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$UELWUDJH�)UHH 'LVFUHWL]DWLRQ RI /RJQRUPDO )RUZDUG /LERU DQG

6ZDS 5DWH 0RGHOV

3DXO *ODVVHUPDQ

*UDGXDWH 6FKRRO RI %XVLQHVV

&ROXPELD 8QLYHUVLW\

1HZ <RUN� 1< �����

;LDROLDQJ =KDR

'HSDUWPHQW RI 6WDWLVWLFV

&ROXPELD 8QLYHUVLW\

1HZ <RUN� 1< �����

)HEUXDU\ ����� UHYLVHG 1RYHPEHU ����

$EVWUDFW

$Q LPSRUWDQW UHFHQW GHYHORSPHQW LQ WKH SULFLQJ RI LQWHUHVW UDWH GHULYDWLYHV LV WKH HPHU�

JHQFH RI PRGHOV WKDW LQFRUSRUDWH ORJQRUPDO YRODWLOLWLHV IRU IRUZDUG /LERU RU IRUZDUG VZDS UDWHV

ZKLOH NHHSLQJ LQWHUHVW UDWHV VWDEOH� 7KHVH PDUNHW PRGHOV KDYH WKUHH DWWUDFWLYH IHDWXUHV� WKH\

SUHFOXGH DUELWUDJH DPRQJ ERQGV� WKH\ NHHS UDWHV SRVLWLYH� DQG� PRVW GLVWLQFWLYHO\� WKH\ SULFH

FDSV RU VZDSWLRQV DFFRUGLQJ WR %ODFN
V IRUPXOD� WKXV DOORZLQJ DXWRPDWLF FDOLEUDWLRQ WR PDUNHW

GDWD� %XW WKHVH IHDWXUHV RI FRQWLQXRXV�WLPH IRUPXODWLRQV DUH HDVLO\ ORVW ZKHQ WKH PRGHOV DUH

GLVFUHWL]HG IRU VLPXODWLRQ� :H LQWURGXFH PHWKRGV IRU GLVFUHWL]LQJ WKHVH PRGHOV JLYLQJ SDUWLFX�

ODU DWWHQWLRQ WR SUHFOXGLQJ DUELWUDJH DPRQJ ERQGV DQG WR NHHSLQJ LQWHUHVW UDWHV SRVLWLYH HYHQ

DIWHU GLVFUHWL]DWLRQ� 7KHVH PHWKRGV WUDQVIRUP WKH /LERU RU VZDS UDWHV WR SRVLWLYH PDUWLQJDOHV�

GLVFUHWL]H WKH PDUWLQJDOHV� DQG WKHQ UHFRYHU WKH /LERU DQG VZDS UDWHV IURP WKHVH GLVFUHWL]HG

YDULDEOHV� UDWKHU WKDQ GLVFUHWL]LQJ WKH UDWHV WKHPVHOYHV� &KRRVLQJ WKH PDUWLQJDOHV SURSRUWLRQDO

WR GLmHUHQFHV RI UDWLRV RI ERQG SULFHV WR QXPHUDLUH SULFHV WXUQV RXW WR EH SDUWLFXODUO\ FRQYHQLHQW

DQG HmHFWLYH� :H FDQ FKRRVH WKH GLVFUHWL]DWLRQ WR SULFH RQH FDSOHW RI DUELWUDU\ PDWXULW\ ZLWKRXW

GLVFUHWL]DWLRQ HUURU� :H QXPHULFDOO\ LQYHVWLJDWH WKH DFFXUDF\ RI RWKHU FDSOHW DQG VZDSWLRQ SULFHV

DV D JDXJH RI KRZ FORVHO\ D PRGHO FDOLEUDWHG WR LPSOLHG YRODWLOLWLHV UHSURGXFHV PDUNHW SULFHV�

1XPHULFDO UHVXOWV LQGLFDWH WKDW VHYHUDO RI WKH PHWKRGV SURSRVHG KHUH RIWHQ RXWSHUIRUP PRUH

VWDQGDUG GLVFUHWL]DWLRQV�

.H\ ZRUGV� ,QWHUHVW UDWH PRGHOV� 0RQWH &DUOR VLPXODWLRQ� PDUNHW PRGHOV

-(/ FODVVLnFDWLRQ� *��� (��
0DWKHPDWLFV 6XEMHFW &ODVVLnFDWLRQ ������� ��*��� ��*��� ��*��� ��-��� ��&��

� ,QWURGXFWLRQ

$ PDMRU GHYHORSPHQW LQ WKH PRGHOLQJ RI LQWHUHVW UDWHV IRU SULFLQJ WHUP VWUXFWXUH GHULYDWLYHV LV WKH

HPHUJHQFH RI PRGHOV WKDW LQFRUSRUDWH ORJQRUPDO YRODWLOLWLHV IRU IRUZDUG UDWHV ZKLOH NHHSLQJ UDWHV

VWDEOH� ,W ZDV QRWHG E\ +HDWK� -DUURZ� DQG 0RUWRQ >��@ WKDW LQ WKH JHQHUDO FODVV RI PRGHOV WKH\

GHYHORSHG EDVHG RQ FRQWLQXRXVO\ FRPSRXQGHG IRUZDUG UDWHV� ORJQRUPDO YRODWLOLWLHV OHDG WR UDWHV

WKDW EHFRPH LQnQLWH LQ nQLWH WLPH ZLWK SRVLWLYH SUREDELOLW\� %\ ZRUNLQJ LQVWHDG ZLWK YDULRXV W\SHV

RI GLVFUHWHO\ FRPSRXQGHG UDWHV� 6DQGPDQQ DQG 6RQGHUPDQQ >��� ��@� %UDFH� *DWDUHN� DQG 0XVLHOD
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>�@� *ROG\V� 0XVLHOD� DQG 6RQGHUPDQQ >��@� 0LOWHUVHQ� 6DQGPDQQ� DQG 6RQGHUPDQQ >��@� 0XVLHOD

DQG 5XWNRZVNL >��@� DQG -DPVKLGLDQ >��� ��@ KDYH RYHUFRPH WKLV GLpFXOW\ DQG GHYHORSHG ZHOO�

SRVHG PRGHOV WKDW LQGHHG DGPLW GHWHUPLQLVWLF GLmXVLRQ FRHpFLHQWV IRU WKH ORJDULWKPV RI IRUZDUG

UDWHV _ L�H�� ORJQRUPDO YRODWLOLWLHV� 7KH UDWHV WKHPVHOYHV DUH QRW VLPXOWDQHRXVO\ ORJQRUPDO� EXW

HDFK EHFRPHV ORJQRUPDO XQGHU DQ DSSURSULDWH FKDQJH RI PHDVXUH�

7KLV FODVV RI PRGHOV _ RIWHQ UHIHUUHG WR DV PDUNHW PRGHOV EHFDXVH RI WKHLU FRQVLVWHQF\ ZLWK

PDUNHW FRQYHQWLRQV _ KDYH WKUHH SULQFLSDO DWWUDFWLRQV�

p WKH\ SUHFOXGH DUELWUDJH DPRQJ ERQGV �DQG MXVW DV LQ WKH +-0 >��@ IUDPHZRUN WKLV PHDQV WKDW

WKH GULIW LV GHWHUPLQHG RQFH WKH YRODWLOLWLHV DUH VSHFLnHG��

p WKH\ NHHS UDWHV SRVLWLYH �D FRQVHTXHQFH RI WKH ORJQRUPDO IRUP RI WKH YRODWLOLW\ WKDW IXUWKHU

SUHFOXGHV DUELWUDJH EHWZHHQ ERQGV DQG FDVK��

p WKH\ SULFH FDSOHWV RU VZDSWLRQV DFFRUGLQJ WR %ODFN
V >�@ IRUPXOD� FRQVLVWHQW ZLWK PDUNHW SUDF�

WLFH�

7KH nUVW SURSHUW\ FRUUHVSRQGV WR ZKDW 0XVLHOD DQG 5XWNRZVNL >��@ FDOO D ZHDN QR�DUELWUDJH FRQ�

GLWLRQ DQG WKH nUVW WZR WRJHWKHU PDNH XS WKHLU IXOO QR�DUELWUDJH FRQGLWLRQ� 7KH ODVW IHDWXUH PHDQV

WKDW WKH PRGHOV DUH HDVLO\ FDOLEUDWHG WR PDUNHW GDWD� 0DUNHW SDUWLFLSDQWV TXRWH FDSOHW DQG VZDS�

WLRQ SULFHV DFFRUGLQJ WR WKHLU %ODFN LPSOLHG YRODWLOLW\� LI WKHVH LPSOLHG YRODWLOLWLHV DUH XVHG DV LQSXWV

WR D PDUNHW PRGHO� PDUNHW SULFHV DUH UHFRYHUHG H[DFWO\�

7KHVH DWWUDFWLYH SURSHUWLHV PXVW� KRZHYHU� EH XQGHUVWRRG DV IHDWXUHV RI FRQWLQXRXV�WLPH PRG�

HOV� �7KRXJK GLVFUHWHO\ FRPSRXQGHG� WKH IRUZDUG UDWHV HYROYH FRQWLQXRXVO\�� 3ULFLQJ FRPSOH[

SDWK�GHSHQGHQW LQVWUXPHQWV LQ WKHVH PRGHOV W\SLFDOO\ UHTXLUHV QXPHULFDO FRPSXWDWLRQ DQG WKXV

GLVFUHWL]DWLRQ� $ FDVXDO GLVFUHWL]DWLRQ FDQ HDVLO\ OHDG WR D PRGHO ZLWKRXW DQ\ RI WKH WKUHH DW�

WUDFWLYH SURSHUWLHV LGHQWLnHG DERYH� 6LQFH LW LV XOWLPDWHO\ WKH GLVFUHWL]HG PRGHO WKDW LV XVHG IRU

SULFLQJ� WKH WKHRUHWLFDO DGYDQWDJHV RI WKH FRQWLQXRXV�WLPH PRGHOV DUH SRWHQWLDOO\ ORVW LQ SUDFWLFH�

7KH JDS EHWZHHQ WKH GLVFUHWL]HG DQG FRQWLQXRXV PRGHOV FDQ EH VXEVWDQWLDO EHFDXVH UDWKHU FRDUVH

WLPH GLVFUHWL]DWLRQV �H�J�� ZLWK DQ LQFUHPHQW RI WKUHH PRQWKV� DUH IUHTXHQWO\ XVHG LQ SUDFWLFH�

7KLV SDSHU GHYHORSV GLVFUHWL]DWLRQV RI ORJQRUPDO IRUZDUG /LERU DQG IRUZDUG VZDS UDWHV WKDW

SUHVHUYH VRPH� WKRXJK QRW DOO RI WKH DWWUDFWLYH IHDWXUHV RI WKH FRQWLQXRXV�WLPH IRUPXODWLRQV� DQG

DSSHDU WR EH VXEVWDQWLDOO\ EHWWHU WKDQ QDLYH GLVFUHWL]DWLRQV LQ VHYHUDO UHVSHFWV� :H SXW SDUWLFXODU

HPSKDVLV RQ GLVFUHWL]DWLRQV HQVXULQJ WKDW ERQG SULFHV GHoDWHG E\ D QXPHUDLUH DVVHW DUH PDUWLQJDOHV�

VLQFH WKLV LV WKH NH\ FRQGLWLRQ IRU WKH DEVHQFH RI DUELWUDJH�

7KHUH LV D ZHOO�HVWDEOLVKHG SUDFWLFH LQ WKH GHULYDWLYHV LQGXVWU\ RI PDNLQJ DGMXVWPHQWV WR GLV�

FUHWL]HG YHUVLRQV RI FRQWLQXRXV�WLPH PRGHOV WR NHHS WKHP DUELWUDJH�IUHH� ,Q WKH RSHQ OLWHUDWXUH�
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VXFK DGMXVWPHQWV DUH FRPPRQO\ IRXQG LQ ELQRPLDO PRGHOV �H�J�� >��@� ZKHUH WKH GLVFUHWL]DWLRQ LV LQ

ERWK WLPH DQG VSDFH� 7KH\ VHHP WR EH OHVV FRPPRQO\ HPSOR\HG LQ WKH 0RQWH &DUOR VHWWLQJ� ZKHUH

WKH GLVFUHWL]DWLRQ PD\ EH LQ WLPH DORQH� ,Q VLPXODWLQJ DQ +-0 PRGHO XVLQJ DQ (XOHU GLVFUHWL]DWLRQ�

D VLPSOH DGMXVWPHQW WR WKH GULIW �UHYLHZHG LQ 6HFWLRQ �� NHHSV WKH GLVFUHWH PRGHO DUELWUDJH�IUHH�

WKLV DGMXVWPHQW DSSHDUV WR EH ZLGHO\ NQRZQ LQ WKH LQGXVWU\� ,W PD\ EH YLHZHG DV D VSHFLDO FDVH RI D

JHQHUDO VWUDWHJ\ RI VROYLQJ IRU WKH FRUUHFW KLJKHU�RUGHU DGMXVWPHQW WR DQ RWKHUZLVH VWUDLJKWIRUZDUG

GLVFUHWL]DWLRQ�

)RU UHDVRQV WKDW ZLOO EH PDGH FOHDU LQ 6HFWLRQ �� WKLV VWUDWHJ\ LV LQDSSOLFDEOH WR WKH VLPXODWLRQ RI

IRUZDUG /LERU DQG IRUZDUG VZDS UDWHV� GHSHQGLQJ RQ WKH GLVFUHWL]DWLRQ XVHG� WKH GHVLUHG DGMXVPHQW

PD\ QRW H[LVW RU PD\ EH LQWUDFWDEOH� :H WKHUHIRUH GHYHORS D GLmHUHQW VWUDWHJ\� )RU HDFK PRGHO�

ZH nQG D FKDQJH RI YDULDEOHV WKDW FDQ EH GLVFUHWL]HG LQ DQ DUELWUDJH�IUHH ZD\ DQG VLPXODWH WKRVH

YDULDEOHV LQVWHDG� HDVLO\ UHFRYHULQJ WKH RULJLQDO /LERU DQG VZDS UDWHV DORQJ WKH ZD\� )RU H[DPSOH� WKH

YDULDEOHV PD\ EH UDWLRV RI ERQG SULFHV WR WKH SULFH RI D QXPHUDLUH DVVHW� OLQHDU FRPELQDWLRQV RI WKHVH

UDWLRV� RU ORJDULWKPV RI OLQHDU FRPELQDWLRQV� ,Q VHYHUDO FDVHV� WKH QHZ YDULDEOHV DUH PDUWLQJDOHV LI

DQG RQO\ LI WKH PRGHO LV DUELWUDJH�IUHH� 7KLV REYLDWHV WKH QHHG WR PDNH D KLJKHU�RUGHU DGMXVWPHQW WR

WKH GULIW WR NHHS WKH PRGHO DUELWUDJH�IUHH _ ERWK WKH GLVFUHWH DQG FRQWLQXRXV GULIW DUH n[HG DW ]HUR�

:H DOVR VKRZ KRZ WR GHYHORS GLVFUHWL]DWLRQV WKDW NHHS /LERU DQG VZDS UDWHV SRVLWLYH� $QG ZKLOH LW

GRHV QRW VHHP SRVVLEOH WR VLPXOWDQHRXVO\ SULFH FDSOHWV RI DOO PDWXULWLHV ZLWKRXW GLVFUHWL]DWLRQ HUURU�

ZH VKRZ KRZ WR VLPXODWH IRUZDUG /LERU UDWHV WR HOLPLQDWH ELDV LQ DQ\ RQH FDSOHW �QRW QHFHVVDULO\

WKH ODVW�� 7KLV oH[LELOLW\ PD\ SURYH XVHIXO LQ DGDSWLQJ WKH FKRLFH RI GLVFUHWL]DWLRQ WR WKH LQVWUXPHQW

WR EH SULFHG�

7KHUH LV� RI FRXUVH� D ODUJH OLWHUDWXUH RQ GLVFUHWL]DWLRQ VFKHPHV IRU VWRFKDVWLF GLmHUHQWLDO HTXD�

WLRQV WKDW DFFHOHUDWH FRQYHUJHQFH WR FRQWLQXRXV�WLPH OLPLWV� VHH� H�J�� .ORHGHQ DQG 3ODWHQ >��@� :H

YLHZ RXU DSSURDFK DV D FRPSOHPHQW UDWKHU WKDQ DQ DOWHUQDWLYH WR WKHVH PHWKRGV� )RU H[DPSOH�

DOWKRXJK ZH GHWDLO RQO\ (XOHU GLVFUHWL]DWLRQV RI RXU WUDQVIRUPHG YDULDEOHV� RQH FRXOG DOVR FRQVLGHU

KLJKHU�RUGHU GLVFUHWL]DWLRQV OLNH WKRVH RI 0LOVWHLQ >��@ DQG 7DOD\ >��@� 7KLV ZRXOG SRWHQWLDOO\ IXU�

WKHU UHGXFH GLVFUHWL]DWLRQ HUURU ZKLOH FRQWLQXLQJ WR SUHFOXGH DUELWUDJH� $W WKH VDPH WLPH� VLPSO\

DSSO\LQJ D KLJKHU�RUGHU GLVFUHWL]DWLRQ WR WKH RULJLQDO FRQWLQXRXV�WLPH HTXDWLRQV ZRXOG QRW E\ LWVHOI

PDNH WKH GLVFUHWL]HG SURFHVV DUELWUDJH�IUHH�

7KH UHVW RI WKH SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ � UHYLHZV EDFNJURXQG RQ ORJQRUPDO PRGHOV

RI IRUZDUG /LERU DQG WKH GLVFUHWL]DWLRQ RI FRQWLQXRXV�WLPH WHUP VWUXFWXUH PRGHOV� :H ZRUN ZLWKLQ

WKH GLVFUHWH�WHQRU IRUPXODWLRQ RI -DPVKLGLDQ >��� ��@ DQG 0XVLHOD DQG 5XWNRZVNL >��� ��@ EHFDXVH

LW LV WKH EHVW VXLWHG IRU VLPXODWLRQ� 6HFWLRQ � GHYHORSV GLVFUHWL]DWLRQV LQ WKH WHUPLQDO PHDVXUH XVHG

E\ %UDFH� *DWDUHN� DQG 0XVLHOD >�@ DQG 0XVLHOD DQG 5XWNRZVNL >��� ��@� LQ WKH VSRW /LERU PHDVXUH
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LQWURGXFHG E\ -DPVKLGLDQ >��� ��@� DQG LQ D K\EULG WKDW SURYLGHV WKH oH[LELOLW\ WR FKRRVH WKH ELDV�

IUHH FDSOHW� 6HFWLRQ � FDUULHV RXW D VLPLODU DQDO\VLV IRU VZDS UDWHV� nUVW GLVFUHWL]LQJ LQ WKH WHUPLQDO

PHDVXUH� WKHQ LQ WKH VSRW /LERU PHDVXUH� ,Q 6HFWLRQ �� ZH QXPHULFDOO\ FRPSDUH RXU GLVFUHWL]DWLRQV

ZLWK PRUH VWDQGDUG DSSURDFKHV� :H DOVR WDNH WKH DUELWUDJH�IUHH UHTXLUHPHQW RQH VWHS IXUWKHU E\

HQIRUFLQJ LW LQ nQLWH VDPSOHV� :H DUJXH WKDW WKH IHDVLELOLW\ RI VXFK D nQLWH�VDPSOH DGMXVWPHQW

GHSHQGV FULWLFDOO\ RQ RXU GLVFUHWL]DWLRQ DSSURDFK DQG REVHUYH WKURXJK QXPHULFDO H[DPSOHV WKDW LW

FDQ OHDG WR VXEVWDQWLDO YDULDQFH UHGXFWLRQ� $OO SURRIV DUH GHIHUUHG WR DQ DSSHQGL[�

� 3UHOLPLQDULHV RQ /RJQRUPDO /LERU 0RGHOV

:H EHJLQ ZLWK D EULHI UHYLHZ RI GLVFUHWH�WHQRU IRUPXODWLRQV RI /LERU PDUNHW PRGHOV EDVHG RQ nQLWHO\

PDQ\ ERQGV� DV GHYHORSHG E\ -DPVKLGLDQ >��� ��@ DQG 0XVLHOD DQG 5XWNRZVNL >��� ��@� 7KH WHQRU

VWUXFWXUH LV D nQLWH VHW RI GDWHV

�  7� � 7� � c c c � 71 � 71��

UHSUHVHQWLQJ PDWXULWLHV VSDFHG� H�J�� WKUHH PRQWKV RU VL[ PRQWKV DSDUW� :H ZLOO DVVXPH WKURXJKRXW

WKDW WKH GD\�FRXQW IUDFWLRQV pL
�
 7L�� b 7L� L  �� � � � � 1 � DUH DOO HTXDO WR D n[HG p �H�J�� p  ����

\HDUV�� ,Q SUDFWLFH� GD\�FRXQW FRQYHQWLRQV ZRXOG PDNH WKHVH VOLJKWO\ GLmHUHQW� ZH XVH D n[HG p

PHUHO\ WR OLJKWHQ WKH QRWDWLRQ� 'HnQH D ULJKW�FRQWLQXRXV IXQFWLRQ s � >�� 71��� � I�� � � � � 1 � �J

E\ WDNLQJ s�W� WR EH WKH XQLTXH LQWHJHU VDWLVI\LQJ

7s�W�b� � W � 7s�W�

$VVRFLDWHG ZLWK HDFK WHQRU GDWH 7L LV D ]HUR�FRXSRQ ERQG PDWXULQJ DW WKDW GDWH� %L�W� LV WKH SULFH

RI WKDW ERQG DW WLPH W � >�� 7L@ DQG %L�7L�  ��

7KH IRUZDUG /LERU UDWH DW WLPH W IRU WKH DFFUXDO SHULRG >7L� 7L��@� W � 7L LV

/L�W�  
�

p

t
%L�W�

%L���W�
b �

u
� L  �� � � � � 1� ���

,W LV DW WLPHV QRWDWLRQDOO\ FRQYHQLHQW WR H[WHQG WKH GHnQLWLRQ RI /L EH\RQG WKH LWK WHQRU GDWH� ZH

GR VR E\ VHWWLQJ /L�W�  /L�7L� IRU W ! 7L� $W D WHQRU GDWH 7L WKH SULFH RI DQ\ ERQG %Q� Q ! L� WKDW

KDV QRW \HW PDWXUHG LV JLYHQ E\

%Q�7L�  
Qb�<
M L

�

� � p/M�7L�
�

PRUH JHQHUDOO\� DW DQ DUELWUDU\ WLPH W � 7Q ZH KDYH

%Q�W�  %s�W��W�
Qb�<

M s�W�

�

� � p/M�W�
� ���

�



$V GLVFXVVHG E\ -DPVKLGLDQ >��@� WKLV UHYHDOV DQ LQGHWHUPLQDF\ LQ WKH PRGHO� WKH ERQG SULFHV FDQQRW

EH IXOO\ UHFRYHUHG IURP WKH IRUZDUG /LERU UDWHV DORQH� EHFDXVH EHWZHHQ WHQRU GDWHV WKH IRUZDUG

/LERU UDWHV GR QRW VSHFLI\ KRZ WR GLVFRXQW EDFN IURP WKH QH[W WHQRU GDWH WR WKH FXUUHQW WLPH� 7KH

LQGHWHUPLQDF\ LV UHPRYHG E\ WKH FKRLFH RI QXPHUDLUH DVVHW� GLmHUHQW FKRLFHV RI QXPHUDLUH OHDG WR

GLmHUHQW FRQVWUXFWLRQV RI WKH IRUZDUG /LERU SURFHVVHV�

,Q WKH FRQVWUXFWLRQV ZH FRQVLGHU� WKH IRUZDUG /LERU SURFHVVHV DUH GHWHUPLQHG E\ D VWRFKDVWLF

GLmHUHQWLDO HTXDWLRQ RI WKH IRUP

G/Q�W�

/Q�W�
 � � � GW� wQ�W� G:W� Q  �� � � � � 1� ���

LQ ZKLFK : LV D VWDQGDUG G�GLPHQVLRQDO %URZQLDQ PRWLRQ� WKH /Q��� DUH GHWHUPLQLVWLF� DQG wQ�W�

DUH ERXQGHG� GHWHUPLQLVWLF G�GLPHQVLRQDO URZ YHFWRUV KDYLQJ DW PRVW nQLWHO\ PDQ\ GLVFRQWLQXLWLHV�

7KLV LV ZKDW LV PHDQW E\ D ORJQRUPDO VSHFLnFDWLRQ RI WKH YRODWLOLW\� 7KH GULIW LQ ��� LV GHWHUPLQHG

E\ WKH FKRLFH RI QXPHUDLUH� �7KURXJKRXW� ZH XVH :W WR GHQRWH D VWDQGDUG %URZQLDQ PRWLRQ XQGHU

WKH PHDVXUH UHOHYDQW WR WKH FRQWH[W� UDWKHU WKDQ LQWURGXFH D VHSDUDWH V\PERO IRU %URZQLDQ PRWLRQ

XQGHU HDFK PHDVXUH� 7KLV QRWDWLRQDO VLPSOLnFDWLRQ VKRXOG QRW FDXVH FRQIXVLRQ EHFDXVH ZH VHOGRP

FRQVLGHU PRUH WKDQ RQH PHDVXUH DW D WLPH�� ,I 0 LV D VWULFWO\ SRVLWLYH VHPLPDUWLQJDOH� WKHQ WR

FRQVWUXFW IRUZDUG /LERU LQ WKH PHDVXUH DVVRFLDWHG ZLWK QXPHUDLUH 0 LV WR FKRRVH WKH GULIW LQ ���

VR WKDW WKH GHoDWHG ERQG SULFHV

'Q�W�
�
 
%Q�W�

0W

� Q  �� � � � � 1 � �� DUH PDUWLQJDOHV� ���

ZKLFK WKHQ SUHFOXGHV DUELWUDJH IURP WUDGHV DPRQJ WKH ERQGV� 7KLV LV WKH ZHDN QR�DUELWUDJH FRQ�

GLWLRQ RI 0XVLHOD DQG 5XWNRZVNL >��@� 6HH 0XVLHOD DQG 5XWNRZVNL >��� ��@ DQG -DPVKLGLDQ >��@ IRU

D WKRURXJK GHYHORSPHQW RI WKHVH LVVXHV� DQG VHH 'XpH >�@ DQG (O .DURXL� *HPDQ� DQG 5RFKHW >�@

IRU EDFNJURXQG RQ FKDQJHV RI QXPHUDLUH DQG FKDQJHV RI PHDVXUH�

7DNLQJ 0W  %1���W� OHDGV WR WKH FRQVWUXFWLRQ RI IRUZDUG /LERU LQ WKH WHUPLQDO �RU IRUZDUG�

PHDVXUH XVHG E\ 0XVLHOD DQG 5XWNRZVNL >��@� LQ ZKLFK

G/Q�W�

/Q�W�
 b

1;
L Q��

pwQ�W�wL�W�
�/L�W�

� � p/L�W�
GW� wQ�W� G:W� Q  �� � � � � 1� ���

DQG LQ ZKLFK WKH GHoDWHG ERQG SULFHV EHFRPH �FI� ����

'Q�W�  
1<
M Q

�� � p/M�W��� Q  �� � � � � 1 � �� ���

8QGHU WKLV PHDVXUH� WKH WLPH�� SULFH RI D VHFXULW\ SD\LQJ r DW WLPH 7Q LV

%1�����(>r'Q�7Q�@  %1�����(

�
�r

1<
M Q

�� � p/M�7Q��

�
� � ���

�



�+HUH DQG WKURXJKRXW� ZH XVH ( WR GHQRWH H[SHFWDWLRQ XQGHU ZKDWHYHU PHDVXUH LV UHOHYDQW WR WKH

FRQWH[W _ LQ WKLV FDVH� WKH WHUPLQDO PHDVXUH��

-DPVKLGLDQ >��� ��@ LQWURGXFHV WKH QXPHUDLUH
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ZKLFK PD\ EH LQWHUSUHWHG DV WKH UHVXOW RI EX\LQJ � %���� ERQGV DW WLPH � PDWXULQJ DW 7�� DQG

WKHQ DW HDFK WHQRU GDWH VHOOLQJ WKH ERQGV WKDW PDWXUHG DQG LQYHVWLQJ WKH SURFHHGV LQ WKH ERQG WKDW

PDWXUHV QH[W� �-DPVKLGLDQ
V s LV OHIW�FRQWLQXRXV EXW IRU GLVFUHWL]DWLRQ WKH ULJKW�FRQWLQXRXV YHUVLRQ

ZLOO EH SUHIHUDEOH�� 7KLV LV WKXV D GLVFUHWHO\ FRPSRXQGHG DQDORJ RI WKH PRQH\ PDUNHW DFFRXQW WKDW

JLYHV ULVH WR WKH XVXDO ULVN�QHXWUDO PHDVXUH LQ� H�J�� +HDWK HW DO� >��@ DQG QXPHURXV RWKHU VHWWLQJV�

)URP %e� -DPVKLGLDQ GHnQHV WKH VSRW /LERU PHDVXUH LQ ZKLFK
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7KH GHoDWHG ERQG SULFHV EHFRPH �FI� ����
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DQG WKH WLPH�� SULFH RI D VHFXULW\ SD\LQJ r DW WLPH 7Q LV
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,Q 6HFWLRQ ���� ZH LQWURGXFH D K\EULG RI WKHVH WZR QXPHUDLUHV�

,Q D 0RQWH &DUOR LPSOHPHQWDWLRQ� ZH GHDO QRW ZLWK WKH FRQWLQXRXV�WLPH SURFHVVHV /Q EXW ZLWK

VRPH DSSUR[LPDWLRQ A/Q GHnQHG RQ D nQLWH VHW RI WLPHV �  W� � W� � c c c � WN DQG WKHQ SRVVLEO\

H[WHQGHG WR DOO WLPHV LQ >�� WN@ E\ LQWHUSRODWLRQ� )RU VLPSOLFLW\� ZH ZLOO WDNH WKH WL WR EH HYHQO\

VSDFHG DQG IXUWKHU DVVXPH WKDW WKHLU FRPPRQ VSDFLQJ K GLYLGHV WKH WHQRU VSDFLQJ p� 7KLV HQVXUHV

WKDW WKH WHQRU GDWHV DUH DPRQJ WKH VLPXODWHG GDWHV ZLWKRXW EXUGHQLQJ WKH QRWDWLRQ� :H FDOO D

GLVFUHWL]DWLRQ DUELWUDJH�IUHH LI WKH GLVFUHWH GHoDWHG ERQG SULFHV A'Q GHnQHG E\ UHSODFLQJ /Q ZLWK

A/Q LQ ��� RU ��� DUH GLVFUHWH�SDUDPHWHU SRVLWLYH PDUWLQJDOHV RQ I�� K� �K� � � �J�

7KLV FRQGLWLRQ LV E\ QR PHDQV DXWRPDWLFDOO\ VDWLVnHG� ,Q SDUWLFXODU� LW LV YLRODWHG E\ WKH

VWDQGDUG (XOHU VFKHPH
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�ZLWK xQ WKH GULIW LQ HLWKHU ��� RU ���� DQG DOVR E\ WKH GLVFUHWL]DWLRQ
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ZKLFK FRUUHVSRQGV WR DQ (XOHU VFKHPH IRU ORJ/Q� �%HFDXVH ZH WDNH s WR EH ULJKW�FRQWLQXRXV� LI

MK  7N WKHQ LQ FRPSXWLQJ xQ�MK� DFFRUGLQJ WR ��� WKH VXPPDWLRQ VWDUWV DW L  N � � UDWKHU WKDQ

L  N� 7KLV LV FRQVLVWHQW ZLWK WKH UHFRPPHQGDWLRQ LQ 6LGHQLXV >��@��

6LPLODU LVVXHV DULVH LQ GLVFUHWL]LQJ RWKHU PRGHOV� EXW LW LV LQIRUPDWLYH WR FRQWUDVW WKLV VHWWLQJ ZLWK

WKH FORVHO\ UHODWHG +-0 IUDPHZRUN� $ FRQWLQXRXV�WLPH +-0 PRGHO �ZLWK VFDODU:W IRU VLPSOLFLW\�

VHWV
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ZLWK I7 �W� WKH IRUZDUG UDWH IRU >7� 7 � G7 @ DV RI WLPH W DQG
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XQGHU WKH ULVN�QHXWUDO PHDVXUH� 7KLV FKRLFH RI GULIW HQVXUHV WKDW WKH GHoDWHG ERQG SULFHV
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DUH PDUWLQJDOHV �LQ W� XQGHU WKH UHJXODULW\ FRQGLWLRQV GHWDLOHG E\ +HDWK HW DO� >��@� *LYHQ D GLV�

FUHWL]DWLRQ AILK�MK� LQ ERWK WLPH DQG PDWXULW\� WKH FRUUHVSRQGLQJ GLVFUHWH QR�DUELWUDJH FRQGLWLRQ

UHGXFHV WR
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ZLWK (LK GHQRWLQJ H[SHFWDWLRQ FRQGLWLRQDO RQ WKH KLVWRU\ RI WKH SURFHVV RYHU I�� K� � � � � LKJ� 7KLV
FRQGLWLRQ ZLOO QRW EH PHW E\ WKH (XOHU VFKHPH
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ZLWK ax GHnQHG E\ UHSODFLQJ LQWHJUDWLRQ LQ ���� E\ VXPPDWLRQ DQG ZLWK
S
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1HYHUWKHOHVV� VWDUWLQJ IURP D VSHFLnFDWLRQ RI WKH IRUZDUG UDWH YRODWLOLWLHV DQG LQGXFWLYHO\ HQIRUFLQJ

���� RQH FDQ VROYH IRU WKH Ax WKDW VDWLVnHV ���� ZKHQ WKH IRUZDUG UDWHV DUH VLPXODWHG YLD D PRGLnHG

(XOHU VFKHPH WKDW UHSODFHV ax ZLWK Ax LQ ����� 7KH DSSURSULDWH PRGLnHG GULIW LV
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WKLV LV D VWUDLJKWIRUZDUG FRQVHTXHQFH RI WKH IDFW WKDW WKH FRQGLWLRQDO H[SHFWDWLRQ LQ ���� LQYROYHV

RQO\ WKH H[SHFWDWLRQ RI WKH H[SRQHQWLDO RI QRUPDO UDQGRP YDULDEOHV� ZKLFK LV DYDLODEOH H[SOLFLWO\�

)RUPDOO\ OHWWLQJ K� � LQ WKLV H[SUHVVLRQ ZKLOH KROGLQJ W  LK DQG 7  MK \LHOGV
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7KH PRGLnFDWLRQ WR WKH GULIW LV WKHUHIRUH QHJOLJLEOH DV K � � EXW IRU K ! � LV MXVW HQRXJK WR NHHS

WKH GLVFUHWL]HG PRGHO DUELWUDJH�IUHH� 7KLV DGMXVWPHQW LV GHULYHG LQ $QGHUVHQ >�@ �LQ D PRUH JHQHUDO

IRUP WKDW GRHV QRW DVVXPH WKH VDPH GLVFUHWL]DWLRQ IRU FDOHQGDU WLPH DQG PDWXULW\� DQG LQ +XOO

>��@�

$Q DWWHPSW WR DSSO\ D VLPLODU DGMXVWPHQW WR D IRUZDUG /LERU SURFHVV LV TXLFNO\ GHIHDWHG� 7R

PDNH WKH GLVFUHWL]DWLRQ RI ��� D PDUWLQJDOH E\ UHSODFLQJ WKH xQ LQ ���� ZLWK VRPH AxQ ZH ZRXOG QHHG

LQ SDUWLFXODU �WDNLQJ Q  ��
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EXW WKH H[SHFWDWLRQ RQ WKH OHIW LV LQnQLWH IRU DOO FKRLFHV RI Ax����� 8VLQJ ���� �DJDLQ ZLWK xQ UHSODFHG

E\ VRPH AxQ� HQWDLOV� DW D PLQLPXP� TXDQWLWLHV RI WKH IRUP (>� �� � H[S�;��@ ZLWK ; z 1�D� E�

_ DQ H[SUHVVLRQ LQYROYLQJ WKUHH LQnQLWH WULJRQPHWULF VHULHV �HTXDWLRQ ���� RI -RKQVRQ >��@�� 7KH

QHFHVVDU\ DGMXVWPHQW TXLFNO\ EHFRPHV LQWUDFWDEOH� 2QH FRXOG UHSODFH WKH QRUPDO zL ZLWK� VD\�

%HUQRXOOL LQFUHPHQWV ZLWKRXW DmHFWLQJ WKH YDOLGLW\ RI WKH (XOHU VFKHPH �>��� S����@�� EXW HYHQ WKLV

GRHV QRW OHDG WR D WUDFWDEOH GULIW FRUUHFWLRQ� (QIRUFLQJ FRQGLWLRQV RQ WKH DSSDUHQWO\ VLPSOHU FDVH

RI ��� EHFRPHV XQPDQDJHDEOH WRR� $ GLmHUHQW DSSURDFK LV UHTXLUHG�

� 'LVFUHWL]DWLRQ RI )RUZDUG /LERU

��� 7HUPLQDO 0HDVXUH

5DWKHU WKDQ GLVFUHWL]H IRUZDUG /LERU DQG WU\ WR HQIRUFH WKH PDUWLQJDOH SURSHUW\ LQGLUHFWO\� ZH

VLPXODWH VXLWDEOH PDUWLQJDOHV GLUHFWO\ DQG WKHQ UHFRYHU GLVFUHWL]HG /LERU IURP WKHVH� 7KHUH LV VRPH

oH[LELOLW\ LQ WKH FKRLFH RI PDUWLQJDOHV DQG WKLV FDQ EH XVHG WR DGYDQWDJH� GLmHUHQFHV RI GHoDWHG

ERQG SULFHV ZLOO WXUQ RXW WR EH SDUWLFXODUO\ HmHFWLYH DQG FRQYHQLHQW� :H EHJLQ ZLWK WKH VSHFLnFDWLRQ

RI IRUZDUG /LERU LQ ���� FRUUHVSRQGLQJ WR WKH G\QDPLFV XQGHU WKH WHUPLQDO PHDVXUH� 6HW
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/HPPD � (DFK ;Q LV D PDUWLQJDOH DQG VDWLVnHV
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7KLV LPPHGLDWHO\ VXJJHVWV DQ DOJRULWKP IRU DUELWUDJH�IUHH VLPXODWLRQ� VLPXODWH D GLVFUHWL]DWLRQ

RI WKH A;Q� HQVXULQJ WKDW WKH GLVFUHWL]HG SURFHVV UHPDLQV D PDUWLQJDOH� DQG WKHQ XVH ���� WR GHnQH

A/Q  
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7KH GLVFUHWL]HG GHoDWHG ERQG SULFHV �FI� ����
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DUH DXWRPDWLFDOO\ SRVLWLYH PDUWLQJDOHV EHFDXVH WKH A;M DUH� (QIRUFLQJ WKH PDUWLQJDOH SURSHUW\ RQ

A;Q LV VWUDLJKWIRUZDUG DQG FLUFXPYHQWV WKH QHHG WR PDNH D GULIW DGMXVWPHQW WR WKH A/Q� ,QGHHG� HYHQ

DQ (XOHU GLVFUHWL]DWLRQ RI ;Q SUHVHUYHV WKH PDUWLQJDOH SURSHUW\� :H ZLOO VHH LQ 7KHRUHP � EHORZ

WKDW GLVFUHWL]LQJ ORJ;Q LQVWHDG ZLOO NHHS WKH /LERU UDWHV SRVLWLYH� :H XVH D PRGLnHG (XOHU VFKHPH

WKDW DFFRXQWV IRU WLPH�YDU\LQJ YRODWLOLWLHV� )LUVW� OHW e�W� EH WKH 1 d G PDWUL[ ZLWK QWK URZ HTXDO

WR wQ�W�� Q  �� � � � � 1 � :LWK K n[HG� OHW Ae�LK� GHQRWH DQ\ VROXWLRQ WR WKH HTXDWLRQ
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DQG OHW AwQ�LK� GHQRWH WKH QWK URZ RI Ae�LK�� 1RZ VHW
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DQG z�� z�� � � �� LQGHSHQGHQW VWDQGDUG QRUPDO G�GLPHQVLRQDO YHFWRUV� �7KH zL FRXOG EH UHSODFHG ZLWK

RWKHU UDQGRP YHFWRUV VDWLVI\LQJ PRPHQW FRQGLWLRQV GLVFXVVHG LQ .ORHGHQ DQG 3ODWHQ >��� S����@

DQG 7DOD\ >��� S����@ EXW QRUPDO LQSXWV JLYH D EHWWHU DSSUR[LPDWLRQ WR WKH GHVLUHG GLVWULEXWLRQ�

SDUWLFXODUO\ ZKHQ K LV QRW YHU\ VPDOO�� 7KLV GLmHUV VOLJKWO\ IURP D VWDQGDUG (XOHU VFKHPH IRU ORJ;Q�

ZKLFK ZRXOG XVH wM�LK�� M  Q� � � � � 1 � LQ ���� UDWKHU WKDQ AwM�LK�� 7KH WZR ZRXOG FRLQFLGH �RU FRXOG
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EH PDGH WR E\ FKRRVLQJ Ae  e� LI WKH wQ ZHUH FRQVWDQW IXQFWLRQV RI WLPH W� 2YHU HDFK LQWHUYDO

>LK� �L� ��K�� WKH VFKHPH LQ ���� IUHH]HV WKH VWRFKDVWLF HOHPHQWV RI WKH GLmXVLRQ FRHpFLHQW DW WKHLU

YDOXHV DW LK EXW XVHV WKH DYHUDJH RYHU WKH LQWHUYDO �LQ WKH VHQVH RI ����� RI WKH GHWHUPLQLVWLFDOO\

WLPH�YDU\LQJ HOHPHQWV� ,Q SUDFWLFH� WKH GLVWLQFWLRQ LV XQOLNHO\ WR PDWWHU EHFDXVH LQ FDOLEUDWLQJ WR

D nQLWH QXPEHU RI FDS SULFHV RQH ZRXOG W\SLFDOO\ FKRRVH SLHFHZLVH FRQVWDQW wQ� IRU ZKLFK WKH WZR

PHWKRGV DUH WKH VDPH� 7KH IRUPXODWLRQ LQ ���� LV VOLJKWO\ PRUH FRQYHQLHQW IRU RXU DQDO\VLV�

,Q 6HFWLRQ � ZH QRWHG WKDW WKH GHnQLQJ SURSHUW\ RI PDUNHW PRGHOV RI IRUZDUG /LERU LV WKDW WKH\

SULFH FDSOHWV DFFRUGLQJ %ODFN
V IRUPXOD� WKH LQGXVWU\ FRQYHQWLRQ �FI� >�� ��� ��� ��� ��@�� 7KLV PHDQV

WKDW XVLQJ LPSOLHG YRODWLOLWLHV IRU WKH wQ DXWRPDWLFDOO\ FDOLEUDWHV WKH PRGHO WR PDUNHW SULFHV� 7KLV�

KRZHYHU� LV VWULFWO\ WUXH RQO\ IRU WKH FRQWLQXRXV�WLPH IRUZDUG /LERU SURFHVV� ZH H[DPLQH WKH H[WHQW

WR ZKLFK LW UHPDLQV WUXH DIWHU GLVFUHWL]DWLRQ�
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ZLWK j WKH VWDQGDUG QRUPDO FXPXODWLYH GLVWULEXWLRQ� 7KLV LV %ODFN
V IRUPXOD IRU WKH SULFH DW WLPH

� RI D FDSOHW FRYHULQJ WKH LQWHUYDO >7� 7 � p@� VHWWOHG DW WLPH 7 � p DQG VWUXFN DW .� ZKHQ WKH

IRUZDUG UDWH DW WLPH � IRU >7� 7 � p@ LV U� WKH LPSOLHG YRODWLOLW\ LV }� DQG WKH SULFH RI D GLVFRXQW

ERQG PDWXULQJ DW 7 � p LV E� VHH� H�J�� >��� [����@ RU >��� [���@� 7KH H[SUHVVLRQ LQ VTXDUH EUDFNHWV
RQ WKH ULJKW VLGH RI ���� HYDOXDWHV
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,Q WHUPV RI IRUZDUG /LERU� WKH SD\Rm RQ D FDSOHW RYHU >7Q� 7Q��@ �UHFHLYHG DW WLPH 7Q��� LV p�/Q�7Q�b
.��� 8QGHU WKH WHUPLQDO PHDVXUH 31�� DVVRFLDWHG ZLWK 71��� WKH WLPH�� YDOXH RI D SD\Rm RI r

�VD\� DW WLPH 7Q�� LV %1�����(>r %1���7Q���@� 8VLQJ VXSHUVFULSWV RQ H[SHFWDWLRQV WR HPSKDVL]H

WKH XQGHUO\LQJ PHDVXUH� ZH KDYH
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,W IROORZV IURP ���� WKDW /Q LV D PDUWLQJDOH XQGHU 3
Q�� EHFDXVH ;Q LV D PDUWLQJDOH XQGHU 3
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�LQ IDFW� 3 Q�� LV MXVW WKH WHUPLQDO PHDVXUH DVVRFLDWHG ZLWK 7Q���� VR *LUVDQRY
V WKHRUHP LPSOLHV
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WKDW G/Q  wQ/Q G: XQGHU 3 Q�� �: KHUH GHQRWLQJ D VWDQGDUG %URZQLDQ PRWLRQ XQGHU 3 Q����

&RQVHTXHQWO\� WKH SULFH RI WKH QWK FDSOHW LV
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7KH SULFLQJ UXOH LQ WKH GLVFUHWL]HG PRGHO UHSODFHV 'Q ZLWK A'Q LQ ���� 7KH SULFH RI WKH FDSOHW LV
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8QGHU RXU GLVFUHWL]DWLRQ �EXW QRW ���� RU ������ WKH SURGXFW LQVLGH WKLV H[SHFWDWLRQ �ZKLFK LV VLPSO\

A'Q��� UHPDLQV D SRVLWLYH PDUWLQJDOH HYHQ DIWHU GLVFUHWL]DWLRQ� 7KXV� LW PD\ VWLOO EH XVHG WR GHnQH

D QHZ PHDVXUH� DQG A/Q LV D PDUWLQJDOH XQGHU WKLV PHDVXUH �7KHRUHP ��LLL�� EHORZ�� $JDLQ� ZH

VWUHVV WKDW WKLV LV D VSHFLnF FRQVHTXHQFH RI WKH VFKHPH LQ ���� DQG ���� DQG ZRXOG QRW KROG XQGHU

VWDQGDUG GLVFUHWL]DWLRQV RI IRUZDUG /LERU�

$W WKLV SRLQW� KRZHYHU� ZH HQFRXQWHU D IXQGDPHQWDO GLmHUHQFH EHWZHHQ GLVFUHWH DQG FRQWLQXRXV

WLPH� ,Q FRQWLQXRXV WLPH� DQ\ DEVROXWHO\ FRQWLQXRXV FKDQJH RI PHDVXUH WKDW PDNHV /Q D PDUWLQJDOH

PXVW LQ IDFW PDNH /Q ORJQRUPDO� %XW LQ GLVFUHWH WLPH DQ DEVROXWHO\ FRQWLQXRXV FKDQJH RI PHDVXUH

IRU z�� z�� � � � � zP PD\ QRW VLPSO\ FRUUHVSRQG WR D FKDQJH RI PHDQ� 6R� ZH FDQQRW FRQFOXGH IURP WKH

IDFW WKDW A/Q LV D PDUWLQJDOH XQGHU WKH QHZ PHDVXUH WKDW LW LV ORJQRUPDO XQGHU WKH QHZ PHDVXUH�

,QGHHG� WR DFFRPSOLVK WKLV ZRXOG UHTXLUH WKDW ERWK ORJ A/Q DQG ORJ A'Q EH OLQHDU LQ WKH zL� DQG WKLV

LV FOHDUO\ QRW SRVVLEOH� 7KXV� ZH FDQQRW H[SHFW DOO FDSOHWV WR EH SULFHG VLPXOWDQHRXVO\ E\ %ODFN
V

IRUPXOD LQ D GLVFUHWL]HG PRGHO� EXW WKH DUELWUDJH�IUHH GLVFUHWL]DWLRQ DERYH DUJXDEO\ EULQJV XV FORVHU

WR WKLV LGHDO E\ DW OHDVW HQVXULQJ WKDW HDFK A/Q LV D PDUWLQJDOH LQ WKH GLVFUHWH WHUPLQDO PHDVXUH

DVVRFLDWHG ZLWK 7Q��� :H UHWXUQ WR WKLV LVVXH LQ 6HFWLRQ ���� LQ SDUW �LY� RI 7KHRUHP �� DQG LQ WKH

QXPHULFDO UHVXOWV RI 6HFWLRQ ��

,W UHPDLQV WR DGGUHVV WKH TXHVWLRQ RI ZKHWKHU WKH A/Q GHnQHG DERYH� LQ DGGLWLRQ WR KDYLQJ

YDULRXV GHVLUDEOH SURSHUWLHV DOUHDG\ QRWHG� DFWXDOO\ EHDU VRPH UHODWLRQ WR WKHLU RVWHQVLYH FRQWLQXRXV�

WLPH FRXQWHUSDUWV� 7R IRUPXODWH D FRQYHUJHQFH UHVXOW� LW LV XVHIXO WR H[WHQG WKH GHnQLWLRQ RI WKH
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ORJQRUPDO YRODWLOLW\ VR WKDW VZDSWLRQV DUH SULFHG E\ %ODFN
V IRUPXOD� +H FDUULHV RXW WKH FRQVWUXFWLRQ

LQ ERWK WKH WHUPLQDO DQG VSRW /LERU PHDVXUHV� :H FRQVLGHU WKH GLVFUHWL]DWLRQ RI HDFK RI WKHVH FDVHV�

$OWKRXJK WKH JXLGLQJ SULQFLSOHV LQ WKLV VHWWLQJ DUH WKH VDPH DV LQ WKH IRUZDUG /LERU VHWWLQJ� WKH

H[SUHVVLRQV LQYROYHG WHQG WR EH PRUH FRPSOLFDWHG� $V D FRQVHTXHQFH� RXU UHVXOWV LQ WKLV VHFWLRQ DUH

VRPHZKDW OHVV H[SOLFLW WKDQ LQ WKH SUHYLRXV VHFWLRQV�

��� 6ZDS 5DWHV LQ WKH 7HUPLQDO 0HDVXUH

2XU QRWDWLRQ ODUJHO\ IROORZV -DPVKLGLDQ >��� ��@� /HW

%Q�1 �W�  p

1;

L Q

%L���W�� W � >�� 7Q��@�

WKH QWK IRUZDUG VZDS UDWH� Q  �� � � � � 1 � LV

6Q�W�  
%Q�W�b%1���W�

%Q�1 �W�
� W � >�� 7Q@�

7KLV LV WKH n[HG UDWH DW WLPH W WKDW HTXDWHV WKH SUHVHQW YDOXHV RI VWUHDPV RI n[HG�UDWH SD\PHQWV

p6Q�W� DQG oRDWLQJ�UDWH SD\PHQWV p/L�7L� RFFXUULQJ DW 7L��� L  Q� � � � � 1 � :H H[WHQG WKH GHnQLWLRQ

RI 6Q WR DOO RI >�� 71��@ E\ VHWWLQJ 6Q�W�  6Q�7Q� IRU W ! 7Q� )RUZDUG /LERU UDWHV FDQ EH UHFRYHUHG

IURP IRUZDUG VZDS UDWHV WKURXJK WKH UHODWLRQ

� � p/Q�W�  
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�IURP 6HFWLRQ � RI >��@�� DQG LQ IDFW ���� FRXOG EH LQYHUWHG WR GHnQH IRUZDUG VZDS UDWHV LQ WHUPV

RI IRUZDUG /LERU UDWHV� ([SUHVVLRQV IRU GHoDWHG ERQG SULFHV LQ WHUPV RI IRUZDUG VZDS UDWHV IROORZ

IURP ����� XVLQJ ��� DQG ����

$ ORJQRUPDO �RU PDUNHW� PRGHO RI IRUZDUG VZDS UDWHV VSHFLnHV

G6Q

6Q

 � � � GW� tQ G:� ����

IRU VRPH ERXQGHG� GHWHUPLQLVWLF� SRVVLEO\ WLPH�YDU\LQJ URZ YHFWRU tQ  tQ�W� KDYLQJ DW PRVW nQLWHO\

PDQ\ GLVFRQWLQXLWLHV� 7KH GULIW GHSHQGV RQ WKH FKRLFH RI QXPHUDLUH DVVHW _ L�H�� WKH PHDVXUH XQGHU

ZKLFK WKH SURFHVV LV FRQVWUXFWHG� 7KH GHnQLQJ SURSHUW\ RI WKH WHUPLQDO PHDVXUH LV WKH FKRLFH RI

%1�� DV WKH QXPHUDLUH DVVHW� ,Q WKLV PHDVXUH� -DPVKLGLDQ >��@ VKRZV WKDW WKH PLVVLQJ GULIW LQ ����

LV JLYHQ E\ mQ�W�t
�
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mQ�W�  b
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+H DOVR VKRZV WKDW 6Q LV D PDUWLQJDOH XQGHU WKH IRUZDUG VZDS PHDVXUH 3Q�1 GHnQHG E\�
G3 Q�1

G31��

�
W

 
%Q�1 �W�%1�����

%1���W�%Q�1 ���
�

WKLV LV WKH PHDVXUH DVVRFLDWHG ZLWK WKH QXPHUDLUH %Q�1 �

$ SD\HU
V VZDSWLRQ H[SLULQJ DW WLPH 7 � 7Q JUDQWV WKH KROGHU WKH ULJKW WR HQWHU LQWR D VZDS

ZLWK VWDUW GDWH 7Q DQG HQG GDWH 71��� PDNLQJ n[HG SD\PHQWV p. DQG UHFHLYLQJ oRDWLQJ SD\PHQWV

p/L�7L� DW 7L��� L  Q� � � � � 1 � ,WV YDOXH DW H[SLUDWLRQ FDQ WKXV EH H[SUHVVHG DV%Q�1 �7 ��6Q�7 �b.�
��

-DPVKLGLDQ >��@ VKRZV WKDW ZLWK D ORJQRUPDO VSHFLnFDWLRQ RI WKH YRODWLOLW\

%1�����(
1��>%Q�1 �7 ��6Q�7 �b.�� %1���7 �@  %Q�1 ���(

Q�1 >�6Q�7 �b.��@

 &�xtQ�7 ��.� 6Q���� %Q�1 ���� 7 ��

ZLWK

xt�Q�W�  

= W

�

tQ�X�t
�
Q�X� GX�

L�H�� VZDSWLRQV DUH SULFHG E\ WKH %ODFN IRUPXOD IRU VZDSWLRQV� �6HH 0XVLHOD DQG 5XWNRZVNL >��@ DQG

5HERQDWR >��@ IRU IXUWKHU GLVFXVVLRQ RI WKLV DQG UHODWHG IRUPXODV IRU VZDSWLRQV��

,W LV HYLGHQW IURP ���� WKDW IRUZDUG /LERU UDWHV FDQQRW KDYH ORJQRUPDO YRODWLOLWLHV LI WKH IRUZDUG

VZDS UDWHV GR� +HQFH� RQH FDQQRW XVH WKH GLVFUHWL]DWLRQV RI 6HFWLRQ � WR VLPXODWH D PRGHO FRQVLVWHQW

ZLWK ����� 7R GLVFUHWL]H ���� LQ WKH WHUPLQDO PHDVXUH� ZH LQWURGXFH WKH YDULDEOHV

;Q  
%Q�1

p%1��

� DQG <Qb�  ;Qb� b;Q b �� Q  �� � � � � 1�

ZLWK ;�  �� ��� p6��;�� 1RWLFH WKDW <Qb�  'Qb �  'Qb'1��� WKLV SDUWLFXODU GLmHUHQFH RI

GHoDWHG ERQG SULFHV WXUQV RXW WR EH SDUWLFXODUO\ FRQYHQLHQW DQG HmHFWLYH LQ GLVFUHWL]LQJ VZDS UDWH

PRGHOV�

/HPPD � 8QGHU WKH WHUPLQDO PHDVXUH� ;Q DQG <Q DUH PDUWLQJDOHV RQ >�� 7Q��@ DQG VDWLVI\
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7KH QDWXUDO FRXQWHUSDUW WR WKH GLVFUHWL]DWLRQ PHWKRGV GHYHORSHG LQ 6HFWLRQ � DSSOLHV WKH PRG�

LnHG (XOHU VFKHPH WR ORJ<Q WR FRQVWUXFW GLVFUHWH PDUWLQJDOHV A<Q�LK�� L  �� �� � � �� DQG WKHQ DSSOLHV

���� WR UHFRYHU GLVFUHWL]HG IRUZDUG VZDS UDWHV A6Q� 2QH FRXOG XVH ���� WR FRQVWUXFW GLVFUHWL]HG

IRUZDUG /LERU UDWHV DV ZHOO� :H VXPPDUL]H SURSHUWLHV RI WKLV PHWKRG LQ WKH IROORZLQJ UHVXOW�

7KHRUHP � �L� 7KH GLVFUHWL]DWLRQ DERYH PDNHV WKH GHoDWHG ERQG SULFHV SRVLWLYH PDUWLQJDOHV DQG LV

WKXV DUELWUDJH�IUHH� �LL� 7KH A6Q UHPDLQ VWULFWO\ SRVLWLYH� DOPRVW VXUHO\� �LLL� (DFK A6Q LV D PDUWLQJDOH

ZLWK UHVSHFW WR WKH PHDVXUH G A3 Q�1  �p%1����� A;Q%Q�1 ����G3
1��� �LY� ,I 7 LV D JULG SRLQW LK�

WKHQ %1�����p(>� A61 �7 � b .��@  &�xt1 � .� 61 ���� %Q�1 ���� 7 �� L�H�� WKH ODVW VZDSWLRQ LV SULFHG

ZLWKRXW GLVFUHWL]DWLRQ HUURU� �Y� 7KH A6Q FRQYHUJH LQ ODZ WR WKH 6Q DV K� ��

��� 6ZDS 5DWHV LQ WKH 6SRW /LERU 0HDVXUH

$ FRQVHTXHQFH RI -DPVKLGLDQ
V >��@ DQDO\VLV LV WKDW LQ WKH VSRW /LERU PHDVXUH WKH PLVVLQJ GULIW LQ

���� LV �os b mQ�tQ ZLWK mQ DV LQ ���� DQG
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$V WKLV PLJKW VXJJHVW� WKH UHOHYDQW H[SUHVVLRQV LQ WKLV VHWWLQJ EHFRPH DOJHEUDLFDOO\ FXPEHUVRPH�

WKRXJK WKH\ GR QRW UDLVH DQ\ IXQGDPHQWDOO\ QHZ LVVXHV� &RQVHTXHQWO\� ZH FRYHU RQO\ WKH NH\ VWHSV�

)RU SXUSRVHV RI GLVFUHWL]DWLRQ ZH LQWURGXFH WKH YDULDEOHV
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5�  01��� DQG 5Q  0Q b01��� Q  �� � � � � 1 � 8QGHU RXU FRQYHQWLRQ WKDW 6M�W�  6M�7M� IRU

W ! 7M � WKHVH SURFHVVHV DUH ZHOO�GHnQHG WKURXJKRXW WKH LQWHUYDO >�� 71��@�

/HPPD � 8QGHU WKH VSRW /LERU PHDVXUH� WKH 0Q DQG 5Q DUH SRVLWLYH PDUWLQJDOHV� 0RUHRYHU�

p6Q  
0Q b01��

0Q�� � c c c�01��
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5Q�� � c c c�51 � �1 � �b Q�5�
� ����

8VLQJ ����� ����� ����� DQG ���� ZH FDQ nQG WKH GLmXVLRQ FRHpFLHQWV }0Q
DQG }5Q RI ORJ0Q

DQG ORJ5Q DV IXQFWLRQV RI WKH tM DQG 6M WKURXJK VWUDLJKWIRUZDUG EXW WHGLRXV GLmHUHQWLDWLRQ� 8VLQJ

���� ZH FDQ WKHQ H[SUHVV }0Q
SXUHO\ DV IXQFWLRQV RI WKH tM DQG 0M DQG ZH FDQ H[SUHVV }5Q SXUHO\

DV D IXQFWLRQ RI WKH tM DQG 5M � ,Q WKLV ZD\� ZH DUULYH DW HTXDWLRQV RI WKH IRUP G0Q 0Q  }0Q
G:

DQG G5Q 5Q  }5Q G: DQDORJRXV WR WKRVH GHULYHG LQ SUHYLRXV VHFWLRQV� 7KH UHVXOWLQJ H[SUHVVLRQV

IRU }0Q
DQG }5Q DUH OHQJWK\ DQG XQHQOLJKWHQLQJ VR ZH RPLW WKHP� 1HYHUWKHOHVV� ZH PD\ VLPXODWH
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DQ (XOHU VFKHPH IRU ORJ0Q RU ORJ5Q WR SURGXFH GLVFUHWL]HG YDULDEOHV A0Q RU A5Q DQG WKHQ XVH ����

WR UHFRYHU GLVFUHWL]HG VZDS UDWHV A6Q�

6HYHUDO IHDWXUHV RI WKHVH VFKHPHV DUH HDVLO\ YHULnHG� %RWK HQVXUH WKDW GHoDWHG ERQG SULFHV DUH

SRVLWLYH PDUWLQJDOHV� )RU LW IROORZV IURP ��� DQG ���� WKDW WKH GLVFUHWH GHoDWHG ERQG SULFHV DUH

A'Q  %����
� � p A6Q

31
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 %���� A0Q  %����� A5Q � A5���

DQG WKH A0Q RU A5Q DUH SRVLWLYH PDUWLQJDOHV E\ FRQVWUXFWLRQ� ,Q DGGLWLRQ� UHFRYHULQJ WKH GLVFUHWL]HG

VZDS UDWHV IURP WKH A5Q WKURXJK ���� HQVXUHV WKDW WKH VZDS UDWHV VWD\ SRVLWLYH�

$V D nQDO REVHUYDWLRQ� ZH FRQVLGHU WKH GLVFUHWH FRXQWHUSDUW RI WKH IRUZDUG VZDS PHDVXUH UH�

VXOWLQJ IURP WKH GLVFUHWL]DWLRQ RI ORJ0Q� ,Q FRQWLQXRXV WLPH� WKH IRUZDUG VZDS PHDVXUH 3
Q�1 LV

UHODWHG WR WKH VSRW /LERU PHDVXUH WKURXJK
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VR ZH VHH IURP ���� WKDW XQGHU HLWKHU GLVFUHWL]DWLRQ A6Q
31��

L Q��
A'L LV D PDUWLQJDOH XQGHU 3

e DQG

WKXV A6Q LV D PDUWLQJDOH XQGHU A3
Q�1 �

� 1XPHULFDO &RPSDULVRQ

7KXV IDU� RXU GLVFXVVLRQ RI GLVFUHWL]DWLRQ KDV IRFXVHG SULPDULO\ RQ WKH H[WHQW WR ZKLFK WKH DEVHQFH RI

DUELWUDJH LV SUHVHUYHG DIWHU GLVFUHWL]DWLRQ� 7R D OHVVHU H[WHQW� ZH KDYH FRQVLGHUHG WKH LPSDFW RQ WKH

DFFXUDF\ RI FDSOHW DQG VZDSWLRQ SULFHV� WKH SULFHV WR ZKLFK D PRGHO LV FRPPRQO\ FDOLEUDWHG� 7KH

SXUSRVH RI WKLV VHFWLRQ LV WR VKRZ� WKURXJK QXPHULFDO H[DPSOHV� WKDW WKH GLVFUHWL]DWLRQV SURSRVHG LQ

SUHYLRXV VHFWLRQV GR QRW HQWDLO D ORVV RI DFFXUDF\ LQ SULFLQJ FDSOHWV DQG VZDSWLRQV� 2Q WKH FRQWUDU\�

ZH nQG WKDW WKHVH GLVFUHWL]DWLRQV RIWHQ LQWURGXFH ORZHU GLVFUHWL]DWLRQ ELDV LQ WKHVH SULFHV WKDQ PRUH

REYLRXV VFKHPHV� ,Q DGGLWLRQ� ZH LQYHVWLJDWH WKH HmHFW RI PDNLQJ D nQLWH�VDPSOH DGMXVWPHQW WKDW

��



H[SORLWV WKH PDUWLQJDOH SURSHUW\ RI GHoDWHG ERQG SULFHV� ,Q RXU H[SHULPHQWV� WKLV UHGXFHV WKH PHDQ

VTXDUH HUURU LQ FDSOHW DQG VZDSWLRQ SULFH� LQ VRPH FDVHV E\ YDVW DPRXQWV� 7KH DSSOLFDELOLW\ RI WKLV

PHWKRG GHSHQGV FUXFLDOO\ RQ RXU DSSURDFK WR GLVFUHWL]DWLRQ�

7KH QXPEHU RI YDULDWLRQV RI PHWKRGV� VFHQDULRV� DQG LQVWUXPHQWV RQH FRXOG LQYHVWLJDWH QXPHU�

LFDOO\ LV OLPLWOHVV� 2XU REMHFWLYH KHUH LV E\ QR PHDQV WR EH H[KDXVWLYH� ,Q SDUWLFXODU� DPRQJ WKH

LQWHUHVWLQJ SRVVLELOLWLHV QRW H[SORUHG KHUH LV WKH XVH RI WKH PDQ\ KLJKHU�RUGHU VFKHPHV LQ .ORHGHQ

DQG 3ODWHQ >��@ ZLWK HLWKHU WKH YDULDEOHV LQWURGXFHG LQ 6HFWLRQV � DQG � RU WKH IRUZDUG /LERU DQG

VZDS UDWHV WKHPVHOYHV�

��� /LERU 0RGHOV

7KH EDVH VFHQDULR ZH XVH IRU PRVW RI RXU UHVXOWV VHWV p  K  ���� DQG 1��  ��� FRUUHVSRQGLQJ WR

D WHQ�\HDU WHUP VWUXFWXUH RI TXDUWHUO\ UDWHV� 7KH LQLWLDO YDOXHV DUH RI WKH IRUP /Q���  ORJ�D� EQ��

ZLWK D DQG E FKRVHQ VR WKDW /����  ��� DQG /�����  ���� 7KH EDVH�FDVH YRODWLOLWLHV DUH FRQVWDQW

RYHU WKH LQWHUYDOV >7L� 7L���� ZLWK

wQ�7L�  ������ � �������Qb L�� L  �� � � � � Qb �� Q  �� � � � � ���

7KHVH YDOXHV IRU WKH LQLWDO IRUZDUG UDWHV /Q��� DQG LQLWLDO LPSOLHG YRODWLOLWLHV wQ��� DUH EURDGO\

FRQVLVWHQW ZLWK WKH 8�6� GROODU WHUP VWUXFWXUH LQ ODWH ����� 7KH DVVXPSWLRQ WKDW YRODWLOLW\ GHSHQGV

RQO\ RQ WLPH WR PDWXULW\ LV PDGH IRU VLPSOLFLW\� ,Q DGGLWLRQ WR WKLV EDVH FDVH� ZH ZLOO FRQVLGHU D IHZ

RWKHU VFHQDULRV� :H FRPSDUH WKH GLVFUHWL]DWLRQV RI 6HFWLRQ � ZLWK (XOHU VFKHPHV IRU /Q DQG ORJ/Q

�DV LQ ���� DQG ������ :H PDLQO\ FRPSDUH SHUIRUPDQFH RI WKH PHWKRGV LQ SULFLQJ DW�WKH�PRQH\

FDSOHWV _ WKH VWULNH IRU WKH QWK FDSOHW LV .  /Q���� ,Q WKH EDVH VFHQDULR� WKH SULFHV IRU WKHVH

FDSOHWV LQFUHDVH ZLWK Q IURP ���� WR ������

)LJXUH � FRPSDUHV WKH HVWLPDWHG ELDV LQ FDSOHW SULFHV IRU IRXU PHWKRGV LQ WKH WHUPLQDO PHDVXUH�

WKH ;Q GLVFUHWL]DWLRQ RI ����� WKH 'Q GLVFUHWL]DWLRQ RI ����� DQG (XOHU VFKHPHV IRU /Q DQG ORJ/Q�

7KH HUURU EDUV KDYH D KDOIZLGWK RI RQH VWDQGDUG HUURU DQG VKRZ WKDW WKH DSSDUHQW ELDVHV DUH KLJKO\

VLJQLnFDQW DQG QRW DWWULEXWDEOH WR VLPXODWLRQ HUURU� $V H[SHFWHG� WKH ;Q DQG ORJ/Q GLVFUHWL]DWLRQV

SURGXFH XQELDVHG HVWLPDWHV RI WKH nQDO FDSOHW� %XW IRU VKRUWHU PDWXULWLHV WKH ;Q PHWKRG SURGXFHV

VXEVWDQWLDOO\ VPDOOHU HUURUV� 7KH PHWKRG LQ ���� GRHV QRW DSSHDU FRPSHWLWLYH� %HFDXVH LW PDNHV

� � p A/1 ORJQRUPDO UDWKHU WKDQ /1 � LW GRHV QRW FRUUHFWO\ SULFH WKH nQDO FDSOHW� %XW LQ FRQVLGHULQJ

)LJXUH � DQG VXEVHTXHQW nJXUHV LW LV LPSRUWDQW WR NHHS DQ DGGLWLRQDO FRQVLGHUDWLRQ LQ PLQG� WKH

PDUWLQJDOH GLVFUHWL]DWLRQV �LQFOXGLQJ ;Q DQG 'Q LQ )LJXUH �� SULFH ERQGV ZLWKRXW ELDV SUHFLVHO\

EHFDXVH WKH\ PDNH WKH GHoDWHG ERQG SULFHV PDUWLQJDOHV� 7KH RWKHU PHWKRGV �LQFOXGLQJ /Q DQG

ORJ/Q LQ )LJXUH �� DUH VXEMHFW WR GLVFUHWL]DWLRQ ELDV LQ SULFLQJ ERQGV DV ZHOO DV FDSOHWV�

��



7R REWDLQ WKH WLJKW HUURU LQWHUYDOV LQ )LJXUH �� ZH UDQ �� PLOOLRQ UHSOLFDWLRQV DQG XVHG WKH

FRQWURO YDULDWHV &Q  p%Q������rQ b.�� ZKHUH

rQ  /Q��� H[S

�
b��K

Qb�;
L �

w�Q�LK� �
S
K
Qb�;
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wQ�LK�=L

�
�

DQG WKH =L DUH WKH VWDQGDUG QRUPDOV XVHG WR GULYH WKH VLPXODWLRQV� (DFK&Q LV DQ XQELDVHG HVWLPDWRU

RI WKH QWK FDSOHW SULFH� )RU DQ\ GLVFUHWL]DWLRQ A/Q� RXU HVWLPDWH RI WKH ELDV LQ WKH QWK FDSOHW LV

p%1������A/Q�7Q�b.�� A'Q���7Q���b &Q�

%HFDXVH RI WKH KLJK FRUUHODWLRQ EHWZHHQ WKH rQ DQG WKH GLVFUHWL]HG YDULDEOHV� VXEWUDFWLQJ &Q UDWKHU

WKDQ WKH %ODFN SULFH LWVHOI VXEVWDQWLDOO\ UHGXFHV WKH YDULDQFH RI WKH HVWLPDWHG ELDV� :H XVHG WKLV

PHWKRG LQ DOO RXU UHVXOWV�

)LJXUH � FRPSDUHV nYH GLVFUHWL]DWLRQV LQ WKH VSRW /LERU PHDVXUH� 7KH 9Q PHWKRG UHIHUV WR ����

ZLWK WKH VHFRQG OLQH RI ���� DQG ����� WKH PRGLnHG 9Q PHWKRG UHIHUV WR ���� ZLWK WKH nUVW OLQH RI

���� XVLQJ ���� WR GHWHUPLQH WKH GLVFUHWH GHoDWHG ERQG SULFHV� WKH 'Q PHWKRG UHIHUV WR ����� DQG

WKH RWKHU WZR DUH (XOHU VFKHPHV IRU /Q DQG ORJ/Q� $V LQ WKH WHUPLQDO PHDVXUH� WKH UHVXOWV EDVHG

RQ 'Q DQG /Q DUH YHU\ VLPLODU� DQG ZKHUHDV WKHVH DUH ELDVHG KLJK� GLVFUHWL]DWLRQ RI ORJ/Q SURGXFHV

UHVXOWV ELDVHG ORZ� 7KH 9Q PHWKRG DQG PRGLnHG 9Q PHWKRGV JLYH WKH WKH EHVW UHVXOWV DFURVV DOO

PDWXULWLHV� %HFDXVH WKH 9Q PHWKRG GRHV VRPHZKDW EHWWHU WKDQ WKH PRGLnHG 9Q PHWKRG� ZH XVH LW

LQ VXEVHTXHQW FRPSDULVRQV�

)LJXUH � LOOXVWUDWHV WKH HmHFW RI XVLQJ WKH K\EULG QXPHUDLUH RI 6HFWLRQ ���� 7KH WHUPLQDO

PHDVXUH FRUUHVSRQGV WR P  1 � � DQG WKH VSRW PHDVXUH WR P  �� 7KHVH DUH FRPSDUHG ZLWK

WZR LQWHUPHGLDWH YDOXHV RI P� $V DQWLFLSDWHG� WKH �Pb ��WK FDSOHW LV SULFHG ZLWKRXW ELDV LQ HDFK

FDVH IRU ZKLFK P ! �� �1RWLFH WKH FKDQJH RI VFDOH FRPSDUHG ZLWK WKH SUHYLRXV nJXUHV�� ,Q WKLV DQG

PRVW VXEVHTXHQW nJXUHV ZH RPLW WKH HUURU EDUV IRU FODULW\� WKH\ DUH RI WKH VDPH PDJQLWXGH DV LQ

)LJXUHV � DQG ��

)LJXUHV � DQG � FRPSDUH YDULRXV PHWKRGV IRU FDSOHWV WKDW DUH �� LQ�WKH�PRQH\ �VWULNHV RI

����/Q���� DQG RXW�RI�WKH�PRQH\ �VWULNHV RI ����/Q����� UHVSHFWLYHO\� 7KH UHVXOWV DUH JHQHUDOO\ FRQ�

VLVWHQW ZLWK ZKDW ZH REVHUYH DW�WKH�PRQH\� H[FHSW IRU VRPH DGGLWLRQDO ELDV DW YHU\ VKRUW PDWXULWLHV�

2YHU PRVW RI WKH UDQJH� WKH ;Q DQG 9Q PHWKRGV DSSHDU WR EH WKH EHVW�

)LJXUH � FRPSDUHV VHOHFW PHWKRGV LQ D YDULDQW RI RXU EDVH FDVH LQ ZKLFK WKH YRODWLOLWLHV DUH

wQ�7L�  ���� b �������Q b L� DQG DUH WKXV GHFUHDVLQJ UDWKHU WKDQ LQFUHDVLQJ ZLWK PDWXULW\�

,Q )LJXUH � ZH DJDLQ XVH LQFUHDVLQJ YRODWLOLWLHV EXW QRZ WDNH 1  ��� p  ���� K  p �� DQG

/Q���  ORJ�D� EQ� ZLWK D DQG E FKRVHQ VR WKDW /����  ���� DQG /�����  ����� 1HLWKHU RI WKHVH

PRGLnFDWLRQV DmHFWV WKH UHODWLYH SHUIRUPDQFH RI WKH PHWKRGV�
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��� )LQLWH�6DPSOH $GMXVWPHQW

$V SUHYLRXVO\ QRWHG� GLVFUHWL]DWLRQV WKDW PDNH WKH GHoDWHG ERQG SULFHV PDUWLQJDOHV �DQG DUH LQL�

WLDOL]HG WR WKH LQLWLDO WHUP VWUXFWXUH� SULFH ERQGV ZLWKRXW GLVFUHWL]DWLRQ ELDV� :H QRZ WDNH WKLV LGHD

RQH VWHS IXUWKHU DQG LQWURGXFH D nQLWH�VDPSOH DGMXVWPHQW WKDW PDNHV WKH VLPXODWHG ERQG SULFHV

PDWFK WUXH ERQG SULFHV RYHU nQLWHO\ PDQ\ SDWKV� :H WKHQ H[DPLQH WKH LPSDFW RI WKLV DGMXVWPHQW

RQ FDSOHW SULFHV� $ VLPLODU DGMXVWPHQW LV SURSRVHG LQ D VHWWLQJ ZLWKRXW GLVFUHWL]DWLRQ HUURU E\ 'XDQ

DQG 6LPRQDWR >�@� VHH DOVR WKH GLVFXVVLRQ LQ %R\OH HW DO� >�@� 6LPLODU DGMXVWPHQWV DSSHDU WR EH LQ

ZLGHVSUHDG XVH LQ SUDFWLFH�

:H GHWDLO WKH PHWKRG LQ WKH FDVH RI WKH GLVFUHWL]DWLRQ A;Q LQ WKH WHUPLQDO PHDVXUH� /HW A;
�N�
Q �LK��

N  �� � � � �.� GHQRWH WKH YDOXHV RI A;Q VLPXODWHG DW WKH LWK VWHS RI . LQGHSHQGHQW UHSOLFDWLRQV�

%HFDXVH HDFK A;Q LV D PDUWLQJDOH� (> A;Q�LK�@  A;Q���  ;Q���� 7R PDWFK WKLV PHDQ RYHU WKH .

SDWKV� ZH VHW
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DQG WKHQ UHFRYHU WKH GLVFUHWL]HG /LERU UDWHV A/Q�LK� IURP WKHVH DGMXVWHG YDULDEOHV� $ VLPLODU DGMXVW�

PHQW LV SRVVLEOH ZLWK DQ\ RI RXU GLVFUHWL]DWLRQV� ,W GRHV QRW DSSHDU WR EH DSSOLFDEOH WR D VWDQGDUG

GLVFUHWL]DWLRQ RI /Q RU ORJ/Q� EHFDXVH QHLWKHU (>/Q�W�@ QRU (>ORJ/Q�W�@ LV UHDGLO\ DYDLODEOH� DQG

WKH GLVFUHWL]HG GHoDWHG ERQG SULFHV ZLOO QRW EH PDUWLQJDOHV�

$OWKRXJK WKLV PHWKRG FDXVHV ERQGV WR EH SULFHG ZLWKRXW VLPXODWLRQ HUURU RYHU nQLWHO\ PDQ\

SDWKV _ DQG PD\ WKHUHIRUH UHGXFH YDULDQFH LQ SULFLQJ RWKHU LQVWUXPHQWV _ LW SRWHQWLDOO\ LQWURGXFHV

ELDV LQ GLYLGLQJ E\ WKH VDPSOH PHDQ LQ ����� 7R EDODQFH ELDV DQG YDULDQFH ZH H[DPLQH WKH LPSDFW

RQ PHDQ VTXDUH HUURU RI FDSOHW SULFHV�

)LJXUH � SORWV PHDQ VTXDUH HUURUV ZLWK DQG ZLWKRXW WKH nQLWH VDPSOH DGMXVWPHQW XVLQJ WKH ;Q

PHWKRG LQ WKH WHUPLQDO PHDVXUH DQG WKH 9Q PHWKRG LQ WKH VSRW PHDVXUH� 7KHVH HVWLPDWHV DUH

EDVHG RQ ���� EDWFKHV HDFK FRQVLVWLQJ RI .  ���� UHSOLFDWLRQV� �7KH nQLWH�VDPSOH DGMXVWPHQW

PDNHV WKH . SDWKV LQ D VLQJOH EDWFK GHSHQGHQW VR EDWFKLQJ LV QHFHVVDU\ IRU SURSHU HVWLPDWLRQ RI

PHDQ VTXDUH HUURUV�� 7KH UHVXOWV VKRZ PRGHVW LPSURYHPHQW IURP WKH DGMXVWPHQW�

:H nQG PXFK JUHDWHU LPSURYHPHQWV LQ D GLmHUHQW VFHQDULR� +HUH ZH WDNH YDOXHV EURDGO\ FRQ�

VLVWHQW ZLWK WKH -DSDQHVH WHQ�\HDU WHUP VWUXFWXUH LQ ODWH ����� 6SHFLnFDOO\� /Q���  ���� ������Q�

Q  �� � � � � ��� DQG wQ�L�  ����b �����Qb L�� VR WKH UDWHV DUH PXFK ORZHU DQG WKH YRODWLOLWLHV PXFK

KLJKHU WKDQ LQ WKH 8�6� PDUNHW� 7KH FRUUHVSRQGLQJ FDSOHW SULFHV LQFUHDVH ZLWK Q IURP ���� WR ������

7KHVH DUH UDWKHU H[WUHPH SDUDPHWHU YDOXHV DQG QR PHWKRG DSSHDUV WR JLYH VDWLVIDFWRU\ UHVXOWV LQ

WKLV VHWWLQJ� 7KLV LV UHoHFWHG LQ )LJXUH �� )LJXUH ��� EDVHG RQ WKH 9Q PHWKRG LQ WKH VSRW PHDVXUH�

VKRZV ERWK WKDW WKH HUURUV LQ WKLV VHWWLQJ FDQ EH TXLWH ODUJH EXW DOVR WKDW WKH DGMXVWPHQW FDQ
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SURGXFH VXEVWDQWLDO LPSURYHPHQWV� )LJXUH �� LV HYHQ PRUH GUDPDWLF� 2YHU ���� SDWKV� WKH HUURUV

IURP VLPXODWLQJ XQGHU WKH WHUPLQDO PHDVXUH DUH HQRUPRXV� EXW WKH\ DUH EURXJKW XQGHU FRQWURO E\

WKH nQLWH�VDPSOH DGMXVWPHQW� 7KH DGMXVWPHQW ZRXOG QRW EH DYDLODEOH LQ D GLUHFW GLVFUHWL]DWLRQ RI

/Q RU ORJ/Q�

��� 6ZDS 5DWH 0RGHOV

2XU EDVH FDVH IRU FRPSDULQJ GLVFUHWL]DWLRQV RI ORJQRUPDO VZDS UDWH PRGHOV XVHV WKH VDPH LQLWLDO

WHUP VWUXFWXUH DV LQ 6HFWLRQ ��� DQG VSHFLnHV VZDS UDWH YRODWLOLWLHV RI

tQ�7L�  ������b �Qb L�������� L  �� � � � � Qb �� Q  �� � � � � 1�

$V VKRXOG EH FOHDU IURP WKH IRUPXODV LQ 6HFWLRQ �� VLPXODWLQJ DQ\ GLVFUHWL]DWLRQ RI D ORJQRUPDO

VZDS UDWH PRGHO LV FRQVLGHUDEO\ PRUH GHPDQGLQJ WKDQ VLPXODWLQJ D ORJQRUPDO PRGHO RI IRUZDUG

/LERU� 2XU LQYHVWLJDWLRQV LQ WKLV VHWWLQJ XVH IHZHU UHSOLFDWLRQV �� PLOOLRQ UDWKHU WKDQ �� PLOOLRQ�

DQG KDYH H[SORUHG IHZHU DOWHUQDWLYHV�

)LJXUH �� VXPPDUL]HV WKH FRPSDULVRQ RI YDULRXV PHWKRGV� �7KHVH XVH D FRQWURO YDULDWH VLPLODU WR

WKH RQH GHVFULEHG LQ 6HFWLRQ ����� 7KH ZRUVW PHWKRGV DUH WKH VWUDLJKWIRUZDUG (XOHU GLVFUHWL]DWLRQV

RI 6Q DQG ORJ6Q� 7KH EHVW PHWKRG DSSHDUV WR EH WKH <Q GLVFUHWL]DWLRQ XQGHU WKH WHUPLQDO PHDVXUH�

EXW WKH VSRW /LERU GLVFUHWL]DWLRQV SHUIRUP TXLWH ZHOO DOVR�

� &RQFOXVLRQV

7KH PDLQ FRQFOXVLRQ RI WKLV ZRUN LV WKDW VLPXODWLQJ OLQHDU FRPELQDWLRQV RI GHoDWHG ERQG SULFHV

FDQ KDYH DGYDQWDJHV RYHU GLUHFW VLPXODWLRQ RI IRUZDUG /LERU RU VZDS UDWHV� /LQHDU FRPELQDWLRQV RI

GHoDWHG ERQG SULFHV DUH PDUWLQJDOHV� DQG LW LV RIWHQ HDVLHU WR SUHVHUYH WKH PDUWLQJDOH SURSHUW\ LQ D

GLVFUHWL]DWLRQ VFKHPH WKDQ WR nQG WKH DSSURSULDWH GULIW DGMXVWPHQW IRU D GLVFUHWL]DWLRQ RI /LERU RU

VZDS UDWHV� %\ HQIRUFLQJ WKH PDUWLQJDOH SURSHUW\ LQ WKH GLVFUHWL]DWLRQ� ZH FDQ NHHS WKH GLVFUHWL]HG

PRGHO DUELWUDJH�IUHH� 2XU QXPHULFDO UHVXOWV VXJJHVW WKDW WKLV DGYDQWDJH GRHV QRW FRPH DW WKH

H[SHQVH RI DFFXUDF\ RI WKH GLVFUHWL]DWLRQ� RQ WKH FRQWUDU\� WKH VFKHPHV ZH KDYH SURSRVHG JHQHUDOO\

JLYH EHWWHU UHVXOWV �DQG VRPHWLPHV PXFK EHWWHU UHVXOWV� WKDQ PRUH VWDQGDUG GLVFUHWL]DWLRQV� 7KH\

DOVR OHQG WKHPVHOYHV WR D VLPSOH nQLWH�VDPSOH DGMXVWPHQW WKDW FDQ IXUWKHU UHGXFH HUURUV�

:H KDYH E\ QR PHDQV H[KDXVWHG WKH SRVVLELOLWLHV RSHQHG XS E\ WKLV DSSURDFK� 2QH FRXOG

LQYHVWLJDWH RWKHU OLQHDU FRPELQDWLRQV DQG RWKHU QXPHUDLUH DVVHWV� OLQHDU FRPELQDWLRQV ZLWK WLPH�

YDU\LQJ FRHpFLHQWV� QRQOLQHDU WUDQVIRUPDWLRQV RWKHU WKDQ ORJDULWKPV� YDULDEOH VWHS VL]HV� DQG DQ\

RI WKH PDQ\ KLJKHU�RUGHU PHWKRGV GHYHORSHG LQ WKH GLVFUHWL]DWLRQ OLWHUDWXUH� 5XOLQJ RXW DUELWUDJH
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GRHV QRW� E\ LWVHOI� SURYLGH JXLGDQFH LQ FKRRVLQJ DPRQJ WKHVH PDQ\ SRVVLELOLWLHV� ZH YLHZ WKHVH

PDQ\ YDULDWLRQV DQG SRWHQWLDO HQKDQFHPHQWV DV FRPSOHPHQWLQJ WKH DSSURDFK SURSRVHG KHUH�
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)LQDOO\ PDNLQJ WKH VXEVWLWXWLRQ ;Q  
31b�

L Q <L�1 bQ�� \LHOGV WKH H[SUHVVLRQ LQ WKH OHPPD� (

3URRI RI 7KHRUHP �� �L� 7KH GHoDWHG ERQG SULFHV DUH JLYHQ E\'Q  <Qb���� VR WKH A'Q DUH SRVLWLYH

PDUWLQJDOHV EHFDXVH WKH A<Q DUH� �LL� )ROORZV IURP ���� DQG SRVLWLYLW\ RI WKH A<Q� �LLL� DQG �LY� DUH

SURYHG VLPLODUO\ WR 7KHRUHP ��LLL���LY�� �Y� $V LQ 7KHRUHPV � DQG �� WKH NH\ VWHS LV YHULI\LQJ WKDW

WKH GLmXVLRQ FRHpFLHQW RI <Q LV OLQHDUO\ ERXQGHG DQG /LSVFKLW]� ,Q IDFW� IURP ���� ZH FDQ VHH WKDW

WKH QRUP RI WKH GLmXVLRQ FRHpFLHQW LV ERXQGHG E\ D FRQVWDQW WLPHV WKH QRUP RI < � ,Q SDUWLFXODU�

HDFK RI WKH IDFWRUV �;Mb� b �� ;M LV EHWZHHQ � DQG �� EHFDXVH <Mb� w �� DQG HDFK <Lb� ;Q�� LV

EHWZHHQ � DQG � EHFDXVH ;Q��  
31b�

L Q�� <L �1 b Q� �� (

$FNQRZOHGJPHQWV� 7KH DXWKRUV WKDQN WKH UHIHUHHV IRU WKHLU VXJJHVWLRQV DQG WKHLU FDUHIXO UHDGLQJ

RI WKH PDQXVFULSW� 7KLV UHVHDUFK LV VXSSRUWHG LQ SDUW E\ 1DWLRQDO 6FLHQFH )RXQGDWLRQ *UDQW '0,�

��������

5HIHUHQFHV

>�@ $QGHUVHQ� /�� 6LPXODWLRQ DQG FDOLEUDWLRQ RI WKH +-0 PRGHO� *HQHUDO 5H )LQDQFLDO 3URGXFWV�
1HZ <RUN �������

>�@ %LOOLQJVOH\� 3� &RQYHUJHQFH RI SUREDELOLW\ PHDVXUHV� :LOH\� 1HZ <RUN �������

>�@ %ODFN� )�� 7KH SULFLQJ RI FRPPRGLW\ FRQWUDFWV� -� )LQDQFLDO (FRQ�� �� ������� �������

>�@ %R\OH� 3�� %URDGLH� 0�� DQG *ODVVHUPDQ� 3�� ?6LPXODWLRQ 0HWKRGV IRU 6HFXULW\ 3ULFLQJ�� -�
(FRQRPLF '\QDPLFV DQG &RQWURO ��� ��������� �������

��



>�@ %UDFH� $�� *DWDUHN� '�� DQG 0XVLHOD� 0�� 7KH PDUNHW PRGHO RI LQWHUHVW UDWH G\QDPLFV� 0DWK�
)LQDQFH� �� ������� �������

>�@ 'XDQ� -��&�� DQG 6LPRQDWR� -��*�� (PSLULFDO PDUWLQJDOH VLPXODWLRQ IRU DVVHW SULFHV� 0DQDJH�
PHQW 6FLHQFH� �� ��������� �������

>�@ 'XpH� '�� '\QDPLF $VVHW 3ULFLQJ 7KHRU\� VHFRQG HGLWLRQ� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV� 3ULQFH�
WRQ� 1HZ -HUVH\ �������

>�@ (O .DURXL� 1�� *HPDQ� +�� DQG 5RFKHW� -�&�� &KDQJHV RI QXPHUDLUH� FKDQJHV RI SUREDELOLW\
PHDVXUH� DQG RSWLRQ SULFLQJ� -� $SSO� 3UREDE� ��� ������� �������

>�@ *LKPDQ� ,�,�� DQG 6NRURKRG� $�9�� 7KH 7KHRU\ RI 6WRFKDVWLF 3URFHVVHV� 9RO� ,,,� 6SULQJHU�
%HUOLQ� �������

>��@ *ROG\V� %�� 0XVLHOD� 0�� DQG 6RQGHUPDQQ� '�� /RJQRUPDOLW\ RI UDWHV DQG WHUP VWUXFWXUH
PRGHOV� ZRUNLQJ SDSHU� 8QLYHUVLW\ RI 1HZ 6RXWK :DOHV �������

>��@ +HDWK� '�� -DUURZ� 5�� DQG 0RUWRQ� $�� %RQG SULFLQJ DQG WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV�
D GLVFUHWH WLPH DSSUR[LPDWLRQ� -� )LQDQFLDO DQG 4XDQWLWDWLYH $QDO�� ��� �������� �������

>��@ +HDWK� '�� -DUURZ� 5�� DQG 0RUWRQ� $�� %RQG SULFLQJ DQG WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV�
D QHZ PHWKRGRORJ\ IRU FRQWLQJHQW FODLPV YDOXDWLRQ� (FRQRPHWULFD� ��� ������ �������

>��@ +XOO� -�&�� 2SWLRQV� )XWXUHV� DQG 2WKHU 'HULYDWLYHV� 7KLUG (GLWLRQ� 3UHQWLFH�+DOO �������

>��@ -DPVKLGLDQ� )�� /,%25 DQG VZDS PDUNHW PRGHOV DQG PHDVXUHV� :RUNLQJ SDSHU� 6DNXUD *OREDO
&DSLWDO� /RQGRQ� �����

>��@ -DPVKLGLDQ� )�� /,%25 DQG VZDS PDUNHW PRGHOV DQG PHDVXUHV� )LQDQFH DQG 6WRFKDVWLFV� ��
���^��� �������

>��@ -RKQVRQ� 1�/� 6\VWHPV RI IUHTXHQF\ FXUYHV JHQHUDWHG E\ PHWKRGV RI WUDQVODWLRQ� %LRPHWULND�
��� ������� �������

>��@ .ORHGHQ� 3�� DQG 3ODWHQ� (�� 1XPHULFDO 6ROXWLRQ RI 6WRFKDVWLF 'LmHUHQWLDO (TXDWLRQV� 6SULQJHU�
1HZ <RUN �������

>��@ 0LOVWHLQ� *�1�� $ PHWKRG RI VHFRQG�RUGHU DFFXUDF\ LQWHJUDWLRQ RI VWRFKDVWLF GLmHUHQWLDO HTXD�
WLRQV� 7KHRU� 3UREDE� $SSO�� ��� ������� �������

>��@ 0LOWHUVHQ� .�5�� 6DQGPDQQ� .� DQG 6RQGHUPDQQ� '�� &ORVHG�IRUP VROXWLRQV IRU WHUP VWUXFWXUH
GHULYDWLYHV ZLWK ORJQRUPDO LQWHUHVW UDWHV� -� )LQDQFH� ������� �������

>��@ 0XVLHOD� 0�� DQG 5XWNRZVNL� 0�� &RQWLQXRXV�WLPH WHUP VWUXFWXUH PRGHOV� )RUZDUG PHDVXUH
DSSURDFK� )LQDQFH DQG 6WRFKDVWLFV� �� ������� �������

>��@ 0XVLHOD� 0�� DQG 5XWNRZVNL� 0�� 0DUWLQJDOH PHWKRGV LQ nQDQFLDO PRGHOLQJ� 6SULQJHU� 1HZ
<RUN� �����

>��@ 5HERQDWR� 5�� ,QWHUHVW�5DWH 2SWLRQ 0RGHOV� :LOH\� &KLFKHVWHU� 8.� �������

>��@ 6DQGPDQQ� .� DQG 6RQGHUPDQQ� '�� $ WHUP VWUXFWXUH PRGHO DQG WKH SULFLQJ RI LQWHUHVW UDWH
RSWLRQV� 5HYLHZ RI )XWXUHV 0DUNHWV� ��� ������� �������

>��@ 6DQGPDQQ� .� DQG 6RQGHUPDQQ� '�� /RJ�QRUPDO LQWHUHVW UDWH PRGHOV� VWDELOLW\ DQG PHWKRG�
RORJ\� 'LVFXVVLRQ SDSHU %����� 'HSDUWPHQW RI 6WDWLVWLFV� 8QLYHUVLW\ RI %RQQ �������

��



>��@ 6LGHQLXV� -�� /,%25 0DUNHW 0RGHOV LQ 3UDFWLFH� 6NDQGLQDYLVND (QVNLOGD %DQNHQ� &RSHQKDJHQ
�������

>��@ 7DOD\� '�� (pFLHQW QXPHULFDO VFKHPHV IRU WKH DSSUR[LPDWLRQ RI H[SHFWDWLRQV RI IXQFWLRQDOV RI
WKH VROXWLRQ RI D 6�'�(� DQG DSSOLFDWLRQV� LQ )LOWHULQJ DQG &RQWURO RI 5DQGRP 3URFHVVHV� +�
.RUH]OLRJOX� *� 0D]]LRWWR� DQG -� 6]SLUJODV� HGV�� /HFWXUH 1RWHV LQ &RQWURO DQG ,QIRUPDWLRQ
6FLHQFHV� 6SULQJHU�9HUODJ� %HUOLQ �������

��
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