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Abstract. This paper is the sequel of Part I [1], where we showed how to use the
so-called Malliavin calculus in order to devise efficient Monte-Carlo (numerical)
methods for Finance. First, we return to the formulas developed in [1] concerning
the “greeks” used in European options, and we answer to the question of optimal
weight functional in the sense of minimal variance. Then, we investigate the use
of Malliavin calculus to compute conditional expectations. The integration by
part formula provides a powerful tool when used in the framework of Monte
Carlo simulation. It allows to compute everywhere, on a single set of trajectories
starting at one point, solution of general options related PDEs.

Our final application of Malliavin calculus concerns the use of Girsanov
transforms involving anticipating drifts. We give an example in numerical Finance
of such a transform which gives reduction of variance via importance sampling.

Finally, we include two appendices that are concerned with the PDE inter-
pretation of the formulas presented in [1] for the delta of a European option
and with the connections between the functional dependence of some random
variables and their Malliavin derivatives.
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1 Introduction

As is well-known, the valuation and the hedging of most financial products in-
volve expected values, and their differentials, of functionals of Brownian motions
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and related stochastic processes. A general and natural approach to the practi-
cal (numerical) computation of such quantities is the Monte-Carlo method. The
advantages of Monte-Carlo simulations on other numerical approaches, which
are essentially numerical partial differential equations approaches (we exclude
explicit formula which are limited to a few simple examples), are the flexibility
and in particular the possibility of dealing with path-dependent products, and the
potential for computations in higher dimensions. The drawbacks of Monte-Carlo
approaches are i) the relative slow convergence and the lack of precision, ii) the
inadequacy for the treatment of american options.

Our goal in this series of papers (Part I [1], this article and forthcoming
publications) is to provide some cures for these drawbacks. More precisely, we
emphasize the usefulness of tools of modern probability theory, in particular
of the Malliavin calculus that we briefly presented in Part I (for more details
on Malliavin calculus, the reader may consult [5], [6], [7], [10]). Let us also
mention in passing the possible use of large deviations theory (see [3], [2]). In
Part I [1], we showed how one can use Malliavin calculus to write down explicit
probabilistic formulas for the greeks – i.e. differentials of the values of various
European options with respect to various parameters – which are needed for
hedging. The formula turn out to be expectations of the original pay off multiplied
by some explicit weights. Such representations of greeks allow for a direct and
efficient Monte-Carlo simulation and we presented in [1] various experiments
showing the improvements in speed and precision of such an approach compared
to a traditional “difference quotients” approach.

In this article, we present several other applications of Malliavin calculus.
First of all, we analyze the question of the weights appearing in the representa-
tions of greeks mentioned above : indeed, see [1], those weights are non unique
and thus we need to choose the “best” one. In [1], we chose in some sense the
simplest one. We study, in Sect. 2 below, the selection of an optimal weight
where optimal means minimal variance. Next, in Sect. 3, we develop an idea
which is briefly mentioned in Part I [1] which consists in applying the Malliavin
calculus, or integration by parts, on a piece of the functional whose expectation is
to be computed. This allows to write several probabilistic expressions that share
the same expectation and thus to look for a reduced variance.

Section 4 is concerned with what we believe to be one of the most promising
applications of Malliavin calculus to numerical Finance namely the representa-
tion of conditional expectations. Indeed, conditional expectations are extremely
difficult to compute by traditional Monte-Carlo simulations for obvious reasons
– “almost all” paths generated by the simulation will miss the event involved in
the conditional expectation. However, the Malliavin integration by parts allows
to obtain different representations that can be computed by Monte-Carlo simu-
lations ! In other words, we can use paths that do not go through or to the right
zone. We illustrate this general observation by two applications which are rele-
vant for Finance. First, we show how one generation of paths emanating from a
fixed initial position of the underlying asset can be used to compute the price of
a European option at any later time and at any position. This should clearly pave
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the way to a full Monte-Carlo approach to American options and we shall come
back to this issue in a forthcoming publication. Next, as an example, we consider
a stochastic volatility model and the price of a European option conditioned by
the value of the volatility at same time(s). Once more, the aforementioned in-
tegration by parts allows us to compute efficiently such conditional values by a
traditional Monte-Carlo simulation.

Our final application of Malliavin calculus concerns the use of Girsanov
transforms involving anticipating drifts. This is described in Sect. 5 and we just
allude here to the interest of such transforms. Girsanov transforms with non-
anticipating drifts are well-known to be useful in various contexts for numerical
Finance : reduction of variance via importance sampling for instance, change of
numeraire. We show here that very general drifts can be used and we present one
simple application to the pricing of European options. Indeed, it is natural to use
a drift that depends on the terminal position in order to drive the process to the
zone of interest for the computation of the payoff. One can think of a simple call
where all paths leading to a terminal position below the strike do not contribute
to the expectation.

Finally, we also include two rather more mathematical appendices very much
related to the facts shown in [1] and here, that are concerned with the PDE
interpretation of the formula presented in [1] for the delta of a European option
and with the connections between the functional dependence of some random
variables and their Malliavin derivative.

We conclude this long introduction with a few notations that we keep through-
out the article. We denote by (Wt )t≥0 anN -dimensional Brownian motion defined
on a complete probability space (Ω,F ,P ) and by (Ft )t≥0 the augmentation with
respect toP of the filtration generated byW . Finally, we shall write indifferently
Xt or X (t) for any processX defined on (Ω,F ,Ft ,Wt ,P ).

2 Optimal weights for greeks

As recalled in the introduction, we obtained in Part I [1] representation formulas
for the so-called greeks of European options. All these formula can be summa-
rized as follows : letT > 0, letF be a “smooth”F -measurable random variable
with values in IRm wherem ≥ 1, and we shall need to make precise what we
really mean by “smooth”. Furthermore, we assume thatF depends upon a real-
valued parameterλ, F = F (0), andλ−1 (F (λ) − F (0)) → G asλ → 0 (λ �= 0) in
L1(Ω) (for instance). We then consider

∂

∂λ
IE [Φ(F )]

∣∣∣∣
λ=0

= IE
[
Φ′(F ).G

]
(2.1)

whereΦ is an arbitrary smooth function over IRm .
For financial applications,F is the position at timeT of the underlying asset

assumed to be a diffusion process defined, for instance, by

dXt = σ(Xt )dWt + b(Xt )dt , X0 = x ∈ IRd (2.2)
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whered ≥ 1, σ is d × N matrix-valued function,b is a function from IRd into
IRd and we assume thatσ andb are Lipschitz on IRd . For instance, in the usual
Black-Scholes model,d = 1, σ(S ) = σS andσ is the volatility, b(S ) = bS . But
the general formulation (2.2) obviously allows for more general models or even
for “extended” procesus such asXt = (St ,Mt ) where

dSt = σSt dWt + bSt dt

dMt = St dt

which are relevant for Asian options.
Finally, Φ is the pay-off and various choices ofΦ correspond to various options
(call, put, digital, knock out, etc). Let us also mention in passing that we could
consider as well non homogeneous models whereσ andb depend upont .

2.1 Minimal weights

We showed in Part I [1] various situations in which one can rewrite (2.1) as

IE
[
Φ′(F ).G

]
= IE [Φ(F )π] (2.3)

for any smoothΦ, whereπ is a weight that we computed explicitly in various
cases.

The existence of such a weight is straightforward ifF is smooth i.e. if the
law of F (λ) admits a smooth, positive densityfλ on IRm which depends smoothly
on λ. Indeed, under natural conditions that do not need to be made precise, we
have

∂

∂λ
IE [Φ(F (λ))] =

∂

∂λ

∫
IRm

Φ(z )fλ(z )dz

=
∫

IRm

Φ(z )

(
∂

∂λ
log fλ

)
(z ) fλ(z )dz

= IE [Φ(F (λ))π]

with π =
(

∂
∂λ log fλ

)
(F (λ). Hence, (2.3) holds withπ0 =

(
∂

∂λ log fλ
) ∣∣∣∣

λ=0

(F ). Let

us notice, for future use, that this construction not only yields a weightπ but
also a weight which is measurable with respect to theσ-field generated byF .

However, the preceding weight is theoretical since, in general the densityfλ
is not known (and not even available numerically even though we shall see in
Sect. 4 a general approach which can be applied in particular to the computation
of fλ(z )). Let us also observe that there are many weightsπ such that (2.3) holds
for all Φ : more precisely, the set of suchπ is exactly given by

W =
{
π | IE

[
π|σ(F )

]
= π0

}
(2.4)

always assuming that all random variablesπ are integrable, and whereσ(F )
denote theσ-field generated byF .
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Obviously, for any practical application, one needs to determine an element
of W which is explicit or that can be computed by a standard Monte-Carlo
procedure. We presented in Part I [1] several examples relevant to Financial
Engineering where this can be done using Malliavin calculus. These examples can
be incorporated in the previous abstract framework as follows. We now assume
thatF is “smooth in Malliavin sense” i.e. admits a Malliavin derivative (Dt F , t ∈
[0,T ]) in L2(Ω × (0,T ))N (for instance) and thatDt F is “not degenerate” and
more precisely that we can find at least one “smooth” processut with values in
IRN such that

IE
[∫ T

0
Dt F .ut dt |σ(F )

]
= IE

[
G |σ(F )

]
(2.5)

Then, we have for any suchu (and for anyΦ)

IE
[
Φ′(F )G

]
= IE

[
Φ′(F )IE(G |σ(F ))

]
= IE

[
Φ′(F )IE

(∫ T

0
Dt F .ut dt |σ(F )

)]
= IE

[
φ′(F )

∫ T

0
Dt F .ut dt

]
= IE

[∫ T

0
DtΦ(F ).ut dt

]
= IE [φ(F )π]

whereπ = δ(ut ) is the Skorohod integral on [0,T ] of u. In other words,δ(ut )
belongs toW . Conversely, ifπ ∈ W ∩ IH 1 – we denote as is customary
in stochastic analysis byIH 1 the space ofL2 random variablesX such that
Dt X ∈ L2(Ω× (0,T ))N – thenπ = δ(ut ) for some adaptedut satisfying (2.5) and
this is the case in particular ifπ = π0. Indeed, takingΦ ≡ 1 in (2.3), we see that
IE(π) = 0 and thus

π =
∫ T

0
IE
[
Dtπ|Ft

]
.dWT = δ(ut )

with ut = IE
[
Dtπ|Ft

]
. In addition, we have for anyΦ using the same string of

equalities as before

E
[
Φ′(F )IE(G |σ(F ))

]
= IE

[
Φ′(F )IE

(∫ T

0
Dt F .ut dt |σ(F )

)]
hence (2.5) holds.

Our final observation consists in remarking thatπ0 is, among all weights,
the one which yields the mininum variance i.e.π0 is a minimum over allπ ∈
W (∩IH 1) of the convex functional

V (π) = IE
[|Φ(F )π − IE[Φ′(F )G ] |2] (2.6)
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Indeed, we have trivially

V (π) = IE
[
Φ2(F )π2

]− IE [Φ(F )π0]2

= IE
[
Φ2(F )(π − π0)2

]
+ V (π0)

In conclusion, we have shown the

Proposition 2.1 Under the above assumptions, the set W ∩ IH 1 is equal to{
π = δ(ut ) ∈ IH 1 | ut satisfies (2.5)

}
and π0 is a minimum of V (π) over that set.

2.2 Euler-Lagrange equation

Obviously, the set of minima of (2.6) is given by{π ∈ W |π = π0 a.s. on{Φ(F )
�= 0}}. For any such minimum ¯π = δ(ū) in W ∩IH 1, the Euler-Lagrange equation
holds for π̄ or equivalently for ¯u namely we have for all “smooth ”v, such that

IE
[∫ T

0
Dt F .vt dt | σ(F )

]
= 0 (2.7)

the following equality

IE
[{
Φ(F )π̄ − IE

(
Φ′(F )G

)}
Φ(F )δ(v)

]
= 0 (2.8)

or equivalently by integrating by parts

IE
{∫ T

0
vt .Dt FΦ

′(F )
[
2Φ(F )π̄ − IE(Φ′(F )G)

]
+ vt .Dt π̄Φ

2(F ) dt

}
= 0

or in view of (2.7)

IE
{∫ T

0
vt .Dt F π̄(Φ2)′(F ) + vt .Dt π̄Φ

2(F ) dt

}
= 0 (2.9)

Next, we remark that, at least formally, we may choose for each “smooth”wt

vt = wt − Dt F IE
[∫ T

0
Dt F .wt dt |σ(F )

]
IE
[∫ T

0
|Dt F |2dt |σ(F )

]−1

at least if
∫ T

0
|Dt F |2dt does not “vanish too much”. Inserting this choice in (2.9),

we find

IE
[∫ T

0
wt .Dt F π̄(Φ2)′(F ) +wt .Dt π̄Φ

2(F )dt

]
=

= IE
[∫ T

0
wt .Dt F

(
IE
[
π̄

∫ T

0
|Dt F |2dt |σ(F )

]
(Φ2)′(F ) +
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+ IE
[∫ T

0
Dt F .Dt π̄dt |σ(F )

]
Φ2(F )

) [
IE
[∫ T

0
|Dt F |2dt |σ(F )

]}−1]
Hence, we have

Dt F π̄(Φ2)′(F ) + Dt π̄Φ
2(F ) = Dt F

IE
[(∫ T

0
|Dt F |2dt

)
π̄|σ(F )

]
IE
[∫ T

0
|Dt F |2dt |σ(F )

] (Φ2)′(F )+

+Dt F
IE
[∫ T

0
Dt F .Dt π̄dt |σ(F )

]
IE
[∫ T

0
|Dt F |2dt |σ(F )

] Φ2(F )

(2.10)
Obviously, (2.10) holds if ¯π is σ(F ) measurable i.e. is a function ofF and

thus coincides withπ0 in view of (2.4). Conversely, (2.10) implies at least when
Φ2 does not vanish

Dt π̄ = A Dt F in Ω × [0,T ]

for some random variableA independent oft ∈ [0,T ]. This condition should
imply under appropriate nondegeneracy and smoothness conditions that ¯π is a
function of F exactly as the fact that the gradients of two scalar functions on
IRN are parallel at each point “implies” that these functions are functionally
dependent. We are able to answer positively this question in a few rather specific
cases (see Appendix B below) and we mention this open problem not only for
its own intrinsic interest but also because it is highly suggestive of a potential
use of the Malliavin derivatives in order to measure the “nonlinear correlations”
of random variables.

2.3 Financial applications

Now, we go back and comment some of the formula established in Part I [1] for
the greeks. Our goal is to show that, in most of them, the derived weights are
optimal in the sense of Proposition 2.1 above. We shall always assume that the
contingent assetSt is one-dimensional and satisfies (2.2) with eitherσ(S ) = σS ,
b(S ) = bS , σ > 0, b ∈ IR, the usual Black-Scholes model (BS), orσ(S ) = σ > 0,
b(S ) = b ∈ IR, the Brownian model that we only consider for a pedagogical
purpose. We begin with an option of the formV = E [φ(ST )], for someT > 0
and some measurable functionΦ with at most polynomial growth at infinity.
This option could be, for instance, a call (Φ(S ) = (S − K )+), or a digital (Φ(S ) =
1(S>K )), whereK > 0 is fixed. Then, as shown in Part I [1], we have

(delta)
∂V
∂S

= IE [Φ(St )π] , π =
WT

σST
(BS model, π =

WT

σT
(Brownian model),

(vega)
∂V
∂σ

= IE [Φ(St )π] , π =
W 2

T

σST
− WT − 1

σ
(in both cases)
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Since obviouslyπ is a function ofST , these weights are optimal.
The case of the Asian option is more interesting. We thus consider now

V = IE
[
Φ

(∫ T

0
St dt

)]
. This corresponds to the cased = 2, where the second

component ofXt = (St , I +
∫ t

0
Ss ds) satisfiesdX 2

t = St dt . Then, the delta is given

by
∂V
∂S

= IE
[
Φ(
∫ T

0
St dt)π

]
(2.11)

whereπ =
6

T 2

∫ T

0
Wt dt − 2

WT

T
in the Brownian case and

π =
2

Sσ2

ST − S∫ T

0
St dt

+
1
S

(
1 − 2b

σ2

)
for the BS Model. (2.12)

Once more, these weights are functions of

(
St ,

∫ T

0
St dt

)
and thus are optimal.

We emphasize the fact that, in all the previous examples but the last one,
those explicit weights may be deduced directly from the explicitly known laws
of the processes. However, in the last case (BS model, Asian option), even though

the law of
∫ T

0
St dt is not known explicitly, Malliavin calculus yields the optimal

weight!
Finally, if we consider a general model (2.2) withσ andb of classC 1 (say)

with σ′ and b′ bounded and if we assume thatσ is uniformly invertible (to
simplify), then, as shown in [1], we have

(∇x IE [Φ(XT )])∗ = IE
[
Φ(XT )

(
1
T

∫ T

0
(σ−1(Xt )Yt )

∗dWt

)]
where we denote byM ∗ the transpose of a matrixM and Yt is the linearized
flow given by

DYt = (σ′(Xt ).Yt ).dWt , Y0 = I

In general, this representation, deduced from Malliavin calculus, does not provide
an optimal weight since it is not, in general, a function ofXT .

Remark 2.1 Let us observe that, in cases when we do not know how to obtain an
explicit optimal weight, one may use a combination of Monte-Carlo simulations
and of an iterative procedure based upon the variance functionalV and its
gradient (which can be computed along the lines developed in the Euler-Lagrange
section). Starting with an explicitπ1, we compute by a Monte-Carlo simulation
an approximation forA = IE

[
Φ′(F )G

]
and then useV (π) to “improve” the

weight by a gradient descent method, obtaining in this way a new weightπ2 and
so forth . . .
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Remark 2.2 It is worth observing that the existence of a weightπ is insured by
the smoothness of the laws of the underlying processes, while Malliavin calculus
actually yields such weights in case when the Malliavin derivatives of these
processes exist and “do not vanish too much ”. At least formally, this second
notion of smoothness is more restrictive and there are examples of financial
products that do not satisfy it. More precisely, takingd = 1, a solutionXt of
(2.2) with σ, b smooth,σ positive, we may consider a barrier option (we could
as well consider lookbacks. . . ) like for instance

V = IE
[
Φ(XT ) 1(τ≥T )

]
whereτ is the first hitting time of the region{x ≥ B} whereB > 0 is fixed. The
approach developed in Part I [1] breaks down in this case sinceDtτ does not
exist. However, all the laws appearing in that expectation are smooth. We shall
see in a future publication how this serious difficulty may be circumvented and
how one can extend the results and methods of Part I [1] (and of this paper) to
the cases of general barrier options and of options of maxima (or minima) such
as lookback options.

3 Identities and variance reduction

In this section, our goal is not to provide a general theory but to emphasize an
observation that was sketched in Part I [1] and which is crucial for the practical
implementation of Monte-Carlo simulations based upon our use of Malliavin
calculus.

Let us begin by explaining how one can localize the integration by parts
provided by Malliavin calculus around the singularity points, in the context of
greeks. Also, in order to simplify the presentation, we shall simply consider the
case when the underlying asset is a pure Brownian motion i.e.St = S0+σWt , t ≥
0. Then, we consider the delta of a digital, or equivalently the gamma of a call,
namely

A =
∂

∂S
IE
(
1I(St >K )

) ∣∣∣∣
S =S0

=
∂2

∂S 2
IE
(
(St − K )+

) ∣∣∣∣
S =S0

(3.13)

Then, as can be checked by a direct inspection or through a (very!) particular
case of Malliavin integration by parts, we certainly have

A = IE
(

1I(St >K )
Wt

σt

)
(3.14)

or

A = IE
(

(St − K )+
(W 2

t − t)
σ2t2

)
(3.15)

Next, if we wish to computeA by a Monte-Carlo simulation, it is important to
compare the variance of the two random variables whose mean yieldA namely

1I(St >K )
Wt
σt and (St − K )+

(
W 2

t −t
σ2t2

)
. In other words, we wish to compare
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IE (1I(St >K ) W 2
t ) and IE

(
1I(St >K )(St − K )2 (W 2

t − t)2

σ2t2

)
These expressions are difficult to compare but a limit on their behavior is provided
by computing their behavior ast goes to +∞ or ast goes to 0+. This is indeed
straightforward by the scaling properties of the Brownian motion and we find

1
t IE
(
1(St >K )W 2

t

) −→ 1
2 as t → +∞ ,

1
t IE
[
1(St >K )(St − K )2

(
(W 2

t −t)2

σ2t2

)]
−→ IE

(
1(W1>0)

(
W 6

1 − 2W 4
1 + W 2

1

))
=

= 5 as t → +∞



1
t IE
(
1(St >K )W 2

t

) −→ 1 if S0 > K , 1
2 if S0 = K , as t → 0+,

IE
(

(St − K )+
(W 2

t −t)2

σ2t2

)
−→ 2(S0−K )2

σ2 if S0 > K as t → 0+,

1
t IE
(

(St − K )+
(W 2

t −t)2

σ2t2

)
−→ 5 if S0 = K as t → 0+

and all these expectations are exponentially small ifS0 < K .
In other words, the variance of the second variable is asymptotically 10 times
larger than the variance of the first one. The explanation is that each integration
by parts creates a weight of orderWt

t which builds up the variance. Let us record
for future purposes that the variance or more precisely the second moment of the
random variables entering the expectations in (3.14), (3.15) respectively behaves
like c

σ2t as t goes to +∞ wherec = 1
2,5 respectively ast goes to +∞ or as t

goes to 0+ andS0 = K .
These considerations together with realistic Monte-Carlo simulations (see [1]

for more details) led us to propose in [1] a localized integration by parts. For
instance, in the case of the digital, we writeχ0(x ) = 1(x>0) and we introduce a
“smooth” function (say Lipschiz)χ such that we have for somea > 0,

χ(x ) = 0 if x ≤ −a , χ(x ) = 1 if x ≥ a . (3.16)

For instance, takea = 1, χ(x ) = 1
2(x + 1) if −1 ≤ x ≤ 1.

Then, using again the integration by parts we find

A =
∂

∂S
IE (χ0(St − K ))

∣∣∣∣
S =S0

= IE
[
χ′(St − K )

]
+
∂

∂S
IE ((χ0 − χ)(St − K ))

∣∣∣∣
S =S0

A = IE
[
χ′(St − K ) − φ(St − K )

Wt

σt

]
(3.17)

whereφ = χ − χ0. Notice that, because of (3.16),φ and χ′ are supported in
[−a,+a]. We may now estimate the second moment ofχ′(St −K )−φ(St −K ) Wt

σt
as t goes to 0+ or as t goes to +∞. We begin with the analysis of the case
when t goes to 0+. And we immediately observe that this second moment is
exponentially small provided we chooseχ in such a way thatχ′ andφ vanish
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near S0 − K . This is obviously possible ifS0 �= K (choosea < |S0 − K | for
instance. . . ). If S0 = K , we chooseχ such thatχ(0) = 1/2 and we obtain easily

IE

({
χ′(St − K ) − φ(St − K )

Wt

σt

}2
)

=
1

4σ2t
+ o

(
1
t

)
thus dividing by two the size of the second moment.

We now turn to the case whent → +∞. We then picka = 1, χ1 satisfying
(3.16) with a = 1 such thatχ1(0) = 1

2 and we choosea = t , χ = χ1
(

.
t

)
. Then,

one checks easily that

IE

[{
χ′(St − K ) − φ(St − K )

Wt

σt

}2
]

t → 1
4σ2

as t goes to +∞ .

Let us emphasize the fact that the preceding choices fora andχ are simple
illustrations of the variance reduction induced by the localization approach i.e.
by the use of the integration by parts around the singularity (here,S0 − K ). In
terms of variance, the above choices lead to an asymptotic variance reduction by
a factor of the order 4. It is precisely given by4(π−1)

2π−4 .
One can perform a similar analysis for the gamma of a call. We now assume

thatχ is at least of classC 1,1 and satisfies in addition to (3.16)∫ +a

−a
χdx = a . (3.18)

We then introduceφ =
∫ x

−∞
χ− χ0 dy and we write

A =
∂2

∂S 2
IE ((St − K )+)

∣∣∣∣
S =S0

= IE
(
χ

′′
(St − K )

)
− ∂2

∂S 2
IE (φ(St − k ))

∣∣∣∣
S =S0

hence

A = IE
(
χ

′′
(St − K ) − φ(St − k )

W 2
t − t
σ2t2

)
. (3.19)

Then, we immediately observe thatB = IE
[(
χ

′′
(St − K ) − φ(St − K ) W 2

t −t
σ2t2

)2
]

is exponentially small ast goes to 0+ if χ
′′

andφ vanish nearS0 − K and this
is certainly possible ifS0 �= K sinceφ andχ

′′
are supported in [−a,+a] in view

of (3.16) and (3.18). Next, ifS0 = K , we again chooseχ such thatχ(0) = 1
2 and

we find thattB goes to S
2σ2 ast goes to 0+. And one can make a similar analysis

in the case whent goes to +∞.
The first general observation that we wish to make concerns the usefulness

of this localization method. We have seen how the variance can be significantly
reduced and this theoretical (by a simple asymptotic analysis) evidence is con-
firmed by the numerical examples in [1] - that show in fact an even more dramatic
speed up of the Monte-Carlo simulations.



212 Eric Fourníe et al.

We also wish to point out that, although the preceding elementary analysis
was performed in the trivial case of a Brownian model for the underlying asset,
this localization trick, in conjunction with Malliavin integration by parts, should
always be used for practical Monte-Carlo simulations and for general models. In
particular, in the case of Black-Scholes model that is when the underlying asset
is a lognormal process, the above considerations immediately adapt and we have
for instance ifS+ solves

dSt = σSt dWt + bSt dt , for t ≥ 0 ,

the following expressions

∂

∂S
IE
(
1(St >K )

) ∣∣∣∣
S =S0

= IE
(
χ′(St − K ) − (χ− χ0)(St − K )

Wt

σtS0

)
(3.20)

∂2

∂S 2
IE ((St − K )+)

∣∣∣∣
S =S0

= IE
(
χ

′′
(St − K ) − φ(St − K )

1
S 2

0σt

(
W 2

t

σt
− Wt − 1

σ

))
(3.21)

Let us also mention in passing that the previous asymptotic evaluation also adapts
trivially to that case.

We conclude this section by a general remark on Brownian expectations.

Remark 3.3 We wish to point out here that if we are interested in computing by
a Monte-Carlo simulation an expression of the formIE (ϕ(Wt )) for some function
ϕ, then it may be of interest, in order to reduce the variance of the random
variable whose expectation is the desired quantity, to rewriteIE (ϕ(Wt )) using
the Malliavin integration by parts at least on pieces ofϕ(Wt ). More precisely,
we may write formally (without bothering about the mathematical conditions that
may be needed) ifϕ(x ) = ϕ1(x ) + xϕ2(x ) + ϕ3(x ), ϕ3 = φ′

3

IE (ϕ(Wt )) = IE [ϕ1(Wt )] + IE [ϕ2(Wt )Wt ] + IE [ϕ3(Wt )]

= IE [ϕ1(Wt )] + tIE
[
ϕ′

2(Wt )
]

+ IE
[
φ3(Wt )

Wt

t

]
= IE

[
ϕ1(Wt ) + tϕ′

2(Wt ) + φ3(Wt )
Wt

t

]
.

And we may want or need to reiterate such manipulations on each piece.

4 Conditional expectations

In this section, we present a new application of Malliavin calculus to the represen-
tation of conditional expectations. We shall derive representation formulas which
are explicit enough to be computed by Monte-Carlo simulations in a straightfor-
ward way. In Sect. 4 below, we first show why such formula should exist and
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in order to do so we follow the same line of arguments as in Sect. 2. Next, we
show in Sect. 4.2 how it is possible to obtain the desired formula from Malli-
avin calculus and we work out some examples. Sections 4.3 and 4.4 are then
devoted to some particular applications that are relevant for numerical Finance:
in Sect. 4.3, we explain how one can use a single set of sample paths emanating
from a fixed position to compute the price of a European option at all points and
all intermediate times between the initial time and the maturity. We present some
numerical examples. Finally, in Sect. 4.4, we develop conditional expectations
involving one component of a multidimensional “state process” and apply this
approach to the computation of quantities that are relevant for the calibration of
stochastic volatility models.

4.1 Conditional expectations via the densities

Exactly as we did in Sect. 2, we consider general conditional expectations of the
form

IE
[
φ(F )|G = 0

]
(4.22)

whereF is a m-dimensionalFT -measurable random variable,G is a scalarFT -
measurable random variable andφ is a Borel-measurable function on IRN with
appropriate growth at infinity, say at most polynomial if we assume that all
moments ofF (and G) are bounded. Of course, the above expression does not
make sense for arbitrary random variables (F ,G) and we need to assume, in
general, that the law of (F ,G) admits some smoothness (which is made precise
below). At least formally, the above expression may be written asIE [φ(F )δ0(G)]
IE [δ0(G)]−1 and we wish to explain now why there exists in general a weightπ
such that we have for allφ

IE
[
φ(F )|G = 0

]
=

IE[φ(F )H (G)π]
IE[H (G)π]

(4.23)

whereH = 1(x>0) + c, c ∈ IR is arbitrary. Of course, (4.23) is equivalent to

IE [φ(F )δ0(G)] = IE [φ(F )H (G)π] , for all φ . (4.24)

This is indeed the case as soon as the joint law of (F ,G) admits a density
p(x , y) (x ∈ IRN , y ∈ IR) such that its log isC 1 (or even Lipschitz) with a
differential which grows at most in a polynomial way at infinity (for instance).
Indeed, we may then write

IE [φ(F )δ0(G)] =
∫∫

φ(x )δ0(y)p(x , y)dxdy

= −
∫∫

φ(x ) H (y)
∂p
∂y

(x , y)dxdy

=
∫∫

φ(x )H (y) q0(x , y) p(x , y) dxdy

hence (4.24) whereπ = π0 = q0(F ,G) andq0(x , y) = 1
p

∂p
∂y = − ∂

∂y logp.
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Remark 4.1 Of course, if we assume thatG takes its values in IRp (p ≥ 1) instead
of being scalar, a similar manipulation may be made replacing the Heaviside
function H by any functionH such that

δ0 = P (Dy )H

whereP (Dy ) denotes, as usual, any differential operator with constant coefficients
determined by a polynomialP . Then, q0(s, y) = 1

p P (−Dy )p. For instance, we

may chooseP (Dy ) = ∂
∂y1

. . . ∂
∂yp

andH = 1(yi >0,∀1≤i≤p).

Remark 4.2 Let a be aC 1 (or even Lipschitz) function on IRN × IR such that
a(x ,0) = 1 for all x ∈ IRm . Then,δ0 = aδ0 and we see that we may replaceq0

in the preceding derivatives byq = − 1
p

∂(ap)
∂y = aq0 − ∂a

∂y (= −a ∂
∂y log(ap) if a is

positive).

The last elementary observation we want to make in this section consists in
using the smoothness ofφ (provided we assume it) and write

IE (φ(F )δ0(G)) = IE
[
φ(F )h(G)π1 − φ′(F )h(G)π2

]
(4.25)

for some weightsπ1, π2. This is indeed possible at least when we assume, as
we did above, some smoothness of logp. Indeed, we look forπ1 = q(F ,G) and
π2 = r(F ,G) and we write

IE
[
φ(F )H (G)π1 − φ′(F )H (G)π2

]
=

=
∫∫

{φ(x )H (y)q(s, y) − φ′(x )H (y)r(x , y)} p(x , y)dxdy

=
∫∫

φ(x )H (y)

{
q +

1
p
∂

∂x
(rp)

}
p dxdy

= IE [φ(F )δ0(G)]

provided we request thatq andr satisfy

q +
1
p

∂

∂x
(rp) = q0 = − ∂

∂y
(logp) . (4.26)

Remark 4.3 Of course, in the above formula,π0 (resp.π1 and π2) may be re-
placed by more general weights. For instance, in (4.24),π0 may be replaced by
any π such that :E

[
π|σ(F ,G)

]
= π0. And, exactly as in Sect. 2,π0 is among

all such weights an optimal one in terms of variance.

Remark 4.4 In view of the multiplicity of choices (ofa or of r . . . ), a natural
question is to decide whether there exists a particular choice that minimizes the
variance or equivalently the second moment of the random variableφ(F )H (G)π
(orφ(F )H (g)π1−φ′(F )H (g)π2 . . .). Then, if we consider for instance the question
of the selection of an optimala and we chooseH (y) = 1

2sign(y), we are then
led to the following minimization problem : minimize, over alla(x , y) with
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appropriate growth at infinity and such thata(x ,0) = 1 for all x ∈ IRm , the
expression

IE

(
Φ(F )2

[
a(F ,G)q0(F ,G) − ∂a

∂y
(F ,G)

]2
)

=

=
∫

IRM

Φ(x )2dx
∫

IR
dy |a(x , y)q0(x , y) − ∂a

∂y
(y)|2 p(x , y) .

We then claim that an (in fact the, at least whenΦ does not vanish. . . ) optimal
a is given by

ā(x , y) = b(x )

(∫ +∞

y
p(x , z )dz

)
p(x , y)−1

whereb(x ) = p(x ,0)

(∫ +∞

0
p(x , z )dz

)−1

. Indeed, one can check easily that ¯a

solves the associated Euler-Lagrange equation(
∂

∂y
+ q0

)
p

(
∂

∂y
− q0

)
a = 0 , on IRm × IR

and the above minimization problem is convex. Notice that the weight ¯π =
q̄(F ,G) associated to ¯a is trivial namelyπ̄ = b(F ) and we have of course

IE [Φ(F )δ0(G)] =
∫
Φ(x )p(x ,0)dx =

∫
Φ(x )1(y>0)b(x )p(x , y)dy

= IE [Φ(F )H (G)π̄] .

However, such a choice heavily depends upon the use ofδ0 andH while (4.24)
and ((4.25) with the choices made above hold in fact whenever we replaceδ0 by
ψ andH by Ψ with Ψ ′ = ψ.

4.2 Conditional expectations in Malliavin calculus

The elementary considerations developed in the previous section are of course
theoretical since, in general, the joint lawp(x , y) of (F ,G) is not known. Once
more, they only explain why weights likeπ or (π1, π2) should exist. We shall now
show how explicit or at least computable weights can be obtained using Malliavin
calculus. Exactly as in Sect. 2, we then need to assume thatF andG are smooth
in Malliavin sense i.e. (for instance)F ,G ∈ L2(Ω), Dt F , Dt G ∈ L2(Ω × [0,T ])
and thatDt G is non degenerate. We thus assume that there exists a smooth
processut ∈ IH 1 such that

IE
[∫ T

0
Dt Gut dt |σ(F ,G)

]
= 1 . (4.27)

Whenever this is possible, one may simply chooseut = 1
Dt G

.
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Then, we have, for anyC 1 function φ (or locally Lipschitz . . . ) such that
φ grows, say, at most linearly at infinity and for any Heaviside-like function
H (y) = 1(y>0) + c with c ∈ IR, the following representation formula

Theorem 4.1 Under the above assumptions, we have

IE
[
φ(F )|G = 0

]
=

IE
[
φ(F )H (G)δ(u) − φ′(F ).H (G)

∫ T

0
Dt F .ut dt

]
IE [H (G)δ(u)]

(4.28)

Corollary 4.1 If there exists ut satisfying (4.27) such that

IE
[∫ T

0
Dt Fut dt |σ(F ,G)

]
= 0 , (4.29)

then we have

IE
[
φ(F )|G = 0

]
=

IE [φ(F )H (G)δ(u)]
IE [H (G)δ(u)]

(4.30)

and this formula is valid by density for any Borel measurable function φ with,
say, at most linear growth at infinity.

Proof of Theorem 4.1 The formula (4.28) is at least formally completely obvious.

We write IE
[
φ(F )|G = 0

]
= IE [φ(F )δ0(G)]

/
IE [δ0(G)]. And we have

IE [φ(F )δ0(G)] = IE
[∫ T

0
Dt {φ(F )H (G)} ut dt

]
−IE
[
(φ′(F )H (G).

∫ T

0
Dt fut dt

]
= IE

[
φ(F )H (G)δ(u) − φ′(F )H (G).

∫ T

0
Dt Fut dt

]
.

In order to justify this formal computation, we go back to a definition of such a
conditional density and we write

IE
[
φ(F )|G = 0

]
= lim

ε→0+

IE
[
φ(F )1(−ε+ε)(G)

]
IE
[
1(−ε,+ε)(G)

]
Then, we may write

IE
[
φ(F )1(−ε,+ε)(G)

]
= IE

[∫ T

0
Dt {φ(F )Hε(G)} ut dt

]
−IE
[
φ′(F )Hε(G).

∫ T

0
Dt Fut dt

]
= IE

[
φ(F )Hε(G)δ(u) − φ′(F )Hε(G).

∫ T

0
Dt Fut dt

]
,
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whereHε(y) = c if y ≤ −ε, = y + ε+ c if −ε ≤ y ≤ ε, = 2ε+ c if y ≥ ε. We then
conclude easily upon lettingε go to 0+ since 1

ε Hε(G) converges a.s. to 2H (G)
(recall thatP (G = 0) = 0). �

We shall give in the next sections some specific examples ofut which allow
to compute or determine in a computable way the Skorohod integralδ(u).

Remark 4.5 The existence ofut satisfying (4.29) in addition to (4.27) means that
Dt F andDt G are not “parallel” or in other words (see Appendix B) thatF and
G are not correlated. Indeed, ifF is a (smooth) nontrivial (nonconstant) function
of G , such a processut clearly does not exist sinceDt F is proportional toDt G .

Remark 4.6 The above approach can be extended to situations where we condi-
tion expectations with respect to vector-valued random variablesG . One simply
iterates the above argument choosing for instance “integrating” processesui

t such
that

IE
[∫ T

0
Dt Gj u

i
t dt |σ(F ,G)

]
= δij for 1 ≤ i , j ≤ m

requires, of course, that (G1, . . . ,Gm ) are not correlated i.e. that (Dt G1, . . . ,Dt Gm )
is a free system or, for instance, that the Malliavin covariance matrix (Dt Gi Dt Gj )
is “invertible” enough.

Remark 4.7 With the above choices ofut , we also have for “any” functionψ

IE [φ(F )ψ(G)] = IE
[
φ(F )Ψ (G)δ(u) − φ′(F ).Ψ (G)

∫ T

0
Dt Fut dt

]
whereΨ ′ = ψ, and thus ifut satisfies (4.29)

IE [φ(F )ψ(G)] = IE [φ(F )Ψ (G)δ(u)] .

This equality shows in particular that, if we setπ = δ(u)

IE
[
π|σ(F ,G)

]
= π0

whereπ0 has been determined in the preceding Sect. (4.1).
And, exactly as in Sect. 2, one may check thatπ0 = δ(u0) where u0

t =
IE
[
Dt q0(F ,G)|Ft

]
and thatu0, in general, satisfies (4.27) and (4.29). Indeed, we

have for allφ andψ

IE
[
φ(F )Ψ (G)δ(u0)

]
= IE
[∫ T

0
Dt {φ(F )Ψ (G)} u0

t dt

]
= IE
[∫ T

0
Dt Fu0

t dt).φ′(F )Ψ (G) + φ(F )ψ(G)(
∫ T

0
Dt Gu0

t dt)

]
Hence, we have for allφ andψ

IE
{
φ(F )ψ(G)

[
1 − IE [

∫ T

0
Dt Gu0

t dt |σ(F ,G)]

]}
= IE

{
φ′(F ).Ψ (G)IE

[∫ T

0
Dt Fu0

t dt |σ(F ,G)]

]}
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or ∂
∂y (q , p) = divx (rp) on IRm × IR, if 1 − IE

[∫ T

0
Dt Gu0

t dt |σ(F ,G)

]
= q(F ,G)

and

IE
[∫ T

0
Dt Fu0

t dt |σ(F ,G)

]
= r(F ,G). Therefore, ifqp and rp vanish at infinity,

thenq ≡ r ≡ 0.
Finally, exactly as in Sect. 2,π0 is among all weights the one that minimizes

the variance ofφ(F )Ψ (G)π.

Remark 4.8 As mentioned before, our weights allow to replace (δ0,H ) by any
couple (ψ, Ψ ) such thatΨ ′ = ψ. One may use this fact in order to localize
the integration by parts as we explained in Sect. 3. Indeed, we may consider
a smooth bump functionψ0 supported in [−a,+a] for some a > 0 such that∫ +a

−a
ψdy = 1 : take for instanceψ0 = 1

2a 1[−a,+a] . Then, we setψ = δ0 −
ψ0 and chooseΨ such thatΨ ′ = ψ and Ψ has compact support in [−a,+a](
Ψ (y) = −

∫ y

−∞
ψ0(z )dz + H (y)

)
. Then, we may write

IE [φ(F )δ0(G)] = IE [φ(F )ψ0(G)] + IE [φ(F )ψ(G)]

= IE [φ(F )[ψ0(G) + Ψ (G)π]] .

Remark 4.9 At this stage, we wish to mention in passing that everything we did
in Part I [1] or that we are doing here can be adapted to situations involving,
in addition to the Brownian motionW , a jump process like a Poisson process
provided it is assumed to be independent ofW .

4.3 Application : Global pricing and hedging of a European option

In this section, we present the first application of the approach developed in the
previous Sects. (4.1–4.2) to Numerical Finance. Roughly speaking, we show that
the representations we obtained above allows to determine the price and greeks
of a European option for allS (initial position) and for allt1 ∈ (0,T ) using
only the process that starts att0 = 0, S0 fixed. In other words, one can determine
the solution (and its differentials) of a diffusion parabolic equation at all points
and at all positive times using only the trajectories of the process that start
initially at a fixed position. In some sense, this completely modifies the general
understanding of the use of Monte-Carlo methods for the computation of the
solution of diffusion parabolic equation or of the price (and hedges) of a European
option. Indeed, one would usually think that Monte-Carlo methods compute the
solution at a single point (in space-time) while PDE numerical schemes compute
the solution everywhere (at least on a predetermined grid). Our approach shows
that this is not the case since one can compute (in a completely parallel way) the
solution everywhere by a Monte-Carlo method involving a single generation of
trajectories emanating from a given point!
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We first explain how one can derive closed form formulas and, at the end of
this section, we present a numerical example for the “global” computation of a
European option by a Monte-Carlo Method.

We thus introduce some notation. The underlying process (contingent asset)
St is assumed to solve

dSt = σ(St )dWt + b(St )dt , St = S at t = 0 , (4.31)

and we consider for allt ≥ 0, S ∈ IR (or S > 0)

V (S , t) = IES
[
φ(St )e

−rt
]

whereφ is the pay-off, a given measurable function (with at most polynomial
growth at infinity),r ≥ 0 is the interest rate (assumed to be constant to simplify
the presentation),σ(S ) is the volatility. And we assume thatσ andb are smooth
functions ofS with σ′ andb′ bounded. We also assume thatσ is non degenerate
(σ2 > 0). Finally, we denote byES the usual expectation involvingSt which
starts att = 0 at the pointS (i.e. solves (4.31)) in order to emphasize the nature
of the trajectories we use.

Specific examples include the Brownian case i.e.σ =constant,b = 0 or the
lognormal case i.e.σ(S ) = σS with σ > 0 (and a trivial degeneracy atS = 0),
b(S ) = bS andb ∈ IR.

We also wish to point out that we only consider here the one-dimensional
situation in order to simplify the presentation even though everything we do may
be adapted to multidimensional settings.

We next recall thatV solves uniquely the following linear partial differential
equation

∂V
∂t

− 1
2
σ2(S )

∂2V
∂S 2

− b(S )
∂V
∂S

+ rV = 0 for S ∈ IR, t > 0

V

∣∣∣∣
t=0

= φ(S ) for S ∈ IR .

Finally, we recall that the Markov property immediately yields the following
formula for all 0< t < T and for allS0, S ∈ IR

IES0

[
φ(ST )|St = S

]
= V (S ,T − t) er(T−t) .

We may thus fixS0 ∈ IR (S0 > 0 in the lognormal case) andT > 0 (the
maturity of the option) and we want to compute or determine in a “com-
putable” wayIES0

[
φ(ST )|St = S

]
together with various differential like, for in-

stance, ∂
∂S IES0

[
φ(ST )|St = S

]
i.e. the delta.

We then begin to apply the method introduced in the preceding section (4.2)
in the case whenφ is smooth. We then chooseus = 1

t
ξs

σ(Ss )ξt
1(0,t)(s) whereξt

denotes the tangent flow defined by

dξs = σ′(Ss )ξs dWs + b′(Ss )ξs ds, ξ0 = 1 .
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Recalling thatDs St = σ(Ss )
ξt

ξs
1(0,t)(s), se see that (4.27) holds. Therefore, we

find
IES0

[
φ(ST )|St = S

]
=

= IES0

{
φ(ST )H (St − S )δ(u) − φ′(ST )H (St − S ).

∫ T

0
Ds ST us ds

}
= IES0

[
φ(ST )H (St − S )δ(u) − φ′(ST )H (St − S )

ξT

ξt

]
.

and we have

δ(u) =
1

tξt

∫ t

0

ξs

σ(Ss )
dWS +

1
t

∫ t

0

ξs

σ(Ss )
Dsξt

ξ2
t

ds .

There remains to determineDsξt , a computation which we isolate in the following

Lemma 4.1 Let ζt = ∂2St
∂S 2 i.e. the solution of the following SDE

dζt =
{
σ′(St )ζt + σ

′′
(St )ξ

2
t

}
dWt +

{
b′(St )ζt + b

′′
(St )ξ

2
t

}
dt , ζ0 = 0 . (4.32)

Then, Dsξt =
{

σ(Ss )
ξs
ζt + σ′(Ss )ξt − σ(Ss )

ζs

ξ2
s
ξt

}
1(t≥s) .�.

Admitting temporarily this fact, we finally obtain the

Theorem 4.2 We have for all S , t ∈ (0,T ]

IES0(φ(ST )|St = S )

= IES0

[
φ(St )H (St − S )π − φ′(ST )H (St − S )

ξT

ξt

] (
IES0[H (St − S )π]

)−1
,

where π is given by

π =
1

tξt

(∫ t

0

ξs

σ(Ss )
dWs + t

ζt

ξt
+
∫ t

0
σ′(Ss )

ξs

σ(Ss )
− ζs

ξs
ds

)
. (4.33)

Proof of Lemma 4.1 Applying the usual Malliavin calculus rules, we find
d (Dsξt ) = σ′(St )(Dsξt )dWt + σ

′′
(St )(Ds St )ξt dWt +

+ b′(St )(Dsξt )dt + b
′′
(ST )(Ds St )ξt dt , for t ≥ s ,

with Dsξt

∣∣∣∣
t=s

= σ′(Ss )ξs . Hence, we have

d (Dsξt ) = σ′(ST )(Dsξt )dWt + σ
′′
(St )

σ(Ss )
ξs

ξ2
t dWt +

+b′(St )(Dsξt )dt + b
′′
(St )

σ(Ss )
ξs

ξ2
t dt , for t ≥ s
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Therefore,ϕt = Dsξt − σ(Ss )
ξs
ζt solves

dϕt = σ′(St )ϕt dWt + b′(St )ϕt dt , for t ≥ s

and thus

ϕt = ϕs
ξt

ξs
=

(
σ′(Ss )ξs − σ(Ss )

ξs
ζs

)
ξt

ξs

= σ′(Ss ) ξt − σ(Ss )ζsξt

ξ2
s

.

�
If we do not want to use the smoothness ofφ, we need to apply Corollary

4.1 and thus we choose

us =
ξs

σ(Ss )ξt

{
1
t

1(0,t)(s) − 1
T − t

1(t,T (s)

}
,

so that (4.27) and (4.29) hold with this choice.
Then, we set

π = δ(u) = 1
ξt

(
1
t

∫ t
0

ξs

σ(Ss ) dWs − 1
T−t

∫ T

t

ξs

σ(Ss )
dWs

)
+

+ ζt

ξ2
t

+ 1
tξt

∫ t

0

σ′(Ss )
σ(Ss )

ξs ds − 1
tξt

∫ t

0

ζs

ξs
ds.

(4.34)

and we deduce from Corollary 4.1 the

Theorem 4.3 We have for all S , b ∈ (0,T )

IES0

(
φ(ST )|St = S

)
=

IES0(φ(ST )H (St − S )π)
IES0(H (St − S )π)

(4.35)

with π given by (4.34).

Remark 4.10 If we wish to compute the delta namely∂∂S IES0(φ(ST )|St = S ), we
see from the previous formula that we only need to compute

IES0 [φ(ST )δS (St )π] = IES0

[∫ T

0
Ds {φ(ST )H (St − S )} .usπds

]

= IES0

[
φ(ST )H (St − S )π2 − φ(ST )H (St − S )

∫ T

0
us Dsπds

]
and one can computeDsπ from the explicit formula (4.34). It involves however
tedious but straightforward computations that we do not wish to include here and
we shall only mention them in the context of the examples that follow.

We next detail the preceding formula in the Brownian case, (St = S0 + σWt ),

and in the log normal case
(

St = S0 exp
{
σWt −

(
σ2

2 − b
)

t
})

.
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Example 4.1 The Brownian case.
In that case,ξt ≡ 1, ζt ≡ 0 and we obtain

IES0(φ(ST )|St = S ) =
IES0

[
φ(ST )H (St − S ) Wt

tσ − φ′(ST )H (St − S )
]

IES0

[
H (St − S ) Wt

tσ

]
=

IES0

[
φ(ST )Wt − tσφ′(ST ))H (St − S )

]
IES0 [H (St − S )Wt ]

as a consequence of Theorem 4.2, and by Theorem 4.2

IES0(φ(ST )|St = S ) =
IES0

[
φ(ST )H (St − S ) 1

σ ( Wt
t − WT −Wt

T−t )
]

IES0

[
(St − S ) 1

σ ( Wt
t − WT −Wt

T−t )
]

=
IES0 [φ(ST )H (St − S )(TWt − tWT )]

IES0 [H (St − S )(TWt − tWT )]
.

Example 4.2 The lognormal case.
In that case,ξt ≡ St

S0
andζt ≡ 0. We thus deduce from theorem 4.2

IES0(φ(ST )|St = S )

=
IES0

[
φ(ST )H (St − S )(tσSt )−1(Wt + tσ) − φ′(ST )H (St − S ) ST

St

]
IES0

[
H (St − S )(tσSt )−1(Wt + tσ)

]
=

IES0

[
φ(ST )H (St − S )S −1

t (Wt + tσ) − tσφ′(ST )H (St − S )ST S −1
t

]
IES0

[
H (St − S )S −1

t (Wt + tσ)
] .

And, similarly, we deduce from theorem 4.3

IES0(φ(ST )|St = S ) =
IES0

[
φ(ST )H (St − S )

{
(σSt )−1( Wt

t − WT −Wt
T−t ) + S −1

t

}]
IES0

[
H (St − S )

{
(σSt )−1( Wt

t − WT −Wt
T−t ) + S −1

t

}]

=
IES0

[
φ(ST )H (St − S )S −1

t

(
TWt −tWT

T−t + σt
)]

IES0

[
H (St − S )S −1

t ( TWt −tWT
T−t + σt)

] .

We conclude this section by a brief presentation of a numerical illustration of
the preceding formula. We performed simulations for the BS model and computed
the conditional expectation by the previous formula on a predefined grid. We
compared the results obtained by these simulations and our filtering formula
with the exact price given by the Black-Scholes formula for values of the grid
up to one standard deviation from the money.

More precisely, we have chosen a grid of sizeN × M where N ,M stand
respectively for the number of steps in time and space. Lett1 < . . . < tN and

X =

{
xij = S0 exp

((
r − σ2

2

)
ti + jσ∆xi

)
, ∆xi =

√
ti

}
,
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the grid on which we evaluate the conditional expectations. LetK be the num-
ber of trajectories (starting fromS0) we have simulated, we have computed the
following terms and compared them to exact prices given by Black-Scholes for-
mula.

IES0

(
e−r(T−t)(ST − K )+|St = xij

) �

� e−r(T−t)

1
K

K∑
k=0

(ST (k ) − K )+H (St (k ) − xij )S
−1
t (k )

(
TWt (k ) − tWT (k )

T − t
+ σt

)
1
K

K∑
k=0

H (St (k ) − xij )S
−1
t (k )(

TWt (k ) − tWT (k )
T − t

+ σt)

This is a crude estimator. There are many variations of this estimator which
give improvements for this particular case. But we want to show the performance
of the formula without any statistical optimization.

Fig. 1. Histogramme of relative error (%)

For the simulations, we used a very simple method of generation of low
discrepancy trajectories, the so-called brownian bridge method using Sobol points
at timesT/2,T .

We present the results in the Figs. 1 and 2.
One sees that the filtering formula is quite accurate close to the initial time,

and becomes less efficient when the time goes toward the maturity. The formula
is also better around the money. It gives a larger relative error out of the money.
This means that the number of trajectories is too small in these areas.

These are crude numerical results. We will show in a forthcoming paper how
to improve these simulations in a way which will allow to solve the problem of
American options with a satisfying accuracy.
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Fig. 2. Relative error of filtering formula for BS model with parametersS0 = 100, rater = 0.1,
volatility σ = 0.1, maturityT = 1 year. We use some low discrepancy Monte Carlo generation and
10000 trajectories

4.4 Application to a stochastic volatility model

The application we shall develop here is a prototypical example of the condi-
tioning of one component by another component of a multidimensional diffusion
process. We present here a particular example which is significant in numeri-
cal Finance for the so-called calibration of stochastic volatility models. We thus
consider a simple stochastic volatility model{

dSt = σt St dW 1
t + b St dt , S0 > 0

dσt = α σt dW 2
t + βσt dt , σ0 > 0

(4.36)

whereα, β, b ∈ IR and (W 1
t ,W

2
t ) are independent Brownian motions. The in-

dependence assumption is not essential for the analysis which follows but it
certainly simplifies the explicit computations that we perform.

In order to calibrate such models on market data, it is useful to be able to
compute

IE
[
σ2

T | ST = S
]

(4.37)

whereT > 0 is fixed. And we refer to forthcoming papers for more details on the
financial application. This is indeed rather easy thanks to our general approach.
First, we notice thatDtσT ≡ 0 sinceW 1 andW 2 are independent and that (4.29)
holds thus for anyu. Next, we observe that we have fort ≥ s

d (Ds St ) = σt (Ds St )dW 1
t + b(Ds St )dt , for t ≥ s

Ds St

∣∣∣∣
t=s

= σs Ss .
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Hence,Ds St = σs St . Therefore, we may chooseut = 1
Tσt St

and both conditions
(4.27) and (4.29) hold. Finally, we compute

π = δ(u) =
1

TST

∫ T

0

1
σt

dWt +
1
T

∫ T

0

1
σt

Dt ST

S 2
T

dt

=
1

TST

∫ T

0

dWt

σt
+

1
ST
.

We have thus shown the following formula

IE
[
σ2

T |ST = S
]

=
IE
[
σ2

T H (ST − S ) S −1
T (T +

∫ T

0

dWt

σt
)

]
IE
[

H (ST − S ) S −1
T (T +

∫ T

0

dWt

σt
)

] (4.38)

We conclude this section by a numerical illustration of the preceding formula.
We performed Monte Carlo simulations in the same spirit as in the previous

example. We allowed the maturityT to vary between 0 and 0.2 year and the
conditional spotS at timeT to vary around the forward of one standard deviation
for σ = σ0 constant. We computed the formula (4.38) by the standard Monte Carlo
estimator. We present the results in the Fig. 3.

We see that the conditional volatility is (as it should be) higher when condi-
tioning to values ofST out of the money.

Fig. 3. Values ofIE
[
σ2

T | ST = S
]

for parametersS0 = 100, rater = 0.1, initial volatility σ0 = 0.2,
α = 0.1 andβ = 0.2

5 Anticipating Girsanov transforms

5.1 Introduction

In this section, we develop one more application of Malliavin calculus namely the
possibility of using anticipating Girsanov transforms. Before going into the math-
ematical details, let us first explain the heuristic idea behind our developments.
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Let us consider a European option whose pay-off vanishes when the contingent
asset at maturity does not belong to a certain interval. Then, all Monte-Carlo
trajectories that do not hit that region at maturity do not contribute to the pay-
off and are thus wasted. Therefore, it is natural to try to replace the underlying
process by another one with a greater probability of hitting the “target zone” at
maturity. This however means transforming the process or changing variables
and we then need to be able to compute the Jacobian of this transform. Let us
also observe that this transform is a priori anticipative since we should use the
value of the process at the final time i.e. the maturity.

If the transform were not anticipative, one could and may apply the standard
theory of Girsanov transforms that precisely does the job. Examples of appli-
cations of this type to Numerical Finance are presented in E. Fournié et al. [2]
for out of the money contingent claims (the transform is then determined by
the theory of large deviations) and E. Fournié et al. [3] for stochastic volatility
models (where the transform is determined by a “constant volatility submodel”).
Both examples involve situations where the optimal transform (optimal since it
induces a zero variance) associated with importance sampling, namely the ra-
tio (delta / price) at each point and each time, which is of course unknown in
general, is approximated using a convenient asymptotic theory.

However, here, as explained above, we need to use the theory of anticipating
Girsanov transforms and we refer the interested reader to D. Nualart [6] and
S. Kusuoka [4] for a more complete presentation of the theory which involves
the “usual” Girsanov exponential together with an extra term which is really
a weighted Jacobian. Our main concern in the next Sect. 5.2 will be to have
explicit expressions for a class of transforms that covers our needs in the context
of Numerical Finance. Then, in Sect. 5.3, we briefly present some applications.

5.2 Anticipating Girsanov theorems for a terminal transform

Let T > 0 be fixed. We begin with a simple transformation defined by

dŴt = dWt + ϕ(ŴT )dt for 0 ≤ t ≤ T , (5.39)

in other words, we consider the transformation on paths :ω �→ ω̂ where
ω̂(t) − ϕ(ω̂(T ))t = ω(t). Here and below,ϕ is a Lipschitz function such that
the mappingω �→ ω̂ is well-defined and bijective. This is obviously the case if
T supz∈IR ϕ

′(z ) < 1. And, in order to simplify the presentation, we shall always
assume that this condition holds. Finally, we only consider the one-dimensional
case eventhough everything we do adapt immediately to higher dimensions.

Then, we claim that there exists a measureP̂ under whichω̂ is a Brownian
motion and for allF ∈ FT

IE[F ] = ÎE
[

F̂ .exp

(
Ŵtϕ(Ŵt ) − T

2
ϕ2(ŴT )

)
.
(

1 − Tϕ′(ŴT )
)]

(5.40)

whereF̂ (Ŵ ) = F (W ), andÎE denotes expectation underP̂ . Let us begin with the
trivial case whereF = F (WT ).
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Then, we have settingz = y − Tϕ(y)

IE[F ] =
∫

F (z )
e− |z|2

2T√
2πT

dz =
∫

F̂ (y)
e

−|y−Tϕ(y)|2

2T√
2πT

(1 − Tϕ′)(y)dy

=
∫

F̂ (y)
e−|y|2/2T

√
2πT

eyϕ(y)− T
2 ϕ2(y)(1 − Tϕ′(y))dy

= ÎE
[

F̂ (ŴT ).exp

(
ŴTϕ(ŴT ) − T

2
ϕ2(ŴT )

)
.(1 − Tϕ′(ŴT ))

]
.

More generally, ifN ≥ 1, F = F (∆1, . . . , ∆N ), ∆i = Wih − W(i−1)h , h = T
N ,

then we write

IE(F ) =
∫

F (z1, . . . , zN )
e− |z|2

2h

(2πh)N /2
dz

=
∫

F̂ (y1, . . . , yN )(2πh)−N /2 exp

− 1
2h

|y − ϕ

 N∑
j=1

yj

 h|2
Ddy

whereD =det (δij − ϕ′(
N∑

j=1

yj )h eij ), eij = 1 for all 1≤ i , j ≤ N .

Hence, we deduce

IE(F ) =
∫

F̂ (y)
e

−|y|2

2h

(2πh)N /2
exp

( N∑
i=1

yi

)
ϕ

 N∑
j=1

yj

− T
2
ϕ2

 N∑
j=1

yj

Ddy .

There remains to computeD which is a consequence of the “classical” matrix
lemma.

Lemma 5.1 Let D = det(δij − a ⊗ b), where a, b ∈ IRN . Then, D = 1− (a, b).

Admitting temporarily this lemma, we conclude the proof of (46) since

D = 1− N h ϕ
′

 N∑
j=1

yj

 = 1− Tϕ
′

 N∑
j=1

yj

 .

Proof of Lemma 5.1 Many proofs are possible. A nice one consists in writing
f (b) = 1−det(δij − a ⊗ b) wherea is fixed. Obviously,f is smooth and by direct
inspection we check thatf (0) = 0, f ′(0) = a, f

′′
(0) = 0. Next, since (δij − a ⊗ b)

(δij − a ⊗ c) = δij − a ⊗ b − a ⊗ [c(1 − (a, b))] we deduce that we have

f (b) + f (c) − f (b)f (c) = f (b + c(1 − (a, b))).

Differentiating twice this relationship with respect toc and settingc = 0, we
obtain {

a(1 − f (b)) = f ′(b)(1 − (a, b))
0 = f

′′
(b)(1 − (a, b))2
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hencef
′′
(b) = 0 on IRN and f is linear sincef (0) = 0.

Therefore, we deduce from the first equation thatf (b) = (a, b). �
In fact the above argument extends to a more general transformation defined

by (ω �→ ω̂) where

ω̂(t) − tϕ(∆̂1, . . . , ∆̂n ) = ω(t) for all t ∈ [0,T ]

and∆̂i = ω̂(ti ) − ω̂(ti−1), wheret0 = 0< t1 < t2 < . . . < tN = T is an arbitrary
partition of [0,T ] andϕ is a smooth function on IRN such thatω �→ ω̂ is bijective.
And we obtain in place of (5.40) IE[F ] = ÎE

[
F̂ .exp

(
ŴTϕ(∆̂1, . . . , ∆̂N ) − T

2ϕ
2(∆̂1, . . . , ∆̂N )

)
.

.
(

1 − §N
i=1(ti − ti−1) ∂ϕ

∂xi
(∆̂i , . . . , ∆̂n )

)]
or in other words

IE[F ] = ÎE
[
F̂ .exp

(
ŴTϕ(∆̂1, . . . , ∆̂N )+

− T
2ϕ

2(∆̂1, . . . , ∆̂N )
)(

1 −
∫ T

0
D̂tϕdt

)] (5.41)

where we denote bŷD the Malliavin derivative in the transformed Wiener space
(Ω, P̂ , Ŵ ). This with a little extra work extends to a general transformation of
the form (ω �→ ω̂) where

ω̂(t) − tϕ(ω̂) = ω(t) for all t ∈ [0,T ]

assuming thatϕ is smooth, (ω �→ ω̂) is bijective and (1−
∫ T

0
D̂tϕdt) �= 0 a.s.

If we compare the above considerations with the literature we are aware of
(see [6], [5] and the references therein), we have changed notations and more
importantly we have isolated a special class of transformation for which the
Carleman-Fredholm determinant is computable (here, it is, up to various irrel-

evant changes of signs, (1−
∫ T

0
D̂tϕdt) exp(̂WTϕ − δ(ϕ)) where, as usual,δ

denotes the Skorohod integral ofϕ).

Remark 5.1 We have deliberately defined the paths transformations in an implicit
way in order to simplify the expressions of some jacobians. If we insist on a
more traditional formulation namely

dŴt = dWt + ϕ(WT )dt

or more generally
dŴt = dWt + ϕdt

whereϕ is a smooth function of paths (restricted to [0,T ]) then we may translate
the above results in the following way



Applications of Malliavin calculus to Monte-Carlo methods in finance. II 229

IE[F ] = IE
[

F̂ exp

(
−ϕWT − T

2
ϕ2

)(
1 +
∫ T

0
Dtϕdt

)]
(5.42)

whereF̂ = F (Ŵ ).

Finally, the multidimensional analogue of the preceding formula consists in re-

placingϕWT by ϕ.WT , ϕ2 by |ϕ|2 and 1 +
∫ T

0
Dtϕ by det

(
I +
∫ T

0
Dtϕdt

)
.

5.3 Applications

The first application we present concerns European options involving a pay-off
which vanishes if the contingent asset at maturityST vanishes on the complement
of an interval [K1,K2] where 0< K1 < K2 < +∞. More precisely, we consider
E [φ(ST )] whereφ is Borel measurable, bounded and supported in [K1,K2]. For
instance, we may take

φ(S ) = (S − K1)+ 1(S<K2) (5.43)

i.e. a call with a knock-out, or

φ(S ) = 1(K1<S<K2) (5.44)

i.e. a digital with a knock-out. And we consider, in order to simplify the presen-
tation, the simple situation whereSt = S0 + σWt + bt , σ > 0, b ∈ IR (Brownian
case) or whereSt = S0 exp (σWt + (b − σ2

2 )t), σ > 0, b ∈ IR (lognormal case).
We begin with the Brownian case and we note first thatφ(ST ) = ψ(WT ) where
ψ(x ) = φ(S0+bT +σx ) is now supported in [L1,L2] whereLi = Ki −S0−bT

σ (i = 1,2).
We then chooseL = L1+L2

2θ , ϕ(x ) = −θR if x ≤ −R, = θx if x ∈ [−R,+R], = θR
if x ≥ R whereθ ∈ (0,1), R > 0. We shall use the following transformation

dŴt = dWt − 1
T
ϕ(WT − L) dt ,

so thatŴT − L = WT − L − ϕ(WT − L).
Then, applying the results of the previous section , we have{

IE(φ(ST )) = IE(ψ(WT )) =

= IE
[
ψ(ŴT ) exp

(− 1
T ϕ(WT )WT − 1

2T ϕ
2(WT )

)
.(1 − ϕ′(WT ))

]
.

In order to estimate what we gained with this transformation, we observe that
φ(ST ) vanishes ifST �∈ [K1,K2] and thus the probability of hitting that interval
at timeT is given by

P (WT ∈ [L1,L2]) =
∫ L2

L1

e−|y|2/2T

√
2πT

dy , (5.45)
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while ψ(ŴT ) vanishes if̂WT �∈ [L1,L2] and thus the probability of reaching that
interval at timeT is given by

P (WT − ϕ(WT − L) ∈ [L1,L2]) = P (L + R ≤ WT ≤ L2 + θR) +

+P (L1 − θR ≤ WT ≤ L − R) + P

(
WT ∈

[
L1

1 − θ
− θL

1 − θ
,

L2

1 − θ
− θL

1 − θ

])
.

In particular, if R ≥ 1
1−θ max(L − L1,L2 − L), this probability reduces to

P

(
WT ∈

[
− L2 − L1

1(1− θ)
,

L2 − L1

2(1− θ)

])
which is obviously greater than (5.45) and in fact goes to 1 asθ goes to 1−.

In the lognormal case, the analysis is the same defining nowψ, L1,L2, by

ψ(x ) = φ

(
S0 exp(σx + (b − σ2

2
T )

)
,

Li =
1
σ

(
log(

Ki

S0
) + (

σ2

2
− b)T

)
, for i = 1,2.

Appendix A
A PDE interpretation for the representation of the delta

Let us consider an expectation of the form

IE [φ(XT )] = V (x ,T ) (A.1)

whereφ is a Borel measurable function on IR with at most polynomial growth
at infinity, T > 0 andXt is a non degenerate process given by

dXt = σ(Xt )dWt + b(Xt )dt , X0 = x (A.2)

whereσ, b are smooth,σ2 > 0 on IR,σ′, b′ are bounded on IR.
As is well known,V is the unique solution of

∂V
∂t

− LV = 0 on IR× (0,+∞) , V

∣∣∣∣
t=0

= φ on IR (A.3)

whereL = 1
2σ

2 ∂2

∂x2 + b ∂
∂x .

Let us immediately emphasize the fact that we consider here only a one-
dimensional setting although everything we discuss below adapts trivially to
higher dimensions.

Our goal here is to explain the partial differential equation interpretation of
various representation formula for the delta i.e. for∂V

∂x (x ,T ). The first one is the
following classical formula obtained by differentiating (A.1) with respect tox .
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This, of course, requiresφ to have some smoothness like, for instance,φ locally
Lipschitz andφ′ grows at in a polynomial way at infinity. We then have

∂V
∂x

(x , t) = IE
[
φ′(Xt )ξt

]
(A.4)

whereξt solves

dξt = σ′(Xt )ξt dWt + b′(Xt )ξt dt , ξ0 = 1 (A.5)

The PDE interpretation of this formula is clear. We introduce a diffusion
process (Xt ,Yt ) whereYt solves

dYt = σ′(Xt )Yt dWt + b′(Xt )Yt dt , Y0 = y (A.6)

so thatYt = yξt . And, obviously∂V
∂x (x , t)y = W (x , y , t) should be the solution of

∂W
∂t − 1

2σ
2 ∂2W

∂x2 − b ∂W
∂x − 1

2(σ′)2y2 ∂2W
∂y2 − σσ′y ∂2W

∂x∂y +

− b′y ∂W
∂y = 0 on IR2 × (0,+∞)

W

∣∣∣∣
t=0

= φ′(x )y on IR2.

(A.7)

This can be checked directly by differentiating (A.3) with respect tox and mul-
tiplying by y . We then find indeed

∂W
∂t

= y
∂

∂x
LV = LW + yσσ′ ∂

2V
∂x2

+ yb′ ∂V
∂x

= LW + yσσ′ ∂
2W

∂x∂y
+ yb′ ∂W

∂y
+ α

∂2W
∂y2

for any functionα since W is linear in y . In particular, we observe thatW
solves any parabolic equation of the form (A.7) where we replace1

2(σ′)2y2 by
any functionα ≥ 1

2(σ′)2y2.
Therefore, we can even make such an equation uniformly parabolic by choos-

ing α > 1
2(σ′)2y2.

We now turn to representation formula deduced from Malliavin calculus (see
[1] for more details). And we begin with the simplest case namely the Brownian
case (σ = 1, b = 0). Then, (A.3) reduces to the standard heat equation

∂V
∂t

− 1
2
∆V = 0 . (A.8)

And, we have :t∇V (x , t) = IE [φ(x ,Wt )Wt ].

Once more, the analytical interpretation of that formula is clear : we solve

∂U
∂t

− 1
2
∆V = 0, U

∣∣∣∣
t=0

= xφ (A.9)
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and the preceding formula simply means that we have

t∇V (x , t) ≡ U (x , t) − xV (x , t) . (A.10)

Indeed, we have(
∂

∂t
− 1

2
∆

)
(U − xV ) = ∇V =

(
∂

∂t
− 1

2
∆

)
(t∇V )

while U − xV

∣∣∣∣
t=0

≡ t∇V

∣∣∣∣
t=0

≡ 0. In other words, the crucial fact here is the

following property of the commutation of∆ and the multiplication operator by
x namely

[∆, x ] = ∇ .

For a general diffusion processXt , the interpretation is more elaborate. Indeed,
let us recall first the formula

t
∂V
∂t

(x , t) = IE
[
φ(Xt )

∫ t

0

ξs

σ(Xs )
dWs

]
. (A.11)

We then introduce a diffusion process(Xt ,Yt ,Zt ) whereYt is defined as above
(i.e. Yt = yξt ) andZt satisfies

dZt =
Yt

σ(Xt )
dWt , Z0 = z (A.12)

Then, the above lationship (A.11) can be interpreted as

t
∂V
∂x

(x , t)y = F (x , y , z , t) − zV (x , t) (A.13)

whereF (x , y , z , t) is given by

F (x , y , z , t) = IE [φ(Xt )Zt ] (A.14)

and thusF solves the following degenerate parabolic equation

∂F
∂t = 1

2σ
2(x ) ∂F

∂x2 + 1
2σ

′(x )2y2 ∂2F
∂y2 + 1

2
y2

σ2(x )
∂2F
∂z 2 +

+ σ(x )σ′(x )y ∂2F
∂x∂y + y ∂2F

∂x∂z +

+σ′(x )
σ(x ) y2 ∂2F

∂y∂z + b(x )∂F
∂x + b′(x )y ∂F

∂y

F

∣∣∣∣
t=0

= φ(x )z .

(A.15)

The relationship (A.13) can be checked directly by writing down the equation
satisfied byG(x , y , z , t) = t ∂V

∂x (x , t)y +zV (x , t). Indeed, differentiating (A.3) with
respect tox and multiplying byty , we obtain easily
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∂G
∂t

=
∂V
∂x

y +
1
2
σ2∂

2G
∂x2

+ b
∂G
∂x

+ tyσσ′ ∂
2V
∂x2

+ tyb′ ∂V
∂x

=
1
2
σ2∂

2G
∂x2

+ b
∂G
∂x

+ yσσ′ ∂
2G

∂x∂y
+ yb′ ∂G

∂y
+ y

∂V
∂x

=
1
2
σ2∂

2G
∂x2

+ b
∂G
∂x

+ yσσ′ ∂
2G

∂x∂y
+ yb′ ∂G

∂y
+ y

∂2G
∂x∂z

and thus 
∂G
∂t = 1

2σ
2 ∂2G

∂x2 + b ∂G
∂x + yσσ′ ∂2G

∂x∂y + yb′ ∂G
∂y +

+y ∂2G
∂x∂z + α∂2G

∂y2 + β ∂2G
∂z 2 + γ ∂2G

∂y∂z

(A.16)

for any functionsα, β, γ since ∂2G
∂y2 = ∂2G

∂z 2 = ∂2G
∂y∂z = 0. In particular, we

may chooseα = 1
2(σ′)2y2, β = 1

2
y2

σ2 and γ = σ′
σ y2 in which case (A.16) re-

duces to (A.15) and we conclude thatF ≡ G since the equation (A.1) is

degenerate parabolic if and only ifα ≥ 1
2(σ′)2y2, β ≥ 1

2
y2

σ2 , |γ − y2 σ′
σ |2 ≤(

α− 1
2(σ′)2y2

) (
β − 1

2
y2

σ2

)
.

Let us observe that (A.13) also holds whereF solves (A.16) instead of (A.15)

with α ≥ 1
2(σ′)2y2, β ≥ 1

2
y2

σ2 ,
(
γ − y2 σ′

σ

)2
≤ (α − 1

2(σ′)2y2)(β − 1
2

y2

σ2 ). In par-

ticular, (A.16) can be made uniformly parabolic provided we takeα > 1
2(σ′)2y2,

β > 1
2

y2

σ2 , (γ − y2 σ′
σ )2 < (α− 1

2(σ′)2y2)(β − 1
2

y2

σ2 ).

We conclude this appendix by giving the PDE interpretation of the classical
Girsanov transform for diffusion processes. We mention in passing this fact since
we are not aware of any previous reference on that subject and the interpretation
follows the same lines as above.

We thus introduce another diffusion processX t solution of

dX t = σ(X t )DWt + b̄(X t )dt (A.17)

and we setM 1
t = exp

{∫ t

0
σ−1(b − b̄)(X s )dWs − 1

2

∫ t

0
|σ−1(b − b̄)|2(X t )ds

}
.

Then we have
V (x , t) = IE

[
φ(X t )M

1
t

]
. (A.18)

Once more, we introduce the diffusion process (X t ,Mt ) whereMt is defined by

dMt = σ−1(X t )(b − b̄)(Xt ) Mt dWt , M0 = m (A.19)

so thatMt = mM 1
t . Then,W (x ,m, t) = IE

[
φ(X t )Mt

]
solves

∂W
∂t = 1

2σ
2 ∂2W

∂x2 + 1
2σ

−2(b − b̄)2m2 ∂2W
∂m2 +

+ (b − b̄)m ∂W
∂x∂m + b̄ ∂W

∂x , W

∣∣∣∣
t=0

= φ(x )m
(A.20)
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while W̃ = V (x , t)m solves
∂W̃
∂t = 1

2σ
2 ∂2W̃

∂x2 + α∂2W̃
∂m2 + (b − b̄)m ∂2W̃

∂x∂m + b̄ ∂W̃
∂x ,

W̃

∣∣∣∣
t=0

= φ(x )m
(A.21)

for any functionα and thus in particular forα = 1
2σ

−2(b − b̄)2m2. Since (A.20)

is degenerate parabolic, we conclude thatW = W̃ .
Let us once more remark thatW ≡ Vm solves (A.21) for anyα and that

this equation is degenerate parabolic if and only ifα ≥ 1
2σ

−2(b − b̄)m2 (and
uniformly parabolic ifα > 1

2σ
−2(b − b̄)2m2) . . .

Appendix B
Functional dependence and Malliavin derivative

As is well known, the covariance provides a tool to analyze the linear correlation
between two random variablesF and G . We briefly propose here a tool based
upon Malliavin derivative to analyze the “nonlinear” correlation between two
random variablesF and G . We assume for instance thatF and G are FT -
measurable and are smooth, sayIH 1 for instance, Without loss of generality, we
may takeT = 1 by a simple time rescaling. Then, ifF = ϕ(G) for some, say,
Lipschitz ϕ, we have obviouslyDt F = ϕ′(G)Dt G a.s. and thusDt F and Dt G
are a.s. proportional as functions oft . This leads us to consider

C (F ,G) = supess
ω


∣∣∣∣∣
∫ 1

0
Dt FDt Gdt

∣∣∣∣∣
2/(∫ 1

0
|Dt F |2dt)(

∫ 1

0
|Dt G |2dt

)
(B.1)

where we agree that this ratio is 1 ifDt F or Dt G vanishes identically on [0,1].
Obviously, C (F ,G) = 1 if F is a function ofG (and conversely),C (F ,G) =
C (ϕ(F ), ψ(G)) for any ϕ,ψ which are Lipschitz (for instance) and thus, by
extension and density,C (F ,G) is constant onσ(F ) × σ(G).

Let us also mention thatC (F ,G) = 0 means thatDt F andDt G are orthogonal
in L2(0,1) a.s. and the relationship between that property and the independence
of F andG has been studied in A.S.̈Ustünel and M. Zakai [9], [10].

In order to form an idea of whatC does, it is worth looking at the case
when F = ϕ

(
Wt1,Wt2 − Wt1, . . . ,W1 − Wtm−1

)
, G = ψ(Wt1, . . . ,W1 − Wtm−1)

where m ≥ 2, t0 = 0 < t1 < t2 < . . . < tm = 1 andϕ,ψ are smooth. Then,

Dtϕ =
m∑

i=1

∂ϕ

∂xi
(. . .)1(ti−1,ti )(t) andDtψ =

m∑
i=1

∂ψ

∂xi
(. . .)1(ti−1,ti )(t), so that

C (F ,G) = sup
x∈IRm

|
m∑

i=1

hi
∂ϕ

∂xi

∂ψ

∂xi
|2
/( m∑

i=1

hi (
∂ϕ

∂xi
)2

)(
m∑

i=1

hi
∂ψ

∂xi

)2
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with hi = ti −ti−1. In particular,C (F ,G) = 1 means that∇ϕ and∇ψ are colinear
at each pointx ∈ IRn , which is the usual criterion for a functional dependence
betweenϕ andψ. If ∇ψ vanishes at some point, then we cannot deduce thatϕ
is a function ofψ as is well-known : consider for instanceϕ = 1

4x4
1 − 1

2x2
1 + 1

2x2
2 ,

ϕ = ψ on {ψ > 0} ∪ {ψ < 0, x1 > 0}, ϕ = 0 on{ψ < 0, x1 < 0}.
For simpleG , it is possible to conclude thatF if G-measurable ifC (F ,G) =

1. First, if Dt F ≡ 0, and thusC (F ,G) = 1 for any G by convention, then by
Clark-Ocone formula,F is constant and thusF is indeedG measurable for any
G .

Another example consists in takingG = W1, then C (F ,G) = 1 means that
Dt F is independent oft a.s. and we claim that this implies theW1-measurability
of F . A simple proof consists in using the following one-parameter family of
paths transformationsTθ(θ ∈ [0,1)) defined by

(Tθω)(t) = (1− θ)ω(t) + θtω(1)

which is clearly bijective and falls within the class of anticipating Girsanov
transforms studied in Sect. 5. Then, one shows easily by density (using for
instance the anticipating Girsanov theorems) that, for eachθ ∈ [0,1], FoTθ ∈ IH 1

and

Dt (FoTθ) = (1− θ)(Dt F )oTθ + θ
∫ 1

0
(Ds F )oTθds = (Dt F )oTθ

sinceDt F is independent oft . And, thusDt (FoTθ) is independent oft .
Clearly, there just remains to show thatFoTθ is independent ofθ. In order

to do so, we fixθ0 ∈ [0,1) and we consider a regularization of the paths : for

instance, letN ≥ 1, let W N
t = W k

N
+
(
t − k

N

) (
W k+1

N
− W k

N

)
if k

N ≤ t < k+1
N ,

0 ≤ k ≤ N − 1. Then, arguing once more by density, we obtain forh small
enough

d
dh

(
FoTθ0

) (
ω + h(ωN − tω(1))

)
=
∫ 1

0

(
Dt FoTθ0

)
dW N

t −
(∫ 1

0
Dt FoTθ0 dt

)
W1 = 0

Hence, lettingN go to +∞, FoTθ0 (ω + h(ω − tω(1))) = FoTθ0 for h small enough
i.e. FoTθ = FoTθ0 for θ close enough toθ0, and we conclude.

Let us mention that this argument can be adapted to more general situations
whenDt F = a(ω)b(t) for some deterministic functionb, but we shall not pursue
in that direction here.
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