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Efficient Techniquesfor Simulation of Interest Rate M odelsinvolving
Non-Linear Stochastic Differential Equations

Abstract

This paper examines methods to reduce systematic and random errors in simulations of
interest rate models based on non-solvable, non-linear stochastic differential equations
(SDESs). The paper illustrates how application of high-order Ito-Taylor discretization
schemes in combination with appropriate variance reduction techniques can yield very
significant improvements in speed and accuracy. Besides discussing and testing several
traditional approaches to variance reduction, we consider the more recent techniques of
Girsanov measure transformation and quasi-random sequences. Using the Cox, Ingersoll,
and Ross square-root diffusion model as a specific example, we find that applying a second-
or third-order discretization scheme in combination with a probability measure
transformation and the antithetic variate method yields the best results overall. Although
quite effective in problems of low dimension, quasi-random sequences suffer from certain

fundamental problems that limit their usefulness in the applications considered here.
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Efficient Techniquesfor Simulation of Interest Rate M odelsinvolving
Non-Linear Stochastic Differential Equations

1. Introduction

Driven by the increasing sophistication and competitiveness of the financial markets, much
recent finance research emphasizes that theoretical models be "redlistic", i.e. closely reflect
observable market behavior. Whereas the structure of most classical models has been
specified primarily with analytical tractability in mind, many new models deliberately
sacrifice such tractability for a closer fit to the market. The lack of tractability, however,
makes the practical usage of such models reliant upon the development of efficient
numerical schemes. Indeed, the finance literature has recently seen an abundance of
ingenious schemes designed either to support complicated, non-linear models or to provide
automatic calibration to observable prices. Most of these schemes are based on binomial or
trinomia discretizations of either the underlying stochastic processes or the fundamental
no-arbitrage PDE. Examples from the interest rate markets include Jamshidian (1991), Hull
and White (1990a, 1994a-b), Black, Derman and Toy (1990), Ho and Lee (1986), Jensen &
Nielsen (1991) just to name a few. In equity markets Wilmott, Dewynne and Howison
(1993), extending the work of Brennan and Schwartz (1978), have illustrated how many
types of exotic options can be priced efficiently in either finite difference or finite element
lattices. Recently, Dupire (1993, 1994), Derman and Kani (1994), Rubinstein (1994), and
Andersen and Brotherton-Ratcliffe (1995) have shown how to use forward induction
principles to extend lattice and finite difference models to incorporate the effects of the so-

called "volatility smile" in options markets.

A widespread alternative to lattice schemes is the method of Monte Carlo simulation.
Introduced to finance by Boyle (1977), the Monte Carlo method is typically applied to
problems too complex for the lattice techniques. Such problems include the pricing of

instruments that contain strongly path dependent options and/or depend on multiple
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stochastic factors'. As complexity of traded instruments has grown, Monte Carlo techniques
have become increasingly important, a trend that is likely to continue in the future. Thisis
particularly true in the fixed income markets, where multiple factors and path-dependency
are embedded in a wide variety of new structured or mortgage-based contracts. Despite its
increasing importance and wide applicability, the Monte Carlo method has received much
less attention in the literature than lattice models. One reason for thisis, of course, the low

order of convergence (O(N™Y?

)) which tends to make practical usage painfully slow.
Recent research, however, suggests that application of results from the field of high-
dimensional integration can, under certain circumstances, improve this convergence rate
significantly. As shown in Brotherton-Ratcliffe (1994a-b), Joy (1994), and Paskov (1994),
replacing the traditional pseudo-random number generators by low-discrepancy quasi-
random sequences can lead to significant improvementsin the computational effort required
to vaue a wide array of path-dependent options and CMOs. Further, by applying a
martingale control variate technique to option pricing, Clewlow and Carverhill (1994)
report significant improvements over traditional variance reduction methods?. Another line
of research has focused on extending the Monte Carlo technique to pricing problems that
were previously considered beyond the capabilities of the method. Tilley (1993) and, more
recently, Broadie and Glasserman (1994) have shown how, in principle, Monte Carlo
simulation can be used to price American-style equity options. Andersen (1996), and
Andersen and Brotherton-Ratcliffe (1996) illustrate how the Monte Carlo method can
successfully be applied to the pricing of lookback and barrier options with continuous or

high-frequency sampling of the underlying asset process.

Almost al recent research on Monte Carlo methods share the common assumption that the
underlying asset process is simple deterministic geometric Brownian motion -- a process
class characterized by alinear stochastic differential equation (SDE) that permits a closed-
form solution. Given the price at time t, S, of an asset that follows geometric Brownian
motion, recall that the asset price at time s>t can be written explicitly in the familiar

expression
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5=5 exp[f[u(u) -2 Wldu+ 2, [ Sa%u)du] @

where Z isastandard Gaussian variable, and the deterministic functions of time £(t) and
o(t) are the drift and volatility of S respectively. In the case of geometric Brownian
motion, simulation of asset-paths is thus essentially a matter of repeated application of (1).
In interest rate modeling, which will be the main focus of the present paper, it is, however,
highly questionable whether we can assume that market dynamics are governed by simple
linear SDEs. Many popular interest rate models thus involve highly non-linear SDEs,
including those of Pearson and Sun (1990), Cox (1975), Black, Derman and Toy (1990),
and Cox, Ingersoll and Ross (1985)°. Empirical studies by, among others, Das (1993), Chan
et al (1992), and Apabhai et al (1994) confirm the non-linearity of interest rate SDES".

Without an explicitly solvable SDE, design of an efficient Monte Carlo simulation scheme
involves two challenges: i) how to ensure rapid convergence; and ii) how to discretize the
process such that the convergence level is close to the continuous-time solution of the SDE.
Although Monte Carlo techniques, as discussed above, offer some help towards resolving
the former problem, they do not provide much insight into the latter. To handle this
problem, we instead need methods from the field of stochastic numerical methods.
Pioneered by Milstein (1974, 1978), numerical schemes for solution of SDEs have been
developed throughout the 1980s to levels of sophistication approaching those of numerical
schemes for PDEs and ODEs. A comprehensive reference to many of these developmentsis
Kloeden and Platen (1992). Despite their success in many physics and engineering
problems, application of numerical methods for SDES to finance has been quite limited and
mostly confined to an equity setting, see Platen and Schweizer (1994), and Hofmann, Platen
and Schweizer (1992).
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In this paper, we will investigate the application of techniques from both Monte Carlo
theory and the field of stochastic numerical methods to an interest rate setting. In particular,
we will illustrate how careful application of high-order simulation schemes combined with
SDE- and Monte Carlo-based variance reduction techniques can lead to significant
improvements in convergence of interest rate models. For purposes of exposition, we will
limit our discussion to one-factor short rate models, most of the results and general
techniques can easily be extended to the case of multiple factors (as in Brennan and
Schwartz (1982)) and should also prove useful for forward rate models (as in Heath, Jarrow
and Morton (1992)). Further, we will focus most of our discussion to the fundamental
problem of determining bond prices from given values of the short rate. As in practice all
interest rate contingent claims depend on some, possibly path dependent, function of one or
more bond prices (rather than the instantaneous short rate), the capability of quickly
extracting accurate bond prices is a prerequisite for simulation of more complicated
contingent claims. Throughout the paper we will use the Cox, Ingersoll and Ross (1985)
square-root diffusion model to illustrate key results. This model is sufficiently complicated
to illustrate the fundamental problems of simulating non-linear SDEs, yet permits a closed-
form bond-pricing solution and hence alows for monitoring and testing of simulation

results.

The paper is organized as follows. In Section 2, we provide notation and present the
theoretical framework for the subsequent sections. Section 3 discusses general numerical
schemes for discretization of the short rate SDE and presents initial simulation results for
the Cox, Ingersoll, and Ross model. In Section 4, we present and test various techniques for
reducing the variance of the bond price estimator. Section 5 contains selected bond
simulation results to illustrate the effectiveness of the techniques discussed in previous
sections. In Section 6, we briefly discuss the issues involved in application of the devel oped
simulation techniques to more complex interest rate derivatives. Finaly, Section 7
concludes the paper with a brief summary of the results and a discussion of potential

directions of future research.
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2. Setup and Model Assumptions

We consider a frictionless intertemporal economy with a bounded trading horizon [ty, 7],
t, being the present and 7 some arbitrary, fixed future time. As usual, we represent
uncertainty by a probability space (Q,F,P) where Q isthe set of possible states, F is a
o -field of subsets of Q, and P is a (real world) probability measure. We will limit our
discussions to models where the stochastic dynamics are driven by a single Brownian
motion {W .t O[ty, 7]} . Information flow in the economy is represented by the (augmented)
filtration {0;,t O[ty, 7]} generated by W and satisfying 00, = F . As always, we assume

that O, meetstheusual conditions, i.e. is right-continuous and contains the null-sets of P.

To characterize the term structure of risk-free interest rates, we let® the strictly positive,
adapted process P(t,T),t;<t<T <71 denote the time t price of a bond that matures at
time T with certain payout P(T,T)=%1. Asdiscussed in Harrison and Kreps (1979), under
technical conditions® there are no arbitrage opportunities if and only if there exists a
probability measure Q, equivalent to P, under which the expected instantaneous rate of
return on any discount bond equals the risk-free rate. Q is frequently referred to as the
"risk-neutral” probability measure. Under Q, we will assume that the dynamics of the yield
curve can be described by a one-factor diffusion process in the instantaneous short rate r
taking valuesin asubset D of [ :

dr, = g (v, t)dt + o, (1, t)dvy 2

where {W,t O[ty, 7]} is a Brownian motion under Q and where y,,0,:Dx[ty, 7] - O
have sufficient regularity to ensure the existence of a unique solution to (2) (see for
example Arnold (1992), chapter 6)’. In most cases D will be the set of all non-negative real

numbers O, although some (Gaussian) models have D =0 .

As discussed in Duffie and Kan (1994) most models of the form (2) appearing in the

literature can be written as
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dr, = [y (1) + c(B)r, + Ca(t)re Inr ]t + [k (1) + Ky (t)r, ] AW ©)
for constant y and deterministic coefficients ¢;, C,, G, ki, Ky: [tg,7] - O. In this
paper, two specia cases of (3) will be of specia importance, namely the Cox, Ingersoll,
and Ross (CIR) (1985) model (¢; =0, k; =0, y=05):

dr, = a(b—r,)dt + o/, AW, (4)
and the Vasicek (1977) model (¢; =0, k, =0, y=10):

dr, = a(B-1,)dt + kAW, (5)

for positive constants® a, b, o, a, B, and « . In the CIR model, the distribution of the

short rate can be shown to be non-central chi-square with mean and variance

CIR:
EQ(rg| 1) =r,e 3V +p1-e3 ) s>t (6a)

2 2
VOrr]= %(e‘a“'t) —g2a(s)) +%(1— eals )2 g5y (6b)

In the Vasicek model, the short rate is Gaussian with moments
Vasicek:
EQ(rg|r) =re Y + ga-e M), s>t (7a)
2
Vrr, :g—(l— e 205y s>t (7b)
o

The short rate under the CIR and Vasicek models takes values’ on D=0% and D=0,
respectively. The positive probability of the short rate being negative under the Vasicek
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model is clearly a problem; due to its analytical tractability, the Vasicek model is

nevertheless quite popular in the literature.
In most applications, we are interested in determining the value of discount bonds given the

process dynamics in (2). As shown in Harrison and Kreps (1979), discount bond prices are

given by the risk-neutral conditional expectation
T T
P(t,T) = E{exp(—j r,du)| Dt] = EP[exp(—j rudu)] €)
t t

where we have introduced the notation EQ[JI= E?[[] [J,] . For later uses, we note that (8)

aternatively can be written
P(t,T) = EQ[I7] (92)

wherel is given by the SDE

dig=-rJds, I, =1, tyst<ss<rt (9b)

In both the CIR and Vasicek models, (8) can be evaluated anayticaly. The results are

listed below for future reference.
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CIR

P(t,T) = A(t,T)e*"D) (10)
arn)(T-ty2 200
At T)= 2n¢ Tt
(n+a)(e"™ -1 +2p
(T-t) _
B(t,T) e Y

T (ra)E@ I -1+ 2p

n=+a?+20*

Vasicek:

P(t,T) = C(t,T)e P®D) (11)
_aa(T-t)
D(t,T) =128

(D(t, T)-T+t)(a’B-k?12) k°D(t,T)?
2

C(t,T) =ex
(t,T)=exp . i

3. Discretization Schemes for Simulation of Discount Bond Prices

3.1. The General Case
To develop schemes for the evaluation of the bond pricing equation (8) or, equivaently,

(9a-b), we consider the vector SDE (under Q)

't |t
d ft - He (n )dt+ 7 )d\/\4 , tost<r, r_=const.OD, I, =1
I, -1l 0 0 0 0

(12)

Assuming that o, and y, are sufficiently smooth, we can expand (12) in afirst-order Ito-

Taylor series'
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(:Sj:(:t)+{ﬂiirtl,t))(s—t) { f(tl))ONS \/\4)+Rl tOSt<S<T
s t tht

(13)

where the remainder vector Iil consists of multiple stochastic integrals of second order.

The second-order 1to-Taylor expansion of (12) takes the form

rs _ rt :Ur(rtat) _ r(tv)
Ls]_('t}r( Tl )(S RN ( )MS o

1o
Lot (1) 1
t (s—1)% + |_la p (1) (MS_W)Z_(S_t))"'
1 (%2 = s (1) 0
5 et M1y
Ll r(rt’t) : Loar(rt,t) B N . )
["tar(ft,t)J(Vs Vt)"'( 0 J((WS W)(s=t) - (Vs -V))+ R,

(14)

where the remainder ﬁzz involves third-order stochastic integrals. In (14), we have

introduced the operators
2 .1 J
L% = r(DJ— —0’ (DJ L _O—r(mE (15)

and a new Gaussian process™ V, given by EQ[V,-V,]=0, EQ[(V;-V,)?]=(s-1)*/3,
and EZ[(Vs =V )W, —W)] = (s—1)*/ 2.

To simulate asingle path of r and | over the interval [ty, T], we discretize the time interval
into K equidistant time steps of length 6 =(T —-t,)/ K. Let | and 7 be the discrete-time
approximations of the continuous-time variables r and |. By truncating off the remainder in

the above Taylor expansions, we arrive at the following iterative schemes:
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First-order Taylor (Euler):

I =1A-10), (163)
f =+, (Ft +10)0+ 0, (£t +13)Z,1V0

N

i=01...K-1, f=r_, [h=1

(16b)

Second-order Taylor (Milstein):

NN o 1, -

f41= li[l-n5+§(n2 ~ He(f b +18))07 =2 0 (R o +I5)4+15x/5) . (173)

. A TP -

=14 Gt 10) -3 U0, (510 +10) |6+, 10+, 143
1 o TR 1o .0
E(Ll,ur(ri'to"'la—)"'Loar(rivt0+|5))zi+15\/5+§Lolur(ri'to-"ld)az+
1 l A . ~2 - A ~ —
ELU,(ri,tOHJ)ziﬂJ, i=0L...K-1, fo=r , lp=1

(17b)

In (16a-b) and (17ab) we have set W,,-W =Z,,J/J, where 7,7,,..,Z¢ is an
independent sequence of standard Gaussian variables, z [ON(0,). In (17a-b) we have

further set Vi, -V, = Z+15\/5/2; this simplification can be shown to be valid for the

purpose of evaluation expectations of the joint vector processes (12) (which is what we are

interested in here); see Kloeden and Platen (1992), chapter 14 for a proof. In the literature,

the first-order Taylor approximation (16a-b) is known as the Euler scheme, whereas (17a-b)

is an extended version of the Milstein scheme.

If we apply (16a-b) or (17a-b) to generate N sample values of the process I attimeT,

I 12,..., Y we can estimate the expectation (9) as
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N .

i (18)
Eit

P(to,T) =

ZlH

To anayze the quality of the estimate Is(tO,T) , it is convenient to decompose the total

mean error

&= P(t,,T) - P(t,,T) (19)
into two components, a systematic error ey, and astatistical error €y, :

€=eys+ 64y (20)
where ey isa constant

&y = EQIE] = EQ[P(ty, T)] = P(to, T) = EQLi ] - P(to, T) (21)

and &, isarandom variable with mean E[?[éstat] =0 and variance
A A ~ 1 a
Vi [l =V 181 =V TP(to T = Vi L] (22)

Under certain smoothness and regularity conditions on 4, and o,, it can be shown that
both the Euler and Milstein schemes have the property that ey — 0 for d — 0; however,
the speed at which ey approaches zero depends on which scheme is used. More precisely,
one can show (Kloeden and Platen (1992), p. 473-74) that the following inequalities hold

Euler Scheme: |e5ys| <Co (233)
Milstein Scheme: |ews| < C,02 (23h)
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where C; and C, are positive real constants independent of the step-size 6. Based on the
exponent of J in the above inequalities we say that the Euler and Milstein scheme

converge weakly with order 1 and 2, respectively.

Schemes with weak convergence orders greater than 2 can, in principle, be constructed
from high-order Ito-Taylor expansions of (12). Unfortunately, such expansions generally
lead to non-trivial multiple stochastic integrals which frequently require the usage of quite
complicated approximation techniques. An attractive alternative to the truncated Taylor
series is Richardson extrapolation which essentially allows us to construct high-order

schemes by combining results from low-order schemes. Suppose for example that we use
the Milstein scheme (17ab) to construct two bond price estimates, I%(to,T) and

I525(tO,T), for step-sizes 0 and 20, respectively. Under technical conditions on g, and
o, , an eror expansion result by Talay and Tubaro (1990) can be used to show that the

combination

Pra(to,T) =5 (4Pslto,T) = Bt T) 24

converges with weak order 3. Asin the deterministic case, Richardson extrapolation works

through cancellation of leading order error terms.

As a fina remark on SDE discretizations, we note that Kloeden and Platen (1992) have
developed severa derivative-free implicit and explicit discretization schemes (including
versions of the well-known Runge-Kutta scheme frequently applied in the numerical
solution of ODEs). Although we will not discuss such methods further here, they should
prove helpful in problems where drift and volatility functions are not explicitly given but

only known in afinite number of observed points.
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3.2 Discretization and Test of the CIR M odel
Applying the general formulas (16a-b) and (17a-b) to the CIR process (4) yields the

following discretization schemes:
Euler Scheme:

==, (252)
fa=f+a(b-F)0+0\|If1ZVd , i=01.. . K-1,f=r_, I[p=1 (25h)

Milstein Scheme:

S ~ o 1 R 1 —

lisg = Ii[l_ ri5+§(ri2 _a(b_ri))dz_EJ\/IrilziﬂJ\/J) : (263)
o* -

fag =6+ a(b‘fi)‘T 0+0y|fi]ZV 0 +

g 1 2 _02 _ ~ ~ _i 20 A\ 52
Z[Tl{a(b £) TJ 2\/|Ti|a]zi+15\/_ L2 (b=f)o%+  (260)

0_2

T‘z}ila, i=01..K-1,f=r, Ip=1

As the discretized CIR process -- unlike its continuous-time equivalent -- has a non-zero
probability of generating negative short rates, notice that we have taken the precaution of
using absolute values of f; in all square-root operations in (25a-b) and (26a-b). Since the
CIR model permits a closed-form bond pricing equation (see (10)), we can, in principle,
test the convergence properties of (25ab) and (26a-b). One complicating factor in
convergence tests using a finite number of simulation paths is the presence of the statistical
error term &, (see (22)) which necessitates construction of confidence intervals around

the error estimate €. One way of generating such confidence intervals involves arranging
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the total number N of path simulations into B batches of S simulations each, N =SB.
Provided that Sis sufficiently large (say, larger than 20), the Central Limit Theorem implies
that the batch errors will be approximately Gaussian. Using the standard Student T-test we

can then use the sample variance

B B

2
N 1 . A
Vg = BY R?-| $ R
BT B(B-1) Zl : [Zl k]

of the B batch averages R, B,..., P, to construct the necessary confidence intervals around

the total mean error €. For example, the 90% confidence interval for & has the form
@+Cyg, Cog = to_g,B_l\/\m where the multiplier tygg_; is the two-tailed 90th percentile
of a Student T-distribution with B-1 degrees of freedom. Some examples of t,g; include:
too9 =183, thg99 =166, and tyg g9 =165.

In Table 1 below, we have listed simulation results for a 2-year discount bond assuming
model parameters™ of a=04, b=01, 0 =01, and an initia short rate of ry =0.06. The
table covers both the Euler scheme (25a-b), the Milstein scheme (26a-b), and the
extrapolated third-order scheme (24). In an attempt to minimize the effects of the statistical
error &, in(21), we have set N =1,000,000 ( S= B =1,000). The table contains the 90%
confidence intervals of the absolute error, &+ c,g, aswell as a"worst-case" absolute error,
defined by

€ac| = MAX([&+ ool [~ Cog) (27)

For comparisons of computational efficiency, the table lists calculation times Teyqy, (in
seconds) of al simulations. The computations were run on a DEC Alpha 7610 mainframe
using the standard pseudo-random generator ranl() (see Press et al (1992)) in

combination with the Box-Mueller transformation.
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Crude Monte Carlo Simulation Resultsfor CIR Model
2-Year Discount Bond, Theoretical Value = 0.8655244

N =1,000,000; S =1,000; B =1,000
a=04,b=01, 0 =01, r, =006

K 1 2 4 8 16 32 64 128 256,
5 2 1 05| 025 0125 0.0625|0.03125|0.01563|0.00781
log, (3) 1.00f 000/ -1.00] -200f -3.00] -400 -5.00 -6.00[ -7.00
Euler |e 1.45E-2| 3.06E-3| 9.93E-4| 3.62E-4| 1.79E-4| 7.60E-5| 4.15E-5| 4.53E-5| 5.15E-5
log,|§ -6.11| -835| -9.98| -11.43| -1245| -13.68| -14.56| -14.43| -14.25
v, 0| 7.49E-4| 7.97E-4| 8.39E-4| 8.63E-4| 8.50E-4| 8.43E-4| 8.53E-4| 8.46E-4
Cos 0| 3.91E-5| 4.16E-5| 4.38E-5| 4.50E-5| 4.44E-5| 4.40E-5| 4.45E-5| 4.42E-5
EN 1.45E-2| 3.10E-3| 1.03E-3| 4.05E-4| 2.24E-4| 1.20E-4| 8.54E-5| 8.98E-5| 9.56E-5
log,|é&,.| 611 -833| -992| -11.27| -12.12| -13.02| -13.51| -13.44| -13.35
Teomp 1090 19.33| 3542| 6887 137.11| 274.12| 537.30|1065.74|2130.95
109,(Toomp) 345  4.27 515 6.1 710 810/ 9.07| 1006 11.06
Mil- |e -1.03E-2|-1.88E-3|-3.81E-4|-1.07E-4| -8.36E-6|-5.54E-6| 2.88E-6| 2.73E-5| 4.28E-5
stein | log, |4 -6.60| -9.05| -11.36| -13.19| -16.87| -17.46| -18.40| -15.16| -14.51
v, 1.08E-3| 9.08E-4| 8.65E-4| 8.69E-4| 8.78E-4| 8.56E-4| 8.46E-4| 8.55E-4| 8.47E-4
Cos 5.62E-5| 4.74E-5| 4.51E-5| 4.54E-5| 4.58E-5| 4.47E-5| 4.41E-5| 4.46E-5| 4.42E-5
EN 1.03E-2| 1.93E-3| 4.26E-4| 1.53E-4| 5.42E-5| 5.02E-5| 4.70E-5| 7.19E-5| 8.70E-5
log,|é&,.| -6.60] -9.02| -11.20| -12.68| -14.17| -14.28| -14.38| -13.76| -13.49
Teomp 14.15| 27.62| 56.10| 103.90| 206.21| 404.36| 822.91|1626.24|3260.38
109,(Toomp) 382 479 5.81 6.70 7.69| 866 9.68 1067 11.67
3rd |e NA | 9.28E-4| 1.32E-4|-2.42E-6| 2.15E-5|-1.71E-6| 1.75E-6| 2.72E-5| 4.80E-5
Order | log,|d NA -10.07| -12.89| -18.66| -1551| -19.16| -19.13| -15.17| -14.35
v, NA | 1.12E-3| 1.00E-3| 9.88E-4| 9.85E-4| 9.65E-4| 9.45E-4| 9.49E-4| 9.54E-4
Cos NA | 5.83E-5| 5.23E-5| 5.16E-5| 5.14E-5| 5.04E-5| 4.93E-5| 4.95E-5| 4.98E-5
EN NA | 9.86E-4| 1.84E-4| 5.40E-5| 7.29E-5| 5.21E-5| 5.10E-5| 7.67E-5| 9.78E-5
log,|é&,.| NA -9.99| -12.41| -14.18| -13.74| -14.23| -14.26| -13.67| -13.32
Teomp NA 34.11| 64.13| 12322| 243.48| 478.95| 951.60|1887.33|3842.11
109,(Toop) | NA 5.09 6.00] 6.94 793 890 9.89| 10.88| 11.91
Tablel
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Similar simulations have been run for 1-, 5-, and 10-year discount bonds; the results have
been placed in Appendix A. The behavior of the 1-, 5-, and 10-year simulated bond prices
closely resemble that of the 2-year bond prices.

For the 2-year discount bond, Figures 1 and 2 show logarithmic (base 2) graphs of the
absolute mean error and, more importantly, the absolute worst-case error against the size of
the time-step. Although the different convergence orders of the used schemes are apparent
for large values of the time-step (0= 27?), the Milstein and third-order schemes quickly

reach an error level of around |§,|=27" =

0.61 basis points (bp) beyond which increasing
the number of steps in the path simulation yields no additional improvements. The
existence of this bound on accuracy is caused by the variance (22) of the bond price
estimator. Despite the fact that we have simulated as many as 1,000,000 sample paths, the
convergence behavior of the higher-order schemes thus essentialy "drowns® in random
noise. Indeed, as is apparent from Figure 3, when d<272 the third-order scheme has
converged to within the statistical error on & (as given by the 90% confidence interval).

The same effect occursin the Milstein scheme when 8 <272,

V.18



log2|é|

Absolute Mean Error (Jé]) as a Function of Time-Ste p)
T-t,=2 a=04, b=01 0=01, r,=0.06
$=1,000; B=1,000; N =1,000,000

—e— Euler
—=— Milstein
—&— 3rd Order

\
o
\
o
\
IN
\
w
]
N
\
AN
'
4
t t t t 'V‘\\#‘U\
e

10g2(3)

Figurel

1092| G|

Worst-Case Absolute Error (|é«c|) as a Function of Time-Stepg)
T-t,=2 a=04, b=01 0=01, r,=0.06
$=1,000; B=1,000; N =1,000,000

| | | | | | C

T T T T T T =

-6 -5 -4 -3 -2 -1 6
—e—Euler -7
—&— Milstein

—4— 3rd Order

log2(d)

Figure2

V.19




3rd Order Scheme: Confidence Interval of & vs. Time-Stedj
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For practical pricing problems where we cannot rely on as many as 1,000,000 simulations,
the problems associated with the estimator variance are clearly going to be even more

severe. For a more realistic number of simulated paths, say N =10,000, the worst-case

error plateau can be expected to increase by around a factor 10 (= \/1000,000/ 10,000), as
confirmed by Figure 4 below. Notice in the figure that the third-order scheme is completely

overshadowed by the statistical error and exhibits no convergence behavior whatsoever.
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Despite the problems surrounding the high variance of the bond price estimator (which we
will discuss further in the next section), it is obvious from Figures 1 and 2 that the higher-
order schemes nevertheless exhibit promising convergence behavior. For example, to reach
a (worst-case) accuracy below 272, the Euler scheme needs 32 time-steps per path,
whereas the Milstein and third-order schemes only require 8 and 4 steps, respectively. To
properly account for the additional computational burden of the higher-order schemes,
Figure 5 graphs the worst-case error of the different schemes against the required
computation time. It is clear from the figure that even after adjusting for the increased
computational overhead, the higher-order schemes are more efficient than the Euler
scheme. For our particular example, it also appears that the third-order scheme is dightly

more efficient than the Milstein scheme.
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Computing Time (Tcomp) vs. Worst-Case Absolute Error (|&c|)
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4. Variance Reduction Methods

4.1 Traditional Variance Reduction Methods

It is evident from the results so far, that for high-order discretization schemes to be of any
practical use, we need methods to reduce the variance of the bond price estimator (18).
Initially, we will focus on two widely used techniques from the classical Monte Carlo
theory, namely antithetic variates and control variates. To briefly introduce these methods,
let us restate the bond pricing problem in a slightly modified form. From (18), we know that

discount bond prices can be approximated from the random variables

k=13 2Z..2), j=12...N (28)
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where Z),Z},...,Z]) is an independent sequence of standard Gaussian variables and
f:0X - O is an (implicit) well-behaved function given by the discretization scheme
used. Instead of using (28) directly to evaluate (18), the antithetic variate method uses the

N variables

A A

i), j=12..,N

+

A P o
IQ’A:E(f(zlj,zzj,...,z,é)+f(—zl‘,—zz‘,...,—z,{)):—(

(29)

where the "mirror" process fK_ is obtained by changing the sign on all draws from the
standard Gaussian distribution. The mean of IAK'A is clearly identical to that of fK,

whereas the variance is
N 1 N A A
Vil al = VT, Te-) +1) (30)

where p(Iy,lx_) denotes the correlation coefficient between I, and I_. If this
correlation coefficient is close to -1, the variance of IAK’A will be significantly smaller

than the variance of 1 .

Whereas the antithetic variate method relies upon the existence of a process negatively
correlated to fK , the control variate method is based upon sampling a process positively
correlated to fK . One way™ to introduce a control variate is to consider an alternative short

rate model, say

d[r‘*j{”r(ff Lt)JdH(a’(g ’t)jde . fosts<T, rg=r =const. 0D, I =1

l¢ Il

(31)
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for which an analytical solution to discount bond pricesis known (like the CIR model (4) or
the Vasicek model (5)). Now instead of (18), we write

N N
Relte,T) = DU SPORLACHD
=

A QL 1
I D) I+ P (t, T) ==
K NJ:1 K (0 ) N

le—‘

=1

(32)

where P (to, T) isthe known theoretical value of the control variate bond price. The mean

and variance of P (t,,T) aregiven by
EQ[Re(to, T)] = Plty, T) + €ys ~ s (333)

Kay 1 ~ g ~ Nk
VIRt TN =+ (LT 1+ VLT ] - 200V (1 )
33b
—VvQa Qra” 1- .2 Qi 0
=V (6] +Vy, [estat]—WCOVto rary

It follows easily from the triangle inequality that

legsl< CO" | |eyelS C'" O ey —egelsleyshtlegss (C+C)HI"  (34)

From (33a) we can therefore conclude that if both (12) and (31) are discretized by nth-order
weak schemes, the estimate Isc(tO,T) will converge with (at least) weak order n as well.
Further, from (33b) we see that the variance of ISC(tO,T) will be less than the variance of

estimate P(t,, T) (see (22)) if

Q ot

A1 s N AP

COVIS(IK,IK)>§VtOQ(IK)D Al Te)> W (35)
ty V'K
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To ensure that (35) holds, it is important that the parameters of the control variate process

(31) are chosen to match the dynamics of the original process (12) as closely as possible.

4.2 Application of Traditional Variance Reduction to the CIR Model

Whereas implementation of the antithetic variate method on the CIR mode is
straightforward, implementation of the control variate technique involves selecting an
appropriate alternative process (31). Here, we will use the Vasicek process (5) which is
structuraly quite similar to the CIR process (4); Appendix B contains the Euler and
Milstein discretization schemes for the Vasicek model. The third-order Vasicek scheme can
be generated from (24). There are several waysto pick the parameters a, 3, and x in (5);
we will choose the parameters to match the first and second moments of the CIR model*®.

From (6) and (7) we thus get

aZ(Zrt (e—a(T—to) - —Za(T—tO)) + b(l— e_a(T'to))z)
0

(1_ e—2a(T—t0))

a=a, B=b, k?=

(36)

In Figure 6 we have shown some comparisons of CIR and Vasicek bond prices (see (10)

and (11)) using the parameter choice (36).
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Pcir - Pvasicek for Different Bond Maturities
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Although, as expected, the CIR and Vasicek bond prices diverge somewhat as the bond
volatility increases (that is, when the mean reversion rate a decreases, the short rate
volatility o increases, and/or the maturity of the bond increases), the quality of the Vasicek
control variate neverthel ess appears to be quite satisfactory. Using the same CIR parameters
asin Section 3.2, Table 2 on the next page shows batch variance and confidence intervals
for 10,000 simulations of a 5-year discount bond. The data have been generated using i)
crude Monte Carlo; ii) antithetic variate method; iii) control variate method; and iv) control

variate method + antithetic variate method.
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Simulation Resultsfor CIR M odel
5-Year Discount Bond, Theoretical Value = 0.6642841

N =10,000; S=100, B =100
a=04,b=01 0=01r,=0.06

K 4 8 16 32 64 128 256
J 125 0.625| 0.3125| 0.1563|0.07813| 0.03906| 0.01953
CrudeMonteCarlo
Euler \7‘;12 0.00579|0.00541| 0.00557|0.00510|0.00576| 0.00610| 0.00686
Cos 9.61E-4| 8.98E-4| 9.25E-4|8.46E-4| 9.57E-4| 1.01E-3| 1.14E-3
Teomp 0.34| 0.68 135 275 534 10.78 21.3
Milstein \7‘%/2 0.00543{0.00519| 0.00540(0.00506|0.00577| 0.00611| 0.00687
Cog 9.01E-4| 8.62E-4| 8.97E-4|8.40E-4| 9.57E-4| 1.01E-3| 1.14E-3
Teomp 0.55 1.03 205 4.02| 823 16.28 32.65
3rd Order \7‘;12 0.00632|0.00590| 0.00633|0.00577|0.00665| 0.00718| 0.00789
Cos 1.05E-3| 9.80E-4| 1.05E-3|9.57E-4| 1.10E-3| 1.19E-3| 1.31E-3
Teomp 064, 1.23 243 479 953 1899 38.44
Antithetic Variate
Euler \7‘%/2 7.26E-4| 7.30E-4| 6.98E-4|6.33E-4| 6.57E-4| 6.10E-4| 5.79E-4
Cog 1.21E-4| 1.21E-4| 1.16E-4|1.05E-4| 1.09E-4| 1.01E-4| 9.61E-5
Teomp 052 097 189 371 749 1521  30.14
Milstein \7%/2 5.52E-4|5.90E-4| 5.48E-4|6.02E-4| 6.57E-4| 6.11E-4| 5.83E-4
Cos 9.17E-5|9.79E-5| 9.09E-5|1.00E-4| 1.09E-4| 1.01E-4| 9.68E-5
Teomp 0.85 1.68 3.34| 6.60] 1290 25.91 51.87
3rd Order \7‘%/2 7.08E-4|6.74E-4| 6.41E-4|7.50E-4| 7.96E-4| 7.31E-4| 6.96E-4
Cog 1.18E-4| 1.12E-4| 1.06E-4|1.24E-4| 1.32E-4| 1.21E-4| 1.16E-4
Teomp 1.07| 205 400 818 15.68 31.82 63.64

Table2 (Part 1)
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K 4 8 16 32 64 128 256
o 125/ 0.625| 0.3125| 0.1563|0.07813| 0.03906| 0.01953
Control Variate
Euler \7‘%/2 0.00160{0.00136| 0.00130{0.00124|0.00141| 0.00153| 0.00138
Cog 2.65E-4| 2.25E-4| 2.16E-4|2.06E-4| 2.35E-4| 2.54E-4| 2.30E-4
Teomp 042 0.78 154/ 310 5.83| 1176 23.80
Milstein \7‘;12 0.00130{0.00126| 0.00120(0.00123|0.00141| 0.00151| 0.00137
Cos 2.15E-4| 2.08E-4| 2.00E-4|2.05E-4| 2.34E-4| 251E-4| 2.28E-4
Teomp 0.65 1.24 237 4.64| 9.11] 18.03 36.21
3rd Order \7‘%/2 0.00165{0.00144| 0.00142(0.00152|0.00164| 0.00175| 0.00160
Cog 2.73E-4| 2.40E-4| 2.36E-4|2.53E-4| 2.72E-4| 2.90E-4| 2.65E-4
Teomp 0.71 1.39 286 543| 10.92 21.8 42.30
Antithetic + Control Variate
Euler \7‘;12 0.00111|0.00112| 0.00110(0.00105|0.00113| 0.00114| 0.00097
Cos 1.84E-4|1.86E-4| 1.83E-4|1.74E-4| 1.87E-4| 1.90E-4| 1.62E-4
Teomp 0.59 122 231 449 787 16.99 32.91
Milstein \7‘%/2 0.00104{0.00103| 0.00099(0.00104|0.00114| 0.00114| 0.00098
Cog 1.73E-4| 1.71E-4| 1.64E-4|1.73E-4| 1.89E-4| 1.90E-4| 1.63E-4
Teomp 0.99 1.93 359 7.01] 13.98| 28.61 54.88
3rd Order \7‘;12 0.00131|0.00119| 0.00118(0.00131|0.00135| 0.00136| 0.00119
Cos 2.17E-4| 1.97E-4| 1.96E-4|2.18E-4| 2.24E-4| 2.25E-4| 1.97E-4
Teomp 129 249 463 899 17.81| 35.72 71.03

Table2 (Part 2)
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To aggregate the results in Table 2 and to properly account for the differences in

computation time, we define an average efficiency ratio

B congt. (37)
(V"BEuIer +V"BMiIstein +V"B3rd )(Tcléumlgr +-|—C1\)/Irirlgtein +Tgrgp)

where we pick the constant in the numerator to normalize E to 1 for crude Monte Carlo

simulation. The results of this calculation are shown in Table 3 and graphed in Figure 7.

Efficiency Ratiosfor Simulation of 5-Year Discount Bond in CIR Model

N =10,000; S=100; B =100
a=04,b=01 0=01r, =006

K 4 8 16 32 64 128 256
o 1.25| 0.625| 0.3125| 0.1563| 0.07813| 0.03906| 0.01953
Crude Monte Carlo 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Antithetic Variate 5.54 5.18 5.79 5.01 5.52 6.27 7.38
Control Variate 3.32 351 3.80 3.49 3.64 3.61 4.48
Antithetic + 271 2.58 293 2.64 2.93 3.01 4.00
Control Variate

Table3
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Efficiency Ratios for Traditional Variance Reduction Methods
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Figure7

It is obvious from Table 2-3 and Figure 7 that al three tested variance reduction methods
yield significant improvements over crude Monte Carlo. Somewhat surprisingly, however,
the basic antithetic method appears to outperform the methods that involve control variates,
even the combined control/antithetic variate approach. To explain this last result, we used
raw simulation data to calculate the following sample correlation coefficients (Euler

scheme, K =32 steps):
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Sample Correlation Coefficientsfor CIR Modéel
Euler Simulation of 5-Year Discount Bond

N =10,000; S=100;, B=100; K =32
a=04,b=01 0=01r, =006

Correlation Coefficient Value

o |A|< , |A|<—) -0.978
o |A|< , fl’;) 0.983
AT +Tg). (T +T)) | 0758

Table4

The correlation coefficients for both the antithetic and the control variate methods are very
close to their optimal values of -1 and +1, respectively. Interestingly, however, the
correlation between the combined variates (I +1_)/2 and (Ix +1x_)/2 is negative.
According to (35), adding the control variate method to the antithetic method will thus
cause an increase in variance, consistent with the experimental results in Table 2. Although
there are other applications (see for example Clewlow and Carverhill (1994)) where the
combination of the antithetic and control variate methods will outperform either method
aone, it is obvious from the above findings that an uncritical combination of variance

reduction technigues can lead to suboptimal results.

For completeness, Appendix C lists efficiency ratios for 1-, 2-, and 10-year discount bonds.
Except for the 1-year bond where the control variate method dlightly outperforms the
antithetic variate method, the efficiency results are very similar to those of the 5-year bond.
Notice, that the efficiency of the control variate method falls with increasing bond
maturities, an effect that can easily be understood from Figure 6: the higher the bond

maturity, the poorer the quality of the Vasicek control variate.
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4.3 TheMeasure Transform Method

In the previous sections, we illustrated how knowledge about a simpler control variate
process can, in principle, be used to improve simulation results. For the specific example of
using the Vasicek model as a control variate process for the CIR model the results,
however, were somewhat disappointing. In this section we will discuss an aternative, SDE-
based method to incorporate results obtained from simpler processes into the simulation
procedure. The method was proposed by Milstein (1988) and is based on a (reverse)
application of the Girsanov Theorem for shift of probability measure (Karatzas and Shreve
(1991), p. 190-201).

To introduce this technique, we consider a process 6, and an eguivalent probability

measure Z under which
dW, = dW, +6,dt (38)

is a standard Brownian motion on (Q,F,Z). Under technical conditions on 6, (see
footnote 6), the Girsanov Theorem asserts that the measure Z is related to Q through the

Radon-Nikodym derivative

dQ P VR o L
— = 6. dW,-=| é&d 39
dz eXpUto s 2.[0 S S) (39)

where as before [t, 7] represents our bounded trading horizon. Corresponding to (39), we

introduce the likelihood ratio process

_ez(dQ) _ R o
(S ]

or
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dé, =6,6AW,, &, =1 (40)

which obviously is a martingale under Z. Expectations under Z and Q can now be shown to
be related through

EQ[X] = EZ[X:&] (42)

for any absolutely integrable [J, -measurable random variable X, t O[ty, 7]. Notice that
(41) isindependent of the actual choice of ¢, ; if we can chose &; such that the variance of
the product X;&; (under Z) is smaller than the variance of X, (under Q), (41) can be used

as avariance reduction scheme.

We now return to the joint process (12) which we amend to include the likelihood ratio

process (40). Under Z, we have

ft My (1, 1) = 6,0, (1, 1) o (1,t) N
d I, |= =1l dt + 0 |dW, r, =const. 0D, Iy =& =1
& 0 X3
(42)
and the corresponding bond pricing equation
P(ty, T) = EtZ“TfT] (43)

The question now arises: how do we pick 8, to minimize the variance of 1:&;? If we
introduce the function'’ hy:D x[t,,T] — O* such that P(t,T)=h(r,t), Appendix D
(equation (D.8)) shows that choosing
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6, = _df}rd(rt,t) f‘T-r((::::)) =gr(r,t), gr:DX[t,, T] - O (44)

will reduce the variance of |;&; to zero (under Z). Unfortunately, we generally do not
know the explicit relation P(t,T) = h(r,,t) -- if wedid, there would be no need to evaluate
(43) through simulation. However, in many circumstances we can come up with a good
guess for (44), for example by using known bond formulas for simpler interest rate models.
Suppose, say, we believe that our interest rate model yields bond prices which are
reasonably close to those of the Vasicek (5) model (with appropriately chosen parameters).
Applying the Vasicek bond formula (11) to (44) yields the simple result

Vasicek _ _ 1=
gT (rt!t)_ D(t!T)ar(rt!t)! D(t!T)_T (45)

Discretization schemes for the SDE (42) can be derived along the same lines as in Section
3.1. The Euler and Milstein schemesfor r, and |, will be identical to (16a-b) and (17a-b)
provided g, (r;,t) is replaced by g, yr(r,t) = g, (r,t) = gr (1, t)o, (1, t) . The schemes
for the likelihood ratio process ¢, are asfollows

Euler:

2i+1:‘?i(l‘*gT(rAi’to"’ia)ziﬂ\/g)a i=0L...K-1, fp=r,, ;(0:1 (46)
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Milstein:

~

;i;l :1_%(ngT(ﬁat0+i5)+ gT(ﬁ,t0+i5)2)5+ 9r (fi.tg+10)Z.4V/0 +

1 . . . . R P
E(LCI)\/ITgT(rivtO'HJ)"'gT(rivtO+|J)ngT(ri’t0+|5))zi+lJ\/3+

1 A . A . ~ . N %
E(ngT(ri,to+|5)+ gT(ri,tO+|5)2)zi315, i=0L...K-1, fo=r_, &=1

(47)

where the differential operator LS, isidentical to L° in (15), except that 4, (r,,t) must be
replaced by p, yr (1, t) = £, (1, 1) = g (1, 1) o (1, 1)

4.4 Application of the Measure Transform Method to the CIR Model

We now turn to applying the measure transform method to the CIR process (4). We will use
the Vasicek model (with a = a, see (36)) to generate the function h(r,,t); consequently,
the volatility of the likelihood ratio process is given by (45). From (10), we note that the

(continuous-time) perfect choice of g (r,,t) is

Z(e«/az+2c72 (T-1) -1)
( [22 + 202 +a)(e«/a2+202(T—t)_1)+2 [22 + 202

(49)

gf'*(r,t) = B(t, T)oy/r,, B(t,T)=

The graph below compares B(t,T) to D(t,T) for selected values of o, a, and T-t; as for
the control variate technique (see Figure 6), the difference between B(t,T) and D(t,T)
grows with increasing bond volatility. Nevertheless, the fit appears to be quite good,

particularly for short- to medium-term discount bonds.
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B(t,T) and D(t,T) for Different Bond Maturities
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Applying (16a-b), (17a-b), (46), and (47) to the CIR process now Yyields the following

schemes
Euler Scheme:
g = A-10), (48a)
&= &+ D(ty +10,T)0|71Z:433) | (480)
flug = f; +(ab—f,(a+0?D(to +i,T)))5 +
_ . (48¢c)
o\If1ZaVo . 1201 K-1,fo=r , Ip=¢& =1
Milstein Scheme:
N A ) 1 —-
[y = Ii(l—ri5+§(ri (@; +1)-ab)5? —Ea\/m;ﬂa\/?) , (49a)
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S, Wi-a)
2

; (D(to +i6,T)F +%)5+ D(to +i3, T)0\/Ifi|Z114/0 +

M[ Ee—— 1[ab_0_2]]zﬂm+

4 Dt +i5T)) ] 4

- e 1)
—(‘//'2 a)(D(toﬂJ,T)n +E)Zi§—la'

(49b)

. . 0° — ol 1 o? — )=
ri+1:ri+(ab‘ril//i‘7 5+0 ||z 5+Z Jil ab—T ~3\fiflw; [Z.uoVa +
i

5(Aaw+ 0%+ Do +i6.TY0) ~bay o7+

0.2

T'z“iild, i=01...K-1,f=r_, lp=1
(49c)

where

W; =a+D(ty+id,T)o?

We notice that, similar to the control variate technique, the measure transformation method

can be combined with the antithetic method. As the measure transformation method is not

based upon a correlation argument, we are less likely to experience the difficulties we

encountered in Section 4.2 when we attempted to combine antithetic and control variates.

Applying the above schemes to the example in Section 4.2 (5-year bond, N =10,000)

yields the following results:
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Simulation Resultsfor CIR Model
5-Year Discount Bond, Theoretical Value = 0.6642841

N =10,000; S=100; B =100
a=04,b=01 0=01r, =006

K 4 8 16 32 64 128 256
o 1.25| 0.625| 0.3125| 0.1563|0.07813| 0.03906| 0.01953
M easur e Transformation
Euler \7&12 2.21E-3| 1.08E-3| 5.05E-4(2.67E-4| 1.51E-4| 8.80E-5| 7.53E-5
Cos 3.68E-4| 1.79E-4| 8.38E-54.43E-5| 2.51E-5| 1.46E-5| 1.25E-5
Teomp 0.44 0.87 1.70 3.44 6.83| 13.58 26.80
Milstein \7%/2 5.30E-4| 1.84E-4| 9.00E-5|6.04E-5|5.82E-5| 6.75E-5| 7.25E-5
Cog 8.80E-5| 3.06E-5| 1.49E-5|1.00E-5|9.66E-6| 1.12E-5| 1.20E-5
oo 069 1.36] 266| 543 1076] 2148 4275
3rd Order \7%/2 1.08E-3| 4.96E-4| 2.50E-4|1.49E-4| 9.20E-5| 8.46E-5| 8.68E-5
Cos 1.79E-4|8.23E-5| 4.15E-5| 2.48E-5| 1.53E-5| 1.40E-5| 1.44E-5
Teomp 0.88 1.70 3.37 6.83] 13.25] 26.40 53.03
M easure Transformation +
Antithetic Variate
Euler \7%/2 7.11E-4| 3.02E-4| 1.64E-4|8.71E-5|6.74E-5| 4.97E-5| 3.24E-5
Cog 1.18E-4|5.02E-5| 2.72E-5|1.45E-5| 1.12E-5| 8.25E-6| 5.37E-6
Teomp 0.69 134 2.62 511f 10.22] 20.45 40.93
Milstein \7&12 4.69E-4| 1.67E-4| 5.72E-5|2.14E-5| 1.18E-5| 9.51E-6| 8.46E-6
Cos 7.79E-5| 2.77E-5| 9.49E-6|3.56E-6| 1.96E-6| 1.58E-6| 1.41E-6
Teomp 1.20 2.25 4.45 891 17.79] 3556 70.81
3rd Order \7%/2 4.79E-4| 1.99E-4| 7.06E-5|2.98E-5| 1.70E-5| 1.29E-5| 1.02E-5
Cog 7.95E-5| 3.31E-5| 1.17E-5|4.95E-6| 2.82E-6| 2.15E-6| 1.70E-6
oo 148 292| 578 11.45] 2280 4549  90.69
Table5
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Efficiency Ratiosfor Simulation of 5-Year Discount Bond in CIR Modél

N =10,000; S=100; B =100
a=04,b=01 0=01r, =006

K 4 8 16 32 64 128 256
o 1.25| 0.625| 0.3125| 0.1563| 0.07813| 0.03906| 0.01953
Crude Monte Carlo 100 1.00f 100 1.00 1.00 1.00 1.00
Antithetic Variate 554 5.18 5.79 5.01 552 6.27 7.38

Measure Transformation 349 7.02| 1545| 24.58 4517 60.53 69.48
Measure Transformation + 480 11.15| 26.92| 52.22| 85.96| 122.01| 193.22
Antithetic Variate

Table6

The datain Table 6 is graphed in Figure 9. Except for very large time-steps (>1 year in our
example), the combined method of measure transformation and antithetic variates is far
superior to any of the traditiona variance reduction methods tested in Section 4.2. Notice
that the quality of the measure transformation method improves significantly as the number
of time steps in each simulation path isincreased. This behavior is not surprising given that
the method has been designed around the continuous-time limit of the discretized processes.
The tendency of the measure transform method to improve with increasing number of
discretization steps is attractive since it complements the behavior of the systematic error in

the SDE discretization scheme; increasing the number of discretization steps will improve

both ey and &y -

For completeness, efficiency results for 1-, 2-, and 10-year bonds are listed in Appendix C.
For al of these bonds, the measure transformation technique yields very significant
improvements over the results obtained by traditional methods. As was the case for the
control variate method, the efficiency of the measure transformation technique decreases

with increasing bond maturities.
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Efficiency Ratios for Measure Transformation Method
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Figure9

4.5 Quasi-Random Sequences

As mentioned in the introduction, so-called quasi-random sequences have recently been
applied quite successfully to certain classes of finance problems involving explicitly
solvable SDEs. In this and the following section, we will investigate whether this promising

technique is equally useful for the simulation of non-solvable SDEs.

To introduce the method of quasi-random sequences, consider writing equation (28) as
=1z Z,..z2)=k@,4),...0)), j=12..,N (50)

where G/,TJ,...,U. is an independent sequence of standard uniform U(0,1)-variables and
k:O0K = O is an (implicit) well-behaved function. The transformation from Gaussian to

uniform variates can be accomplished through inversion of the cumulative Gaussian
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distribution function or through the (inverse) Box-Mueller transformation. With (50), the
expectation of fK can now be written formally as an integra over the K-dimensional

hypercube
EQly] = j[o;m K(Xg, Xgeees Xic )X Oy CIIEK = j[ e KO (51)

Given some deterministic or random scheme to sample N K-tuples X;,Xs,..., Xy, we

consider estimating (51) through
. 1N
Eglicl=o; D k(X)) (52)
J=1

which isidentical to (18), except that we have not in (52) specified which sampling scheme
is used. If the sampling scheme is Monte-Carlo simulation (i.e. based on pseudo-random
number generators), we know that the expected error on (52) is independent of the
dimension K and proportional to N2 . To improve the convergence properties of (52),
several deterministic sampling agorithms have been suggested instead of Monte Carlo
simulation. One class of such agorithmsis based on the generation of quasi-random or low
discrepancy sequences, i.e. sequences which fill out the hypercube in a cluster-free, self-
avoiding way™. Specific algorithms for generating quasi-random numbers have been
suggested by Halton (1960), Sobol (1967), and Faure (1982), among others. For a very
readable introduction to Halton and Sobol sequences, see Press et al (1992), chapter 7.
Faure sequences are discussed in Bouleau and Lepingle (1994), chapter 2C, and Joy
(1994).

From the Koksma-Hlawka Inequality (see Niederreiter (1992), p. 20) one can show that
under technical conditions on the function k, the Halton, Sobol, and Faure sequences

generate errors which decrease with N at least as (InN)< / N :
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SRS L (InN)X
J'[O;l]K K(%)dx sz:lk(xj)sVar(k)O[T] (53)

where Var(K) is the (bounded) variation of k on [01]¥ in the sense of Hardy and Krause
(Niederreiter (1992), p. 19). Although the O((In N)K/ N) error bound is smaller’® than

O(NY2) as N - oo, itisnot small for realistic N for problems of large dimension K:

Convergence Ordersfor Quasi-Random Sequences and Crude Monte Carlo

N=10,000 N=1,000,000
K Quasi-Random Monte Carlo Quasi-Random Monte Carlo
1 9.21E-4 1.00E-2 1.38E-5 1.00E-3
5 6.63E+0 1.00E-2 5.03E-1 1.00E-3
10 4.39E+5 1.00E-2 2.53E+5 1.00E-3
50 1.64E+44 1.00E-2 1.04E+51 1.00E-3
Table7

In practice, however, the upper bound provided by the Koksma-Hlawka inequality often
turns out to significantly understate the true convergence speed of quasi-random seguences;
in Brotherton-Ratcliffe (1994b), for example, Sobol sequences outperform crude Monte
Carlo for option pricing applications with K =48 dimensions. For problems involving
numerical solution of SDEs, it is nevertheless worrying that the performance of quasi-
random sequences decreases when the dimension goes up. An attempt to improve the
accuracy of the systematic error ey, through an increase in the number of discretization

steps might thus be countered by decreased accuracy on the random error & .

As before, we can combine quasi-random sequences with other variance reduction

techniques, including the control variate method and the measure transform method. It is,
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however, not recommended to combine Sobol sequences with antithetic variates, as the

inclusion of "mirror paths® is likely to affect the discrepancy of the sequence adversely.

4.6 Application of Sobol Sequencesto the CIR M odel

As experimental results by Paskov (1994) and Brotherton-Ratcliffe (1994b) indicate that
Sobol sequences frequently outperform both Halton and Faure sequences, this paper will
only discuss the application of Sobol sequences. For the practical generation of Sobol
points, we have relied upon the highly efficient algorithm by Antonov and Saleev (1979)
which is described in detail in Press et al (1992). The generation of the primitive
polynomials needed in the Anotonov and Saleev’s algorithm has been based on Knuth
(1981), chapter 3.

Again using the example of a 5-year bond with N =10,000 (results for other bonds are
listed in Appendix C), we get the results shown in Tables 8 and 9. As a reflection of the
deterministic nature of Sobol sequences, in Table 8 we have replaced standard deviation
\/\7_5 with the root-mean-square error (relative to the sample mean) RMSg; both quantities
are, however, calculated identically. Notice that we cannot generate any confidence

intervals when Sobol sequences are used.
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Simulation Resultsfor CIR M odel
5-Year Discount Bond, Theoretical Value = 0.6642841

N =10,000; S=100; B=100
a=04,b=01 0=01r,=006

K 4 8 16 32 64 128 256
o 1.25| 0.625| 0.3125| 0.1563| 0.07813| 0.03906| 0.01953
Sobol Sequence
Euler RMS; | 1.42E-3| 1.78E-3| 1.85E-3| 2.44E-3| 3.55E-3| 3.86E-3| 3.87E-3
Teomp 0.34 0.59 1.14 2.2 4.32 8.32 16.76
Milstein | RMSg | 1.28E-3| 1.61E-3| 1.81E-3| 2.41E-3| 3.53E-3| 3.82E-3| 3.87E-3
Teomp 0.50 0.96 1.80 3.54 7.01 13.94 27.88
3rd Order | RMS; | 1.41E-3| 1.78E-3| 2.08E-3| 2.88E-3| 4.17E-3| 4.39E-3| 4.17E-3
Toomp 0.63 1.13 2.19 4.27 8.47 16.81 33.09
Sobol Sequence +
Control Variate
Euler RMSg 6.76E-4| 1.07E-3| 1.20E-3| 1.41E-3| 1.31E-3| 1.43E-3| 1.67E-3
Teomp 0.43 0.71 1.21 243 4,78 9.49 18.66
Milstein | RMSg |5.78E-4| 8.98E-4| 1.08E-3| 1.31E-3| 1.25E-3| 1.40E-3| 1.65E-3
Toomp 0.62 1.12 2.04 3.75 7.45 14.49 28.91
3rd Order | RMSg | 7.55E-4| 9.65E-4| 1.21E-3| 1.52E-3| 1.50E-3| 1.70E-3| 2.03E-3
Teomp 0.69 1.24 2.54 4.63 9.36 18.47 37.08
Sobol Sequence +
M easur e Transfor mation
Euler RMS; | 6.87E-4| 3.03E-4| 2.83E-4| 1.92E-4| 1.10E-4| 5.03E-5| 4.31E-5
Teomp 0.46 0.82 1.56 2.98 5.80 11.62 22.36
Milstein | RMSg | 2.46E-4| 8.55E-5| 2.84E-5| 2.19E-5| 2.75E-5| 3.62E-5| 3.83E-5
Teomp 0.66 1.31 2.44 4.68 9.30 18.88 36.44
3rd Order | RMSg | 3.27E-4| 1.81E-4| 9.73E-5| 8.67E-5| 6.42E-5| 4.78E-5| 4.74E-5
Teomp 0.85 1.64 3.32 5.99 11.87 24.52 46.63
Table 8
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Efficiency Ratiosfor Simulation of 5-Year Discount Bond in CIR Modél

N =10,000; S=100; B =100
a=04,b=01 0=01r, =006

K 4 8 16 32 64 128 256
1) 1.25| 0.625| 0.3125| 0.1563| 0.07813| 0.03906|0.01953
Crude Monte Carlo 1.00{ 1.00 1.00f 1.00 1.00 1.00 1.00
Antithetic Variate 5.54| 5.18 5,79 5.01 5.52 6.27 7.38
Sobol Sequence 444 350 342 238 1.89 1.89 2.16
Sobol Sequence + 7.68| 5.39 499 4.02 478 4.64 4.42
Control Variate

Sobol Sequence + 10.81| 22.57| 33.68| 44.93| 77.23| 120.81| 147.07
Measure Transfor mation

Antitethetic Variate + 4.80| 11.15| 26.92| 52.22| 8596| 122.01| 193.22
Measure Transfor mation

Note: The highest efficiency ratio for each step-size has been highlighted
Table9

Although in our example the deterioration of the Sobol sequence technique certainly is not
as rapid as might be expected from the Koksma-Hlawka ineguality, Table 9 show that
performance of the Sobol sequence still drops by roughly a factor 2 when the dimension of
the bond pricing problem is increased from 4 to 256. Further, despite being about twice
faster than the simple antithetic variate technique, the efficiency of the Sobol sequence is
generally lower than that of antithetic variates, even after combining the Sobol sequence
with aVasicek control variate. Sobol sequences, however, appear to interact quite well with
the measure transformation method: for K <16, the combined method of Sobol sequence
and measure transformation edges out the combined method of antithetic variate and
measure transformation. Unfortunately, the good properties of Sobol sequences for
problems with low values of K do not benefit us much in the applications considered in this
paper: when K is small, the systematic error in the discretization scheme will frequently
overshadow the random error associated with the variance of the bond price estimator (see

for example Figure 3). In general, we prefer to use the combined method of antithetic
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variates and measure transformation as this method produces the best results in problems

where low variance matters the most, namely for problems involving high values of K.

5. Combining High-Order Simulation Schemes with Variance
Reduction Methods. Experimental Results

In this section we will briefly show some further simulation results obtained by combining
the discretization schemes in Section 3 with the variance reduction techniques from Section
4, In particular, we wish to measure the effect of the joint variance reduction method of
antithetic variates and measure transformation on the convergence results for the 2-year
discount bond in Section 3.2. For the sake of brevity, we only show graphs of the

simulation results; the raw simulation results are tabulated in Appendix E.

In Figures 10 and 11 below, we show the convergence profiles for N =1,000,000
simulations of the Euler, Milstein, and third order schemes in combination with antithetic
variates and measure transformation. Compared to Figures 1 and 2 in Section 3.2, it is
obvious that adding the variance reduction technique has increased the maximum attainable
accuracy considerably: whereas the lowest possible worst-case error in Section 3.2 was

around |&,.|=27% =

0.61 bp, the third-order scheme now reaches an accuracy level of
|&,c|= 27 =300~ bp . The effectiveness of the variance reduction method also alows
us to fully capitalize on the advantages of the high-order discretization schemes: to reach
the accuracy of the 256-step (variance reduced) Euler scheme, the third-order scheme and
Milstein schemes need only 8 and 16 steps, respectively. As Figure 12 shows, the
advantages of the higher-order methods hold even after accounting for their higher

computational overhead.
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Computing Time (Tcomp) vs. Worst-Case Absolute Error (J&cl)
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In the examples above, the large number of simulations (N =1,000,000) allowed us to
reach very high levels of accuracy on the bond price estimates. In many practical
applications, however, speed is more important than accuracy which dictates the usage of
significantly fewer simulation paths. In Figure 13 below, we have used results from
simulations of N =1,000,000, N =10,000, and N =100 paths to draw pieces of the
(worst case) efficiency profiles of the third-order discretization method with antithetic
variate and measure transform variance reduction (the "advanced approach”). In the graph,
we have also included the efficiency profile (N =1,000,000) of the Euler scheme simulated

with crude Monte Carlo (the "naive approach”).
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Computing Time (Tcomp) vs. Worst-Case Absolute Error (|&c])
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Figure 13

From the figure, we can for example conclude that the accuracy of 100 simulations of a 64-
step third-order scheme combined with antithetic variates and measure transformation
exceeds the highest attainable accuracy of 1,000,000 crude Monte Carlo simulations of the
Euler scheme. 1 bp (worst-case) accuracy is reached by the variance reduced third-order
scheme in 32 steps and 100 simulations, requiring as little computation time as 0.116
seconds. The naive Euler scheme, on the other hand, requires 64 steps and 1,000,000
simulations, for a computation time of 537.30 seconds -- more than 4,500 times slower than

the variance reduced third-order scheme.

6. Simulation of Options.
So far, the focus of this paper has been the simplest and most fundamental of all interest
rate contingent claims, namely the zero-coupon bond with a certain $1 payout at maturity.

The simulation techniques discussed, however, are sufficiently genera to alow for the
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pricing of instruments with significantly more complicated dependence of the interest rate
path {r;,t O[ty, 7]} . We will leave a systematic investigation of the simulation of general
interest rate contingent claims to future research and here merely consider a few selected

iSSues.

To focus on a simple example, consider a T, -maturity European call c, struck at K, on a
zero-coupon bond maturing at T (ty < T, < T ). Following Harrison and Kreps (1979) the

price of thecall is

_ .
O(to, T, T) = EJ| exp(- jt rods) MAX{ P(T,,T) - K,O}]

[ T
= Et?_'n MAX{Eg{exp(—JTC rsds)}— K,OH (5
- Eff:'n MAX by (r7 . Te) - K,O}]
= EQIF(rr,, 17, Te, T)]

where the payout function F([) is known explicitly only in cases where the bond pricing
function hy(r;,t) = P(t,T) can be written in closed form (e.g. the Vasicek model). In most
cases, however, we need alocal simulation from T to T to estimate the bond P(T;,T) --a

problem which has been extensively discussed in the previous 5 sections of this paper.

Although the expectation in (54) involves a function of r and | (and not just | itself), it can
be shown that the weak convergence orders for the simulation schemes in section 3 hold
unchanged, provided that the payout function F is sufficiently smooth and satisfies
polynomial growth conditions®. Similarly, the variance reduction techniques of section 4
can al be applied virtually unchanged, although some care must be taken in the choice of
probability measure in the measure transform technique. To expand on this latter point,

consider the call pricing equation under atransformed measure Z
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Cty, T, T) = Eti[chF(rch ITC;chT)] = Eti[ch I, MAX{P(T,,T) - K,O}]

(55)

In choosing a likelihood ratio process, we have several aternatives, including i) minimizing
the variance of &1 F(ry, I+ ;T¢, T); ii) minimizing the variance of ¢y Iy ; iii) minimizing
the variance of {TC P(T.,T); and iv) minimizing the variance of {TCITc P(T.,T) . Notice,
that one should not attempt to consider a term of the form ¢+ [P(T;,T)-K] due to
potential singularities in (44). Since i) aims at reducing the variance of the total option
price, it is obviously theoretically preferable to ii), iii) and iv) which target the variance of
various combinations of the discount bond P(t,T.) and the payout bond P(T.,T). Similar
to the case of the bond pricing problem, the necessary approximation (see (44)) of
ETQ[F(rTC , ITC;TC,T)] can be based on the known closed-form pricing formula for European
discount bond options in the Vasicek model (Vasicek (1977)). As the derivatives-based
high-order simulation schemes become quite complex, it isin general recommended to keep
the guess for EIQ[F(rTC, It ; T, T)] assimple as possible and use Richardson extrapolation

wherever feasible.

7. Conclusions

In this paper we have considered general methods to improve speed and accuracy of
simulation models based on one-factor SDES in the instantaneous risk free interest rate. As
discussed, two types of simulation errors must be dealt with: i) systematic deviations from
the continuous-time limit introduced by the discretization of the SDE, and ii) random errors
introduced by the stochastic nature of the bond price estimator. We have shown how
second-order Ito-Taylor expansions, either directly or through extrapolation methods, can
form the basis of high-order schemes which significantly improve the convergence
properties of the systematic error. In particular, we have shown that the second-order

extended Milstein scheme and the Richardson extrapolated third-order scheme both
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outperform the "naive" Euler scheme, even after adjustments for increased computation
time. As we have seen in Section 3.2, the improvements obtained by using high-order
discretization schemes can, however, easily be overshadowed the random errors of the bond
price estimator. In practice, high-order discretization methods must thus generaly be
supplemented by variance reduction techniques. In this paper, we have outlined and tested
four methods: i) antithetic variates, ii) control variates, iii) measure transformation, and iv)
Sobol quasi-random sequences. For the tested example of the Cox, Ingersoll, and Ross
(CIR) (1985) model, the combined method of antithetic variates and measure
transformation (based on closed-form bond prices in the Vasicek (1978) model) generates
the best results. We have shown that using a third-order scheme combined with antithetic
variates and the measure transformation method can, in some cases, improve the accuracy
and speed of bond price estimates by factors in excess of 10%. We should, of course, point
out that these results are unique to the CIR model and might not be as significant for other
models. In particular, when applying the measure transformation method, we have benefited
from the structural similarity of the Vasicek and the CIR models. Nevertheless, the results
obtained in this paper are very encouraging and hopefully will stimulate further empirical

research using alternative short rate models.

Besides investigating the application of the techniques discussed in this paper to aternative
models, several other interesting areas of research remain open. An obvious topic is the
extension of the results in this paper to more complicated interest rate derivatives,
particularly those involving path-dependency. Such problems might involve severa "local”
bond price simulations along each interest rate path and rai ses some interesting questions of
how to combine "global" and "local” simulation schemes to achieve maximum speed and
accuracy. Another line of research involves testing the quality of the many traditional
Monte Carlo variance reduction methods we did not cover in this paper, including
importance sampling, stratified sampling, and adaptive Monte Carlo (see for example Press

et al (1992) for agood discussion of these methods). A final open topic is the application of
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implicit and explicit discretization schemes to problems where the interest rate process

parameters are not given directly, but must be extracted from market data.
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Appendix A

Additional Crude Monte Carlo Simulation Resultsfor CIR Model

1-, 5-, and 10-year Discount Bonds

V.60



Crude Monte Carlo Simulation Resultsfor CIR Model
1-Year Discount Bond, Theoretical Value = 0.9352398

N =1,000,000; S=1,000; B =1,000
a=04,b=01 0=01r, =006

K 1 2 4 8 16 32 64| 128 256
5 2 1 05| 025 0.125) 0.0625|0.03125|0.01563]0.00781
log, () 100[ 000 -100] -200] -300] -400 -5.00] -6.00 -7.00
Euler [& 4.76E-3| 1.79E-3| 7.87E-4| 3.57E-4| 1.82E-4| 8.68E-5| 4.54E-5| 3.37E-5| 2.93E-5
log, |4 771 -913| -1031| -11.45] -1242| -1349| -14.43| -14.86] -15.06
v 0| 2.73E-4| 3.18E-4| 3.46E-4| 3.63E-4| 3.60E-4| 3.58E-4| 3.64E-4| 3.61E-4
Cos 0| 1.43E-5| 1.66E-5 1.81E-5| 1.89E-5| 1.88E-5| 1.87E-5| 1.90E-5| 1.88E-5
™ 4.76E-3| 1.80E-3| 8.04E-4| 3.75E-4| 2.01E-4| 1.06E-4| 6.41E-5| 5.27E-5| 4.81E-5
l0g, &, 771 -911| -1028| -11.38] -12.28] -1321| -1393 -14.21| -14.34
Toono 10.90| 19.33| 3542 6887 137.11| 274.12| 537.30|1065.74|2130.95
l0g)(T) | 345 427 515 611] 710 810 907 1006 11.06
Mil- [& -1.42E-3|-2.95E-4-5.97E-5|-2.27E-5| 2.70E-6|-1.47E-7| 2.43E-6| 1.25E-5| 1.88E-5
stein [log, |4 -9.46| -11.73| -1403| -1543| -1850 -22.70| -18.65| -16.28] -15.70
v -1.42E-3| 3.78E-4| 3.67E-4| 3.70E-4| 3.75E-4| 3.66E-4| 3.61E-4| 3.65E-4| 3.62E-4
Cos -7.41E-5| 1.97E-5| 1.91E-5 1.93E-5| 1.95E-5| 1.91E-5| 1.88E-5| 1.91E-5 1.89E-5
™ 1.49E-3| 3.15E-4| 7.89E-5| 4.20E-5| 2.22E-5| 1.92E-5| 2.13E-5| 3.16E-5| 3.76E-5
l0g, &, -9.39] -11.63| -1363| -1454| -1546| -1567| -1552| -14.95] -14.70
Toono 1415 27.62| 56.10] 103.90| 206.21| 404.36| 822.91|1626.24]3260.38
log)(T) | 382 479 581 670 769 866 968 1067 1167
3rd |e NA | 8.44E-5| 2.37E-5|-4.07E-6| 9.79E-6| 2.98E-7| 1.72E-6 1.25E-5| 2.08E-5
order [ 1og, |4 NA | -1353| -1537| -17.91] -16.64] -21.68| -19.15] -16.29| -1555
v NA | 4.77E-4 4.29E-4| 4.23E-4| 4.21E-4| 4.13E-4| 4.02E-4| 4.06E-4| 4.07E-4
Cos NA | 249E-5| 2.24E-5| 2.20E-5| 2.20E-5 2.15E-5| 2.10E-5| 2.12E-5| 2.13E-5
™ NA | 1.09E-4| 4.60E-5| 2.61E-5| 3.18E-5 2.18E-5| 2.27E-5| 3.36E-5| 4.21E-5
log,l8,.] | NA | -1316| -1441| -1522| -14.94] -1548| -1543| -14.86 -14.54
Toono NA 3411 64.13| 12322 243.48| 478.95| 951.60|1887.333842.11
10g,(Toor) | NA 5001 600 694 793 890 989 1088 1191
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Crude Monte Carlo Simulation Resultsfor CIR Model
5-Year Discount Bond, Theoretical Value = 0.6642841

N =1,000,000; S=1,000; B =1,000
a=04,b=01 0=01r,=006

K 1 2 4 8 16 32 64  128] 256
5 2 1 05 025 0.125) 0.0625| 0.03125| 0.01563| 0.00781
log, (9) 100 000 -100] -200] -300] -400] -500 -6.00] -7.00
Euler[e 3.57E-2|-2.67E-2|-1.17E-2| -5.68E-| -2.74E-3|-1.38E-3|-6.73E-4| -2.78E-4] -6.93E-5
log, |8 481 523 -642 -7.42 -851 -950| -1054| -11.81| -13.82
v 0| 2.68E-3| 2.12E-3| 2.03E-3| 2.01E-3| 1.95E-3| 1.92E-3| 1.92E-3| 1.90E-3
Coo 0| 1.40E-4| 1.11E-4| 1.06E-4| 1.05E-4| 1.01E-4| 9.99E-5| 1.00E-4| 9.94E-5
™ 3.57E-2| 2.68E-2| 1.18E-2| 5.78E-3| 2.85E-3| 1.48E-3| 7.73E-4| 3.78E-4| 1.69E-4
100, /3, | 481 -522| -641| -743] -846| -9.40| -1034] -11.37| -1253
Tooro 10.90| 19.33| 3542| 6887 137.11 274.12| 537.30| 1065.74| 2130.95
1005 (Torp) 345 427 515] 611 710] 810 907| 1006] 11.06
Mil- [e -1.19E-1[-1.67E-2|-2.34E-3| -4.58E-| -5.78E-5|-2.08E-5 8.09E-6| 6.51E-5| 1.03E-4
stein [log, |4 -307| -5.90| -874 -11.0;1 -1408| -1556| -16.92| -1391| -13.25
v, -1.19E-1| 2.15E-3| 1.96E-3| 1.95E-3| 1.97E-3| 1.92E-3| 1.91E-3| 1.92E-3| 1.90E-3
Coo -6.21E-3| 1.12E-4| 1.02E-4| 1.02E-4| 1.03E-4| 1.00E-4 9.95E-5| 1.00E-4| 9.93E-5
™ 1.25E-1| 1.68E-2| 2.44E-3| 5.60E-4| 1.61E-4| 1.21E-4| 1.08E-4| 1.65E-4| 2.02E-4
10g, 8,.| 300 -589 -868] -10.80] -1260| -1301| -13.18[ -1256| -12.27
Tooro 1415 2762 56.10] 103.90] 206.21| 404.36| 822.91| 1626.24| 3260.38
100, (Tron) 382 479 581 670 769 866] 968 1067] 1167
ard e NA | 1.75E-2| 2.48E-3| 1.91E-4| 6.83E-5|-3.62E-6| 7.15E-6| 6.62E-5 1.17E-4
order|log, |4 NA 584 -865| -12.35| -1384| -1808| -17.09] -13.88| -13.06
v, NA | 2.28E-3| 2.24E-3| 2.21E-3| 2.21E-3| 2.16E-3| 2.13E-3| 2.13E-3| 2.14E-3
Coo NA | 1.19E-4| 117E-4| 1.15E-4| 1.15E-4| 1.13E-4| 1.11E-4| 1.11E-4| 1.12E-4
™ NA | 1.76E-2| 2.60E-3| 3.07E-4| 1.84E-4| 1.16E-4| 1.18E-4| 1.77E-4| 2.28E-4
log,l&.] | NA 583 -859| -1167| -1241| -1307| -13.04| -1246] -12.10
Tooro NA 3411 64.13| 12322 24348| 478.95| 951.60| 1887.33| 3842.11
100,(Toor) | NA 500 600 694 793 890 989 1088 1191
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Crude Monte Carlo Simulation Resultsfor CIR Model
10-Y ear Discount Bond, Theoretical Value = 0.4125989

N =1,000,000; S=1,000; B =1,000
a=04,b=01 0=01r,=006

K 1 2 4 8 16 32 64 128 256
5 2 1 05/ 025 0125 0.0625]0.03125| 0.01563| 0.00781
log,(3) 100 000 -100] -200] -300] -400] -500 -600f -7.00

Euler |6 -1.26E-2|-2.02E-1|-5.40E-2|-2.35E-2| -1.10E-2|-5.40E-3|-2.64E-3| - 1.24E-3| -5.34E-4
log, |8 631 -230| -421] -541] -650] -753| -856] -9.65| -10.87
v 0| 6.24E-3| 2.91E-3| 2.53E-3| 2.43E-3| 2.33E-3| 2.28E-3| 2.28E-3| 2.25E-3
Cos 0| 3.25E-4| 1.52E-4| 1.32E-4| 1.27E-4| 1.22E-4| 1.19E-4| 1.19E-4| 1.18E-4
™ 1.26E-2| 2.03E-1| 5.41E-2| 2.36E-2| 1.12E-2| 5.52E-3| 2.76E-3| 1.36E-3| 6.52E-4
log,|&,.| 631 -230| -421| -541] -6.49] -750] -850 -952[ -10.58
Toro 10.90| 1933 3542| 68.87| 137.11| 274.12| 537.30| 1065.74| 2130.95
log,(Toe) | 345 427 515 611] 710] 810 907 1006 11.06

Mil- e -6.32E-1|-1.16E-1|-7.72E-3|-4.39E-4| 5.62E-5| 1.50E-5| 2.73E-5| 8.62E-5| 1.29E-4

stein [log,|§ -066| -311| -7.02[ -11.15] -1412] -1602| -1516] -1350| -12.92
v -6.32E-1| 3.10E-3| 2.31E-3| 2.29E-3| 2.33E-3| 2.28E-3| 2.26E-3| 2.27E-3| 2.25E-3
Cos -3.30E-2| 1.62E-4| 1.20E-4| 1.19E-4| 1.22E-4| 1.19E-4| 1.18E-4| 1.18E-4| 1.17E-4
™ 6.65E-1| 1.16E-1| 7.84E-3| 5.59E-4| 1.78E-4| 1.34E-4| 1.45E-4| 2.05E-4| 2.47E-4
log, 8, | 059 -310] -6.99| -10.81] -12.46| -12.87| -12.75] -12.26] -11.99
Toro 1415 2762 56.10| 103.90| 206.21| 404.36| 822.91| 1626.24| 3260.38
log,(Toe) | 382 479 581 670 7.69] 866 968 1067 1167

ard e NA | 5.50E-2| 2.85E-2| 2.00E-3| 2.13E-4| 4.30E-6| 1.77E-5| 8.72E-5| 1.47E-4

order|1og, | NA -416| -513] -896] -1220| -17.83] -15.79| -1349 -1273
v NA | 3.22E-3| 2.50E-3| 2.59E-3| 2.61E-3| 2.55E-3 2.53E-3| 2.52E-3| 2.52E-3
Cos NA | 1.68E-4| 1.31E-4| 1.35E-4| 1.36E-4| 1.33E-4| 1.32E-4| 1.31E-4| 1.32E-4
™ NA | 5.60E-2| 2.86E-2| 2.14E-3| 3.49E-4| 1.37E-4| 1.50E-4| 2.19E-4| 2.79E-4
log,l8,.] | NA -416| -513] -887| -11.48) -1283] -12.71| -1216] -11.81
Toro NA 3411| 6413 12322 24348| 478.95] 951.60| 1887.33| 3842.11
10g(Toors) | NA 500 600 694 793 890 989 1088 1191
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Appendix B
Discretization Schemesfor the Vasicek M odel

Euler Scheme:

IAi+1 = ri(l_ﬁa) ,
g =F +a(B-1)0+KZ4VE , 1=01..,K=1,f=r , [g=1

Milstein Scheme:

N ~ . 1/. N 1 -~

iy = Ii[l_ ri5+§(ri2 _a(lg_ri))dz _EKZHld\/S) ;
s . ~ KO ~

fig = +a(B-F, )5+Kzi+l\/g_7zi+l5\/__

1 R . R .
Eaz(ﬁ—ri)az, i=01L..,K-1,f=r , Iy=1
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Appendix C

Additional Efficiency Ratio Resultsfor CIR Model

1-, 2-, and 10-year Discount Bonds
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Efficiency Ratiosfor Simulation of 1-Year Discount Bond in CIR Modéel

N =10,000; S=100; B=100

a=04,b=01 0=01r,=006

K 4 8 16 32 64 128 256
o 0.25| 0.125| 0.0625| 0.03125| 0.01563| 0.007813| 0.003906
Crude Monte Carlo 1.00{ 1.00 1.00 1.00 1.00 1.00 1.00
Antithetic Variate 6.76| 6.12| 6.76 6.01 6.52 6.68 8.92
Control Variate 7.30] 7.05 7.98 7.34 7.66 7.71 9.85
Antithetic Variate + 520 4.63| 5.36 4.89 5.37 5.39 7.38
Control Variate

Measure Transformation 3.77) 7.06| 16.89| 30.02| 64.55| 149.05| 263.86
Measure Transformation + | 10.17| 22.65| 53.18| 123.94| 263.20| 532.54| 1238.48
Antithetic Variate

Sobol Sequence 457 3.62| 3.70 261 2.08 2.02 221
Sobol Sequence + 14.85| 9.57| 9.27 7.37 8.52 9.17 8.81
Control Variate

Sobol Sequence + 14.58| 23.88| 45.82| 63.47| 103.10| 253.87| 470.90

Measure Transfor mation

Note: The highest efficiency ratio for each step-size has been highlighted

V.66




Efficiency Ratiosfor Simulation of 2-Year Discount Bond in CIR Modél

N =10,000; S=100; B =100

a=04,b=01 0=01r, =006

K 4 8 16 32 64 128 256
o 0.25| 0.125| 0.0625| 0.03125| 0.01563| 0.007813| 0.003906
Crude Monte Carlo 1.00{ 1.00 1.00 1.00 1.00 1.00 1.00
Antithetic Variate 6.01| 5.17| 5.73 5.08 5.48 5.74 7.51
Control Variate 5.38| 5.04 5.68 5.24 541 5.42 6.77
Antithetic Variate + 413 351 4.05 3.68 4.03 4.09 5.55
Control Variate

Measure Transformation 411 7.19| 16.92| 29.48| 6175 12090, 175.80
Measure Transformation + 8.08| 17.29| 41.29| 94.17| 184.38| 320.54| 613.20
Antithetic Variate

Sobol Sequence 479 354/ 358 251 1.99 197 2.18
Sobol Sequence + 11.78| 7.25| 6.93 5.54 6.44 6.75 6.52
Control Variate

Sobol Sequence + 14.80| 23.67| 42.94| 5893| 97.62| 22234 345.35

Measure Transfor mation

Note: The highest efficiency ratio for each step-size has been highlighted
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Efficiency Ratiosfor Simulation of 10-Year Discount Bond in CIR Model

N =10,000; S=100; B=100

a=04,b=01 0=01r,=006

K 4 8 16 32 64 128 256
o 0.25| 0.125| 0.0625| 0.03125| 0.01563| 0.007813| 0.003906
Crude Monte Carlo 1.00{ 1.00 1.00 1.00 1.00 1.00 1.00
Antithetic Variate 529 4.98| 5.23 4,87 6.11 6.29 7.26
Control Variate 262 312 329 2.98 3.25 3.22 4,05
Antithetic Variate + 220 223 252 2.26 257 2.65 3.40
Control Variate

Measure Transfor mation 221| 549 1167 1826 3149 36.08 39.28
Measure Transformation + 252 6.47| 16.21 28.70| 47.46 63.11 95.55
Antithetic Variate

Sobol Sequence 434 341 3.26 2.27 1.83 1.84 213
Sobol Sequence + 547 4.95 441 3.56 435 3.84 3.30
Control Variate

Sobol Sequence + 6.58| 17.40| 27.19| 32.80| 57.93 74.58 83.77

Measure Transformation

Note: The highest efficiency ratio for each step-size has been highlighted
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Appendix D
Proof of (44) -- Optimal Choice of Likelihood Ratio Process

Let us introduce the adapted process
T
u(t,T) = EtQ[exp(—j rudu)] =EXI7], tySt<T<7T (D.1)
to
where |, isgiven by (12). We notethat u(t,T) can aternatively be written
T t
u(t,T) = EP[exp(—j rudu—j rudu)} =P(t,T)I, , tyst<T<7 (D.2)
t to
By the law of conditional iterated expectations
EClu(s T)] = E9[EC[I1T,] 1 0] = E%IfI0]=u(t.T) , t<ssT (D.3)

which implies that u(t,T) is a martingale under Q. Since we know that P(t,T) = h(r,,t)
and thus u(t,T) = hy(r;, 1)1, , Ito'slemmayields

du(t,T)= a,(rt,t)lth\M (D.4)

where we have used the martingale property (D.3) of u(t,T) to set the dt-term in (D.4)

equal to zero. Under the equivalent measure Z, (D.4) becomes (from (38))

du(t,T):—Jr(rt,t)ltwadﬁar(n,t)ltwm (D.5)
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Given the likelihood ratio process (40), Ito’s lemma asserts that the product &.u(t,T)

follows (under 2)
et )= &[0, 01 P et r, 016, | ©

Since u(t,T) is an adapted process, we know from (D.1) (or (D.2)) that u(T,T) =1, and

thus

P(to, T) = E¢l1ré7]= EJ[U(T, T)ér] (D.7)

From (D.6), if we set

g, = —0, (1, 1) e (1) (D.8)
hr (1, t) &

the product &,u(t,T) becomes non-random under Z. (D.7) then implies that

I+t =u(T, T)ér = ulto, T)Sy, = Ulto, T) = P(to, T) (D.9)

which is obviously non-random aswell. Q.E.D.
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Appendix E

Simulation Resultsfor CIR Model using Antithetic Variatesand Measure Transform

2-year Discount Bond
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Simulation Resultsusing Antithetic Variates + Measure Transform in CIR Model

N =1,000,000; S=1,000; B =1,000
a=04,b=01 0=01r,=006

2-Year Discount Bond, Theoretical Value = 0.8655244

K 1 2 4 8 16 32 64 128] 256
5 2 1 05 025 0125 00625 0.03125[ 0.01563| 0.00781
log, (9) 100 000 -100] -200] -300] -400] -500] -6.00] -7.00
Euler & 1.45E-2| 3.04E-3| 9.69E-4| 3.78E-4| 1.65E-4| 7.76E-5| 3.72E-5| 1.83E-5| 9.12E-6
log, |8 -611| -836| -1001| -11.37| -1257| -1365| -14.71| -15.73| -16.74
v 0| 1.16E-4| 5.56E-5| 2.60E-5| 1.35E-5| 7.54E-6| 4.42E-6| 2.70E-6| 1.71E-6
Coo 0| 6.04E-6| 2.90E-6| 1.35E-6| 7.04E-7| 3.93E-7| 2.30E-7| 1.41E-7| 8.92E-8
™ 1.45E-2| 3.04E-3| 9.72E-4| 3.79E-4| 1.66E-4| 7.80E-5| 3.74E-5| 1.85E-5 9.21E-6
10g, 8,.| -6.11| -8.36| -1001| -11.37| -1256| -1365| -1471| -1572| -16.73
Tooro 2212| 3543 6781 13615 26331 513.01| 1022.29| 2044.11| 4096.38
100, (Toorp) 447 515 608 709 804 900 1000 11.00] 1200
Mil- |e -0.98E-3] - 1.78E-3| -3.68E-4] -8.32E-5| -1.96E-5| -4.76E-6| - 1.19E-6| -2.99E-7|-7.62E-8
stein [log, |4 -6.65 -913| -11.41| -1355| -1564| -17.68| -19.68] -21.67 -23.65
v, 2.55E-4| 1.10E-4| 3.78E-5| 1.35E-5| 4.67E-6| 1.72E-6| 6.60E-7| 3.21E-7| 2.51E-7
Coo 1.33E-5| 5.74E-6| 1.97E-6| 7.05E-7| 2.44E-7| 8.99E-8| 3.44E-8| 167E-8| 131E-8
™ 9.99E-3| 1.79E-3| 3.70E-4| 8.39E-5| 1.98E-5| 4.84E-6| 1.22E-6| 3.16E-7| 8.93E-8
10g, 8,.| -664] 913 -11.40| -1354] -1562| -17.66| -1964| -2159| -23.42
Tooro 3451 6208 12337| 227.11| 44334 89241 1777.44| 3558.20| 7082.72
100;(Toon) 511 59| 695 7.8 879 980 1080 1180 1279
3rd |e NA | 8.39E-4| 8.77E-5| 9.20E-6| 1.06E-6| 2.15E-7|-9.90E-9|8.00E-10]-6.60E-9
order [10g, |4 NA | -1022| -13.48] -16.73| -19.85| -2215| -2659| -30.22| -27.17
v, NA | 1.10E-4| 4.07E-5| 1.65E-5| 6.62E-6| 2.92E-6| 1.43E-6| 6.96E-7| 4.27E-7
Coo NA | 5.75E-6| 2.12E-6| 8.62E-7| 3.45E-7| 1.52E-7| 7.48E-8| 3.63E-8| 2.23E-8
™ NA | 8.44E-4| 8.98E-5 1.01E-5| 1.40E-6| 3.67E-7| 8.47E-8| 3.71E-8| 2.89E-8
100, /3, | NA | -1021| -1344] -1660| -19.44| -21.38] -2349| -2468| -25.04
Tooro NA 79.66| 150.12| 296.20| 580.15| 114534| 2280.14| 4547.46| 907321
100,(Toony) | NA 632 723 821] o918 1016] 1115 1215 1315
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Simulation Resultsusing Antithetic Variates + Measure Transform in CIR Model

N =10,000; S=100; B=100
a=04,b=01 0=01r,=006

2-Year Discount Bond, Theoretical Value = 0.8655244

K 1 2 4 8 16 32 64 128] 256
5 2 1 05| 025 0125] 00625 0.03125| 0.01563| 0.00781
log, (9) 100 000 -100] -200] -300] -400] -500] -6.00] -7.00
Euler & 1.45E-2| 3.06E-3| 9.72E-4| 3.75E-4| 1.70E-4| 7.88E-5| 3.81E-5| 1.95E-5| 9.80E-6
log, |8 -611| -835| -1001| -11.38] -1252| -1363| -14.68| -1565 -16.64
v, 0| 1.24E-3| 6.34E-4| 2.61E-4| 1.51E-4| 6.50E-5| 4.20E-5| 2.84E-5| 1.63E-5
Coo 0| 6.52E-5| 3.33E-5| 1.37E-5| 7.91E-6| 3.41E-6| 2.21E-6| 1.49E-6| 8.54E-7
™ 1.45E-2| 3.12E-3| 1.01E-3| 3.89E-4 1.78E-4| 8.22E-5| 4.03E-5| 2.10E-5 1.07E-5
100, /3, | -6.11| -832] -9.96| -11.33] -1246| -1357| -1460| -1554| -1652
Tooro 022 036] o069 134 262 511 1022[ 2045 4093
log)(Toe) | 28] -147] -054] o042[ 139] 235 335 435 536
Mil- |e -0.91E-3|-1.77E-3| -3.65E-4] -8.14E-5| -2.00E-5| -4.79E-6 | - 1.10E-6| -3.63E-7|-3.20E-8
stein [log, |4 -6.66| -9.14| -1142| -1358] -1561| -17.67| -19.80| -21.39| -24.90
v, 2.48E-3| 1.03E-3| 3.70E-4| 1.41E-4| 4.74E-5| 1.62E-5| 6.71E-6| 3.62E-6| 2.48E-6
Coo 1.30E-4| 5.39E-5| 1.94E-5| 7.40E-6| 2.49E-6| 8.50E-7| 3.52E-7| 1.90E-7| 1.30E-7
™ 1.00E-2| 1.82E-3| 3.84E-4| 8.88E-5| 2.24E-5| 5.64E-6| 1.45E-6| 553E-7| 1.62E-7
100, /3, | -6.64] 910 -11.35| -1346| -1544| -17.44] -19.40| -20.79| -2255
Tooro 033 060 120 225 445] 891 1779 3556/ 7081
log)(Tp) | 160 -074]  026] 117[ 215] 316] 415 515 615
3rd |e NA | 8.45E-4| 9.69E-5| 9.96E-6| 2.56E-6| 7.63E-8|-2.05E-7| -2.85E-7| 8.04E-8
order [10g, |4 NA | -1021| -1333[ -1662| -1858| -2364] -2222 -21.74| -2357
v, NA | 1.08E-3| 3.99E-4| 1.77E-4| 6.90E-5| 2.80E-5| 1.35E-5| 7.18E-6| 4.01E-6
Coo NA | 5.68E-5 2.09E-5| 9.28E-6| 3.62E-6| 1.47E-6| 7.10E-7| 3.77E-7| 2.10E-7
™ NA | 9.01E-4| 1.18E-4| 1.92E-5| 6.18E-6| 1.54E-6| 9.15E-7| 6.62E-7| 2.91E-7
100, /3, | NA | -1012[ -1305| -1567| -17.30| -1931] -2006] -2053] -21.71
Tooro NA 079] 148 292 578 1145 2280 4549 90.69
100,(Toony) | NA 034 057] 155 253 352 451 551 650
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Simulation Resultsusing Antithetic Variates + Measure Transform in CIR Model

N =100, S=10; B=10

a=04,b=01 0=01r,=006

2-Year Discount Bond, Theoretical Value = 0.8655244

K 1 2 4 8 16 32 64 128 256
> 2 1 05| 025 0.125] 0.0625| 0.03125| 0.01563| 0.00781
log,(J) 100 000 -1oo| -200 -300] -400 -500 -6.00 -7.00
Euler |é 1.45E-2| 3.05E-3| 1.05E-3| 2.65E-4| 1.88E-4| 8.08E-5| 4.65E-5| 2.14E-5| 6.80E-6
log, |8 -6.11| -836] -9.89| -11.88] -12.38] -1359| -14.39| -1551| -17.17
v 0| 1.50E-2| 6.74E-3| 1.56E-3| 1.12E-3| 6.54E-4| 2.75E-4| 2.99E-4| 1.29E-4)
Cos 0| 8.68E-4| 3.90E-4| 9.03E-5| 6.46E-5| 3.78E-5| 1.59E-5| 1.73E-5| 7.44E-6
el 1.45E-2| 3.92E-3| 1.44E-3| 355E-4| 2.52E-4| 1.19E-4| 6.24E-5| 3.87E-5| 1.42E-5
log,|&,| 611] -799| -9.44] -1146| -11.95] -1304] -1397| -1466| -16.10
Tooro 0002 0004 0007 0015 0031 0052 0102 0221 0428
100,(Top) | -897| -7.97| -7.36] -606] -501] -427] -329] -218] -122
Mil- |é -9.34E-3|-1.62E-3| -2.66E-4|-4.44E-5[-9.07E-6| 3.29E-6| -5.37E-7| 5.09E-7|-2.57E-7
stein |log,|4 -6.74| -9.27| -1188| -14.46| -16.75] -1821] -2083] -2091] -21.89
v 3.72E-2| 1.25E-2| 3.74E-3| 1.13E-3| 2.23E-4| 1.03E-4| 7.55E-5| 3.49E-5| 2.79E-5
Coo 2.15E-3| 7.24E-4| 2.16E-4| 6.52E-5| 1.29E-5| 5.98E-6| 4.37E-6| 2.02E-6| 1.61E-6
eI 1.15E-2| 2.35E-3| 4.82E-4| 1.10E-4| 2.20E-5| 9.28E-6| 4.90E-6| 2.53E-6| 1.87E-6
log,|&,| -6.44] 873 -11.02| -1316| -1547] -1672] -17.64] -1859 -19.03
Tooro 0003 0006] o0012] 0022 0041 0087 0189 0338 0.712
100,(T,p) | -838] -7.38] -638] -551] -461] -352[ -240] -156] -0.49
3rd |e NA | 8.78E-4| 1.23E-4| 1.80E-5| 9.20E-6| 2.94E-6| 1.87E-6] 4.20E-7|-1.40E-6
Order [1og,|4 NA | -1015] -1299] -1576| -16.73] -1837| -19.03| -21.18] -19.45
v NA | 1.45E-2| 4.15E-3| 1.98E-3| 6.24E-4| 2.50E-4| 1.35E-4| 7.14E-5| 4.56E-5
Coo NA | 8.38E-4| 240E-4| 1.15E-4| 3.61E-5| 1.45E-5| 7.83E-6| 4.13E-6| 2.64E-6
el NA | 1.72E-3| 3.63E-4 1.33E-4| 4.53E-5| 1.74E-5| 9.70E-6| 4.55E-6| 4.04E-6
log,|&,| NA -019| -1143| -12.88) -1443| -1581| -1665] -17.75] -17.92
Tooro NA 0008 0015 0034] 0065 0116] 0241] 0456 0942
100,(Toorp) | NA 697 -606| -488] -394 -311] -205] -113] -0.09
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Endnotes

Y1t is well known that the computational expense of Monte Carlo methods grows linearly
with the number of stochastic factors whereas lattice methods are characterized by an
exponential relationship between the number of factors and computational expense. In
general, lattice methods become impractical when the number of factors exceed 2 or 3; for
a discussion of lattices with two state variables, see for example Boyle (1988). For an
application of lattice approaches to mildly path-dependent structures, see Hull and White
(1993).

’For an extensive list of traditional approaches to variance reduction, see the standard
reference Hammersley and Handscomb (1964).

3For a more complete description of short rate processes proposed in the literature, see
Duffie and Kan (1994) or Joergensen (1994), p. 95-99.

“All these studies assume that interest rate evolution can be described by a (risk-neutral)
short rate process of the form dr, = z(r,,t)dt +cr’dW . For the US market, the three papers
estimate the exponent y to be 1.3438, 1.4999, and 1.13, respectively.

®|t is probably slightly confusing that we use P to denote both zero-coupon bond prices and
the real-life probability measure. Fortunately, we will not need the rea-life probability
measure at any further point in this paper. Indeed, as mentioned in Harrison and Pliska
(1981), the sole role of the real-life probability measure isto define the null sets.

®These conditions are given by Girsanov's Theorem (see Karatzas and Shreve (1991), p.
190-201) and roughly require the market price of risk of discount bonds to exist and be
sufficiently well-behaved (Novikov’ s condition).

"Being an applied study, this paper will not delve too deeply on technica regularity

conditions. We do point out, however, that the existence of a unique solution to (2) is
ensured if y, and o, satisfy Lipschitz and linear growth conditions. The delicate issue of
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existence and uniqueness for the Cox-Ingersoll-Ross square-root model (which violates
these conditions) is discussed by Duffie (1992), Appendix E.

%\e note that both (4) and (5) can be extended to the case of deterministic parameters and
still be (somewhat) analytically tractable (see Hull and White (1990b) and Pliska (1994)).

°As shown in Cox, Ingersoll, and Ross (1980), p. 391, if the drift parameters of the CIR
process are sufficiently high, the origin becomes inaccessible. Inthiscase, D = 0" \{0} .

For an introduction to Ito-Taylor expansions, see Kloeden and Platen (1992), chapter 5.

S U
"The process V, -V, isthe representation of the double stochastic integral J I dW,du.
tJt

\We note that the CIR process, similar to geometric Brownian motion (1), can be simulated
bias-free using the known solution to the SDE. As mentioned in section 2, this would
involve generating random draws from the non-central chi-square distribution; a simple
algorithm for generating such draws can be found in Devroye (1986), p. 468-471.

BThese parameters are identical to the ones chosen (and justified) by Hull and White
(1990a).

“Notice, that the variance of Iy , will be smaller than the variance of Iy if just
o(1, T_) <1 which, in practice, will always be the case. As the computation time of the
antithetic method is roughly twice that of crude Monte Carlo, the method, however, does
not necessarily produce any gains in efficiency (see equation (37) for a definition of
efficiency).

*The approach taken in this paper is based on traditional Monte Carlo methods. Newton
(1994) has introduced an SDE-based control variate technique quite different from the one
applied in this paper.

%8| the general case where the moments of the short rate might not be explicitly known,
some other matching criteria must be used. For example, in the CIR model an alternative
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"naive' approach could be to simply set « :a\/rto (which actually generates quite
reasonable results).

YUnder technical conditions on the short rate process parameters, the existence of such a
function follows from the Feynman-Kac theorem, see for example Duffie (1992), p. 129.

8For an exact definition of discrepancy, see for example Bouleau and Lepingle (1994).

¥Ysing L'Hospital’s rule, one can show that (INN)X /N behaves aimost as O(1/ N) for
large N.

“Many contingent claims -- including the simple European puts and calls on zero-coupon
bonds -- have kinks that violate the classical smoothness conditions. In practice, this hardly
represents a problem as we can easily ensure that the conditions are satisfied by introducing
a dlight local smoothing of the payout function (as in Duffie (1992), p. 203). More
rigorously, Bally and Talay (1995) show that in many cases it is possible to relax the
classical smoothness conditions.

V.77



