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We suggest an arbitrage free interpolation method for pricing zero-coupon bonds of
arbitrary maturities from a model of the market data that typically underlies the swap
curve; that is short term, future and swap rates. This is done first within the context of
the Libor or the swap market model. We do so by introducing an independent stochastic
process which plays the role of a short term yield, in which case we obtain an approximate
closed-form solution to the term structure while preserving a stochastic implied short
rate. This will be discontinuous but it can be turned into a continuous process (however
at the expense of closed-form solutions to bond prices). We then relax the assumption
of a complete set of initial swap rates and look at the more realistic case where the
initial data consists of fewer swap rates than tenor dates and show that a particular
interpolation of the missing swaps in the tenor structure will determine the volatility
of the resulting interpolated swaps. We give conditions under which the problem can
be solved in closed-form therefore providing a consistent arbitrage-free method for yield
curve generation.

Keywords: Term structure modelling; Libor and swap market models; HJM.

1. Introduction

Yield curves are constructed in practice from market quoted rates of simple com-
pounding with accrual periods of no less than a day. In particular, swap curves
are constructed by combinations of bootstrap and interpolation methods from the
following market data:

e Short-term interest rates,
e Interest rate futures,
e Swap rates.
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For example the GBP curve may stretch out to 52 years, and the interest rate
futures are short sterling futures, but there are only a few data points beyond 10
years (for example we may have swap rates with six month payments for 12, 15, 20,
40 and 52 years) hence the need for bootstrapping methods. Constructing the yield
curve however is a black art, covered briefly in Sec. 4.4 of Hull [11] but not generally
described in detail in textbooks. Methods include linear interpolations and cubic
splines; see for example the survey by Hagan and West [9].

On the other hand market practitioners interested in pricing interest rate deriva-
tives will need to specify an arbitrage-free model for the evolution of the yield curve.
So as Bjork and Christenssen rightly point out in [3] a question immediately arises:
if you choose to implement a particular yield curve generator, which is constantly
being applied to newly arriving market data in order to recalibrate the parameters
of the model, will the yield curve generator be consistent with the arbitrage-free
model specified? That is, if the output of the yield curve generator is used as an
input to the arbitrage-free model, will the model then produce yield curves match-
ing the ones produced by the generator? We clarify this point and give an example
in the next section.

A number of authors, starting from the work of Bjérk and Christenssen (see [1],
Filipovié¢ [7] and Filipovié and Teichmann [8]), have studied this problem within
the HIM [10] framework in an infinite-dimensional space by looking at specific
classes of functions and asking whether these functions are invariant under the
HJM dynamics. They obtain some negative results but later extended the class of
functions by using an infinite-dimensional version of the Frobenius theorem. They
give conditions under which these can be reduced to a finite-dimensional state vector
but don’t relate this vector to market observables. Other authors (see [5] for the
most general set up) have studied conditions on the volatility under which the HJM
model admits a reduction to a finite-dimensional Markovian process. But again this
Markov process is not identified to market observables.

In contrast to their work the approach of this paper is to model a finite number
of market observables and then extend the model to a whole yield curve model in an
arbitrage free way. That is we want to find the price at time ¢ < T of a zero-coupon
bond p(¢,T) with arbitrary maturity 7" not equal to any of the tenor dates and
starting from the dynamics of a Libor or a swap market model. To do that we need
at least the continuous time dynamics of some numéraire asset IV; which would be
a function of market data and define p(¢,T) by the following expectation formula
under the N-martingale measure

p(t,T) = N()E[1/N(T)|F). (1.1)

The first attempts at modelling market observables directly was the work of
Sandmann and Sondermann [16] and then extended by Miltersen et al. [14, 17]
who focused their attention on nominal annual rates. Models of Libor rates were
carried out by Brace et al. [4], Musiela and Rutkowski [15] and Jamshidian [12] who
explicitly points out his desire to depart from the spot rate world. Some models
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were embedded in the HIM methodology as in [4, 14, 17] and others were simply
modelling a finite set of Libor rates but then pricing products that were dependent
on these given rates without any need for interpolation, e.g. [12, 15]. Only Schlogl in
[18] looks at arbitrage-free interpolations for Libor market models as the underlying
model for yield curve dynamics.

In this paper we extend his results to the case where the underlying market
consists of some short term yields and a swap market model, that is a process for
yields of bonds of short maturities, three or six months, and a collection of observed
spot swap rates and their volatilities.

The contents of this paper are as follows. In Sec. 2 we give an example of how sim-
ple interpolation algorithms create arbitrage opportunities. We find an arbitrage free
mapping from yields to the short rate and show how one could compute in theory the
trading strategy that produces arbitrage. In Sec. 3 we outline the co-terminal and
co-initial swap market models and introduce a novel interpolation of market rates
that allows a simultaneous treatment of the Libor and swap market model while pre-
serving the stochastic nature of the implied short rate and providing an approximate
closed form solution for the term structure. Section 4 constructs the term structure
from a more realistic market model where there are fewer swap rates than tenor
dates. It introduces a consistent bootstrapping procedure that yields the implied
volatilities of the “bootstrapped” rates in closed form. This method fits in with the
interpolations carried out in Sec. 3 and so we can then obtain the HJM dynamics
for the forward rates but driven purely by an SDE process on the market data.

2. Yield Curve Generators and Arbitrage Opportunities

We give an example to illustrate the consistency problem to show how a linear inter-
polation can introduce arbitrage opportunities. Consider the following bootstrap-
ping procedure on an arbitrage-free model for two zero-coupon bonds maturing at
times T7 < T5. That is let y1(t), y2(¢) be the yields, so that

p(t, T1) = e M= p(t, Tp) = emv2 (T2,
Take T' € (T, T%) and define the interpolated price as
p(t, T) = e vOT=1),

where

y(t) = f_‘f () + %ym = (1— a(T)p(t) + (T)a(t).

Taking the To-bond as numéraire, absence of arbitrage demands that p(¢,T)/p(t, T»)
be a martingale in the T5-forward measure. Write

p(t,T)
p(t7 TQ)

where 1 = —(1 —a)T,fo = (1 —a),f3 =T +To, 54 = —(1 + ).

= ¢(t,y1(t),y2(t)) = exp((B1 + t)y1(t) + (B2 + Bst)ya(t)),
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If y(t) = (y1(t),y2(t)) is a continuous semimartingale with decomposition
yi(t) = M;(t) + A;(t), then by the It6 formula

Ao/ = (Boyr + Baya)dt + (B1 + Pat)dAr + (B3 + Bat)dAs + (B1 + B2)*d(y1)

+ (B3 + Bat)*d{y2) + 2(B1 + Bat)(Bs + Bat)d{y1, ya) + dM ()
= dA(t) +dM(t),

where M (t) is a local martingale. For absence of arbitrage, A(t) must vanish. How-
ever, the coefficients 3; depend on T', and it is not generically the case that A(t) =0
for all T, given a fixed model for y(t). Thus there will be arbitrage opportunities in
the model if we are prepared to trade zero-coupon bonds at interpolated prices. In
other words, a linear interpolation method to construct a yield curve is not consis-
tent with a model of the market yields. Presumably market friction in the form of
bid-ask spreads is too great to allow these opportunities to be realized in practice.

We want to explore the above example a bit further. Since the short end of the
yield curve is constructed from yields of zero-coupon bonds we model the yields
directly. Assume the following model, the strong solution to an SDE under the

P;-forward measure, for the yield y(¢) of a zero-coupon bond maturing at time
T > 0,

dy(t) = p(y(t))dt + o (y(t))dw: (1),
so that
p(t, 1) = exp(—y(t)(Th — t)).

We have the following arbitrage free mapping from the yield y(¢) to the short rate
r(t) defined as

0=~ Jim = gr

Proposition 2.1. The implied short rate r(t) for t € [0,T1) is given by
r(t) = y(t) — (T1 — )u — 1/2(Ty — t)%0?, (2.1)

where p is the drift of y(t) under the Pi-measure. For 0 < T < Ty the implied
risk-neutral measure P* is given by

T T
= exp / rodw! —/ 1/2|m0)?ds | . (2.2)
Fr 0 0

Proof. The short rate is a function of y(t), r(t) = r(t,y(t)). By numéraire

dp*
dPy

invariance we require
p(t,T) = Bi()E'[1/B1(T)|F]
— v -l [ey(T)(TrT)|ft] =E*[e” I T(S)d8|]:t], (2.3)

where P* denotes the risk-neutral measure.
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Now let 71 = T1—t and denote p(t,T') = F'(t,y(t)). By Feynman-Kac formula the
right hand side of (2.3) is the probabilistic representation of the PDE determining
F(t,y(t)) with terminal condition F(T,y) = 1. To obtain such PDE we apply the
product rule to (M=t F(¢,y(t)) and we cancel the drift term

d(evOM=DF) = VO gF 4 Fd(eV™) 4 d(F,evI™)

2
= —1 (8F (n+ mo” )8—1[74—1/2(9 al 2) dt

By(t) \ ot dy
1 OF
Bl (t) a—O'dU)]_ (t)
1 1
—|—Fm[ y(t) + i+ 1/21802 ]dt—|—Fmﬁadw1(t).

That is
d(ey(t)(Tl_t)p(t,T)) = (AtF — (y(t) — mp — 1/2720H)F)dt + (- - -)dwy, (2.4)

where A, = 9, + (b + 1o )8 F+1/ 20282 F. This identifies simultaneously the
short rate as r(t) = y(t) — mip — 1/27202 and the risk-neutral measure given by
(2.2). The “market prices” of risk are —7y0, that is the volatility of the Bj(t) over
the period [0,71). O

In fact Eq. (2.3) defines an arbitrage free value for p(¢,T) for t < T < Tj. For
example assuming a Gaussian process for y(t) we obtain the following

Proposition 2.2. Assume we are given positive constants a,b,o and a Brownian
motion w(t) under the Py forward-measure. Define y(t) as the strong solution to

dy(t) = (a — by(t))dt + odwy.
Then the arbitrage-free price of a zero-coupon bond maturing at T < Ty is given by
p(t,T) = exp(n(t, T) — m(t, T)y(t)), (2.5)
with
m(t,T) = (Ty —t) — (T1 — T)e T,

(T — T)%0?

n(t,T) = (T = 7) 5

(1 _ efb(Tft)) + (1 _ 672b(T7t))'

SRS

Proof. By standard results the distribution of y(T)(Ty — T') given y(t) with ¢t <T
is N((Ty — T)k, (T — T)2s?) with
a
k= y(t) exp(=b(T — ) + 7 (1 — exp(=b(T — 1)),
o2

s? = o —(1 —exp(—2b(T —t))).

With these assumptions Eq. (2.3) gives us
p(t,T) = e~ vM(T1— t)El[ey(T (T:— |_7_-] — eI —1) (T1— )k+(T1—T)252/2’

giving Eq. (2.5). |
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In the next section we show that given a model specified under the forward
measure there exists a unique short rate independent of maturity which corresponds
to a finite variation process representing a savings account. We use results from
Bjork [2].

2.1. Self-financing trading strategies and zero-coupon bond pricing

Equation (2.3) defines an arbitrage free term structure for 7' < 77 which depends
on the drift and volatility of the yield y(¢). We don’t need to assume any function
for the short rate. In what follows we repeat the steps in Bjork’s description of
short rate models (Sec. 21.2 in [2]) to find an alternative derivation of the term
structure PDE in terms of self-financing trading strategies using the p(¢,7T) and
Bj(t) as traded assets which will also allow us to obtain the hedging parameters.
Letting p(¢t,T) = F(t,y(t)) and applying It6 to F' and By (t) = exp(—y(t)(T1 —t))
we have

dp(t,T) = (Fy + pF, + 1/20%F,,)dt + o F,dw, (2.6)
dBi(t)/B1(t) = (y(t) — Tip + 1/2786%)dt — oridw. (2.7)

Denote the drift and diffusion of p by my = F; + uF, + 1/20%F,, and by = oF,,
and similarly denote the drift and volatility of By(t) by my and by respectively.
Assume we are interested in pricing a zero-coupon bond with maturity 7' < 7.
We form a portfolio based on 7" and T} bonds. Let ur(t) and uq(f) denote the
proportions of total value held in bonds p(t,T") and Bj(t) respectively, held in a
self-financing portfolio at time ¢. The dynamics of the portfolio are given by

B dp(t,T) dBi(t)
av =V (uT(t) o6 T) uq (t) B ) (2.8)
Substitute (2.6) and (2.7) into (2.8) to obtain
dV =V (uprmyp + uymq)dt + V(urby + uiby )dw; . (2.9)

Let the portfolio weights solve the system

ur +u; =1,
e (2.10)
urbr +urby = 0.
The first equation is the self-financing property and the second makes the dw;-term
in (2.8) vanish. The value of the SFTS (ur,u;) is the solution to (2.10) and is
given by
B by I br
B Y b

ur _bT—bl’

Substitute the solution into (2.9) to obtain

V-V (M) i

br — by
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Absence of arbitrage requires to set the drift above equal to the spot rate r. That is

m1br — mrby
—_— =
br — by ’
which can be rewritten as
mr —1Tr mp —7T

br by

The ratio above is independent of the bond and is usually known as the “market
prices of risk”. Since the risk comes from the randomness in B (t) we set the above
ratio equal to its volatility by = —om. Substituting this on the right hand side of
(2.11) we obtain

(2.11)

r(t) = y(t) = (Tig1 — ) — 1/2(Tia — 1)%0,
so (2.11) becomes

mpr —7T
br

= b,. (2.12)

Equation (2.12) is in fact another way of writing the PDE appearing in the proof of
Proposition 2.1 which in the usual short rate models corresponds to the well known
Vasicek PDE.

From this discussion we will show next that if p(¢,T) is given by linear interpo-
lation of the yields, the implied short rate depends on the maturity date T" and so
we can create an arbitrage opportunity.

2.2. Arbitrage opportunities in a linear interpolation

We now illustrate how to compute an arbitrage opportunity in a bond market
where bonds are obtained by log-linear interpolation from a set of benchmark rates.
Consider again the small market introduced in the beginning of the section. Let
t<Tyand T € [Th,T5] where Ty < Ty and let 7 =T — ¢ and 7o = Ty — t. We are
given a system under the T5 bond forward measure Py

dyy = p,2dt + o1dws,
dys = podt 4+ oodws,
where
12 = (y1 —y2 + Tope + 1/20) /11,
0 = T101 + Te02 — 2T1T20109,

so that p(t,T1)/p(t,T>) is a Po-martingale. Define the interpolated yield for a bond
maturing at time 7" by

y(t,T) = a(T)y1(t) + (1 — a(T))y2(1),
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where
T
STy -Ty

o(T)
From It6 it follows that
dy(t,T) = pydt + oydws(t),
where the drift ;1,, and volatility o, are given by
ty = a(Tpz + (1 - a(M)pz, 0, = a(T)or + (1 - a(T))o.
The new bond price is
p(t,T) = exp(—y(t, T)(T —1)).
Equations (2.6) and (2.7) now read as
dp(t,T) = (y(t, T) — py7 + 1/2(0y7)?)dt — oyTdws(t),
dp(t, To) = (y2(t) — pate + 1/2(02m2)?)dt — oomodws(t),

and we can construct a finite variation process like (2.9). Choose proportions of
wealth V; in bonds Bi(t) and p(t,T') be

02T —0yT
up=——22% =" (2.13)
OyT — 0272 OyT — 02T2
Hence the system in (2.9) is
avy —m20y7+mTU27—2dt
Vv, 02Ty — Oy T '
Letting the spot rate r(t) be
’/‘(t) _ —M20yT + MT02T
02T — OyT
a(T)T 0272(Y1 — Y2
=y2+ _ar <T2(01H2 —oopi1,2) + oame (Y1 — y2) + 02721 ~y2)
0272 — OyT T
02T20yT

)
T

this depends on the maturity 7. Denote by ¢(¢,T") and ¢(t,77) the number of units
of bonds with maturity 7" and T) respectively. They are related from the bond
portfolios by u(t,T) = ¢(¢t, T)Vr/P(t,T) and u(t,Ty) = ¢(t,T1)Vr/P(t,T1). Hence
from (2.13) these trading strategies are

T —t V(0)exp([; r(s)ds)

oT) =7 —7 D 7
o(t,T1) = 7{:2 V(0) e:z(,j%?)”(s)ds)

Since the implied spot rate is a smooth function of T" we can find maturities 77 and
T" such that 7(¢,T") < r(t,7") and so we can borrow money at the cheaper rate
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and invest in the higher rate “savings account” for as long as ¢ < min(7”,7") to
obtain a profit.

3. Interpolation of Swap Market Models

The data used to construct the zero curve usually from two years onwards consists
of swap rates. We now give a brief outline of the swap market model and introduce
some notation following Jamshidian [12].

3.1. Co-terminal swap market model

We are given a tenor structure 0 < 77 < --- < T, with accrual factors 6 € R,
0; = T;+1 — T}, so that 6; is the time interval T — T; expressed according to some
day-count convention. For ¢ < T; denote by B;(t) the price of a zero coupon bond
at time ¢ with maturity date T; and S;(¢) the forward swap rate starting at date T;
and with reset dates T for j =4,...,n — 1. Forward swap rates are related to zero
coupon bonds by

sty = BO =Bl o1 (3.1)

Ai(t)

where A;(t) = ZJ iv1 0i—1B;(t), the “annuity”. We want to obtain prices of zero-
coupon bonds from these rates. Towards that aim one can show algebraically from
(3.1) and using induction that if we let

n—1 k
Vij = Vijn = Z O H (1+60,-151), (3.2)

k=j =i+l

Vi = Vi, 1SZ§]§TL—1, (33)

we can then express the ratios B;/B,, (see [12]) for 0 <¢<T;,i=1,...,n—1 as
Ai(t)

= vi(t), A4

Z = utt) (3.4
Bi(t)

o = W u(OS(0) (35)

We want to be able to interpret B;(t) as the price of a zero-coupon bond maturing
at time Tj, so by setting B;(T;) = 1 we can deduce from (3.5), fori=1,...,n —1

We define the auxiliary process Y;(t)

Bi(t)

= (1 +vi(t)S:(t))- (3.7)
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These Y; process will be martingales under the P, forward measure. From (3.5) we
have that Y;/Y;11 = 1+ 6;L; where L;(t) denotes the forward Libor rate set at T;
and paying at 7341 and we obtain the relation between Libor and swap rates

14 6;L;(t) = L+ vilt) (1)

B 1+ Ui+1(t)Si+1 (t) ' (38)

Notice that a model on the forward swap rates can generate a negative Libor rate
L(t) for some k=1,...,n— 1 if it happens that

V41 () Sk+1 (1) '

Sk(t) < ()

(3.9)
See for example [6] and [13] for a more detailed discussion.

The swap market model is described by the following: a set of forward swap
rates S;(0) for i = 1,...,n — 1, an n — 1 dimensional vector of bounded, measur-
able, locally Lipschitz functions (¢, S(t)) € R?. The swap rate follows a positive
martingale under the corresponding “annuity” measure, that is the measure cor-
responding to using the “annuity” A;(¢) as the numéraire. More precisely, given a
filtered probability space (€2, F¢, P;,,) supporting a d-dimensional Brownian motion
Win, the swap rate S;(t) is given by the strong solution to

dSl (t) = Sl (t)¢l (t, S(t))dwm (t)

In particular P,,_; ,, = P, the terminal measure. The Radon-Nikodym derivative
for the change of measure to the P,-forward measure is given by

AP, Bn(0) AT w(T)) (3.10)

One can use backward induction to deduce the form of the drift term for all swap
rates under the P,, measure. We recall from Jamshidian [12].

Proposition 3.1. (Jamshidian) If we are given a filtered probability space
(Q, Ft,IP,), supporting a Brownian motion w, € R%, and data consisting of an n—1
dimensional vector of bounded, measurable, locally Lipschitz functions 1;(t, S) € R?
and initial forward swap rates S;(0) for i =0,...,n— 1, then the SDE

n—1 t
0,15,
aS = —Sups S LY

j=i+1

vij
— 1 Yt + Sivpidw,, 3.11
(L4 0,15,) v T Siidw (3.11)

has a strong solution and v; and S;v; are P,-martingales for all i where v; is defined
by (4.6).

Similarly we can derive the SDE for S;(¢) taking any other annuity Ay as the
numéraire for any k =1,...,i— 1,2+ 1,...,n— 1. Similarly to (3.10) we can define
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the forward measure Py, by dPy,/dPi, = cvi/v; where ¢ = v;,(0)/vgn(0). The
process for ¢t < T;, S;(t) is then given under the Py, measure by

dS<>_wx)<§felﬁmwmanmw

Silt) I=k+1 L+ 6015:(t) vi(t)
n—1 J 15 ()U”(t)
_321 1+6;- 15() () | T iOdwen. (3.12)

Notice that by setting I = n — 1 we recover (3.11). We will make use of these
dynamics in Sec. 4.

It seems natural to find an arbitrage-free interpolation of the yield curve by
extending the swap market model.

3.2. Interpolation

We want to price zero-coupon bonds given a numéraire asset with price process
N(t) by applying (1.1) which we rewrite below,

p(t,T) = NOE'[L/N(T)|F].

The problem with market models is that it doesn’t give us continuous time dynamics
for any bond in the tenor structure. Recall that given a Libor or a swap market
model we can obtain the process for any ratio of zero coupon bonds by defining the
auxiliary process Yl-j (t) with ¢ < j, by

j—1 4
V0= [L0+6,Ln) = 50 .13
in the LMM and
Y7 (1) = L+vi(t)Si(t)  Bi(t) (3.14)

L+u;(t)S;(t)  B;(t)’
in the SMM for j < n and Y"(t) = 1 + v;(¢)S;(t). Furthermore from Proposition
3.1 the process Yij (t) follows a Pj-martingale. We want to interpret B; as the zero-
coupon bond maturing at time 7;, that is we need B;(T;) = 1. We thus require
Bi(T;)/B;(T;) = 1/B;(T;) for ¢ < j and, since B;(T;)/B;(T;) = Y/ (T;) we can
define the random variables B;(T;) uniquely by

Bj(Ti) = Yj:(lT,) .

(3.15)

Summarizing, a market model provides us with the continuous time process of any
ratio of zero coupon bonds as in (3.13) and (3.14) but we only have the prices of
each individual bond at a finite number of dates as Eq. (3.15) shows.

To apply (1.1) for pricing zero coupon bonds we need the continuous time
dynamics of a numéraire, say B, (t), so we need to extend the definition of B,,(.)
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given in (3.15) with j = n to times t € (1}, T;41) for i = 1,...,n—1 by interpolating
the random variables in (3.15) and setting B, (T,,) = 1. Note that in this context
we mean interpolation with respect to present date, that is in the ¢ parameter, and
not with respect to maturity, that is in the T parameter.

This is equivalent to defining “short bonds” as Schlogl [18] suggests, that is
arbitrarily defining B;(t) for all i = 1,...,n where t € (T;_1,T;) but letting
Bi(ﬂ_l) = (1 + 91'_1L1'_1(Ti_1))_1 and Bl(ﬂ) =1.

These approaches are equivalent because having defined B, (t) for t € [0,T,],
it automatically defines processes for bonds B;(t) for 0 < ¢ < T; and T; € T since
from, say (3.14), we can set

Bi(t) = Yi(t) Ba(t). (3.16)

Alternatively having all “short bonds” we can obtain B,,(t) for all t. Say for example
t € [Ti, Ti+1], then we take the previously defined bond B;11(t) and let

By (t) = Bip1(t)/Yita (1)

Schlogl proposes two interpolations for Libor market models. The first one
is a linear interpolation which produces a piecewise deterministic short rate for
t € [Ti, Tig1)

1
Bi(t) = —
wlt) =1 + a(t)Li(Ty)
where
Tig1—1
)=+
a®) Tiq1 — Ty

and a second interpolation which introduces volatility in the short rate. It exploits
the fact that any Libor rate, say L;, has a known transition probability distribu-
tion under two forward measures P; and P;;; corresponding to using B; and B;y
as numéraires respectively. The linear interpolation will be extended to the swap
market model. However the second interpolation proposed in [18] used to introduce
volatility in the short rate can not be extended to the swap market model. There-
fore we propose an additional method which works well for the swap market model
and also fits in with the Libor market model. In addition since only martingale
properties will be used the method also works for Lévy market models.

We use the fact that the data for the short end of the curve consists of yields to
suggest the following interpolation process for B, (t)

1

Bt) = Sy,

t e [Tk7Tk+1], (3.17)

where y(t) is the strong solution of some SDE driven by a Brownian motion under
the Py 1-forward measure

dy(t) = prr (y(@))dt + o (y(t))dwy1,
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with initial condition
~ In(1 + 0, Ly (T}))

T.) = fork=0,...,n—1.
y(Tk) Tors T , for 0,...,n

The boundary conditions B,,(Tx) = 1/Yx(Tx) and B, (T,) = 1 are indeed satisfied
since we have

_ 1+ vg(¢)Sk(t)
VT Tenr=T) — 1 4 g; L, (Ty,) = : 3.18

A A0 315)

The interpolation in (3.17) is equivalent to interpolating the “short bonds” since

applying (3.16) with i =k + 1

Bk—i—l(t) = Y]H_l(t)Bn(t) = eiy(t)(Tk'Hit) for ¢ S [Tk;Tk+1]~

The process y(t) is defined for ¢ € [0,T},] but the idea is to interpret it as a
short term yield, hence we can use the volatility of the yields at the short end of the
curve to specify the volatility ¢ which remains unchanged for all ¢. Unfortunately
the drift depends on the section of the tenor structure where the process lies, so for
t € [Tk, Ti+1) the process is evolved under the P measure and is not specified at
this point.

We can use the results from the second section to define a short rate for ¢ €
[Tk, Try1) by

r(t) = y(t) = (Th1 — i1 — 1/2(Tip1 — t)*0”.
This implied short rate however is discontinuous. At ¢t = Ty —
r(Ti—) = y(Tr—),
and at t = T}
r(Tr) = y(Tx) — (Trpr — Ti)ps1 — 1/2(Thqr — Ti)*0”,
where y(T}) = m In(1 + 0L (T))). Hence
Ar(Ty) = (yk — Yr—) — Thp1pks1 — 1/277 107

We have the ability to freely choose the drift for the y(¢) process which allows us
to rule out discontinuities in the short rate. For example we could choose a process
for y(t) with ¢ € [T, Tk+1) such as

dy(t) = (ar + p(y(t)))dt + o(y(t))dwy1 (1),
where ay, is a Fr, measurable random variable that satisfies

(yr — yr—) — Drzo?(yk)
ap = A — 1(yr),

and SDE becomes

@@=(Zﬂ%—%J—ﬂﬂ%0ﬁ+dmmeﬂﬂ
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However from looking at the expectation definition above and the reset condition
at each T}, this assumption would complicate the calculations such as the ones in
Sec. 2.1.

We extend the self-financing strategies found in Sec. 2.1 to bonds with maturity
T € [T;,T;41). Denote by A, the number of bonds B; held in the portfolio and let
it be

Aj(t) :]I[TthH)(t), j=1,...,1, (3.19)
urV (t)
A = fi T;,T), 2
r(t) = 20 tor e 1) (3.20)
UH_lV(t)
A1 = ———F, 3.21
T B (3.21)

with (ur,ui+1) as in (2.10) with ¢ + 1 instead of 1. We call the implied numéraire
corresponding to this SE'TS the rolling horizon numéraireand its martingale measure
is denoted by PF since this corresponds to the Spot Libor measure in Jamshidian
[12]. Note that it will be used for swap market models as well.

For T € [T;,T;+1) the price of a zero-coupon bond p(t,T) using this rolling
horizon numéraire is given in the following proposition

Proposition 3.2. Define gj_1 = e ¥ TimTi-1) = Bi(Tj-1) for j =1,...,n.
Then for k <, t € [Tk, Ti+1] and T € [T;,Tiy1), then price of a zero-coupon bond
p(t, T) under PST is given by

p(t,T) = Bis1 ()E*F[1/ By (T)]
= BB (qr 1 BN (gryo - BN (GET
X (1/Bipa (D) Fr )l Fri_y) -+ [ P, )| Fe) (3.22)
and for k=1
p(t,T) = Bipa(WE™ [1/Bi1 (T)|Fy)-
Proof. The second equality in (3.22) follows from the constructions of the rolling

horizon numéraireand PSL given in Egs. (3.19) to (3.21). Now p(s,T)/B;y1(s) is a
P;q-martingale for s € [T}, Ti41], so by definition

el

Now p(s,T)/B;(s) is a Pi-martingale for s € [T;_1,T;], hence substituting the above
expression in the expectation formula

p(Ti-1,T) = Bi(T;—1)E'[p(T;, T)| Fr,_, ]

p(T,T) = Bisy(T)E [

1

= Bi(T;_,)E! [BHl(Ti)Ei“ [m

]

fTi1:|
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3pt] = Byi(Ti—1)E'[Biy1 (T;)E ! v T =D £ )| F, ]
= Qi]Ei[Qi-HEi_‘—l[ey(t)(TH—l_T)|-7:Ti]|]:Ti—1]'

The result follows by backward iteration. O

3.3. Examples

In this section we give three explicit formulas for zero-coupon bonds of arbitrary
maturity. The first one rewrites the linear interpolation as in Schlogl [18] in the
context of the SMM and shows that the implied spot rate has zero volatility between
tenor dates. The next two uses a stochastic process for y(t).

3.3.1. Linear interpolation

We apply the linear interpolation carried out by Schlégl in [18] to the swap market
model to obtain closed form solutions to zero-coupon bond prices. Define B,,(t) as
follows: for ¢ € [T}, Ti41),

1
Bl = T amG@) — D) T o 08m 0)
where
o E—O—l —t n N 1 + Ul(Ti)Sl(Tl)
W=7 v =T @ s

With this definition one can check that indeed we meet the boundary conditions
B, (T}) = (1 +vj(T;)S;(T;))~ " for j = i,i+ 1 as required by relation (3.15). We
have the following result.

Proposition 3.3. With the above definition of B, (t) we have, for any T}, < t <
Thp1 <T; <T <Tj11,

14 0ig1 () Si1(t) + T) (v () Si(t) — vig1 () Si4a(t))

P = T a0~ D)+ e 0k 0) )
Proof.
(th) _mWn —1

= E{[(1 4+ a(T)(y(T3) = 1)) + vig1 (1) Si41(T))]

= E{[1+ a(T)E7, [(y(T5) — 1)(1 + viga (T)Siva (T)))]

= E{'[1+ 0i41(T3) Si1 (T3) + a(T) (0i(T3)Si(T5) — viga (T5) Sia (17))]
=14 vit1()Siv1(t) + (T)(vi () Si(t) — vig1 (1) Sita (1))

The result now follows. O
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The implied spot rate is piecewise deterministic.

Proposition 3.4. We have for t € [Ty, Ti+1) and T € [T;,Tiv1) the forward rate
f(&,T) and the spot rate r(t) given by

F(6,T) = (vi (1) Si(t) — vip1(t)Sit1(t))
’ (Tigr — T)[1 + vip1 (1) Sit1 (8) + a(T) (vi (1) Si(t) — vig1 (8)Siv1 ()]
and
r(t) = (0k (Th) Sk (Th) — Vr1(Th) Sk+1(Tk)) .

(Try1 — Tr)[1 + Vrr1 (Th) Spy1 (Th) + a(t) (v (Tk ) Sk (T)
— Uk+1(Tk)Sk+1(Tk))]

Proof. Forward rates are related to bond prices by f(¢,T) = —9Inp(t,T)/0T and
since 0a(T) /0T = —1/(T;4+1 — T;) the first result follows. We then obtain the short
rate by setting t =T € (T, T+1)- O

In the next two examples we add some additional volatility and compute approx-
imate solutions to (3.22) by assuming the familiar Ornstein-Ulhenbeck and CIR
processes for y(t).

3.3.2. Ezample: Ornstein-Uhlenbeck

Note that for ease of notation in the next two examples the pricing formula for
zero-coupon bonds will be derived using the discount factor (1 + 6;L;(7;)) and
its martingale properties but this really should be seen in terms of the auxiliary
processes Y;(T;)/Yir1(Tiq1) so that the derivation works equally well for the SMM.

Now we proceed with the example. Assume an Ornstein-Uhlenbeck process for
y(t) under the P;11-measure

dy(t) = (a — by(t))dt + odw;11(t),

where a, b, 0 are constants and
In(1+ 60;L;(T3))
y(T;) = I
it1 — 1y
We can compute an approximate solution to the term structure in (3.22) for
te [Tk7Tk+1) and T € [E,Ti—i-l),

exp(Ai(T3, T, Tiyr) — y()(Thya — 1))

f/ki+1 (t)

pt,T)=
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Ci(T) = (T = Ti) = (Tigr — T)e P10, (3.25)
Vi (t) = 1:[ (L+0;L;(t)(1 + 0;Ci(T)Li(t)/ (Ti1 — T3)).
j=k+1

In particular we have at time zero and T € [T}, T;41) we have

exp ((E—O—l - T)%(l - €_b(T_Ti)) + (T%_g_l — T)Q%(l — e—Qb(T—Ti))>
(1 + 91(1 — Oé(T)e_b(T—Ti))Li(O))YOi(O)

p(0,T) =
(3.26)
Indeed the first expectation in the chain is
p(T;,T) = efy(Ti)(THrTi)EiH(ey(t)(Ti+rT) | Fr,).

We know from standard theory that for ¢ > T} y(t) is normally distributed with
—b(t—T;) a —b(t—T;) o’ —2b(t—T5)
y(t) ~ N (M1 4+ 21— e 1), T3 — o) )

and that if a variable is normally distributed with ¥ ~ N(m,s?) we have that
E[eY] = exp(m + s2/2).
Combining these results we have

P(TL,T) = e VT T =TORE @ OT =D 7y ) — exp(A; — Cy(T)))

with A; and C; as in (3.24) and (3.25). According to the boundary condition this
is equal to

G4
e Ciw(T) — AT (1 4 0, Ly (T;))” 5.

We make the following approximation

Ci(T) ~

(1+6:Li(T3)) 2 =~ (14 0:(T)Li(T3)),

where 0;(T) = %‘(T) Note that C will be a positive function as long as b >
thé(T)/(T — Tl) Note él(ﬂ) =0 and éi(Ti—i-l) = 0;.
The next problem becomes that of computing

7).

We make a second approximation (1 + 6;(t)L;(t)) ™! ~ By,1(t)/B;(t) so that

B (—1
1+ 0,(T)Li(T;)

1

Ei(— L
1+ 60,(T)Li(Ty)

fTi—l) = ~ s
L+ 0;(T)Li(Ti-1)
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since B;y1/B; is a P;-martingale. The next expectation becomes
1
= : 72)
(1 + 91_1Li_1(Ti_1))(1 + Gl(T)Ll(Tl_l))
1
(1401 Li 1 (Ty—2))(1 + 0:(T) Li(Ti—2))

and so on. Hence our bond pricing formula simply becomes

)

edi
p(tv T) = ()(T, —t) i—1 ’
ey kot Hj:k+1(1 +0;L;(t))(1 4+ 0C; Li(t)/ A;)

In particular we obtain (3.26) at time zero.
The formula is an interpolation of today’s Libor rates and function of the yield
and volatility of the “short rate” y(t).

Remark. The above formula works just as well if our initial data consists of swap
rates by using

B 1+ ’l}k(O)Sk(O)
140k Li(0) = 1+ v41(0)Sk41(0)’

where vy, is defined in (3.3). We then have (3.26) expressed as
exp ((Tir — T)8(1 — e HT=T0) 4 (Tyyy — 725 (1 — e 2(T=T))

CW(T—T. 1+v;(0)S;(0) 140 (0) S0 (0)
(1+ (- a)eser-m0) [ LGSO ] Ln@so

p(07 T) =

(3.27)

Figures 1 and 2 show examples of all three interpolations of Libor market models
studied so far; the two by Schlogl [18] and the above interpolation under the Orstein-
Uhlenbeck assumption [formula (3.26)]. Figure 1 displays the instantaneous forwards
f(t), where

(1) = — M P0.T),
and Fig. 2 the discount factors implied by all three interpolations. The line “First
interpolation” corresponds to the linear interpolation, the line “Second interpola-
tion” is Schlogl’s second interpolation with a flat term structure of Libor volatili-
ties at 20%. The line “Third interpolation” corresponds to the Ornstein-Uhlenbeck
interpolation with coefficients a = b = 0.1 and o = 0.2.

The three interpolations produce continuous discount factors with respect to
their maturity. Note that there is the implicit assumption that the parameters a, b
for the Ornstein-Uhlenbeck process are the same under all forward measures so the
humped shape is the same between tenors but this need not be true.

It can be seen from the plots that Schlogl’s interpolations produce better behaved
forward curves than the Ornstein-Uhlenbeck interpolation. It is also important to
note that in Schlogl’s interpolations a Libor Market Model alone is all that is needed
to compute discount factors for any maturity. On the other hand, in the formula
presented above (3.26) an additional stochastic process x(t) is required to compute
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3 32343638 4 42444648 552545658 6 6.264666.8

Forward Expiry

Fig. 1. Comparison of the instantaneous forwards given by the three interpolations with quar-
terly accrual factor. The horizontal axis represents forward’s expiry T and the vertical axis the
instantaneous forward rate —a% In P(0,T). The “First interpolation” line are forwards from the
linear interpolation, the line “Second interpolation” are from Schlégl’s second interpolation with
Libor volatilities A = 20% for all rates. The “Third interpolation” line are forwards from the

Ornstein-Uhlenbeck interpolation with parameters a = b = 0.1 and o = 0.2.

Discountfactors given by the three interpolations

0.985

7 \

0.965 \ First
=—=Second

08955 \ =——Third

0.945 '-%Q\

Discount factor

0935
Mg W W w M 0w 0w o Mo Mo T
g Mg 9 oglng g ™™g W gaoa B [ AN M g
S =1 o S S S =] P - - - -

Fig. 2. Comparison of the three interpolations with L;(0) = 4% and 6; = 0.25 for ¢ = 1,...,6.
The horizontal axis represents maturity T and the vertical axis the discount factor P(0,T"). The
“First” line represents the linear interpolation. The “Second” line represents Schlogl’s second
interpolation with Libor volatilities A = 20% for all Libor rates. The “Third” line represents the
Ornstein-Uhlenbeck interpolation with parameters a = b = 0.1 and o = 0.2.

discount factors. However the main advantage of the method presented in this sec-
tion is that it is applicable to a swap market model while also producing a stochastic
short rate. Perhaps a refinement of any of the approximations made to arrive at
formula (3.26) will produce better behaved forward curves.
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3.3.3. Ezxample: CIR model

This example computes bond prices with a CIR model for y(t) to rule out the
possibility of negative short term rates.
Assume (a, b, o) are given constants and define y(t) as the strong solution to

dy(t) = (a — by(t))dt + o/ y(t)dws.

We can compute an approximate solution to the term structure in (3.22) for
t € [Ty, Tit+1) and T € [T;,T;41) given by

exp(mi(T) — y()(Tht1 — 1))

pt,T) =

)

Vi)
where, denoting A; = T;41 — 15,
a T
(1) = (T~ T7 2T (T~ T)) + / na(s)ds, (3.28)
T;

Ai(Ti+1 — T)0'2(€bT'i — ebT) — 2b((TrL+1 — T)ebTi — AiebT)

ni(T) = o2 (Tir1 — T)(cPTr — ) 4 2hedT !
(3.29)
i1
Vi) = H (L+6;L;(t) (1 + 0ni(T)Li(t)/ As).
Jj=k+1

As before we need to compute
p(T;,T) = e*y(Ti)(TiH*Ti)EiJrl(ey(t)(Ti+1*T)|]:Tv).

This time we use Riccati equations. Assume the solution F is of the form F(t,y(t)) =
exp(m;(t) —n;(t)y(t)), then by Feynman-Kac the above is the probabilistic solution
to the following PDE

Fi+ Fyla — by + 1i410%y) + 1/20%yF,, — rF =0,
F(T,y) =1,
where r = y — 7(a — by) — 1/27%02 and 7 = T — t. By assumption on F' it becomes
m —ny —nla — by + Tip10%y) + 1/20%yn? — (1 4 br — 1/20%7%)y — 7a) = 0.

We can separate into a system of ODE’s with boundary conditions n(7,T) =
m(T,T)=0

n=(b—Tip10%)n +1/20*n% — (1 + brip — 1/272,,0%),
m = a(n — Ti+1).

We invoke Maple to give us an explicit solution which is given by (3.28) and (3.29).
The rest of the proof follows along the same lines as the example in Sec. 3.3.2.
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4. Missing Swap Rates

In reality market data provides us with fewer swap rates than underlying discount
factors. Therefore in this section we study how to bootstrap the missing data in an
arbitrage-free way so that the induced volatility process is consistent with the inter-
polation method. To be precise, we consider the problem where given a SMM, that is
a filtered probability space (€2, F;,P) supporting a d-dimensional Brownian motion
w, but this time P being the physical measure, we have today’s rates {S;(0)}7=!
and bounded measurable volatility functions {v;(t)}!")!, except the value Sj(0)
and the volatility function vy, for some k € {1,...,n — 1}. We want to deduce a
consistent method for obtaining these objects under arbitrage-free restrictions while
preserving the positivity of the implied Libor rate L (0). We first deal with the case
where we are missing one swap rate and then move on to see how we can extend
the method to allow for more missing swap rates. We give an example where we
compute the value for the missing rates and their volatilities explicitly. Finally we
put together these results to obtain an HJM model from market data.

4.1. One missing swap

Before we go on to the main result of this section it is worth discussing a motivating
example. Let’s see what happens if we try a naive interpolation method to find a
missing swap rate. Say we have (S,-1(0),¢n—_1) and (S,—3(0),1,—3) with constant
volatilities 11,13 > 0 available and we define S,,_2(t) by

1

§(Sn_3(t) + Sn_l(t)).

To simplify notation let n — 1 = 1,n—2 = 2,n— 3 = 3. If we apply Ito’s rule
to the above under the P,-forward measure corresponding to the bond B,, as the
numéraire, we have

Sp_a(t) =

1 1
dSs(t) = 553(t)1/13u3,ndt + 5(1/1353 +1p151)dwy,, (4.1)
so that 1o := %(1/1353 +1151). The process for Se(t) under P, ought to be
49y — — 02rvaSiSe (4.2)

0+ 01(1+ 625))
But from (4.1) it’s

S31hg [ 025212 v 0151Y1 vs
— — = o ) dt dw,,. 4.3
2 (1-1—9252 V3 146151 vs ) T rdw (4:3)

We need to compare the drift of (4.2) with that of (4.3) after substituting in our
interpolation for Ss in (4.3). Simple numerical experiments show that these are not
equal. For example taking ¢7n = ¥3 = 1/2 and S1 = Sy = 0.03 gives a drift of
—3.7e — 5 when it should be 1.1e — 4. These are very small values but they raise the
question, at least at the theoretical level, of how can swap rates be bootstrapped
without creating arbitrage opportunities. The reason for this inconsistency is that if

dSy =
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we start from an arbitrary interpolation function for the missing swap as a function
of the available data we are simultaneously specifying a volatility and a drift term
for the missing swap rate Sy and this drift may not coincide with the drift condition
derived by Jamshidian [12] required for an arbitrage-free term structure.

In order to find our missing swap we first need the dynamics of S;(t) for ¢t <
T; < T}, under the forward swap measure Py, given by (3.12) in Sec. 3.1 and which
we rewrite below

dSi(t) = Si(t)ipirdt + Si(t)idwy,n, (4.4)
where
R ASiOn ) va(t) S 8180w (1) vy (1)
Bk = D T 800 ) 2 1368, u)’ (45)

I=k+1 j=i+1

Wk n 18 & Py p-Brownian motion, and for 1 <7 <j<n -1

n—1 k
viit) =Y 0k [] A+018(1), vi(t) = vii(t). (4.6)
k=j  l=i+1

It is important to note that v;(t) at time ¢ < T;41 is a deterministic function of
Sit1(t), ..., Sn—1(t) only, so that S;(t) doesn’t enter the expression.

We define the missing swap Sy = f(¢, Sg+1,--.,5.-1) as a function f to be
determined of the remaining swap rates. This function represents an interpolating
function and it implies a particular volatility vy for the swap rate Sy. The next
proposition gives the consistency conditions for the pair (f, %) so that the underlying
economy of zero-coupon bonds B; for all : = 1,...,n — 1 is arbitrage-free.

Proposition 4.1. Let us assume be given bounded continuous R -valued functions
D1(t), . e 1 (), Y1 (D), .o Yn_1(t), a vector in R"*=2 of initial values

S1(0), .., S_1(0), Sps1(0), ..., Sn_1(0),

and a bounded, continuous, R, -valued function gy : R""F=2 — Rt (the subscript k
is there just to note that gi is a particular boundary condition defined for time T},).

Define

n—1
1
=y Sjwj?%, (4.7)
j=k+1 J
where the function f € CY2([0,T}]; R"~*=2) satisfies the following PDE (assuming
a solution exists)

0
8_{ + Dit1f =0, (4.8)

f(Tk7Sk+l7 .. '7Sn71) = gk}(Sk+l7 .. '7Sn71)7
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with

n—1 n—1
Disi =y $Simnd; +1/2 Y i3

j=k+1 ij=k+1

Then, with By, as the numéraire, that is w, a P,-Brownian motion, Sk(t) is given
by the solution to

n—1 t
9'_1Sj¢v’0kj
dSy = =Skt T R
j_%l (1+6,-15;)vk

dt + Spvrdw,,. (4.9)

Moreover we can represent the solution to (5.9) by

Sk(t) = Ek’n[gk(5k+1(Tk)7 ceey Snfl(Tk)ﬂ]:t]. (4.10)
We thus have a complete market model for all swaps S; fori=1,...,n— 1.
Proof. Evolve the system for i = k+1,...,n—1 under the P, ,-forward measure

as in (4.4) with k + 1 instead of k
dS; = Sivipti py1dt + Sibidwy 1,

and define Si(t) = f(t, Skt+1(t),...,n-1(t)). Itd f and compare the drift and
volatilities with what they should look like under the Py, measure below in
(4.11)

n—1 n—1
df = [0f + D UiSimins105f +1/2 > ;0% f | dt

j=k+1 ij=k+1

n—1
+ Y 5805 fdwiin,

j=k+1
dSk = YrSkk k+1dt + Vi Skdwii p,- (4.11)

The volatilities must coincide, hence set 13,5k = Z;:kl 41 %5505 f so that

n—1
ve= 3 ;8;0;(In f),

Jj=k+1
and substitute it in the drift in (4.11) to obtain

n—1 n—1

O f + Z Vi St k1 — prekr1)05 f +1/2 Z i 0 f = 0.

j=k+1 ij=k+1
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The result (4.9) follows since

1 -1
Lkt — e = nz 0ic1Sii vk < 0;—1S¢bi Uy
i s el 140,215 v s 140215 v
—1
n Z Oi1Sihi vpg nz Oi—1Sivi vji
- k+11+91 19 U1 S 140055 vy

Notice that the differential generator is the one for S under the Py, ,, measure hence
the probabilistic representation follows by Feynman-Kac.

We then define the remaining swap rates as the strong solution to (4.9) where 1,
is given by (4.7). In this way the corresponding SMM is consistent with an arbitrage
free term structure, that is

Bi(t) — Bu(t) =
D jir1 01 B5(t)

Si(t) =

4.2. More missing rates

In reality we have more than one missing swap, say apart from missing (Sg(0), ¥ (¢))
we are also missing (Sg—_1(0),¥r_1(t)), since the SMM is a triangular system, in the
sense that the evolution of a particular swap rate depends only on the swap rates
with later maturities, we can repeat the procedure carried out in Proposition 4.1 to
define Si_1 as

Se 1 (t) =EF " [ge 1 (Sk(Th-1), - -+, Sn_1(Tho1))|Fi], (4.12)

where S (t) is defined by the SDE in Proposition 4.1. One of the key results in
Proposition 4.1 is that the boundary condition ¢ is completely arbitrary for each
missing swap rate. The next proposition introduces a function g,_; for a generic
missing swap rate Si_; once all S;, 4 =k —j+1,...,n — 1 have been defined that
allows for an explicit computation of both the function f and the volatility vx—;.
Again note that the functions vy_; depend only on Si_jt1,..., S —1.

Proposition 4.2. Let ay,...,ar—; be constants such that

and define

Skey(t) == ¥t Spaa (1), -, Sucr (1) = B ”’Z 1(;25’“““) : (4.13)
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Then the volatilities _; are given by

k
S
Yp_j = — Z v ‘91'—1(1 +O0r—jSk—jy1) - (L +0;—2S;_1)v;
i=h—jy1 ki
+ f:“ (Vk—j — Sk+106(1 + Op—jSk—j41) -+ (1 + Ok—25k—1)Vk41)
—j
n—1
S 0;
+ Z 4 5 (Uk_j Uktl _ aﬂ)k_j> . (4.14)
i=ht2 Uk Uk+1

Proof. We change measure in (4.12) to the P14 ,-forward measure

dPit1n  ATk—1) vkt Ug—1
2 —_ = T _ t).
dPr_1 p A(t) Uk—l( y 1)Uk+1( )

Notice that from the definition of vy_1, see (4.6), the change of measure depends
only on Sy, ..., S,_1 which have already been defined. Applying Bayes’ rule we have

gkI(Sk(Tk1)7~'~»Snl(Tkl))’ft:| .

Sk-1(t) = A(HEFT" AT 1)

Defining
Je—1(Sk1(Th=1)s -, Sn—1(Th=1)) = ar—1Sk+1(Th—1)A(Th=1), (4.15)

(4.12) simplifies to

t
Siea(t) = S LB S, (1) IS4 (0] = ak1 S (),

Notice that if we set ar—1 = 1 we have that the corresponding Libor rate Lj_; is
zero. Similarly for the Si_; missing swap we have

Sicst) = oy S ),

The constants a; are set to satisfy the positive Libor constraint v;—15;—1 > v;.5;
and S;_1 <1, that is

vr—;(0)

Af—i 2 Qp—jr1 > - >ap > 1 and ap_j < ——————.
! " 7 Uks1Sk41(0)
We can compute the volatilities in closed form. We have

Fri = Ak—jVk+1k+1
Vk—j

n—1
Z %Szaifkﬂ'-

i=k—j+1

)

g
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Hence

k
, 1 S
= ) iSian-vks1 Skiad; (v ) + Yh4 1Sk 11k jVE410; ( k“)

i=k—j+1 k—j Uk—j
n—1 v

+ ) %Siakjskﬂaz‘( k“). (4.16)
i=k+2 Vk—j

For i > k — 7 we have
Oivi—j = 0i1(1 40— Sk—jr1) - - (L + 60;—25;_1)v;.

Substitute this into Eq. (4.16) to obtain

P
k
Afe— 4 1515 v,
-y & iV & k,H g (14 Oy St ji1) - (L + i 2Si 1)v;
i=k—j+1 k—j

Ak — Ukt 1 Sk41Vk+1 (

+ 2 Vg—j — Sk+10k(1 +9k—jSk—j+1)"‘(1 +9k—28k—1)vk+1)
k—j

n—1
ak—;0iSiSk11
+ Z T(kajaﬂ)]wrl —’Uk+1aﬂ)k,j).

i=k+2 Vk—j
Hence
k i
k==Y Ul 01 (1 40— Sk—jt1) - (1 +0i-28i-1)v;
i=h—j+1 F7d
Yr41
+ o (vg—j — Sk410k (L + 05— Sk—j+1) - - (1 + Op—2Sk—1)Vk+1)
—j
n—1
lSl 8{0
n Z (0 : (vkj 1 ivkj) ' 5
imht2 Uk Uk+1

Remark. Equation (4.10) shows that we can define the missing swap rate Si as a
function a la arrears of the available swap rates which we rewrite here

Sk(t) =E*"[g(Sks1(Th), - - -, Sn—1(Tk) | F2).-

The resulting volatility was obtained using the PDE approach. We can use Clark-
Ocone’s formula to see the probabilistic relation between the interpolation (that is
the choice of function g and the obtained volatility 1y. First we have that (4.10)
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can be expressed as

Sk(t) = E*[Sp41(T)[ Skr1(0)] +/0 EX™ DSk (t))dwp n (s)

=W%%MﬂWMMM+AE?W£HMMMMA$

where the last equality follows by the tower property and interchange of derivative
and conditional expectation, hence we can deduce that

 EMDyg(S(T))|F
Uelt) = gl (ST 7

where D; denotes the Malliavin derivative. In particular it follows that 1 is not log-
normal since it depends on all swap rates Ski1,...,S5,-1. Previously we obtained
an explicit solution for both (Sk, 1% ) because we can choose the function g to change
to a more convenient martingale measure. But for more general functions g we can
use Eq. (4.10) and Monte Carlo simulation to find S (0) and obtain the today’s
yield curve. However Monte Carlo methods will have to be used to obtain also the
missing volatilities.

5. Yield Curve Dynamics and Relation to HIM

In their paper [4], Brace et al. introduce the Libor Market Model by starting from
an HJM model and showing how the HJM drift condition translates to a condition
on the drift of the implied model for Libor rates. The drift in the LMM, as in the
HJM, is a function of the volatilities specified for the Libor rates. In this section we
take the opposite direction and use the previous results of this paper to obtain an
HJM model from a model of Libor or swap rates and short-term rates. We use the
bootstrapping method from Sec. 4 to fill in the missing swaps and then use Sec. 3
to interpolate between these values. At any one time, including the present date,
the interpolation is a function of the present rates and the drift and volatility of the
auxiliary process y(t) (which is calibrated to one of the short-term rates); but as
we will see below the whole curve will depend on the evolution of the market and
bootstrapped rates. Hence we can generate rich movements in the yield curve.

The ingredients of the model are the following: a tenor structure 0 <77 < --- <
T, and accrual factors 6; ~ T;+1 — T; according to some day-count convention. We
then have a co-terminal model of swap rates, that is today’s swap rates, S;(0) for 4
in some subset of {1,...,n— 1} that is fewer than dates in the tenor structure, and
their volatilities ;. The short end of the curve is made up of short-term interest
rates and we assume for simplicity that we have two yields y1, y2, their volatilities
(01,02) and their drift coefficients (a1, b1, az, ba), (see the appendix for details).

That is B;(t) = e %=1 for § = 1,2 and Ty < Tp. We use the process for the
yield y1(t) as the auxiliary process used in Sec. 3 to construct a continuous time
numéraire from a swap market model.
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The randomness is modelled by a filtered probability space (€2, F, F;, PF) sup-
porting a P9F-Brownian motion w where PS” is the measure that corresponds to
using the rolling horizon numéraire introduced in Sec. 3. In the Proposition below
we show that the bond price dynamics is a function of the short-term yield and
the volatilities of the swap rates with reset date at each tenor date. At the tenor
dates where we are missing a rate we plug in Eq. (4.14). This will be fine as long as
we use the swap rates from (4.13) for today’s interpolation of the yield curve. We
need the following lemma which summarizes the properties of the Libor and swap
market models.

Lemma 5.1. For k <i and t € [0,T}] the process Zi(t) = 1/Y(t) defined by

1 Bi(t)
[ +06,L5(1)  B(®)’

Zi(t)

follows a stochastic process under the Py-forward measure given by

dZj(t) = = Z},(t)y;. () dwy (t), (5.1)
where
. ‘ DA, (t
0 =3 15 G (5.2

Under the assumptions of a swap market model, the process

Yi(t) 1+wi(t)Si(t)  Bilt)

Zk(t) = Yk}(t) 1+ vk(t)Sk(t) B Bk(t)7

follows under Py

AZ40) = b e (P (0) = Vi) 0 53)
where
n—1
= Yy G el ) (5.4

S 1460;_15;(t) vi(t)

Proof. The proof of the statement for the LMM goes as follows. From Jamshidian
[12], Y} (t) under P; is given by

dYy(t) = Yy (£ (t)dwi(t),

we apply [td’s chain rule to Zj (t) = 1/Y}}(t) to obtain

AZ}(1) = ~ 2Lk Odwn(e) + S ZL O ¢,
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and changing the measure to Py gives the result since Z! is a martingale under that
measure.
For the swap market model we apply It6’s product rule under the P,,-measure

dZ(t) = 1/ Yi(t)dYi(t) + Yi(t)d(1/ Ye(t)) + d{Yi, (1/Yi))s
= (/Y2 () (Yi(t)vi(t) — Yi(t)ve(t))dwn (t)

1 (n(t)m% (t)
Y2(1) 2V (t)

We now change to the P, measure under which Z,i is a martingale to obtain

dZy(t) = (/Y2 (1) (Ve (t)7(t) = Ya(t) (1)) (2),
and the result follows after multiplying the right hand side above by Z}Y;/Y;. O

dt + v (t) v (t)) dt.

We can now prove the following Proposition which gives the bond price dynamics
using in addition to the Libor or swap market models the auxiliary process y(t)
defined in Sec. 3.2.

Proposition 5.1. Within the context of the Libor market model the bond price

dynamics for t € [Ty, Try1), T € [Ti, Tiy1) and 1, = Ty, — t, are given under the

Py11-forward measure by
dp(t,T)

o(6T) (Y(t) = g1 Tir1 + (01741)% /2 + 9L (8, T) o e )dt
— (R T) + 017k ) dwy, (5.5)
where 'y,iill (t,T) is defined as in (5.2) but with
_ 0;
0:(T) = m(TH—l —T; = (Tiy1 — T)exp(—a(T — T7)). (5.6)

From Sec. 3.2 we have an implied spot rate given by

r(t) = y(t) — prramren — 1/2(01m41)%
Let P* denote the associated risk-neutral measure, then with t € [Tk, Tp+1) and
T € [T;,Ti41) the bond dynamics under this measure are given by
dp(t,T)
p(t,T)
For the swap market model the equations above read under the Py, measure

dp(t,T) _ ( N O1Tka1
p(t,T) Yir1Yit

=r(t)dt — (v 1 (6, T) + 017441 )duwy . (5.7)

(Yet1Vre1 — Yz‘+1%‘+1)> dt

1
+ (7(Yk+17k+1 —Yip1vit1) + UlTk+1) dwy1(1),
Yit 1Y

and under the P* measure as

D)y + (

p(tT) (Vi1 vits = Yiprvin) + 0'17'k+1> dw* (t),

1
Yir1Ye
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where
Y; = Y;(t,T) = 1+v;(t,T)S;(t),
S O 1S () () v (8, T)

=i (t,T) =
v = (6, T) m:zj;l L+ 0m—1Sn(t) v;i(t,T)

+;(t), j=i+1,k+1

The dependence of the random variables vj above on (t,T) means that they are still
defined by (3.2) but with 6; replaced by (5.6) whenever it appears.

Proof. We apply Ité’s product rule to equation p(t,T) = e‘y(t)f"‘“/f/,jill(t). For
ease of notation and as in the previous lemma let Z(t) = 1/ ffgii (t). The proof of
this lemma is not affected by changing 6; to 6; (T'). We have

dp(t,T) = Zyde VO o414 e ¥OThi1q7, 4 (e VD1 7),

1
= e VW™ Z,(d(—yTiy1)e + §d<ka+1>t) + e VORI qZ, 4 d(eTYTE 7).
(5.8)

To deal with the Libor market model we substitute Eq. (5.1) in for Z(t) to obtain

dp(t,T)

p(t,T) = (y(t) = prs1Trs1 + (017041)?/2)dt

+ 01Tk 10Wh 41 — Vi 1AWk 1 + Vi1 01Tk dE.
The result follows after rearranging. For the swap market model we let

_ 140 (#)Sita ()
Z(t) - 1 +Uk+1r(t,T);f+l(t)7

and we substitute (5.3) in (5.8) to obtain the result.

The dynamics under the risk-neutral measure for both the Libor and swap mar-
ket models follow from Sec. 5.3, where we show that the “market prices of risk”
A(t) are given by

rt) - mt.T)

M=)

where m(t,T) and b(t,T) are the drift and volatility of the bond p(t,T). In this
case this is
— (01741 + %1017k

At) = -
— (o171 + ’)’kﬁ)

= O01Tk+1-

By Girsanov theorem the risk-neutral Brownian motion w*(¢) is then given by

dw* () = dwps1 (t) — \(t)dt.
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We now substitute the above for wy11(¢) in (5.5) to obtain the result in equation
(5.7). A similar calculation works for the swap market model. O

Notice that from Eq. (5.6), for a fixed time ¢, the curve P(¢,T) is continuous as
a function of maturity 7.

Proposition 5.2. (HIM) Fort € [T, T + 1) and T € [T}, Ti+1) the dynamics of
the forward rate under the risk-neutral measure P* are given by

dfy(t, T) = a(t, T)dt + B(t,T)dw?,

where
at,T) = — (741 (t) +<717'k+1)8% % )
_ 0 (ML)
At T) = OT 1+ 0,(T)Li(t)’
0; = ﬁ(ﬂﬂ =T = (Tiga = T) exp(—a(T = T)),

1 1+ v;(t)S;(t)
L) = 0; (1 o (S (t) 1> 7

and fort € [0,T1) and T € [T1,T») by

O*M(t, T O*N,(t,T 0?Ny(t, T
0.1 = (T + 0 g el g )
ON\(,T) ANy (t,T) .
+ ( a7 o1+ a7 oy | dwy,

with M, N1, No given by (A.12), (A.13) and (A.14), see the Appendiz for the deriva-
tions.

Proof. f(¢t,T)= —0lnp(t,T)/0T.
dinp(t,T) = rdt — 1/2(o7 4+ )?dt — (y + 70)dw*.

Differentiating the drift and volatility above with respect to T gives us the result.
For the short end of the curve they are given where bond prices are given by

p(t,T) = exp(M(t,T) — N1(t, T)y1(t) — Na(t, T)ya(t))-
Hence
f(t,T) = —0rM + yl(t)aTNl + yg(t)aTNQ.

Differentiate this with respect to t. O



1000 M. H. A. Davis & V. Mataiz-Pastor

5.1. Conclusions

We now give a brief summary of the results obtained, some of its short comings and
ideas for possible future research.

We have given an example of an interpolation of the yield curve which gen-
erates arbitrage opportunities and motivated by this we have started exploring a
bootstrapping method, consistent with absence of arbitrage, for obtaining discount
factors from market data consisting of short-term rates and swap rates. That is,
we have found a deterministic function F' and specified a numéraire asset B*(t),
namely the “savings account” of Sec. 3 such that for an arbitrary maturity T,

p(t,T) = F(t,T,pn,0,5(0),%(t,S(0)),a), poecR” S(0),1,acR,

and p(t,T)/B*(t) is a P*-martingale, where P* is the corresponding martingale
measure. The parameters (u;,0;) are the drifts and volatilities of the short term
yields, S;(0),; are the initial swap rates and their volatilities respectively, and a;
are the coefficients that are used in Proposition 4.2.

To calibrate this model we could obtain the volatilities for the underlying swap,
and short term rates from liquid option prices, for example swaptions and bond
options. However the drift for the auxiliary process y(t) remains unspecified, in fact
there are at least as many parameters as tenor dates. Also the parameters a; are
not specified either. At this point one could choose these parameters to match any
shape of the yield curve. To reduce the number of parameters one could for example
specify the short-term drifts so that the implied spot rate in Secs. 2 and 3 doesn’t
jump between tenor dates as remarked in Sec. 3.2. But in that case the examples
in Secs. 3.3.2 and 3.3.3 would no longer hold so we leave the question unanswered.

Another important unanswered question, in our view, is concerned with Proposi-
tion 4.2, in the missing swaps section. We defined the missing swap S as a function
f(t, Sp1(t), ..., Sn—1(t)) of the swaps that would still be alive after Tj. This eases
considerably the computations because the co-terminal swap market model is a
“triangular” system in that under the Py, the swap rate S; only depends on the
swap rates that are still alive, that is Sg41,...,S,-1. However it would be more
satisfactory to have the function f depend also on the swap rate Si_;. In that case
the model of yield curve obtained at present time would not need recalibration, at
least until the maturity of the first instrument used, that is until 77. However in
order to find this function f the problem that we need to solve, in analogy with

Proposition 4.2, is, for a function gx(Sk—1, Sk+1, - - -, Sn—1) free to be specified, solve
of
— +D =0 5.9
ot + Diyrf =0, (5.9)

f(Tk7 Sk*l? Sk+l7 ety Snfl) = gk(Skflv Sk+l7 ) S’I’L*l)7
with

n—1 n—1
Dip1 = Pr 1Sk 1k 1k(HO—1+ D ViSiminds +1/2 Y a0y

j=k+1 ij=k—1
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Now the operator Dy is quasi-linear through the dependence of the drift pg—1 5
[given by (4.5)] on the function f. We are adding the rate Sk_; to the interpolation
but this depends, under the P;_; ,-measure on the rate that we are trying to find,
Sk. It’s not obvious to us how to solve this problem as the trick that we used in the
proof of Proposition 4.2 no longer applies.

Appendix. Bond Prices at the Short End of the Curve

In this appendix we derive a closed-form solution for the term structure at the short
end of the curve. The rates available at the short-end of the curve consist of short-
term yields, therefore we need a different derivation for this section of the curve. For
this particular case we assume that our data consists of the yields y1 (¢) and ya(t)
of two zero-coupon bond prices By (t), Ba(t) where T1 < T5. We are also given a
filtered probability space (2, F4, P) supporting a two dimensional Brownian motion
wi (t), we(t). At any t € (Th1,T5) only the yield ya(¢) remains alive. We assume the
following process for it under the P, measure

dyg(t) = (CLQ — b2y2(t))dt + oodws (t), (Al)

where as, by, 09 are constants with o3 > 0. For ¢ € [0,71] we assume a similar
process for y; under the P; forward measure with (aq,b1,01) constants and 0% > 0,

dyl (t) = (a1 — b1y1 (t))dt + aldwl (t) (A2)
The process for y, for t € [0,T1] under P is given however by
dyo (t) = Mg’l(t)dt + Ugdwg}l (t)7 (A3)

where pg 1 is the drift under this forward measure, making sure that By/B; follows
a [Pi-martingale. Denote by ws; the Brownian motion driving the yield y» under
the Py measure with dwidw; 2 = pdt.

Lemma A.1. Assume t € [0,T1] and y1(t) satisfies under the Py-forward measure

dyl (t) = (a1 — b1y1 (t))dt + aldwl (t) (A4)
Then under Py y2(t) is given by the strong solution to
1
dyg(t) = T—2(y2(t) — U1 (t)(l + b1’7'1) + a1 + O')dt + Ugdwg,l(t% (A5)

where ; =T; —t and 0 = %(Tfaf + 7'2203) — T Tepo10s. Furthermore the solution
to these are given by

ai
by

m2y2(t) = T2y2(0) — y1(0)h1 () + ha(t) + (1),

t
yi(t) = ety (0)+ —(1— eiblt) + o1 / eibl(tfu)dwl(u),
0

t t
—+ 01 / u—"Ty + €_b1u(T1 — t)dw1 + 02 / T — udwg,l(u),
0 0



1002 M. H. A. Davis & V. Mataiz-Pastor

where

1
hi(t) == —(1 — e 1) (0 Ty + te"1t),

ha(t) i= L((Ty — t)(1 — e~b) — bytTy) + at?/2,

t t o t2
~ R § 2 2 X

i—1
t2
+ poyoat (Tsz + 3 (Ty + T2)> .

Hence y1(t) ~ N(mq,s?) and ya(t) ~ N(ma, s3) with
ai

my(t) = yl(O)e_blt + —
by

(1 _ e_bl(t_Ti))

)

s3(t) = %(1 — 720 (=T, (A.6)

ma(t) = - (Toyal0) = (O (0) + halt) + 510)), (A7)

30 = 2250 = (= Ty = pa(1 = b T)
L@t ey 2T

2b1 by
+t (0'2T22 — 0'1T12 —2por02Th T + t(O’lTl — 09T

t2
+(T1—|—T2)p0’10’2)—|— g(()’g — 01 —2p0'10’2)> . (AS)

Proof. We require the following ratios to follow martingales:

Bs(t)
Bi(t)

= exp(y1(t)(Th — t) — y2(t) (T2 — 1)) (A9)
Let

f(ty2,91) = exp(ya (t)(Ty — 1) — y2(8)(T2 — 1))
Applying [t6’s Lemma we obtain

df (t, y(t))

fty() (2 = 1) = p2a (T —t) + pa(Th — 1)

+1/2(Ty — t)%05 + 1/2(Th — t)?01
— (T2 — t)(Tl — t)pO’gO'l)dt — 7‘20’2dw271 + mo1dwy. (AIO)

Setting 21 as in (A.5) the drift term cancels and hence (A.9) will follow a martin-
gale. The solution to (A.4) follows by standard theory. The solution to (A.5) is a
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bit more involved. Let I(¢ fo 1/(Ty — s)ds be an integrating factor. Then

d(e T yy(t)) = e 1O dys(t) — yQ—(t)e_I(t)dt
Ty —t
o I()

T T t(_yl (1 +b171) + army +o)dt + e ' Doydws ;.

A simple calculation gives e!/(*) = T, /(T — t), hence

—1(t)

a(t) = 1 Dyo(0) + 1 ® / )1+ bim)

TQ—S

t
+a1m +o)dt + el ® / e_I(S)UgdwgJ
0

t

Ty 1
- 0+ —— [ —w(s)(1+b
TQ_ty2( )+T2—t | y1(s)(1 +b171)

t
02

T5 — s)d .
TQ—t/O(2 s)dws 1

+a1m +o(s)ds +

We analyse the integrals in detail. First

/Ot y1(s)ds = y1(0) (1—ebt)y+ & (t _ i(l B e_blt))

t
+ a / 1-— €7b1(t7u)dw1 (u)

t t ¢
/ y1(s)sds = yl(o)/ se t1%ds + Z—l/ s(1—e P1%)ds
0 0

1

a1 1 —bit —byt at?
= — O _ — P 1 1 1 _—
b (yl( ) b1) (bl (L—e™") —te )+ %

t
g1 1 ]. 71)(157)
It — _(t+ =) ettty
+b1/0u+b1 <+b1>e wy (),

¢ 2\ 1<
/Oa(T1—8)+Ud5:a1<T1t——) 5; ( t—|———2Tt>

t3
+ ,00'10'2(T1T2t + g — t(Tl + TQ))

Rearranging gives us the result.

1003
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We then have the main result of this subsection.

Proposition A.1. Assume a process for (y1(t),y2(t)) given by (A.1), (A.4) and
(A.5). Then fort € [0,T1] and T € [I1,Ts] the term structure is given by

p(t,T) = exp(M(¢,T) = Ni(t, T)yr () — Na(t, T)ya(t)), (A.11)
where
Mt,T)=A— le—la — bt — ghQ(Tl) +1/2(TEst + C?s3), (A.12)
1 T2
—b1 T ¢
Nl(t,T) =e 7t 1T1 - —hQ(Tl), (A13)
T2
Na(t,T) = CT /72, (A.14)
C = (T, —T)exp(—bo(T — T1)), (A.15)
a2 —by(T—T1) 5 0° —2by (T—T)
A=(T—-T)=(1—e N4 (Te—T)*—(1—e"7 V).
b2 4b2
(A.16)
Proof. We want to evaluate p(0,7") where T} < T < T,
p(t,T) = E! [efyl(Tl)Tl E2 [eyz(T)(TrT) | F1]|F)
=2 [e’yl(TI)TleA’CyQ(Tl)|]-"t], (A.17)

with C' and A given by (A.15) and (A.16) respectively. The equality in (A.17)
is obtained by applying the result in Sec. 3.3.2 to the expectation in the Po-
forward measure with the process for y, given in (A.1). We have the processes
for (y1,y2) under the P;-forward measure given by (A.6) and (A.6). We can rewrite
(A.17) as

p(0,T) = AMEL [ey(T1) | 7ol

where y = —Tyy1(T1) — Cyo(T1) implying that y ~ N(m, s?) with (using (A.6) to
(A.8)

m = —T1E'y; — CE'y>
= —T1m1(T1) — Cmso(Ty),
s? = Tvar(y1) + C?var(yz)
=T7s? + C%s3.
Hence
p(t,T) = exp(A +m + 5%/2).
Rearranging we obtain the result in (A.11)

p(t,T) = exp(M(t, T) — Ni(t, T)y1(t) — Na(t, T)y2(1)). O
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