<t>
Take logs and discretize
k
70 (t)Fi(t t)?
din F(t) = o) S LU WEWG) ( oll) vz,
) 1‘F7}f§(t) 2
J=a+1
k

- B T g.(t) Fi(t
In Filt+ AL = In Fut) +opt) S LT )
icatl 1—F73}g<t)

PN+ ault)(Zult + A1)~ (1)

19



Store the F*(T,), n =1,..., N (# of scenarios) and compute

N
SwWAPTIONIIM® = P(0, Tg)% Z v [F(T,)] .
n=1

In the SMM:
dS, 5(t) = o9 (t) Sy () dWH,

with o(®? deterministic. The Black Volatility is:

Uoz,5<Toz> — \//O ) (O(a,ﬁ) <t>)2 dt

_ \/ / (A5 5(1)) (dSa (1))
0 Sa,p(t)?

How can we find an approximation for v, g(7},) in the LMM?

20



Rebonato 98 industry LMM
Approximated Black Volatility

6 N i First
= Y wORO= Y wOFREO,

1=a+1 1=a+1

B
ASuslt)dSas(t) = 37w (0)w; (0)F(0)Ey(t)psj01(t)o ()

dSa5(t)dSas(t) o S i wil0)w; (0)Fy(£) Fj(t)py jori(t)oj(2) o

sty (S wil0) Ei1)
i 0w, (O EOF 0)poit)oy(t)  [Second
(S0 wil0) F(0) APPIox
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Correlation Modeling

Properties of correlation

<1 Vuj

Pi
pw
€T
|pm‘

Instantaneous correlation in the LMM can be implied corre-
lation (calibrated) or exogenous correlation (estimated).

When estimating correlations for LMM, recall that rates

F(t, To, T1>, F(t, Tl, TQ), F(t, TQ, Tg) .

have fixed maturity, so we need discount factors

P(t+n,T),

P(t,T),P(t+1,T)..

not

L Pt+nt+n+2).

Pt,t+2),Pt+1,t+1+2).

Historical Forward rates correlation
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Correlations: Parametric Forms

. Schoenmakers and Coffey (2000) three-parameter form

Pij =
exp[—|z—]](ﬁ—6Mi18(22—1—]2—1—2]—62—6]—3M2—|—15M—7)
+6M&i18(i2+j2+z’j—3Mz’—3Mj+3z’+3j+3M2—6M+2)>].

where the parameters are constrained to be non-negative.

. Schoenmakers and Coffey (2000) two-parameter form

[l
Pij = €XpP M —1 Il Poo

i+ 52415 —3Mi—3Mj+3i+35 +2M? — M — 4

' (M —2)(M — 3)

where poo = p1.a7, With: 0 <1 < —1n pw.
. Classic, two-parameters exponential form

Pij = Poo + (1 = poo) exp[=PBi — j|], B> 0.

. Rebonato (1999b) three-parameter form
i = pro + (1 = pac) exp|—i — 11(6 — a (max(i, 1) — 1))].
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Pivot forms

. Rebonato three-parameter form

(M-1)
PL.M — Poo _ PM—-1.M — P
() - ()

In ( P12 — P )
o — PM—-1,M — Poo B=a—In P1,2 — P
2— M ’ 1 —ps /)

P = 0.23551, a =0.00126, B = 0.26388.

. Schoenmakers and Coftey three-parameter form

B=—In(py-1m)-

S 61n p1 ~ 2lnpyim Alnpry
T M- (M=2) (M-2 (M-2)

o — 61n p1 dInpy—ia 2Inpro
, = —

(M —1)(M—2)  (M—2) @ (M—2)
a; = 0.03923, ay = —0.03743, 3 =0.17897.
. Schoenmakers and Coffey two-parameter form

Pooc = P1,M

. (— In p1)2> <M — 1) -+ In Poo
77_ 2 )

Poo = 0.24545, n = 1.04617.

24



Fitting | Pivot
VMSE  |0.108434 | 0.173554
VMSE% | 0.25949 | 0.30890

LMM representations for correlations

Replace

dZ «~ N(0, p dt)

by
CdY, with dY « N(0,Idt), CC'=p

so that

C' dY «~ N (0, p dt)
and the representation of the dynamics becomes

AFy(t) = Fi(t)a(t) dY (1) .

with

5‘k(t) = O'k<t)0(k),
where Cy) is the k-th row of C' (use Cholesky decomposition,
or spectral decomposition).

25



The rank of the correlation matrix

When rank (p) =r < M, there exists MB of rank r such that
Xr

p= BB’
so that

47 ~ BdY.

where Y is r-dimensional independent multivariate normal. The

actual number of independent stochastic factors in the model is
T.

Given p, define A the diagonal matrix of its eigenvalues A; in de-
creasing order and X the orthogonal matrix of the corresponding
eigenvectors. Then we have the spectral decomposition

pX = XA.
p=XAX"'1=XAX"
Define A the diagonal matrix diag (\/)\7) so that
A = AA,

Then
p=XAX = (XA (XN =CC

If rank (p) = r < M, then eliminating the null columns of C

one obtains MB such that p = BB'.
Xr

26



Rank Reduction Methods:
Eigenvalue zeroing with normalization:

If rank (p) = M, then eliminating the columns of C' associated
to the (M — r) smallest eigenvalues of p returns a matrix B

M xr
such that o
p= BB’
is the best reduced rank approximation of p according to Frobe-
nius norm.
In order to recover a correlation matrix one needs to rescale,

obtaining p

27



Rank Reduction Methods:

Optimization on angles parameterization (Rebonato
and Jackel '99)

Correlations are parameterized through trigonometric functions
of a matrix © of angles #. The parametric form for an M x M

correlation matrix of rank » < M 1s
/
A=B"(B")
where B" is M x r with ' row
T
i1 = cosb;q,
2,{ = cosO;psinG;---sinb; 1, 1<k <,
bi, = sint;y---sinb;, 1.

1 = 1,..., M.

Rank reduction can be achieved by the unconstrained optimiza-
tion

win ||~ B’ () (B (©))]

28



Rank Reduction Methods:
Eigenvalues zeroing by iteration (Morini and Webber "03)

1. SETs=1 AND p! =p;
2. REDUCE THE RANK:

X0 0 0 0 0 A0 0 000
00X 0 0 0 0 00X 0 000
00 .0 0 0 00 . 000
X X X X
000 0 X 0 0 = 000 0 AMO0O0
0 0 0 . 0 00 0 0 00
000 0 0 0 X, 0 0 0 00
P’ P’
3. RECOVER UNIT DIAGONAL:
Pl1 Plo Pls Pl -+ Ply L ply pis Ply -+ Ply
P51 Pao Po3 Pog --- Pay P31 L P33 psy oo Poy
P31 P32 P33 P34 --- P3y N P31 P 1 p3y .. Pay
P Pio Piz Pua - Piyg Py Pio Pz 1 Y,
: : : : . : : : : : [[] :
L Pt Pua Pus Pua -+ Puur 1 L P Purz Pus Para -+ 1 1
P Pt

4. TF STOPPING CONDITION IS TRUE, STOP. ELSE SET
s=s+1AND GO TO 2.

29



Terminal correlation

L7 [(F'(T ) — E”F'(T ) (E(Ta ) - E”F(T )

VE(F, — BYF(T,))2\/E[(F — EF(T,))?]

Basic approximation:
T
~ fO 0'@'<t>0'j<t),0i,j dt

TC;;(T) = ,
VI o) defJ) o) ae

Term structure of volatility

At time T}
Tin : fj?jﬂ U?+2(t>dt
Tip =157
1 T.
T, a2 L ()dt
J+2 CZ}+2 CZ} fT] ]+3( >
1
Thr_1 [2M 63, (t)dt
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CALIBRATION GOALS

. A small calibration error |[IIM (©) —II|

. Computational efficiency

. Financial reasonableness:

1) Regular instantaneous and terminal correlations

2) Smooth and stable evolution of the term structure of
volatilities

3) Implied structures realistic and consistent with market
patterns

4) Some stability of calibrated parameters
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1) JOINT CAPS-SWAPTIONS MINIMIZATION CALIBRATION WITH
SPC STRUCTURE

CALIBRATION ERRORS

2y 3y 4y by 6y 7y 8 9y 10y
ly |-0.71 090 1.67 493 3.00 325 281 0.83 0.11
2y |-2.43 -348 -1.54 -0.70 0.70 0.01 -0.22 -0.45 0.49
3y [-3.84 1.28 -2.44 -0.69 -1.18 0.21 1.51 1.57 -0.01
4y | 1.87 -2.52 -2.65 -3.34 -2.17 -0.44 -0.11 -0.63 -0.38
by | 1.80 4.15 -1.40 -1.89 -1.74 -0.79 -0.34 -0.07 1.28
7y -0.33 227 147 -097 -0.77 -0.65 -0.57 -0.15 0.19
10y 1 -0.02 0.61 045 -0.31 0.02 -0.03 0.01 0.23 -0.30

INSTANTANEOUS CORRELATION

ly | 2y 3y 4y Dy Oy Ty 8y 9y | 10y
10y 1 0.73 0.89 0.513 0.594 0.985 0.589 0.150 0.757 0.989 1.000
11y 10.98 0.89 0.995 1.000 0.725 1.000 0.883 0.976 0.708 0.596
12y 10.89 0.73 0.981 0.958 0.494 0.959 0.981 0.870 0473 0.337
13y 1 0.85 0.66 0.958 0.926 0.410 0.928 0.995 0.820 0.387 0.247
14y 1 0.77 0.56 0.916 0.873 0.295 0.876 1.000 0.743 0.271 0.126
15y | 0.87 0.69 0.968 0.940 0.444 0.942 0991 0.841 0.422 0.283
16y | 0.77 0.55 0.912 0.869 0.286 0.872 0.999 0.737 0.263 0.117
17y 10.55 0.29 0.757 0.691 0.000 0.695 0.948 0.513 -0.024 -0.172
18y 1 0.61 0.36 0.803 0.742 0.073 0.746 0.969 0.575 0.049 -0.099
19y 1 1.00 0.93 0.981 0.995 0.789 0.994 0.833 0.993 0.774 0.672
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TERMINAL CORRELATIONS

10y 11y 12y 13y 14y 15y 16y 17y 18y 19
10y | 1.00 0.56 0.27 0.19 0.09 0.21 0.08 -0.10 -0.06 0.37
11y | 0.56 1.00 0.61 0.75 0.67 0.68 0.64 0.44 0.42 0.50
12y | 027 0.61 1.00 0.42 0.71 0.53 048 043 0.40 0.42
13y | 0.19 0.75 042 1.00 0.36 0.71 0.50 0.41 0.43 0.34
14y | 0.09 0.67 0.71 0.36 1.00 0.32 0.67 0.43 0.40 0.36
Iby | 0.21 0.68 0.53 0.71 0.32 1.00 0.28 0.59 0.39 0.33
16y | 0.08 0.64 0.48 0.50 0.67 0.28 1.00 0.22 0.62 0.30
17y 1-0.10 0.44 0.43 0.41 043 0.59 0.22 1.00 0.17 0.36
18y [-0.06 0.42 0.40 0.43 040 0.39 0.62 0.17 1.00 0.07
19y | 0.37 0.50 0.42 0.34 0.36 0.33 0.30 0.36 0.07 1.00

EVOLUTION OF THE TERM STRUCTURE OF VOLATILITY

0.3

T
—<— today
- in3y
—t+ in 6y
-+ in9y
-~ in 12y
— in 16y

0.25-

0.2

Figure 1:

33



2) JOINT CAPS-SWAPTIONS MINIMIZATION CALIBRATION WITH
LE STRUCTURE AND MORE CONSTRAINTS ON CORRELATIONS

CALIBRATION ERRORS

2y 3y 4y by 6y 7y 8y 9y 10y
ly | 228 -3.74 -3.19 -468 246 150 0.72 1.33 -1.42
2y [-1.23 -7.67 -997 210 049 133 156 -0.44 1.88
3y | 223 -6.20 -1.30 -1.32 -143 1.86 -0.19 242 1.17
4y 1-2.59 9.02 1.70 0.79 322 119 485 375 1.21
by [-3.26 -0.28 -8.16 -0.81 -3.56 -0.23 -0.08 -2.63 2.62
7y | 0.10 -2.59 -10.85 -2.00 -3.67 -6.84 2.15 1.19 0.00
10y | 029 -3.44 -11.83 -1.31 -4.69 -2.60 4.07 1.11 0.00

INSTANTANEOUS CORRELATION

ly 2y 3y 4y Dy 6y 7y 8y 9y 10y
1y} 1.000 0.384 0.998 0.388 0.977 0.776 0.642 0.990 0.298 0.890
2y 0.384 1.000 0.447 1.000 0.573 -0.284 0.955 0.249 0.996 0.763
3y| 0.998 0.447 1.000 0.451 0.989 0.731 0.693 0.978 0.363 0.919
4y 0.388 1.000 0.451 1.000 0.576 -0.280 0.956 0.253 0.995 0.766
by 0.977 0.573 0.989 0.576 1.000 0.623 0.791 0.937 0.496 0.967
Gy 0.776 -0.284 0.731 -0.280 0.623 1.000 0.015 0.858 -0.370 0.403
7y 0.642 0.955 0.693 0.956 0.791 0.015 1.000 0.526 0.923 0.921
8y| 0.990 0.249 0.978 0.253 0.937 0.858 0.526 1.000 0.160 0.816
9y 0.298 0.996 0.363 0.995 0.496 -0.370 0.923 0.160 1.000 0.701
10y} 0.890 0.763 0.919 0.766 0.967 0.403 0.921 0.816 0.701 1.000
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EVOLUTION OF THE TERM STRUCTURE OF VOLATILITY

0.2

0.19F

0.18 -

o
=
i~

! !

0.16-

0.15}

0.14|

0.13|

0.120 > 2 6 8 10 1‘2 14 16 18 20
Figure 2:



The swaption cascade calibration

The analytical swaption cascade calibration assumes
. exogenous correlation;

. general piecewise constant volatility (GPC):

o.(t) = Oke(t)s e(t)y=1 if T,_ o<t <T;_q.

t € (0,To] | (To, 1] | (Th, T3] | - - .| (Thi—2, Ths 1]
F1<t> 011 - - ce -
FQ(t) 021 022 - c. -

FM<t> OM.1 OM,2 OM,3 ce OM,M
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The swaption analytical cascade calibration

is based on inverting industry approximate formula

for Black swaption volatility v, 52.

With GPC the formula reads

«

(0w (0)E(0)F5(0)p;
mg;ﬂ - >w%i ?gaé(()));< = ;%(Th — Th-1)0in105 41,
' 1
T
K H]:a—l—l 1+ TjF'(?f)
w;(?) 1

Zk:@+1 Tk Hj:oz—H 1+ TjF'(t)
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Black implied volatilities of ATM swaptions
February 1, 2002:

Ol
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10.40

10.30

10.20

10.20

10.20

10.10
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11.20

10.83

10.40

10.23

10.17

10.10

10.10

10.07

10.00

O 0| || O | WD —

11.50

10.90

10.57

10.20

10.07

10.03

10.00

10.00
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9.90

—_
@)
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10.60
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9.90
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Cascade Calibration Algorithm

1. Fix s, dimension of the swaption matrix;
2. Set a = 0;
3. 5et B=a+1;

4. Solve in 05 441

A&,ﬁaé,aﬂ + Bagoga+1 + Cap =0,

Anp = ws(0)*F5(0)*(To — To),
= 2320 ws(0)w; (0)F3(0)Fj(0)ps (To — Ta1) 0,

Zzy =a+1 wl( )wJ(O)F( ) ( )plj Zh 0( Th 1) Oih+1 05 h+1
a—1
+23 0 ws(0)wi (0)F5(0)F3(0)ps,; S0 g(Th — Thet) 0pnet O
+w5(0)2F5(0)2 Z;é(Th - Th—l) U%,hﬂ — 15 S@,g(O)Z vi,@-

5. Set B=0+1. If § < s, go to point 4.
Else set a = a + 1;

6. It @ < s go to point 3. Else stop.
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Extended Cascade Calibration Algorithm

Points 4 and 5 are modified as follows:

4. In case 8 = s + « set

08a+1 = 08 = ... =031 for B=s+a.

The equation to solve is now

A% 505 a1 T By g05.a1 + Co g =
AL g = wg(0)*F3(0)*(T,, — To—1) + wp(0)2F3(0)? Z;é(Th —Th1),

=237 ws(0)w;(0) F5(0)Fj(0)psj (Ta — Tar1) 0t

+2 Z] o1 Wa(0)w;(0)F3(0) F5(0)pg, z;é(Th —Th-1) Ojht1,

C;)kzﬁ Zz] =a+1 wZ( )w](O)F( ) ( )IOZ] Zh 0( Th 1) Oi,h+1 04 h+1

—To Sap(0)? V7, 4.

5. Replace condition § < s with (0 — «a) < s.
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Cascade Calibration: main features

1. Correlation matrix is an exogenous input;
2. Calibration is fast, through closed form formulas;

3. If industry formula is used for pricing, market prices

are fit exactly;
4. Solution is unique given correlation;

5. Induces one-to-one relation between model o’s
and market volatilities;
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Cascade Calibration: problems

0.180 - - - - - - - - -
0.155 0.204 - - - - - - - -
0.129 0.156 0.233 - - - - - - -
0.118 0.104 0.166 0.244 - - - - - -
0.109 0.099 0.097 0.161 0.248 - - - - -
0.113 0.07v3 0.078 0.101 0.162 0.263 -

0.104 0.098 0.050 0.074 0.113 0.163  0.263 -
0.094 0.105 0.094 0.032 0.086 0.097 0.168 0.273 -
0.106 0.079 0.086 0.082 0.068 0.054 0.092 0.176  0.285 -
0.101 0.092 0.058 0.103 0.151 -0.032 0.039 0.085 0.163 0.278
0.097 0.092 0.079 0.043 0.030 0.209 -0.038 0.075 0.095 0.185
0.082 0.083 0.083 0.071 0.045 0.062 0.156 -0.010 0.073  0.091
0.074 0.074 0.074 0.074 0.080 0.058 0.094 0.123 -0.016 0.061
0.070 0.070 0.070 0.070 0.070 0.101  0.051 0.082 0.120 -0.021
0.073 0.073 0.073 0.073 0.073 0.073 0.100 0.043 0.062 0.118
0.075 0.075 0.075 0.075 0.075 0.075 0.075 0.074 0.055 0.033
0.072 0.072 0.072 0.072 0.072 0.072 0.072 0.072 0.071  0.070
0.069 0.069 0.069 0.069 0.069 0.069 0.069 0.069 0.069 0.068
0.066 0.066 0.066 0.066 0.066 0.066 0.066 0.066 0.066 0.066
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Calibration with Re 3 parameter pivot correlation at rank 7

0.179

0.153

0.155

0.144

0.129

0.154

0.144

0.134

0.105

0.156

0.140

0.122

0.112

0.112

0.154

0.143

0.134

0.103

0.101

0.106

0.153

0.143

0.127

0.143

0.088

0.097

0.086

0.144

0.146

0.153

0.128

0.078

0.070

0.098

0.093

0.145

0.157

0.109

0.155

0.160

0.067

0.007

0.101

0.081

0.107

0.136

0.152

0.126

0.123

0.121

0.108

-0.04

0.120

0.077

0.067

Calibration with Re 3 parameter pivot correlation at rank 3

0.179

0.152

0.156

0.131

0.130

0.165

0.123

0.132

0.120

0.164

0.128

0.123

0.120

0.118

0.153

0.141

0.128

0.098

0.101

0.108

0.162

0.144

0.115

0.122

0.032

0.102

0.106

0.159

0.147

0.137

0.106

0.065

0.071

0.110

0.114

0.159

0.156

0.098

0.136

0.131

0.054

0.031

0.119

0.111

0.139

0.134

0.147

0.117

0.106

0.095

0.086

0.007

0.138

0.102

0.122
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First columns of correlation matrices of different ranks

1.20

1.00 -

——rank 2
0.80 +
-B-rank 4

0.60 -
-O-rank 7

0.40 1 —rank 19

(full)

0.20 1

0.00

‘0-20 T T T T T T T T T T T T T T T T T T

First columns of various configurations of exponential
structure

1.00
0.90 -
0.80 -|
- a
0.70 - -b
0.60 -| A C
0.50 -| —~-d
—-x-e
0.40
-o-f
0.30 - g
0.20
0.10 -
0.00 T T T T T T T T T T T T T T T T T T
1 3 5 7 9 11 13 15 17 19
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Evolution of the term structure of volatility

0.15

0.14

0.13

0.12

0.11

TSV with correlation at rank 2

0.19

0.18 |- —

0.17

0.16

0.15

0.14

0.13

0.12

0.11

0.09

! ! ! ! ! ! ! !
1 2 3 4 5 6 7 8 9 10

TSV with correlation at rank 10
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Terminal correlations with S&C 2 parameter instantaneous cor-

relation matrix at rank 2

10

11

12

13

14

15

16

17

10

1.000

0.928

0.895

0.920

0.855

0.846

0.928

0.924

11

0.928

1.000

0.863

0.909

0.933

0.881

0.901

0.923

12

0.895

0.863

1.000

0.916

0.908

0.910

0.878

0.939

13

0.920

0.909

0.916

1.000

0.944

0.931

0.956

0.926

14

0.855

0.933

0.908

0.944

1.000

0.954

0.923

0.928

15

0.846

0.881

0.910

0.931

0.954

1.000

0.937

0.958

16

0.928

0.901

0.878

0.956

0.923

0.937

1.000

0.957

17

0.924

0.923

0.939

0.926

0.928

0.958

0.957

1.000

Terminal correlations with S&C 2 parameter instantaneous cor-
relation matrix at rank 10

10

11

12

13

14

15

16

17

10

1.000

0.887

0.806

0.792

0.708

0.690

0.757

0.734

11

0.887

1.000

0.822

0.837

0.825

0.746

0.749

0.753

12

0.806

0.822

1.000

0.877

0.841

0.820

0.758

0.801

13

0.792

0.837

0.877

1.000

0.919

0.877

0.881

0.806

14

0.708

0.825

0.841

0.919

1.000

0.932

0.878

0.840

15

0.690

0.746

0.820

0.877

0.932

1.000

0.915

0.914

16

0.757

0.749

0.758

0.881

0.878

0.915

1.000

0.934

17

0.734

0.753

0.801

0.806

0.840

0.914

0.934

1.000
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0.2

0.18 4
0.16 4
¢ Quoted
swaptions
0.14 1 — Power
e e T Linear
0.1 ~
0.08 \
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Endogenous Interpolation Cascade
Calibration Algorithm (Brigo and Morini 2003)

1. Fix s, dimension of the swaption matrix including non
quoted maturities, and set K =

{keZ:0<k<s—1,u, missing, k <y < k+ s}
2. Set a = 0;

3. a Ifae K, set
Ojmtl = Ojm = ... = Ojatl = O, (2)
a+1<j7<s,
m=min{i €Z : a<i<s,i1¢ K}.
Set v = a and ao = m.
b. If a ¢ K, set v = a.
Set B =a + 1.

4. a. If y € K, solve in o3 (CCA) adjusting for (2).
b. If v ¢ K, solve in 03441 equation (CCA).

b. Set B=0+1. It B <s+ygotopoint 4. If 3 =5+, set
O0Ba+l — 0B — ---— 031

and solve in 03441 (RCCA). If 5 < s+ a, repeat point 5,
else set a = a + 1.

6. It a < s, go to point 3, else stop.
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February 1, 2002, with historical correlation at full

rank

0.179
0.167
0.153
0.142
0.135
0.142
0.155
0.150
0.130
0.109
0.123
0.111
0.118
0.117
0.127
0.104
0.114
0.120
0.166

0.140
0.138
0.148
0.131
0.135
0.126
0.141
0.092
0.127
0.123
0.111
0.118
0.117
0.127
0.104
0.114
0.120
0.166

0.138
0.130
0.134
0.106
0.145
0.118
0.136
0.116
0.115
0.111
0.118
0.117
0.127
0.104
0.114
0.120
0.166

0.122
0.135
0.118
0.098
0.099
0.153
0.116
0.112
0.165
0.118
0.117
0.127
0.104
0.114
0.120
0.166

0.109
0.112
0.130
0.103
0.095
0.130
0.166
0.056
0.107
0.117
0.127
0.104
0.114
0.120
0.166
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0.109
0.087
0.142
0.122
0.088
0.115
0.147
0.102
0.145
0.127
0.104
0.114
0.120
0.166

0.087
0.142
0.122
0.088
0.115
0.147
0.102
0.145
0.127
0.104
0.114
0.120
0.166

0.087
0.142
0.112
0.118
0.081
0.083
0.097
0.106
0.135
0.114
0.120
0.166

0.087
0.112
0.118
0.081
0.083
0.097
0.106
0.135
0.114
0.120
0.166

0.112
0.118
0.081
0.083
0.097
0.106
0.135
0.114
0.120
0.166



May 16, 2000, Brigo and Mercurio (2001)

0.180
0.155
0.129
0.118
0.109
0.113
0.104
0.094
0.106
0.101
0.092
0.083
0.074
0.070
0.077
0.075
0.071
0.069
0.066

0.204
0.156
0.104
0.099
0.073
0.098
0.105
0.079
0.092
0.092
0.083
0.074
0.070
0.077
0.075
0.071
0.069
0.066

0.233
0.166
0.097
0.078
0.050
0.094
0.086
0.058
0.079
0.083
0.074
0.070
0.077
0.075
0.071
0.069
0.066

0.244
0.161
0.101
0.074
0.032
0.082
0.103
0.043
0.071
0.074
0.070
0.077
0.075
0.071
0.069
0.066

0.248
0.162
0.113
0.086
0.068
0.151
0.030
0.049
0.080
0.070
0.077
0.075
0.071
0.069
0.066
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0.248
0.219
0.137
0.075
0.013
0.061
0.113
0.078
0.073
0.077
0.075
0.071
0.069
0.066

0.219
0.137
0.075
0.013
0.061
0.113
0.078
0.073
0.077
0.075
0.071
0.069
0.066

0.219
0.137
0.194
0.135
0.058
0.045
0.045
0.077
0.049
0.071
0.069
0.066

0.219
0.194
0.135
0.058
0.045
0.045
0.077
0.049
0.071
0.069
0.066

0.194
0.135
0.058
0.045
0.045
0.077
0.049
0.071
0.069
0.066



February 1, 2002, parametric correlation at rank 2

0.17 -

0.16 -

0.15

0.14 -

0.13

0.12

0.11 -

February 1, 2002, parametric correlation at rank 19

0.2

0.19 -

0.18 |-

0.17 -

0.16 -

0.15

0.14 -

0.13

0.12

0.11 -
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December 10, 2002, historical correlation at rank 2

0.24
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ENDOGENOUS INTERPOLATION

10

0.291

0.252

0.228

0.209

0.197

0.185

0.173

0.165

0.159

0.153

0.237

0.209

0.193

0.178

0.167

0.158

0.152

0.147

0.143

0.140

0.202

0.185

0.172

0.161

0.150

0.144

0.139

0.135

0.132

0.130

0.180

0.168

0.157

0.147

0.138

0.133

0.129

0.126

0.123

0.122

0.165

0.155

0.143

0.135

0.129

0.125

0.122

0.119

0.117

0.116

0.159

0.143

0.135

0.129

0.123

0.120

0.117

0.114

0.112

0.111

0.140

0.134

0.127

0.120

0.116

0.113

0.110

0.108

0.107

0.106

0.139

0.130

0.122

0.117

0.114

0.110

0.107

0.105

0.104

0.102

OO0 | OO =W (N~

0.151

0.123

0.117

0.113

0.109

0.105

0.103

0.102

0.100

0.099

—_
)

0.123

0.116

0.111

0.106

0.102

0.100

0.099

0.097

0.096

0.096
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STABILITY

Average |Ac|

Feb-02

Dec-02

Oct-03

Feb-02

0.000

0.018

0.029

Dec-02

0.018

0.000

0.023

Oct-03

0.029

0.023

0.000

Max |Ag|

Feb-02

Dec-02

Oct-03

Feb-02

0.000

0.066

0.113

Dec-02

0.066

0.000

0.109

Oct-03

0.113

0.109

0.000

Average |Av|

Feb-02

Dec-02

Oct-03

Feb-02

0.000

0.009

0.029

Dec-02

0.009

0.000

0.020

Oct-03

0.029

0.020

0.000

Max |Av|

Feb-02

Dec-02

Oct-03

Feb-02

0.000

0.039

0.112

Dec-02

0.039

0.000

0.073

Oct-03

0.112

0.073

0.000
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MC TESTS

1 February 2002, 5 x 6 swaption and Rebonato 3 par. rank 2 correlation:

MC volatility | MC inf MC sup | Approximation
0.108612 0.108112/0.109112|0.109000
Upwardly shifted volatilities:
MC volatility MC inf MC sup | Approx.
Cal. vol’s x1.2|0.130261 0.129644 | 0.130878 | 0.130800
Cal. vol’s +0.2 | 0.300693 0.298988 | 0.302399 | 0.303820
MC vol (no a.v.) | MC inf MC sup | Approx.
Cal. vol’s +0.2 | 0.301934 0.299010 | 0.304861 | 0.303820

10 December 2002, 10 x 10 swaption, historically estimated correlation

at full rank 19:

MC volatility MC inf MC sup | Approx.
Cal. vol’s 0.094937 0.094512 1 0.095363 | 0.095000
Cal. vol's x1.210.113853 0.1133330.114372|0.114000
Cal. vol’s +0.2 | 0.273425 0.272064 | 0.274788 | 0.277094
MC vol (no a.v.) | MC inf MC sup | Approx.
Cal. vol’s +0.2 | 0.273317 0.270865 | 0.275774|0.277094
Upwardly shifted forward rates:
MC volatility | MC inf MC sup | Approximation
0.097716 0.097301 [ 0.098130 | 0.098048
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INCLUDING CAP MARKET - Annualization

With 0 < § < T < U, all six-months spaced, con-
sider an S X 1 swaption and S and T-expiry six-
month caplets associated with semi-annual forward
rates F1(t) and Fy(t) with correlation p (infracorre-
lation).

Approximation for constant volatility forward rates:
2

(N
SW

u% (O>U§—caplet + ’LL% <O>U%—caplet + 2pU1 <O>u2 <O>US—capletUT—caplet7

U (R@®) BB

w0 =75 (5 + )
1 Fy(t)  Fi(t)Fy(t)

w2 ()= 7 ( T )

Annualized caplet volatilities

0.178 10.1850.163 ] 0.155 1 0.152 ] 0.145 1 0.138 | 0.134 | 0.129 | 0.125
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Implied evolution of term structure of volatility

Infra-correlations

1.022]0.388 | 0.54310.536 | 0.444 1 0.493 | 0.533 | 0.560 | 0.586 | 0.598
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Endogenous Interpolation Cascade

Calibration - Conclusions

. Calibration is fast, through closed form formulas;

. If industry formula is used, market prices are fit

exactly:
. dolution is unique given correlation;

. One-to-one correspondence model-market

volatilities;

. Exogenous correlation matrix: regular

instantaneous and terminal correlations;

. Parameters satisfy required constraints - appear

stable over time - are consistent with market
patterns - imply acceptably regular evolution

of the TSV:

58



Pricing with the Libor Market Model

. Pricing with exact formulas

Example: In-Advance Swaps and Caps

. Pricing with approximations

Example for a tailored approximation: Zero-Coupon
Swaptions

Example for a general approximation: CMS

. Pricing with non-standard-tenor rates:

Example: Accrual Swaps
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Pricing with exact formulas: In-Advance Swap

Plain-Vanilla Swap payoft

Z D (0 (F(Ti-1; 151, T;) — K),

1=a+1

In-Advance Swap payoff

Z D (0,T;) i1 (F (T3 T3, [ Tia) — K)
1=a+1
(’) Ta Ta|+1 Toz‘—i—Z T|ﬂ
Plain Vanilla PS ~N | N
In-Advance PS 2 |

Plain-Vanilla Swap Payments at 7;

(F(Ti1; T4, T;) — K) =

T (Tl (P(Til,T@-) ) 1> _K) :

1
- —1- K.
P(T,1,T)) "

We can replicate this payoft with a portfolio of bonds:
= P(0,7;1) — P(0,T;) — P(0,T;) K.
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In-Advance Swap Payments at 7;

7_2'—|—1<F<CZ_%7 1—%7 CZ—%_'_l) o KTi+1) —

1
_ 11— K7y,
P(ﬂairﬂ—l) r

Using Change of Numeraire, the price of a plain vanilla swap is

EC ZD (F(Tr; Ty, T) = K) | =

z a+1

— Z EQ O T TZ(F<E—1;7—YZ’—177—%) _K)] —

1=a+1

B
by Sol Z P(0,T)E [n(F(Ti—; T;-1,T;) — K)] =

1=a+1

:ZP F(0; T4, T;) — K).

1=a+1

The price of an in-advance swap is

EQ Z D 7'2_|_1 F(E;ﬂjﬂ—i—l) T K) —

1=a+1

B
= N PO,T)E [R(F(T; T, Tr) — K)).
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Law of Iterated Expectation

E[E[X‘ngFT]IE[X‘fT], T < S

Proposition 1 The current value of the amount X, at T is
X

P(T.S)

equivalent to the current value of the accrued amount

at S > T :

D (t,S)
D(t.5) B : _
e ] - 5[ | g -

u o [PUR )

& [D (t,T) Xr

P(T.9) Er D (T, S)]] =

5 [D (t,T) X7

P(T.S) P(T,S)] = E;[D (t,T) Xr|
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[ASII =

5
E Z D0, 1)1 (F(15: 15, Tia) — K) | =
_i:oz—l—l -
by def of F i 1
y def o
T E | D(0,T, —1—7K)| =
;1 [ S e " >]

B
Z E[ D(O’TZ) _D(OaTz) (1—|—TZ'+1K)] =

&
To D O7 CZ—;
i=a—+1 P(ﬂ7ﬂ+1)

3 B -meenrn] -

B
=" ) |P(0,Ti)E
[ ( _I—l) (P<ﬂ7ﬂ+1>2

1=a+1

—P(0,T)) (1 + 7121 K)].
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In terms of forward rates:
8
IASIL = Y [P0, Ti4)E™ (14 2F(T3: T, T )T +

1=a+1

B (T Ty TP ) = PO,T) (14 7 K)

From the dynamics of F(t;T;,T;.1)

dF'(t; T, Tiv) = 0i1 () F (T3, Tiv) dZiga(t)
via Ito formula

dF (T3, Ti)? = o}y (O F (6 T3, Tia)? di
+20;1(0)F(t; T, Ti1)?* dZiya ()

with solution
F<T7 7—%7 7—;4—1)2 .

T T
F(0;T;, Tip1)? exp {/ —UZ-QH(S) ds + / 20;11(8) dZZ-H(S)},
0 0 >

\ &

Ve

N<f0T —0§+1(S) ds , fOT 402.2+1(s) ds>

Via MGF of X~ N (u,0?)

E [etX] _ e,utJr%JQtz

we find
Ey [F(T; T,y Ti1)?] = F(0; T, Tyan)2edo o2a0)ds,
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TASII=
Z@ a+1 [ (O 7}+1)Ei+1 (1 + QF(Tz'; 1;, Tz‘+1)7'z'+1+
+F(T: T, T )* 1) — PO.T3) (L + 70 K) | =

5
= > [P0, Tis1) (1 + 21,1 F(0; 15, i) +

1=a+1

T;
+ Tz'2+1F<OB 1, Tz‘+1>2€f0 i ds) — P(0,T;) (1 + Tz‘+1K>]

In-advance cap paying and resetting at Ty41,...,73, with
unit notional amount and strike K. The payoff discounted at
t=01s

4
Z D(0, T) 71 (Fia(Th) — K)*
1=a+1
The price is
IACIl = F Z D0, T)7is1(Fin(T}) — K) T

1=a+1

Applying the same reasoning seen for in-advance swaps we get:

IACTI = E | Y~ D0, T)(5
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_E f: D(0,T;41) ((1+Ti+1ﬂ+1(ﬂ)>2
- (ijiﬂmlm)) (1 +7i1K))"]

— zﬁ: PO, Ti ) Tip B (1 + 7 Fi(T7))
(F(T) — K]

Y PO T {E [(Fon(T) = K

1=a+1

b7 B {(Fﬁl(ﬂ-)Q — E+1<E)K)+} }

First expectation can be computed by Black formula, second by
Margrabe formula for options to exchange one asset for another.
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Pricing with Approximations: ZeroCoupon Swaption

The payoft of a Zero-Coupon Swap is

B
> D(0,T) 7F(Tim;T-1,T;) — D (0,Ts) 70 5K

1=a+1

The price is

s
> PO, T)mF(0;Timy, T;) = P(0,Ts) T pK =
1=a+1
zﬁ:P(O T)) L(PO.To) P (0,T5) 7o s K
= i) Ti\ — - - ) Ta
i=a+1 | Ti P <O’ TZ) ’ !

=P (0, Ta> — P (0, Tg) — P (O, Tg) TaﬁK

Zero-Coupon Swaption:

- 1+
B
D(0,T.) | Y P(To,T) 7F(To; Tioy, T}) = P (Ta, Tp) Tapk

1=a+1

= D(0,T,)[1 — P(Ty,Ts) — P (Tn, Tp) Ta s K|"
(0, T%) TasP (To, Tg) [F(To; T, Tg) — K]

I
S
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F(t;T,,Ts) and F(t;T;,T;;,) rates:

| (P(LT)
F t. Ta, T — - 1 9
< | ﬁ) TOK?B (P <t7 Tﬁ) )

P(tT,) P(T,) Pt Tw) P(t,Ts-1)
P(t,Ts) P(t,To1)P(t, Toio) P (t,Tp)
3
L+ 7agF (6T, T) = [ | 1+7F (6T, T))

Flt) i=a+1 F (1)

Approximations: what for?

When we have driftless lognormal dynamics

dX =v(t) X dW,
roughly one finds Black input V2 as

1) %zu(t) AW
2) d);iX —v (v ) dW dW = v (t)° dt

V2= [lv(t) dt
When dynamics is different, we may find at 2) a stochastic
(t, X (t,w))” dt.

Then, to use Black, take the approximation

f/QZ/Tﬁ(t, X (0)) dt.
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ZC Swaption Payoff = D(0,Ty) 70 3P (T, Ts) [F(T,) — K|*

L4 7o F(t) = H (14 7,F; (t)).
In (14 7, 5F(t) Z In (14 7F; (t)).

dln (1 + 7, 5F(t) Zdlnun (1)).

Apply Ito’s formula to each addend

g(t,F;) = In(1+7,F; (1)),
dg(t, F) = g, dF, + drift part,

5]
dlin (1 +7,3F(t)) = ) dt.
(L 7 (0) = 3 T ()
Apply Ito’s formula to the left-hand side
dln (1 + 7, 5F (1)) = Tap AF (1) (o) dt
n To
; “J T0.0F (1))

(1+ TaF (1))

Ta,p

dF (t) = din (1 + 7asF(t)) () dt.
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Putting together

6 . .

dF (1) = <1+%2F<t>> > (11617%2)>+< ) di

dF () dF (¢)

F(t)F (1) o

(1+ 705F (1)) F(t) 7 dF (1)
‘( a0 ) 77< L+ 7F (1) (1+7,F, (1))
(4T s F () o~ TrF () F () 0y (1) 0y (1) pi;
‘( T F (1) )Z T DA+ rE D)

() F (t) Fy (t) dZ,dZ, =
Fj <t) Pij dt.

Freeze rates at their 0 value, finding
2
" Ta,0F (0)
8 fa

7i7i i (0) F5 (0) pij
mgﬂ (14 7F;(0)) (1 + 7, F5(0)) O/U@ (t)oj(t)dt

ZCSWAPTIONII = P(0, T3)7, sBLACK(F(0; T,, Ty), K, V./§).

70



Testing the approximation for Zero-Coupon Swaption volatility

The approximated volatility turns out very close to the volatility

computed via MC, confirming the approximation is accurate.
But consider also:

e I, = 2 years, T3 = 19 years
MC

v
Monte Carlo ZC Swaption Volatility ;C = 0.1410

«

v App
Approximate ZC Swaption volatility ;C = 0.1455

«

/Ay
Approximate PV Swaption volatility ;V = 0.0997

«

Monte Carlo 98% window [0.1404  0.1416]

. 1, = 10 years, T3 = 19 years

| G Vol
Monte Carlo ZC Swaption Volatility 7= 0.1081

(07

v/ App
Approximate ZC Swaption volatility %C =0.1114

«

/App
Approximate PV Swaption volatility ;V = 0.0897

o

Monte Carlo 98% window [ 0.1076 ~ 0.1086 |
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A relationship between the approximations
VAR and VP

VAP - Z AAisi / Do 0) dt, A= I
L 7.P(0,T) o -
w; (0) = Zk " ~P(0. To) Fy (0)7 Sap (0) = i§r1 i (0) F; (0)

i (14 7a3F (0)  7F(t)

0= Z il i / (0os ) dh =" B ) Ut R 0)

1,j=a+1

Using the relations between forward-rates and discount factors

PO, T)F; (0) P00, T) - P(0,T))
S PO, TYF (0) PO, To) = PO, Ty)

i —

P(0,T,)  P(0,T,_)
- (I+7sF(0) wF () P(0,Ty) P(0,T))
W TIF) GanR@) POT) _ POT)
P(O7T5> P(0,T3)
— P(OvTa)P(OaTi—l) _ P(OvTi) _ P(OaTa) A\
- P(0,T,) — P(0,T3)P(0,T;_y)  P(0,T;_1)""

P(O Ta) A A
) > — Vrzw E:Lfﬁm
PO, T, 1)~ " forpz0 2C 7 TFV
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A general Libor Market Model approximation

F}. (t) under the associated Tj-forward measure has lognormal
distribution. But when we need joint dynamics, for Fj (¢) under

Q', 1 # k, the dynamics is

dFk<t) = ,LLZ"]{(t, F (t))Fk(t> dt + 0k<t>Fk<t> de<t> :
—ou(t Z"_ pijjaj( )Fj( ) k < i

it F () = § 70 2k FmEm T A<
oi(t) Zj:z'Jrl 147, (1) k>

i x(t, F (1)) is stochastic, no known transition densities, we need
discretization and simulation.

How can we approximate p; (¢, F (t)) with a deterministic func-
tion? We can use typical “freezing the drift”, fixing forward
rates at current time in dynamics:

dFW(t) = g (1, F (0)) Fu(t) dt + o4 () Fi(t) dZ4(t). (Appr.1)

i k(1)

having a GBM with time-varying coefficients:
Fi.(t) =

Fo(0) exp [ /0 e (s) ds — /O t %a,% (s)ds + /0 o (8) de(s).]

~N<f0 1 1 (s) ds— | 2Uk:( s)ds, Oak( )ds)

so Fj,(t) is lognormal. Recalling the MGF of X~ N (1, 0?)
E ( etX) _ phtt3ott?

E[F.(t)] = F, (0)elomr®)d
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When dealing with swap rates we can, similarly, simplify the
computation going from

&
Sa,p(t) = Z w;({ F; <t>}j:a—|—1 ..... 5) Fi(t)
k=a+1
: 1
Ti H;:antl T
w;i(t, {F; <t>}]:a+1 ,,,,, @) = L ]Fj(tl)

.....
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Example: Constant maturity swaps

In a basic constant-maturity swap at time 7, 1, n > 7 > 1,
institution A pays to B the c-year swap rate resetting at time
T;_1 in exchange for a fixed rate K:

Al iti1re(li) 7 — B

— K —

The net value of the contract to B at time 0 is

E (i: D(0,T;—1)7i(Si—1i—14e(Ti21) — K))

1=1

Z% (B[S 11 14e(Ti )] — K} . by CoN

We need only compute
B! Sicticire(Tin)]|, i=1,...,n
We may use Monte Carlo, or resort first to Appr.2

SuslT) = Y wiO)F(T,)

and then compute £ (S, 3(1)|] using Appr.1
EO‘ Sas(Ta)] =~

Z w; (0)E* | F; Z w; ( fO oDt ()

1=a+1 1=a+1
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Tenor issues (extending to more rates)

Example: Accrual Swap

LT (t)=F(t;t,t+ 1),

A pays at t; - L7 (t;)
B pays at t; : (aL” (t;) + spread@) g;
< L7 (t;) < LI

min max-*

~ # trading days in [t;_y,%;] when L]

9i # trading days in [t;_1, ;]

Starting from L7 (), as time goes on we need
L"t+1) = F{t+1Lt+1Lt+1+7),
LT(t+2) = Ft+2t+2,t+2471),
L"(t+3) = Ft+3t+3,t+3+71),...

In the LMM, starting from Fj (t) = F (¢t;T}_1,T}), as time
goes on we consider

Fr(t+1) = F(t+1,T1,Ty),

F.(t4+2) = F(t+2;Tp_1,T}),

Fk<t—|—3) = F<t+3;Tk_1,Tk),...
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Naive Interpolation
Take T =T;—T; 1,7 =1,..., M. Indicate L" (t) by maturity:
L"(t) = F(t;t,t+7)=F(t;t,U)
= FU-7U—-1,U)=1,
Maturity U is in [T}, Ti.1] . We have

Ly = F(Ty—1;T)-1,T})
Liyw = F Ty T, Tha) -

Interpolate:
_ L — Ly

T

L, (U — Tk) + L.

or interpolate between

F (Ty—1;Ty—1,T) and F (t;; Ty, Thaa) -

Drift Interpolation
Recall

dF (t;Tj_1, Tj) = 0; (t) F; (t) [Drift Part]’ dt+o; (t) F (t) dZ..
For F' (t;U — 7,U) with maturity U in [T}, Ty.1] take:

oy (t) interpolating the parameters of oy (t) and g1 (),

T



dZUdZY = Pk,j dt if T 1 < U < Tk, Tj_l <Y < Tj,

and, since

| Dri ft Pa’rt]l,z = 0

F t t
Drift Pa'rt]],zﬂ _ Tkl k1) opa( ),
1+ Tps1 Frpa(2)

take for F' (t;U — 7, U) under Q*:

(U = Ty) Trg1 Frp1(t) o1 (2)
Tha1 L4 Tig1 Frga(t)
(U =T%) Frn(t)op+1(t)
1+ Tpp1 Frga (2) .

: k
Drift Part];, =
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Bridging Technique

Suppose we need L7 (t) at sy = Tp_1,89,...,8-1,8 = T}.
In the LMM we have the rates

L'(Ty—1) = Fy(Th-1)
L'(Ty) = Fy1 (Th)

and can generate by simulation
L;<Tk>7 L}'—(Tk—l)? ] — 17 R N

Assume L7(t) follows a geometric brownian motion of parame-
ters u and o between Tj_1 and Ty,

In LL(gf)l) = (u - %2> T+0Z(7)

Find estimates it and ¢ and invert

i (%)
In —2 = |\g——=|T7T+0Z;(T
L;(Tk_1> /’L ]( )

2

Li(Ty) . .
to find Z; (1) = f (L}ZT;W'“’O’T)
The realizations
Zi (sn=51), 23 (sns1 = 51).-
are replaced by realizations of

~ t_
Z(t—s)=W(t—s)——"

(Wir) =2 (1)),

-
Notice Z; (0) = Z; (0) = 0, and Z; (1) = Z; (). Compute
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L;(3h+1> =
52

Lisiexp | (= %) (w1 — s0) + 6(Zi(sn1) — Zi(s1))]

Pricing the Accrual Swap

Having found, by one of the above methods, simulated paths for
L7 (t) under a forward measure, one can price the accrual swap:

ASIT =

_E{EJMQEMMaMﬂlﬂéb-

> 1L < L(g) < Lo} 1)

geGN[T;_1,13)
- _ L(T,.
HGAT 1T} Tl

d J

- ZE{ 7 (@ LT +.Q)

> L1 < L(g) < Lo} 1)

geGN[T;_1,1)
. — L(T;_
HGNT o T] Tl

4 )

where G is the set of trading days.
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LONGSTAFF & SCHWARTZ MONTE CARLO SCHEME

1. Ordinary Monte Carlo simulation of underlying d-dimensional
variable X (X7 is the 7% path of X until time 4, j =
1,2,..M, k=0,1,2,..n)

». Computing final time payoft for each path j:

CV'(t,) = EV (tn; Xi) = final payoff
i= 1.2 .M

5. Set k = n and restart backwards:

.. Calculate the immediate excercise value

EV (tk_l;)‘(i_l) i=1.2, .M

selecting only scenariosin [, 1 = {j!EV (tk—1; X,f;_l) > O} ;

5. Considering only these scenarios regress discounted contin-
uation value on functions ¢ of the underlying, to estimate
combinators Ay in the relationship:

DiscFac (t,_,,t;) * v’ (tk) =
k-1

A (tk—1) on tk—lQXi_l Vj € Iy
>
h—1
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6. For each scenario:

if
EV (tk_l; X,Q_l) > Z An (Bk—1) on (tk—1§ Xi_l)
h=1
then | .
CVI (1) = BV (1 X} )
else

CVY (tp_y) = DiscFac/(t,_,t;) * CV’ (t;)

. Replace k with £ — 1 and restart form point 4, until £ = 0;

s. Now average on all cash-flows discounted at current time,
finding LSMC price.
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Extending to other dynamics: Libor Models for Smile

« Smile and skew: what? In lognormal model the volatility is a char-
acteristic of the underlying, it is not contract dependent. Therefore, given
different option prices for different strikes

K| Kyl...|K,
[ |1y | ... |11,
inverting Black we should find
K| Kyl ... K,
o |o |...|o

When instead we find different values
Ki\Ky|l... K,
o1 |09 |...|0Op

we say we have a volatility smile. The volatility smile is the curve
K+— o (K).
Usually skew is used for decreasing curve, smile for curve with minimum

. Smile and skew in interest rate markets: where and when?

In the caplet market, in 1996 appearance of skews. In 1998, after Russian
crisis, appearance of marked hockey-stick-shaped smiles.

« Smile and skew in interest rate markets: why?

No general consensus. According to Rebonato (2002):

1) Smile and skew in the interest rate market are due to causes different from
those acting in other markets

2) Smile and skew in the interest rate market are due each to a different
cause:

Skews: reaction of rates to shocks is not fully proportional to the level of
the rate.

Smile: stochastic volatility.

. Smile and skew: so what?

Expression of a non-lognormal distribution. Rather than adapting a lognor-
mal model one can use an alternative model with different assumptions.
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Dealing with skews: Shifted Lognormal Libor Model

(SLLM)
Assume that

Fi.(t) = Xi(t) + «,
dXp(t) = B(t)Xi(t) dWs,
under QF, so
AF(t) = B)(F(t) — a) dW).
The distribution of Fi(T)|Fy(t), t < T, is a shifted lognormal:

fr.mr.m(T) =

1 1 (g TN
(r— UL T)Vor D) 2 U(t,T) ’

— \/ /t ' 32(s)ds

The pricing formula is
CapLETI, = 7P(t,T},)E" [(Fi(Tps

= Tp(t, Tk) [(Fk(Tk 1

= 7P(t,T})FE [(£

) = K)*|F]

) —a+a— )ﬂ]—}]
k(T 1) a) — (K —a))"|F],

Xp(Th—1
(

lognormal

N
= P(t Tk)BLAC (t — O, K — o, U(t T 1))
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The implied Black volatility ¢ = 6(K) is obtained by solving

s BLACK(Fy(t), K,6/Ti—1 — 1)
BLACK(Fi(t) — o, K — o, U(t, Tj_1)).

a>0 = o (K) increasing
a=0 = o(K) flat (classic lognormal assumption)
a <0 = o (K) decreasing (typical market skew)
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Dealing with (U-shaped) smiles: Lognormal Mixture
Libor Model (LMLM)

Assume Fj, under the forward measure Q* has a distribution
given by a mixture of lognormal densities. Marginal density is

flw) = [Q%Pr(Fit) <o) =) Nfilx),
Ao >0, ) N =

where the f/(y) are lognormal densities,

1 1 T 1,0 (4\2 :
i) = v XP{ 20 (1)? llanm)””’f@] }

W o )

With this assumption, caplet pricing formula at time zero is

CAPLETII = 7P(0, T},) EF (F(Th—1) — K)7]
— TP(O,Tk)/O OO(:C — K)'pp, (x)dx

P(0,T}) Z)\ / (x — K p%vkil(x)da:

N
= 7P(0,T}) Y NiscBlack(Fy(0), K, vi(Th
k

1=1
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The model is tractable and gives realistic U-shapes for the
smile, with a minimum at K = Fj, (0)

0.38
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Two possibilities for model dynamics:

e local volatility (usual source of randomness)

e stochastic volatility (specific source of randomness)

Local volatility: the LM LMLV
In local volatility models we assume that
dFk<t> — (_Tk(t, Fk<t>>Fk<t> dW(t)

where 7y(t, Fi(t)) is a deterministic function of Fj(¢). Under
some technical conditions on o;(t) Brigo and Mercurio (2000)
show that with

Z/\ta:

Az<t,ﬂf) = A ft( )
Zz’zl )‘ift( >

F}.(t) has lognormal mixture marginal distribution.

, t>0,2 >0,
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Dealing with smile/skew: Shifted Lognormal Mix-
ture Libor Model

For smiley /skewed shapes (minimum not at K = Fj, (0)) con-
sider a shifted mixture of lognormals,

dFk(t) = O} (t, Fk(t> — Ozk> (Fk(t) — ozk)th.

with pricing formula

N
CaPLETIL = 7P(0,T},) >~ ABLACK(Fi(0)—cu, K —ay, vi(Th—1)).
1=1

0.158

Market volatilities
—— Calibrated volatilities
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Uncertain volatility: LM LMUV

The second choice for the dynamics involves a volatility-specific
source of randomness. Assume

dE(t) = ox(t) Ei(t) dW(2)

where
(o () with probability A\
ou(t) = < ai(t) with pljobability Ao
o (¢) with probability Ay

Associate scenarios with random variable I, drawn at t = ¢

infinitesimal after 0, independent of W and which takes values
in {1,2,..., N} with probability

Q"-Pr(I =1i) =\,

and set
ow(t) = op(t).
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What is the current caplet pricing formula in this context?

CAPLETII = 7P(0, T:)E*[(Fi(Th—1) — K}7]
= 7P(0, Tk>Ek[Ek[(Fk(Tk 1) — K)"|1]]

= OTkZA (Fi(Typ1) — K)*]

lognormal

with O']Z{: (t)

— 7P(0,T},) Z ABLACK(F,(0), K, v(Tj_1)).

1=1

It coincide with LMILMLV formula.

What differences?

® LV pros: explicit formulas for current european prices, model is complete,

there is a future smile.
® LV cons: tractability does not extend, interpretation is less transparent

® UV pros: explicit formulas for current european prices, analytical tractabil-

ity extends as much as in Black model, interpretation is transparent

® UV cons: there is no future smile, model is not complete.
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Fasy to extend this approach to smiley /skewed shapes. Use
a different shift for each scenario:

Shifted Lognormal Libor Model with Uncertain Pa-
rameters (SLLMUP)

dEL(t) = op(t) (Fu(t) — of) dW (1)

with pricing formula

N
CapPLETIL = 7P(0,T}) >~ ABLACK(Fy(0)—a, K—aj, vi(Ti—1)).
1=1

This model is simple, tractable, and can replicate market hockey
stick shapes. See examples using 3 scenarios with fixed proba-
bilities

A1 = 0.6 (high probability scenario)

Ao = 0.3 (mean probability scenario)

A3 = 0.1 (low probability scenario)
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With this approach there are approximations for swaption volatility similar
to the one found in the plain lognormal case. Is there a specification of
the model allowing for automatic exact calibration to ATM swaptions while

keeping caplet smile calibration? It seems there is (work in progress, Mercurio
and Morini (2005)).

Other approaches to smiles/skews: constant elasticity variance model (An-
dersen and Andreasen (2000)), stochastic volatility as a continuous process
(Rebonato (2002), Hagan et al. (2002), Pieterbarg (2003)).
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Extending to different markets: CDS Market Model

Credit Default Swap (CDS)
With 7 default time, a year fraction, in a CDS:

Protection. | — Ra at Tj,q,...,T} before 7 — | Protection
Buyer «— Protection at 7, T}, < 7 <1p «— | Seller

Discounted Payoft of a basic CDS is

b
CDS/™ N (R) = Y D(t,T) L1, <rery
1=k—+1

b
— Z D<t7ﬂ)aiR1{T2TZ’}

i=k+1
By expectation under the risk neutral measure (), the price is
CDSIL, (R) = E [CDSf wol f (R \]—}} | (3)

but considering subfiltrations, so that

F: =general market information up to ¢
'H; =default-free market information up to ¢

Y

we can equivalently express price as (Jeanblanc and Rutkowski)

| -

OO = o i)

E |CDS!™ (R) [H,| ()
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Set price to zero and derive R

b
ZiZk—l—l E |:D (t7 CZ_VZ) ]‘{TZ'_1<T§T¢}’Ht]

il Z?:/Hl oE D (t,T;) Liromy [ Hyl
B Z?:kﬂ E D (t,T;) Lir,_,<r<r|Hi]
X @Q(r > tH) P (4, T)
with
p (t,T}) = D [D (t, T3) 1{7’>TZ‘}‘H25] |

Q (7’ > t|Ht)
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Pricing CDS options

The CDS option to enter a CDS with fixed rate K at a future
time 1}, has discounted payoft

D (t,Ty) [CDSIIy, (K)] " =

- 1+
D (t,T;) |CDSIy, (K) — CDSIy, (R (Ty))
I 0 _

which, substituting the above, is

Q) (7‘ > Tk‘HTk)

[Z CVZQ 7' >Tk|HTk) (Tk, )

1=k+1

(Rpp (Ty) — K) .

Using pricing formula (4) and law of iterated expectation we

have
1ion
Ht]

Q(r>tHy)

b
D (t,T}) { Z iQ (7> TylHrp,) P (Tk,T)} (R (Ty) — K)©

1=k+1

CDSOpPTIONII =

E
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Change of numeraire

Choose a numeraire N so that

P X
1) ay0]‘<[£< r) is simple, to ease expectation.

2) M2t — X, is a martingale under QY.

A quantity satisfying 1 and 2 (under some conditions, Jamshid-
ian 2004) is

ék,b (t> — Zf k41 OQQ (7- > t|Ht) (t T)

so that
St B [D (6T Lygy ey | H]
Chi (1)

Ry (t) =

and

CDSOPTIONII =

1{7’>t} R .\
Q (7- > t|Ht)E [D (t, Tk) Ck,b (Tk:) (R/{,b (Tk) — K) ‘Ht] .

Changing numeraire according to

Nt

with N, = Ckb( ) and QY = Q" associated to C’kb( ), we
have

1(X,) = B [D (¢, T) 1 (X7)] = NEY [” <XT>] |

Liosyy

CDSOPTIONII, = Co (OEP [(R., (T2) — K) |H
=0T S ) kb (1) [(Ry.p (Th) )" H,]
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The Market Model

Under the Q" measure, Ry (t) is a martingale. Assuming it is
lognormal with volatility oy, s

de,b <t) = Uk,ﬁRk,b (t) AWk (t) :

leads to the simple Black-like formula

CDSOPTIONIL; =
b
— 1{7’>t} Z Ozip (t, Tz) BLACK (Rk,b (t) , K, Ok3V T — If)
1=k+1

Now compare quotations:

Without Market Model

Ry (0) | K| Mid
Option 1| 61 |60|32.5
Option 2| 43.4 |43|24.5

With Market Model

Rip (0) | K | Mid implied o
Option 1| 61 |60, 62.16%
Option 2| 434 |43 63.71%
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One-period-CDS Market Model
O = Qi1
Cj:=Cja;
Rj(t) = Rj1;(t).
Then
I {D (¢, T5) 1{Tj_1<T§Tj}|Hti|

QB [D (8 T) 1,y H]

E [D (t,T;)1 {T>Tj_1}]7-(t} _E [D (LT 1y Mo

R;(t) =

QB D (8, T) 1, ]

What is the I‘elationship between R; (t) and Ry (1)?

P(t,T)
R ij Rj t §
! jzm s apny
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Completing the model

Recall that for completing the model we need to show dynamics
under a general measure according to

N1
pyt =t — a4 () pVecDiffCoeff (111 N—2> .

Here
N1

<

it ayP
N2 (1) a; P

~

Notice in (5) that now we cannot represent R; () only in terms
of numeraire ratios, and we cannot express numeraire ratios only
in terms of R; (¢)’s.
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Adding rates
We can use (6) to see that

P(tT) o ﬁ Ri1(t) = Ry_a (1)

P(t,T) «; Rip—oy (t) — Ry (t)

k=i+1

However, the following must hold

P<t7Tj—1>

imposing constraints

min (Rj—l (1), Rj—1(t;+3j(t)) <
Rj_2; (1)

< max (Rj_l (1),

Rj—l (t)—l—Rj (1) )
2

One should look for a complex dynamics...

[s it possible to complete the model in a financially natural way
not requiring complex dynamics and simplifying computations?
[t requires some probability tools (Brigo and Morini (2005), work
in progress).
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For further reading some papers are available at

www.damianobrigo.it
www.exoticderivatives.com /MassimoMorini.html

www.fabiomercurio.it
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