
Section 15.6 Binomial Option Pricing

Problem. The current stock price of MonopoSoft is $100, the volatility of MonopoSoft’s stock is $20.00, the risk-free rate is 5.0% per period, the exercise price of an one-period, call option on MonopoSoft is $98.00, the exercise price of an one-period, put option on MonopoSoft is $92.00, and the number of subperiods for both options is 1. What are the current prices of the call and put?

Solution Strategy.  First, calculate the date 1, maturity date items: stock up price, stock down price, and the corresponding call payoffs. Second, calculate the shares of stock and money borrowed to create a synthetic option that replicates the call payoff at maturity. Finally, calculate the synthetic option price now and, by the Law Of One Price, the call price now equals the synthetic option price now. Copy all of the call calculations to a separate area and change the put payoff at maturity to calculate the put price now.

FIGURE 15.6.1  Spreadsheet to Price a One-Period Call Option under the Binomial Model.
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How To Build Your Own Spreadsheet Model.
1. Inputs and Freeze Panes. Enter the inputs described above into the range B4:B9. Then, place the cursor in cell A10 and click on  Window  Freeze Panes. This freezes the top nine rows as an input section at the top.

2. Stock Prices.  For the Date 0 Stock Price reference the Stock Price Now by entering  =$B$4  in cell B14. Calculate the Date 1 Stock Up Price = Stock Price Now + Stock Price Volatility / Number of Subperiods by entering  =B14+$B$5/$B$9  in cell C13. Calculate the Date 1 Stock Down Price = Stock Price Now - Stock Price Volatility / Number of Subperiods by entering   =B14-$B$5/$B$9  in cell C15. The $ signs in $B$4, $B$5, and $B$9 lock in the inputs, which will be useful for when we copy the formulas later on.

3. Call Payoffs. Calculate the Call Payoff = Max (Stock Price Now – Call Exercise Price, 0) by entering  =MAX(C13-$B$7,0)  in cell C17. The $ signs in $B$7 lock in the Call Exercise Price. Copy the Call Payoff formula from cell C17 to cell C19.

4. Create A Synthetic Call Replicating Portfolio. For the Synthetic Call Replicating Portfolio, calculate the Stock Shares Bought (Sold) using the Hedge Ratio = (Call Up Payoff – Call Down Payoff) / (Stock Up Price – Stock Down Price). In cell B23, enter  =(C17-C19)/(C13-C15). For the Synthetic Call Replicating Portfolio, calculate the amount of Money Lent (Borrowed) = (Call Up Payoff –Hedge Ratio * Stock Up Price) / (1 +  Riskfree Rate / Number of Subperiods). In cell B25, enter  =(C17-B23*C13)/(1+$B$6/$B$9). Notice that replicating a Call option requires Borrowing Money and Buying Shares of Stock. Specifically, Borrow $41.90 Dollars and Buy 0.550 Shares of Stock. The opposite pattern will be required to replicate a Put option.

5. (Optional) Synthetic Call Payoff. Check the Synthetic Call’s payoff at maturity using the formula = Number of Shares of Stock * Stock Price at Maturity +Money Borrowed * (1 + Riskfree Rate / Number of Subperiods). In cell C27, enter the payoff formula based on the Stock Up Price  =B23*C13+B25*(1+$B$6/$B$9)  and in cell C29, enter the payoff formula based on the Stock Down Price  =B23*C15+B25*(1+$B$6/$B$9). Verify that the Synthetic Call’s payoff at maturity is equal to the Call’s payoff at maturity.

6. Calculate the Synthetic Option Price Now. The Synthetic Call Price can easily be calculated using the formula = Number of Shares of Stock * Stock Price Now + Money Borrowed. In cell B28, enter =B23*B14+B25. By the Law Of One Price, the Call Price Now is equal to the Synthetic Call Price Now. Enter  =B28  in cell B18. We see that the Binomial Option Pricing model predicts a one-period call price of $13.10.

FIGURE 15.6.2  Spreadsheet to Price a One-Period Put Option under the Binomial Model.

[image: image2.png]A B [4

1 Section 15.6 Binomial Option Pricing

2

3 [Inputs

4_[Stock Price Now

5 [Stock Price Volatility

6 |Riskfree Rate

7_|Call Exercise Price

8 |Put Exercise Price

9 |Nurnber of Subperiods

El]

Ell Now  Maturity
2 Date0  Date 1
kx| §12000
34 Stock  §100.00

£ $80.00
EG]

a7 $0.00
Eil Put  $429

Ez] §12.00
0

41| Synthetic Put Replicating Portfolio

2

43| Stock Shares Bought (Sold) (0.300)

a4

45|  Money Lent (Borrowed) $34.29

5

a7 $0.00
I Synthetic Put Prices 4.9

49 $12.00





7. Copy All Call Calculations for Put Calculations. Copy the range A11:C29 to the cell A31. Change all of the “Call” labels to “Put.”

8. Put Payoffs. Calculate the Put Payoff = Max (Put Exercise Price – Stock Price Now, 0) by entering =MAX($B$8-C33,0)  in cell C37. The $ signs in $B$8 lock in the Put Exercise Price. Copy the Put Payoff formula from cell C37 to cell C39. All of the put equations recalculate to determine the Synthetic Put Replicating Portfolio and the Put Price Now. Notice that replicating a Put option requires Lending Money and Selling Shares of Stock. Specifically, Lend $34.29 Dollars and Sell 0.30 Shares of Stock. This is the opposite of the pattern that was required to replicate a Call option.

We see that the Binomial Option Pricing model predicts a one-period call price of $13.10 and a one-period put price of $4.29.

Using The Power Of Your Spreadsheet Model.

Greater price accuracy can be gained by subdividing the whole period into two subperiods. For the same inputs as above, what would be the more accurate price of a two-subperiod call and of a two-subperiod put? Surprisingly, the two-subperiod model can be quickly generated from the one-period model. 
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FIGURE 15.6.3  Spreadsheet to Price a Two Subperiod Call Option under the Binomial Model.

(1) Copy Everything To A New Worksheet. Copy the entire range A1:C49 on the Sheet1 worksheet to the cell A1 on the Sheet2 worksheet. Note the tabs at the bottom labeled “Sheet1” and “Sheet2” can be used to switch between worksheets. Optionally, double-click on the “Sheet1” tab and label it “One Period.” Then, double-click on the “Sheet2” tab and label it “Two Subperiods.” Relabel the column C titles to “Date 1/2” and the column D titles to “Maturity” and “Date 1.”
(2) Increase the Number of Subperiods. Double the number of subperiods. Enter 2 in cell B9. This doubling of the number of subperiods has two effects: (A) cutting in half the Stock Price movement (both the up movement and down movement) per subperiod and (B) cutting in half the interest rate per subperiod.
(3) Add Rows Above and Below. Make room for the additional time period by adding rows above and below. For example, add a row above the Stock Price section by placing the cursor in cell A13 and clicking on  Insert  Rows. Add a row below the Stock Price section by placing the cursor in cell A17 and clicking on  Insert  Rows. Repeat this procedure to add a row above and below all of the model sections (e.g., the Call section, Stock Shares Bought (Sold) section, Money Lent (Borrowed) section, etc.).
(4) Copy the Formulas from Date 1/2 to Date 1. Copy the formulas from the Date 1/2 column to the Date 1 column. Copy the range C14:C16 in the Stock Price section to the cell D13 and paste it again to the cell D15. Repeat this procedure for all sections with Date 1/2 entries (e.g., the Call section and the Synthetic Call Prices section).
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FIGURE 15.6.4  Spreadsheet to Price a Two Subperiod Put Option under the Binomial Model.

(5) Copy Selected Formulas from Date 0 to Date 1/2. Copy selected formulas from the Date 0 column to the Date 1/2 columns. In the following order, copy the cell B28 to cell C27 and to cell C29, copy the cell B32 to the cell C31 and cell C33, copy the cell B37 to the cell C36 and to cell C38, and copy the cell B21 to the cell C20 and cell C22. Repeat this procedure for the Put sections.
As in the single period case, the Replicating Portfolio for the Call option requires Borrowing Money and Buying Shares of Stock, whereas the Replicating Portfolio for the Put option requires Lending Money and Selling Shares of Stock. Notice that the quantity of Money Borrowed or Lent and the quantity of Shares Bought or Sold changes over time and differs for up nodes vs. down nodes. This process of changing the replicating portfolio every period based on the realized up or down movement in the underlying stock price is called dynamic replication.

The two-subperiod binomial model predicts a call price of $9.21 (vs. the one-period call price of $13.10) and predicts a put price of $1.66 (vs. the one-period put price of $4.29). The two-subperiod price is a more accurate representation of real-world options. The price accuracy can be increased further by subdividing the interval into further subperiods (4, 8, 16, 32, etc.). Typically, from 32 subperiods to 128 subperiods are required in order to achieve price accuracy to the penny. The procedure described above for doubling the one period model to a two subperiod model can be used to double the two subperiod model  to a four subperiod model, double it again to an eight subperiod model, and so on up to an arbitrarily large number of subperiods.

