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Chapter 1

Introduction

The number of books on fixed income models is growing, yet it is difficult
to find a convenient textbook for a one-semester course like this. There are
several reasons for this:

e Until recently, many textbooks on mathematical finance have treated
stochastic interest rates as an appendix to the elementary arbitrage
pricing theory, which usually requires constant (zero) interest rates.

e Interest rate theory is not standardized yet: there is no well-accepted
“standard” general model such as the Black—Scholes model for equities.

e The very nature of fixed income instruments causes difficulties, other
than for stock derivatives, in implementing and calibrating models.
These issues should therefore not been left out.

I will frequently refer to the following books:

B[3]: Bjork (98) [3]. A pedagogically well written introduction to mathe-
matical finance. Chapters 15-20 are on interest rates.

BM][6]: Brigo-Mercurio (01) [6]. This is a book on interest rate modelling
written by two quantitative analysts in financial institutions. Much
emphasis is on the practical implementation and calibration of selected
models.

JW]11]: James-Webber (00) [11]. An encyclopedic treatment of interest
rates and their related financial derivatives.
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J[12]: Jarrow (96) [12]. Introduction to fixed-income securities and interest
rate options. Discrete time only.

MR[16]: Musiela—Rutkowski (97) [16]. A comprehensive book on financial
mathematics with a large part (Part II) on interest rate modelling.
Much emphasis is on market pricing practice.

R[19]: Rebonato (98) [19]. Written by a practitionar. Much emphasis on
market practice for pricing and handling interest rate derivatives.

Z[22]: Zagst (02) [22]. A comprehensive textbook on mathematical finance,
interest rate modelling and risk management.

I did not intend to write an entire text but rather collect fragments of the
material that can be found in the above books and further references.



Chapter 2

Interest Rates and Related
Contracts

Literature: B[3](Chapter 15), BM[6](Chapter 1), and many more

2.1 Zero-Coupon Bonds

A dollar today is worth more than a dollar tomorrow. The time t value of
a dollar at time T" > t is expressed by the zero-coupon bond with maturity
T, P(t,T), for briefty also T-bond. This is a contract which guarantees the
holder one dollar to be paid at the maturity date 7.

P(t.T)

1
|
| |
t T
— future cashflows can be discounted, such as coupon-bearing bonds
CiP(t,ty)+ -+ CpaP(t,ta—1) + (1 4+ C,)P(t,T).
In theory we will assume that
e there exists a frictionless market for T-bonds for every T" > 0.

e P(T\T)=1forall T.

e P(t,T) is continuously differentiable in 7.

9
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In reality this assumptions are not always satisfied: zero-coupon bonds are
not traded for all maturities, and P(7’,T") might be less than one if the issuer
of the T-bond defaults. Yet, this is a good starting point for doing the
mathematics. More realistic models will be introduced and discussed in the
sequel.

The third condition is purely technical and implies that the term structure
of zero-coupon bond prices T — P(t,T') is a smooth (decreasing) curve.

US Treasury Bonds, March 2002
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Note that ¢ — P(t,T) is a stochastic process since bond prices P(t,T) are
not known with certainty before ¢.

PHt , 10L

t
1 2 3 45 6 7 8 9 10

A reasonable assumption would also be that P(¢,T) < 1 (which is equiv-
alent to positivity of interest rates). However, already classical interest rate
models imply zero-coupon bond prices greater than 1. Therefore we leave
away this requirement.
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2.2 Interest Rates

The term structure of zero-coupon bond prices does not contain much visual
information (strictly speaking it does). A better measure is given by the
implied interest rates. There is a variety of them.

A prototypical forward rate agreement (FRA ) is a contract involving three
time instants t < T < S: the current time ¢, the expiry time 7" > ¢, and the
maturity time S > T

e At t: sell one T-bond and buy igg S-bonds = zero net investment.

e At T pay one dollar.

e At S: obtain I;((i’g dollars.

P(t,T)

The net effect is a forward investment of one dollar at time T yielding PGS

dollars at S with certainty.
We are led to the following definitions.

e The simple (simply-compounded) forward rate for [T, S] prevailing at ¢
is given by

1+ (S—T) P T,8) = LUT) o pr gy = ! (PE? D) _ 1) |

e The simple spot rate for [t,T] is

F@t,T):=F(t;t,T) = Tl—t (P(tlT) —1).

e The continuously compounded forward rate for [T, S| prevailing at t is
given by

_ B P(t,T) log P(t,S) —log P(t,T)
R(t;T,S)(S-T) — R(+-T.S) = — )
¢ Pis) & FETS) ST

e The continuously compounded spot rate for [T, S] is

log P(t,T)

R(t,T) = R(t;t,T) = -
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e The instantaneous forward rate with maturity 1" prevailing at time ¢ is
defined by

_Olog P(t,T)

o (2.1)

FT) = lim Rt T, ) =

The function T+ f(t,T) is called the forward curve at time t.

e The instantaneous short rate at time t is defined by

r(t) == f(t,t) = l%rlrtl R(t,T).

Notice that (2.1) together with the requirement P(T,T) = 1 is equivalent to
T
P(t,T) = exp (—/ f(t,u) du) :
t

2.2.1 Market Example: LIBOR

“Interbank rates” are rates at which deposits between banks are exchanged,
and at which swap transactions (see below) between banks occur. The most
important interbank rate usually considered as a reference for fixed income
contracts is the LIBOR (London InterBank Offered Rate)' for a series of
possible maturities, ranging from overnight to 12 months. These rates are
quoted on a simple compounding basis. For example, the three-months for-
ward LIBOR for the period [T, T + 1/4] at time ¢ is given by

L(t,T)=Ft;T, T +1/4).

2.2.2 Simple vs. Continuous Compounding

One dollar invested for one year at an interest rate of R per annum growths
to 1 + R. If the rate is compounded twice per year the terminal value is
(1+ R/2)?, ete. It is a mathematical fact that

R m
(1+—) — e asm — oco.
m

ITo be more precise: this is the rate at which high-credit financial institutions can
borrow in the interbank market.
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Moreover,
e =1+ R+ o(R) for R small.

Example: %% = 1.04081.

Since the exponential function has nicer analytic properties than power
functions, we often consider continuously compounded interest rates. This
makes the theory more tractable.

2.2.3 Forward vs. Future Rates

Can forward rates predict the future spot rates?
Consider a deterministic world. If markets are efficient (i.e. no arbitrage
= no riskless, systematic profit) we have necessarily

P(t,S) = P(t,T)P(T,S), Vt<T <S. (2.2)

Proof. Suppose that P(t,S) > P(t,T)P(T,S) for some t <T < S. Then we
follow the strategy:

e At t: sell one S-bond, and buy P(T,S) T-bonds.
Net cost: —P(t,5) + P(t,T)P(T,S) < 0.

e At T receive P(T,S) dollars and buy one S-bond.
e At S: pay one dollar, receive one dollar.

(Where do we use the assumption of a deterministic world?)

The net is a riskless gain of —P(t,S)+P(t,T)P(T,S5) (x1/P(t,S)). This
is a pure arbitrage opportunity, which contradicts the assumption.

If P(t,S) < P(t,T)P(T,S) the same profit can be realized by changing
sign in the strategy. [

Taking logarithm in (2.2) yields

S S
/f(t,u)du—/ f(T,u)du, VE<T<S.
T T

This is equivalent to

F(t.8) = f(T,8) =r(S), W<T<S
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(as time goes by we walk along the forward curve: the forward curve is
shifted). In this case, the forward rate with maturity S prevailing at time
t < S is exactly the future short rate at S.

The real world is not deterministic though. We will see that in general
the forward rate f(t,T) is the conditional expectation of the short rate r(7T')
under a particular probability measure (forward measure), depending on 7.

Hence the forward rate is a biased estimator for the future short rate.
Forecasts of future short rates by forward rates have little or no predictive
power.

2.3 Bank Account and Short Rates

The return of a one dollar investment today (¢ = 0) over the period [0, At]
is given by

At
ﬁ = exp < ; f(o, u) du) =1+ T(O)At + O(At)'

Instantaneous reinvestment in 2At¢-bonds yields

1 1
P(0, At) P(At, 2At)

= (14 r(0)At)(1 4+ r(At)At) + o(At)

at time 2At, etc. This strategy of “rolling over”? just maturing bonds leads
in the limit to the bank account (money-market account) B(t). Hence B(t)
is the asset which growths at time ¢ instantaneously at short rate r(t)

B(t + At) = B(t)(1 + r(t)At) + o(At).

For At — 0 this converges to

and with B(0) = 1 we obtain

B(t) = exp (/Otr(s) ds) .

2This limiting process is made rigorous in [4].
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B is a risk-free asset insofar as its future value at time ¢ + At is known (up
to order At) at time ¢. In stochastic terms we speak of a predictable process.
For the same reason we speak of r(t) as the risk-free rate of return over the
infinitesimal period [t,t + dt].

B is important for relating amounts of currencies available at different
times: in order to have one dollar in the bank account at time 7" we need to

have
% — exp (_ / "o ds)

dollars in the bank account at time t < T'. This discount factor is stochastic:
it is not known with certainty at time ¢. There is a close connection to the
deterministic (=known at time ¢) discount factor given by P(¢,T'). Indeed,
we will see that the latter is the conditional expectation of the former under
the risk neutral probability measure.

Proxies for the Short Rate

— JW[11](Chapter 3.5)

The short rate r(t) is a key interest rate in all models and fundamental
to no-arbitrage pricing. But it cannot be directly observed.

The overnight interest rate is not usually considered to be a good proxy
for the short rate, because the motives and needs driving overnight borrowers
are very different from those of borrowers who want money for a month or
more.

The overnight fed funds rate is nevertheless comparatively stable and
perhaps a fair proxy, but empirical studies suggest that it has low correlation
with other spot rates.

The best available proxy is given by one- or three-month spot rates since
they are very liquid.

2.4 Coupon Bonds, Swaps and Yields

In most bond markets, there is only a relatively small number of zero-coupon
bonds traded. Most bonds include coupons.
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2.4.1 Fixed Coupon Bonds

A fized coupon bond is a contract specified by

e a number of future dates 77 < --- < T,, (the coupon dates)
(T, is the maturity of the bond),

e a sequence of (deterministic) coupons ¢y, ..., ¢y,
e a nominal value N,

such that the owner receives ¢; at time 7}, for: = 1,...,n, and N at terminal
time 7,,. The price p(t) at time ¢ < T7 of this coupon bond is given by the
sum of discounted cashflows

p(t) = zn: P(t,T))e; + P(t,T,)N.

=1

Typically, it holds that T;,; —T; = ¢, and the coupons are given as a fixed
percentage of the nominal value: ¢; = K0V, for some fixed interest rate K.
The above formula reduces to

p(t) = (Kdi P(t,T) + P(t, Tn)) N.

i=1

2.4.2 Floating Rate Notes

There are versions of coupon bonds for which the value of the coupon is
not fixed at the time the bond is issued, but rather reset for every coupon
period. Most often the resetting is determined by some market interest rate
(e.g. LIBOR).

A floating rate note is specified by
e a number of future dates Ty < T} < --- < T,
e a nominal value N.

The deterministic coupon payments for the fixed coupon bond are now re-
placed by
¢ = (Ti - Tifl)F<Ti71>Ti)Na
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where F(T;_1,T;) is the prevailing simple market interest rate, and we note
that F(T;_1,T;) is determined already at time 7;_; (this is why here we have
Ty in addition to the coupon dates Ti,...,T,), but that the cash-flow ¢; is
at time 7.

The value p(t) of this note at time ¢t < 7T} is obtained as follows. Without
loss of generality we set N = 1. By definition of F/(7;_1,7T;) we then have

1
Ci:——l.

P(Ti1, T7)

The time ¢ value of —1 paid out at T; is —P(t,7;). The time ¢ value of
ﬁ pald out at E 18 P(t,Ti_l):
e At t: buy a T;_;-bond. Cost: P(t,T;_1).

e At T; ;: receive one dollar and buy 1/P(T;_1,T;) T;-bonds. Zero net
investment.

o At T;: receive 1/P(T;_1,T;) dollars.
The the time ¢ value of ¢; therefore is
P(t,T;—1) — P(t,T;).

Summing up we obtain the (surprisingly easy) formula
i=1
In particular, for t = Ty: p(Tp) = 1.

2.4.3 Interest Rate Swaps

An interest rate swap is a scheme where you exchange a payment stream
at a fized rate of interest for a payment stream at a floating rate (typically

LIBOR).

There are many versions of interest rate swaps. A payer interest rate
swap settled in arrears is specified by

e a number of future dates To <1y < --- < T, withT;, —T,_1 =9

(T, is the maturity of the swap),
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e a fixed rate K,
e a nominal value N.

Of course, the equidistance hypothesis is only for convenience of notation
and can easily be relaxed. Cashflows take place only at the coupon dates
Ty,...,T,. At T;, the holder of the contract

e pays fixed KON,
e and receives floating F'(T;_1,T;)0N.
The net cashflow at T} is thus
(F(Ti-1,T;) — K)ON,

and using the previous results we can compute the value at ¢t < Tj of this

cashflow as
N(P(t, T;—1) — P(t,T;) — KoP(t,T})). (2.3)

The total value II,(t) of the swap at time t < T is thus

IL(t) = N (P(t, Ty) — P(t,T,) — K& i P(t, 7;-)) .

i=1

A receiver interest rate swap settled in arrears is obtained by changing
the sign of the cashflows at times T7,...,T,. Its value at time ¢t < Tj is thus

I, (t) = —IL,(¢).

The remaining question is how the “fair” fixed rate K is determined. The
forward swap rate Rgypa,(t) at time ¢ < Tj is the fixed rate K above which
gives II,(t) = II,(¢) = 0. Hence

P(t,Ty) — P(t,T,)
6 Z?:l P(ta Tl)

Riswap(t) =

The following alternative representation of Rgyq,(t) is sometimes useful.
Since P(t,T;_1) — P(t,T;) = F(t; T;_1,T;)0P(t, T;), we can rewrite (2.3) as

NOP(t,T}) (F(:Ti 1, T)) — K).
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Summing up yields

IL,(t) = Nézn: P, T;) (F(t;T,.1,T;) — K),

i=1

and thus we can write the swap rate as weighted average of simple forward
rates

stap(t> - Z wz(t)F(ty iri—l’ E)a
i=1

with weights
_ PRT)

2 P8 T5)
These weights are random, but there seems to be empirical evidence that
the variability of w;(t) is small compared to that of F(t;7T;_1,T;). This is
used for approximations of swaption (see below) price formulas in LIBOR

market models: the swap rate volatility is written as linear combination of
the forward LIBOR volatilities (“Rebonato’s formula” — BM[6], p.248).

Swaps were developed because different companies could borrow at dif-
ferent rates in different markets.

Example

s JW[11](p.11)

e Company A: is borrowing fixed for five years at 5 1/2%, but could
borrow floating at LIBOR plus 1/2%.

e Company B: is borrowing floating at LIBOR plus 1%, but could borrow
fixed for five years at 6 1/2%.

By agreeing to swap streams of cashflows both companies could be better
off, and a mediating institution would also make money.

e Company A pays LIBOR to the intermediary in exchange for fixed at
5 3/16% (receiver swap).

e Company B pays the intermediary fixed at 5 5/16% in exchange for
LIBOR (payer swap).
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Net:

e Company A is now paying LIBOR plus 5/16% instead of LIBOR plus
1/2%.

e Company B is paying fixed at 6 5/16% instead of 6 1/2%.

e The intermediary receives fixed at 1/8%.

51/2% 53/16 % 55/16 %

Company A Intermediary Company B

=

LIBOR LIBOR LIBOR + 1%

Everyone seems to be better off. But there is implicit credit risk; this is
why Company B had higher borrowing rates in the first place. This risk has
been partly taken up by the intermediary, in return for the money it makes
on the spread.

2.4.4 Yield and Duration

For a zero-coupon bond P(t,T) the zero-coupon yield is simply the continu-
ously compounded spot rate R(¢,7). That is,

P(t,T) = e REDT)

Accordingly, the function 7' +— R(t,T) is referred to as (zero-coupon) yield
curve.

The term “yield curve” is ambiguous. There is a variety of other ter-
minologies, such as zero-rate curve (Z[22]), zero-coupon curve (BMI[6]). In
JW/[11] the yield curve is is given by simple spot rates, and in BMI[6]it is a
combination of simple spot rates (for maturities up to 1 year) and annually
compounded spot rates (for maturities greater than 1 year), etc.
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1 US Yield Curve, March 2002
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Now let p(t) be the time t market value of a fixed coupon bond with
coupon dates T} < --- < T,,, coupon payments cy, ..., c, and nominal value
N (see Section 2.4.1). For simplicity we suppose that ¢, already contains N,
that is,

p(t) => P(t,T)e;, t<Ti.
i=1
Again we ask for the bond’s “internal rate of interest”; that is, the constant
(over the period [t,T},]) continuously compounded rate which generates the
market value of the coupon bond: the (continuously compounded) yield-to-
maturity y(t) of this bond at time ¢t < Tj is defined as the unique solution
to

n

p(t) = Z Cie—y(t)(Ti—t)'

i=1
Remark 2.4.1. — R[19/(p.21). It is argued by Schaefer (1977) that the

yield-to-maturity is an inadequate statistics for the bond market:

e coupon payments occurring at the same point in time are discounted by
different discount factors, but

e coupon payments at different points in time from the same bond are
discounted by the same rate.

To simplify the notation we assume now that t = 0, and write p = p(0),
y = y(0), etc. The Macaulay duration of the coupon bond is defined as

n oo~ YT
D . Zl:l Ecze ‘
Mac -— D .
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The duration is thus a weighted average of the coupon dates T1,...,T,, and
it provides us in a certain sense with the “mean time to coupon payment”.
As such it is an important concept for interest rate risk management: it acts
as a measure of the first order sensitivity of the bond price w.r.t. changes in
the yield-to-maturity (see Z[22](Chapter 6.1.3) for a thourough treatment).
This is shown by the obvious formula

A first order sensitivity measure of the bond price w.r.t. parallel shifts of
the entire zero-coupon yield curve T' — R(0,T) is given by the duration of
the bond

D = Z?:l ﬂcie_yiTi = i CzP(O,E)TIM

p —1 p

with y; := R(0,T;). In fact, we have

ds (Zce it > s=0 = —Dp.

Hence duration is essentially for bonds (w.r.t. parallel shift of the yield curve)
what delta is for stock options. The bond equivalent of the gamma is con-

vexity:
: d82 (ch szrS)T) | —O—Zce y'L 7,
=1

2.5 Market Conventions

2.5.1 Day-count Conventions

Time is measured in years.

If ¢t and T denote two dates expressed as day/month/year, it is not clear
what T"— t should be. The market evaluates the year fraction between ¢ and
T in different ways.

The day-count convention decides upon the time measurement between
two dates t and T'.

Here are three examples of day-count conventions:
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e Actual/365: a year has 365 days, and the day-count convention for
T —t is given by

actual number of days between ¢t and T
365 '

e Actual/360: as above but the year counts 360 days.

e 30/360: months count 30 and years 360 days. Let t = (di, m,y1) and
T = (dy, ma,y2). The day-count convention for T'— t is given by

min(dg, 30) + (30 - d1)+ + (m2 —myp — 1)+
360 12

+ Y2 — Y1

Example: The time between t=January 4, 2000 and T'=July 4, 2002 is
given by

44(30—4) 7T-1-1

2002 — 2 = 2.5.
360 + D + 200 000 D

When extracting information on interest rates from data, it is important
to realize for which day-count convention a specific interest rate is quoted.
— BMI6](p.4), Z[22](Sect. 5.1)

2.5.2 Coupon Bonds

— MRI16](Sect. 11.2), Z[22](Sect. 5.2), J[12](Chapter 2)

Coupon bonds issued in the American (European) markets typically have
semi-annual (annual) coupon payments.

Debt securities issued by the U.S. Treasury are divided into three classes:

e Bills: zero-coupon bonds with time to maturity less than one year.

e Notes: coupon bonds (semi-annual) with time to maturity between 2
and 10 years.

e Bonds: coupon bonds (semi-annual) with time to maturity between 10
and 30 years®.

3Recently, the issuance of 30 year treasury bonds has been stopped.



24 CHAPTER 2. INTEREST RATES AND RELATED CONTRACTS

In addition to bills, notes and bonds, Treasury securities called STRIPS
(separate trading of registered interest and principal of securities) have traded
since August 1985. These are the coupons or principal (=nominal) amounts
of Treasury bonds trading separately through the Federal Reserve’s book-
entry system. They are synthetically created zero-coupon bonds of longer
maturities than a year. They were created in response to investor demands.

2.5.3 Accrued Interest, Clean Price and Dirty Price

Remember that we had for the price of a coupon bond with coupon dates
Ty,...,T, and payments ¢y, ..., c, the price formula

pt)=> P(tT), t<T.
=1

For t € (T}, T5] we have

3

p(t) = CiP(t7ﬂ)a

=2

etc. Hence there are systematic discontinuities of the price trajectory at
t="1Ti,...,T, which is due to the coupon payments. This is why prices are
differently quoted at the exchange.

The accrued interest at time t € (T;_1,T;] is defined by

t—"Ti1

(where now time differences are taken according to the day-count conven-
tion). The quoted price, or clean price, of the coupon bond at time ¢ is

Petean(t) == p(t) — Al(i3t), t€ (Ti1, T

That is, whenever we buy a coupon bond quoted at a clean price of peeqn (t)
at time t € (T;_1,T;], the cash price, or dirty price, we have to pay is

P(t) = Petean(t) + AI(i;t).
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2.5.4 Yield-to-Maturity

The quoted (annual) yield-to-maturity §(t) on a Treasury bond at time t = T;
is defined by the relationship

n

reN/2
clean irz = ~ — + ~ )
paenT) = 2 Ty O g
and at t € [T}, Ti11)
& r.N/2 N
clean(l) = ~ - ~ : )
Pel ( ) j;l (1 + y(t)/Q)jfzflJrT + (1 + y(t)/2>n7271+7

where r. is the (annualized) coupon rate, N the nominal amount and

T —t
T — T,

is again given by the day-count convention, and we assume here that

T;y1 —T; =1/2  (semi-annual coupons).

2.6 Caps and Floors

— BMI6](Sect. 1.6), Z[22](Sect. 5.6.2)

Caps

A caplet with reset date T and settlement date T + § pays the holder the
difference between a simple market rate F(7,7 + ) (e.g. LIBOR) and the
strike rate k. Its cashflow at time 7"+ 9 is

S(E(T, T+d)—r)*.
A cap is a strip of caplets. It thus consists of

e a number of future dates Ty <1y < --- < T, withT;, —T,_1 =9
(T, is the maturity of the cap),

® a cap rate K.
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Cashflows take place at the dates Ti,...,T,,. At T; the holder of the cap
receives

S(F (T4, T;) — /@)*. (2.4)
Let t <1y. We write

Cpl(i;t), i=1,...,n,

for the time ¢ price of the ith caplet with reset date T;_; and settlement date
T;, and

Cp(t) = 3 Cpllist)

for the time t price of the cap.

A cap gives the holder a protection against rising interest rates. It guar-
antees that the interest to be paid on a floating rate loan never exceeds the
predetermined cap rate k.

It can be shown (— exercise) that the cashflow (2.4) at time 7; is the
equivalent to (1 + dk) times the cashflow at date T;_; of a put option on a
T;-bond with strike price 1/(1 + dx) and maturity T;_;, that is,

(1 + 68) ( - P(nl,n>>+.

14k

This is an important fact because many interest rate models have explicit
formulae for bond option values, which means that caps can be priced very
easily in those models.

Floors

A floor is the converse to a cap. It protects against low rates. A floor is a
strip of floorlets, the cashflow of which is — with the same notation as above
— at time T;

8(k — F(T; 1, T)".

Write Fli(i;t) for the price of the ith floorlet and
Fi(t) =Y Fli(i;t)
i=1

for the price of the floor.
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Caps, Floors and Swaps

Caps and floors are strongly related to swaps. Indeed, one can show the
parity relation (— exercise)

Cplt) — Fi(t) = TL, (1),

where IL,(t) is the value at t of a payer swap with rate x, nominal one and
the same tenor structure as the cap and floor.
Let t = 0. The cap/floor is said to be at-the-money (ATM) if

P(0,Ty) — P(0,T),)
62?:1 P(OvTZ) 7

the forward swap rate. The cap (floor) is in-the-money (ITM) if k < Rgyqp(0)
(k> Rswap(0)), and out-of-the-money (OTM) if & > Rgyap(0) (K < Rswap(0)).

K = Rgypap(0) =

Black’s Formula

It is market practice to price a cap/floor according to Black’s formula. Let
t < Tp. Black’s formula for the value of the ith caplet is

Cpl(i;t) = 0P(t,T;) (F(t; Ti—1, T;)P(d1(i; 1)) — kP (da(i31))) ,
where
log (BT 4 Lo (t)(Th — 1)
O'(t) T'ifl —1
(® stands for the standard Gaussian cumulative distribution function), and

o(t) is the cap volatility (it is the same for all caplets).
Correspondingly, Black’s formula for the value of the ith floorlet is

d172(?:; t) =

Fll(ist) = SP(t,T)) (k®(—do(ist)) — F(t; Ty, T)®(—dy (i51))) .

Cap/floor prices are quoted in the market in term of their implied volatil-
ities. Typically, we have t = 0, and Ty and 6 = T; — T;_; being equal to three
months.

An example of a US dollar ATM market cap volatility curve is shown in
Table 2.1 and Figure 2.1 (— JW[11](p.49)).

It is a challenge for any market realistic interest rate model to match the
given volatility curve.
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Table 2.1: US dollar ATM cap volatilities, 23 July 1999

Maturity ATM vols
(in years) (in %)
14.1
174
18.5
18.8
18.9
18.7
18.4
18.2
17.7
17.0
16.5
14.7
12.4

~—~—

N O O~ W N+~

WL
S SN O ™

Figure 2.1: US dollar ATM cap volatilities, 23 July 1999

18%
16%
14%

12%
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2.7 Swaptions

A European payer (receiver) swaption with strike rate K is an option giving
the right to enter a payer (receiver) swap with fixed rate K at a given future
date, the swaption maturity. Usually, the swaption maturity coincides with
the first reset date of the underlying swap. The underlying swap lenght
T, — Ty is called the tenor of the swaption.

Recall that the value of a payer swaption with fixed rate K at its first
reset date, Tp, is

I,(Ty, K NZP Ty, To)O(F(To; Ty, Ti) — K).

Hence the payoff of the swaption with strike rate K at maturity 7T is

N (ip(To,mF(To;n1,n>—K>) . (25)

Notice that, contrary to the cap case, this payoff cannot be decomposed
into more elementary payoffs. This is a fundamental difference between
caps/floors and swaptions. Here the correlation between different forward
rates will enter the valuation procedure.

Since II,(Ty, Rswap(T0)) = 0, one can show (— exercise) that the payoft
(2.5) of the payer swaption at time 7 can also be written as

NO(Rawap(To) — Z P(Ty, T

and for the receiver swaption

n

NO(K = Rawap(To))™ > P(Ty, Th).

=1

Accordingly, at time ¢t < Ty, the payer (receiver) swaption with strike rate
K is said to be ATM, ITM, OTM, if

K = Royap(t), K < (>)Rswap(t), K > (<)Rguap(t),

respectively.
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Black’s Formula

Black’s formula for the price at time t < Tj of the payer (Swpt,(t)) and
receiver (Swpt,(t)) swaption is

Supty (1) = N8 (Ruwey (DB (1) ~ KO (1) D P4 T),
Supt (1) = N6 (KD(—d(1)) ~ Frvay (0~ (1)) S P, T,

with

log (%220} & Lo(1X(Ty — ¢)
o(t)VTy —t ’

and o(t) is the prevailing Black’s swaption volatility.

Swaption prices are quoted in terms of implied volatilities in matrix form.
An z x y-swaption is the swaption with maturity in x years and whose un-
derlying swap is y years long.

A typical example of implied swaption volatilities is shown in Table 2.2
and Figure 2.2 (— BM]I6](p.253)).

An interest model for swaptions valuation must fit the given today’s
volatility surface.

dLQ(t) =
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Table 2.2: Black’s implied volatilities (in %) of ATM swaptions on May 16,
2000. Maturities are 1,2,3,4,5,7,10 years, swaps lengths from 1 to 10 years.

Ly

2y

3y

4y oy 6y Ty 8y 9y 10y

ly | 16.4
2y | 17.7
3y | 17.6
4y | 16.9
oy | 15.8
Ty | 14.5
10y | 13.5

15.8
15.6
15.5
14.6
13.9
12.9
11.5

14.6
14.1
13.9
12.9
12.4
11.6
10.4

13.8 133 129 126 123 12.0 11.7
13.1 12,7 124 122 119 11.7 114
12,7 123 121 119 11.7 11.5 11.3
119 116 114 11.3 11.1 11.0 10.8
115 11.1 109 10.8 10.7 10.5 104
10.8 104 10.3 10.1 99 98 9.6
98 94 93 91 88 86 84

Figure 2.2: Black’s implied volatilities (in %) of ATM swaptions on May 16,

2000.

Maturity
2 4
6 g
10
> 14 ol
12
10
10
8
6
5 4
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Chapter 3

Some Statistics of the Yield
Curve

3.1 Principal Component Analysis (PCA)
— JW[11](Chapter 16.2), [18]

e Let z(1),...,2(N) be a sample of a random n x 1 vector z.

e Form the empirical n X n covariance matrix 3,

= 21]::1(%(@ — plzi]) (z; (k) — plz;])

N N-1
_ Zivzl i(k)ai(k) — Npla]pz;]
N -1 ’
where N
plx;] = %Z z;(k) (mean of z;).

We assume that ¥ is non-degenerate (otherwise we can express an z;
as linear combination of the other x;s).

e There exists a unique orthogonal matrix A = (py1,...,p,) (that is,
A7t = AT and A;; = pj,;) consisting of orthonormal n x 1 Eigenvectors
p; of 3> such that

S = ALAT,

33
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where L = diag(Ay, ..., A,) with Ay > -+ > X, > 0 (the Eigenvalues
of ).

e Define z := ATz. Then

Covlz;, zj] = Z Al Covlay, 1)) AT, = (ATﬁ)A) = X\idjj.

k=1 K

Hence the z;s are uncorrelated.
e The principal components (PCs) are the n x 1 vectors pq,. .., pp:
x=Az=z1p1 + " ZnPn.

The importance of component p; is determined by the size of the cor-
responding Eigenvalue, );, which indicates the amount of variance ex-
plained by p;. The key statistics is the proportion

Ai
Z?:l A] ’

the explained variance by p;.

e Normalization: let @ := (L'/2)~'z, where L'/? := diag(v/ A1, ..., vV2n),
and w = w — p[w] (u[w]=mean of w). Then

plw] =0, Cov[w;, w;j] = Cov|[w;, w;| = d;j,
and .
v = plz]+ ALYPw = pla] + > pi/Nw;.
=1
In components

i = plo] + ) Ay ;.
j=1

e Sometimes the following view is useful (— R[19](Chapter 3)): set

n 1/2
~ 1/2
g; ‘= VCZT[$Z‘]1/2 = <Z”) = (Z Alzj/\]>
j=1
wi = ple] 2o AV AW,

V; = =
g; (o2
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Then we have ufv;] = 0, u[v?] =1 and
x; = ulx;] + oy

It can be appropriate to assume a parametric functional form (— re-
duction of parameters) of the correlation structure of x,

i _ it AnAjr

0,05 0,05

Corr|z;, z;] = Cov|v;,vj] = = p(m;4,7),

where 7 is some low-dimensional parameter (this is adapted to the
calibration of market models — BM|6](Chapter 6.9)).

3.2 PCA of the Yield Curve

Now let z = (z1,...,%,)T be the increments of the forward curve, say
€Tr; = R(t + At, t+ At + Ti—1, t+ At -+ Ti) — R(t, t+ Ti—1, t+ 7'1‘),

for some maturity spectrum 0 =75 < --- < 7.

PCA typically leads to the following picture (— R[19]p.61): UK market
in the years 1989-1992 (the original maturity spectrum has been divided into
eight distinct buckets, i.e. n = 8).

The first three principal components are

0.329 —0.722 0.490
0.354 ~0.368 —0.204
0.365 ~0.121 —0.455
0.367 0.044 —0.461
Pr=1"o364|> P27 | 0161 |* P57 | —0.176
0.361 0.291 0.176
0.358 0.316 0.268
0.352 0.343 0.404

e The first PC is roughly flat (parallel shift — average rate),
e the second PC is upward sloping (tilt — slope),

e the third PC hump-shaped (flex — curvature).
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Figure 3.1: First Three PCs.

Table 3.1: Explained Variance of the Principal Components (PCs).

PC Explained
Variance (%)
92.17

6.93

0.61

0.24

0.03

) 0.01

D UL W N~

The first three PCs explain more than 99 % of the variance of z (— Table 3.1).

PCA of the yield curve goes back to the seminal paper by Litterman and
Scheinkman (88) [?] (Prof. J. Scheinkman is at the Department of Economics,
Princeton University).

3.3 Correlation

— R[19](p.58)
A typical example of correlation among forward rates is provided by
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Brown and Schaefer (1994). The data is from the US Treasury yield curve
1987-1994. The following matrix (— Figure 3.2)

1 087 0.74 0.69 0.64 0.6
1 096 093 09 0.8
1 099 095 0.92

1097 0.93
1 095
1

shows the correlation for changes of forward rates of maturities

0, 0.5, 1, 1.5, 2, 3 years.

Figure 3.2: Correlation between the short rate and instantaneous forward
rates for the US Treasury curve 1987-1994

1e

0.5 1 1.5 2 2.5 3

— Decorrelation occurs quickly.

— Exponentially decaying correlation structure is plausible.



38

CHAPTER 3. STATISTICS OF THE YIELD CURVE



Chapter 4

Estimating the Yield Curve

4.1 A Bootstrapping Example

— JW[11](p.129-136)
This is a naive bootstrapping method of fitting to a money market yield
curve. The idea is to build up the yield curve

from shorter maturities to longer maturities.

We take Yen data from 9 January, 1996 (— JW]11](Section 5.4)). The
spot date tg is 11 January, 1996. The day-count convention is Actual /360,

actual number of days between T" and S

iT,S) = 360

Table 4.1: Yen data, 9 January 1996.

LIBOR (%) Futures Swaps (%)
o/n 049 |20 Mar 96 99.34 | 2y  1.14
1w 0.50 | 19 Jun 96 99.25 | 3y 1.60
1m 0.53 | 18 Sep 96  99.10 | 4y 2.04
2m 0.55 | 18 Dec 96  98.90 | by 2.43
3m 0.56 Ty 3.01
10y 3.36

39
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e The first column contains the LIBOR (=simple spot rates) F'(to,.S;) for

maturities
{S1,...,5:} ={12/1/96, 18/1/96, 13/2/96, 11/3/96, 11/4/96}
hence for 1, 7, 33, 60 and 91 days to maturity, respectively. The zero-

coupon bonds are

1

P(ty, S;) = '
(thSl) 1 +F(tO,SZ) 5(t07sl)

The futures are quoted as
futures price for settlement day 7; = 100(1 — Fr(to; T3, Tiv1)),

where Fr(to; T;, Ti41) is the futures rate for period [T}, T;11] prevailing
at to, and

(Th,...,Ts} = {20/3/96, 19/6/96, 18/9/96, 18/12/96, 19/3/97},
hence 6(7;, T;41) = 91/360.

We treat futures rates as if they were simple forward rates, that is, we
set
F(to; T3, Tiv1) = Frp(to; Ti, Tig).

To calculate zero-coupon bond from futures prices we need P(to,T1).
We use geometric interpoliation

P(ty, T1) = P(to, S4)? P(to, S5)' 77,

which is equivalent to using linear interpolation of continuously com-
pounded spot rates

R(to, T1) = q R(to, S1) + (1 — q) R(to, S5),

where S(TL.S) 22
1,5
= — > = — =(.709677.
1= 5(5.,5) 31
Then we use the relation
P(th E)

P(ty, Tis1) =

1+ 6(1—;’ n—i—l) F(t()) Ea E—i—l)
to derive P(to, Tg), ey P(t[), T5)
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e Yen swaps have semi-annual cashflows at dates

(11/7/96, 13/1/97, )
11/7/97, 12/1/98,
13/7/98, 11/1/99,
12/7/99, 11/1/00,
11/7/00, 11/1/01
{01, U} = 11/7/01, 11/1/02,
11/7/02, 13/1/03,
11/7/03, 12/1/04,
12/7/04, 11/1,05,
11/7/05, 11/1/06

\ /

For a swap with maturity U, the swap rate at ¢, is given by

1 — P(ty,U,)

Rowap(to, Un) = <= ,
plto: Un) > ic1 0(Ui1, Us) Pto, Us)

(UO = to).

From the data we have Rgyqp(to, U;) for i = 4,6,8, 10, 14, 20.
We obtain P(to, Ul), P(to, Ug) (and hence stap(t07 Ul), stap(t(], UQ))

by linear interpolation of the continuously compounded spot rates

69

R(to,Uh) = 9_1R(t07T2) + 91R(t07T3)
65 26
R(to,Us) = 91R(t0,T4) + 91R(t07T5)

All remaining swap rates are obtained by linear interpolation. For
maturity Us this is

1
_<stap(t07 UQ) + stap(tﬂy U4))

stap<t07 US) = 9

We have (— exercise)

1—- stap<t07 Un) Z (Ul 15 Ul) P(t()? )
1 + stap(t()a Un)é( 1y n) .

P(to, Un) =

This gives P(to,U,) for n =3,...,20.
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Figure 4.1: Zero-coupon bond curve

1

0.8 S
0.6
0.4

0.2

2 4 6 8 10
Time to maturity

In Figure 4.1 is the implied zero-coupon bond price curve
P(to,ti), ZZO,,29

(we have 29 points and set P(tg, %) = 1).
The spot and forward rate curves are in Figure 4.2. Spot and forward
rates are continuously compounded

_log P(to, t:)
d(to, ti)
log P ; —log P ,
R(to, ti, tiv1) = — o8 Pllo, tiv1) = log (to’tz), i=1,...,29.
o O(ti, tiy1) ’

R(to,t;) =

The forward curve, reflecting the derivative of T' +— —log P(to,T), is very
unsmooth and sensitive to slight variations (errors) in prices.

Figure 4.3 shows the spot rate curves from LIBOR, futures and swaps. It
is evident that the three curves are not coincident to a common underlying
curve. Our naive method made no attempt to meld the three curves together.

— The entire yield curve is constructed from relatively few instruments. The
method exactly reconstructs market prices (this is desirable for interest
rate option traders). But it produces an unstable, non-smooth forward
curve.
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Figure 4.2: Spot rates (lower curve), forward rates (upper curve)
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Figure 4.3: Comparison of money market curves
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2

— Another method would be to estimate a smooth yield curve parametri-
cally from the market rates (for fund managers, long term strategies).

The main difficulties with our method are:

e Futures rates are treated as forward rates. In reality futures rates are
greater than forward rates. The amount by which the futures rate is
above the forward rate is called the convexity adjustment, which is
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model dependend. An example is

1
forward rate = futures rate — 5027'2,

where 7 is the time to maturity of the futures contract, and o is the
volatility parameter.

LIBOR rates beyond the “stup date” 77 = 20/3/96 (that is, at S5 =
11/4/96) are ignored once P(ty,T}) is found. In general, the segments
of LIBOR, futures and swap markets overlap.

Swap rates are inappropriately interpolated. The linear interpolation
produces a “sawtooth” in the forward rate curve. However, in some
markets intermediate swaps are indeed priced as if their prices were
found by linear interpolation.

4.2 General Case

The general problem of finding today’s (tg) term structure of zero-coupon
bond prices (or the discount function)

x+— D(x) := P(ty,to + )

can be formulated as

p=C-d+e,

where p is a vector of n market prices, C' the related cashflow matrix, and
d= (D(x1),...,D(xy)) with cashflow dates t, <11 < --- < Ty,

T —to = 2,

and € a vector of pricing errors. Reasons for including errors are

prices are never exactly simultaneous,

round-off errors in the quotes (bid-ask spreads, etc),
liquidity effects,

tax effects (high coupons, low coupons),

allows for smoothing.
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4.2.1 Bond Markets

Data:
e vector of quoted/market bond prices p = (p1, ..., pn),
e dates of all cashflows to <17 < --- < Ty,

e bond ¢ with cashflows (coupon and principal payments) ¢; ; at time 7}
(may be zero), forming the n x N cashflow matrix

C= (Ci,j) 1<i<n .

1<GEN

Example (— JWJ[11], p.426): UK government bond (gilt) market, Septem-
ber 4, 1996, selection of nine gilts. The coupon payments are semiannual.
The spot date is 4/9/96, and the day-count convention is actual/365.

Table 4.2: Market prices for UK gilts, 4/9/96.

coupon next maturity | dirty price

(%) | coupon date (pi)

bond 1 10 | 15/11/96 | 15/11/96 103.82
bond 2 9.75 | 19/01/97 | 19/01/98 106.04
bond 3 12.25 | 26/09/96 | 26/03/99 118.44
bond 4 9| 03/03/97 | 03/03/00 106.28
bond 5 7106/11/96 | 06/11/01 101.15
bond 6 9.75 | 27/02/97 | 27/08/02 111.06
bond 7 8.5 07/12/96 | 07/12/05 106.24
bond 8 7.75 | 08/03/97 | 08/09/06 98.49
bond 9 9| 13/10/96 | 13/10/08 110.87

Hence n=9and N=1+3+64+7+ 11+ 12+ 194 20 + 25 = 104,

Ty =26/09/96, T, =13/10/96, T3 =06/11/97,....
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No bonds have cashflows at the same date. The 9 x 104 cashflow matrix is

0 0 0 105 O 0 0 0 0 0
0 0O 0 0 0 487 0 0 0 0
6125 0 0 O 0 0 0 0 0 6.125
0 0O 0 0 0 0 0 45 0 0
C = 0 0 35 0 0 0 0 0 0 0
0 0O 0 0 0 0 4875 0 0 0
0 0O 0 0 425 0 0 0 0 0
0 0O 0 0 0 0 0 0 387 0
0 45 0 0 0 0 0 0 0 0

4.2.2 Money Markets

Money market data can be put into the same price—cashflow form as above.
LIBOR (rate L, maturity 7): p=1and c=1+4 (T — o)L at T'.

FRA (forwardrate F for [T, S]): p=0,¢y = —latTy =T, ¢co = 14+(S-T)F
at T2 =S.

Swap (receiver, swap rate K, tenor to < Ty < --- < T,, T; — T,_1 = 0):
since

0=—D(Ty — to) + 0K Y _ D(Tj — to) + (1 + 6K)D(T,, — to),
j=1
e ifTy=te:p=1,c1=--=ch1=0K,c,=1+0K,
° ifT0>t03p:0, co = —1, (31:"‘:(3”,1:(5[(, e, =1+0K.

— at tg: LIBOR and swaps have notional price 1, FRAs and forward swaps
have notional price 0.

Example (— JW]11], p.428): US money market on October 6, 1997,
The day-count convention is Actual/360. The spot date ¢, is 8/10/97.

LIBOR is for o/n (1/365), 1m (33/360), and 3m (92/360).
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Futures are three month rates (6 = 91/360). We take them as forward
rates. That is, the quote of the futures contract with maturity date (settle-
ment day) 7' is

100(1 — F(to; T, T + 6)).

Swaps are annual (6 = 1). The first payment date is 8/10/98.

Table 4.3: US money market, October 6, 1997.

Period Rate | Maturity Date
LIBOR | o/n | 5.59375 9/10/97
1m 5.625 10/11/97
3m 5.71875 8/1/98
Futures | Oct-97 | 94.27 15/10/97
Nov-97 | 94.26 19/11/97
Dec-97 | 94.24 17/12/97
Mar-98 | 94.23 18/3/98
Jun-98 | 94.18 17/6/98
Sep-98 | 94.12 16/9/98
Dec-98 94 16/12/98
Swaps 2 6.01253
3 6.10823
4 6.16
5 6.22
7 6.32
10 6.42
15 6.56
20 6.56
30 6.56

Here n = 3+7+9 =19, N = 3+ 14+ 30 = 47, T} = 9/10/97,
Ty, = 15/10/97 (first future), T3 = 10/11/97, .... The first 14 columns of
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the 19 x 47 cashflow matrix C' are

cn O O O O O 0 0 0 0 0 0 0 0
0 0 3 O O 0 0 0 0 0 0 0 0 0
0O 0 0O 0 0 e 0 0 0 0 0 0 0 0
0 -1 0 0 0 0 ¢ 0 0 0 0 0 0 0
0O 0 O -1 0 0 0 eg O 0 0 0 0 0
0O 0 O 0 =1 0 0 0 ¢ O 0 0 0 0
o 0 0 0 0 0 0 0 -1 ¢ O 0 0 0
o 0o o o o0 o0 0 0 0 =1 e O 0 0
o o o o o o0 o0 o0 o0 0 —1 0 co13 O
o o o0 o o o0 o0 o0 o0 0 0 0 -1 ¢4
o o o0 o o o0 o0 o0 o0 0 0 cnge O 0
o o O o o o0 o0 o0 o0 0 0 cig12 O 0
o 0o O o o o0 o0 o0 o0 0 0 c312 O 0
o 0o O o o o0 o0 o0 o0 0 0 cua12 O 0
o o o o o o0 o0 o0 o0 0 0 cs512 O 0
o o0 o o o o0 o0 o0 o0 0 0 ci12 O 0
o o o0 o o o0 o0 o0 o0 0 0 cri2 O 0
o o O o o o0 o0 o0 o0 0 0 csi2 O 0
o o O o o o0 o0 o0 o0 0 0 ci912 O 0
with

¢y = 1.00016, c93 = 1.00516, ¢35 = 1.01461,
a7 = 101448, 55 = 1.01451, cgy = 1.01456, 7,10 = 1.01459,

8,11 = 1014717 C9.13 = 10]_486, C10,14 = 1.01517
C11,12 = 0060125, C12,12 = 0061082, C13,12 = 00616,

C14,12 = 00622, C15,12 = 00632, C16,12 = 00642,

C17,12 = C18,12 = Ci19,12 = 0.0656.

4.2.3 Problems

Typically, we have n < N. Moreover, many entries of C' are zero (different
cashflow dates). This makes ordinary least square (OLS) regression

;ﬂﬂ{{ﬂ{ﬂel\z le=p-C-d} (=C'p=C"0d)
c N

unfeasible.
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One could chose the data set such that cashflows are at same points in
time (say four dates each year) and the cashflow matrix C'is not entirely full
of zeros (Carleton—Cooper (1976)). Still regression only yields values D(z;)
at the payment dates ty + z;

— interpolation technics necessary.

But there is nothing to regularize the discount factors (discount factors of
similar maturity can be very different). As a result this leads to a ragged
spot rate (yield) curve, and even worse for forward rates.

4.2.4 Parametrized Curve Families

Reduction of parameters and smooth yield curves can be achieved by using
parametrized families of smooth curves

D(z) = D(x: 2) = exp (— /qus(u; 2) du> Czez

with state space Z2 C R™.
For regularity reasons (see below) it is best to estimate the forward curve

Ry >z f(lo,to +2) = ¢(z) = d(x; 2).
This leads to a nonlinear optimization problem

min [|p — C'- d(z)]],

zZEZ

di(2) = exp (— /0 " (s 2) du)

for some payment tenor 0 < xy < -+ < xp.

with

Linear Families

Fix a set of basis functions 1, ...,1,, (preferably with compact support),
and let

o(x;2) = 2191(2) + - + 2 ().
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Cubic B-splines A cubic spline is a piecewise cubic polynomial that is
everywhere twice differentiable. It interpolates values at m + 1 knot points
o < -+ < &y Its general form is

3 m—1
o(z) = Zaixl”‘ ij( &)
=0 j=1
hence it has m + 3 parameters {aq, ..., a4,b1,...,b,_1} (a kth degree spline

has m + k parameters). The spline is uniquely characterized by specification
of o/ or 0" at & and &,,.
Introduce six extra knot points

§3<82<&1<& < <&n<&mr1<E&mi2 <Emis

A basis for the cubic splines on [y, &,,] is given by the m + 3 B-splines

k+4 k+4
w Z(H 51 §]> —£j>i, k:—3,...,m—1.

i=k,i#£]

The B-spline v, is zero outside [, &kyal.

Figure 4.4: B-spline with knot points {0,1,6,8,11}.
06
.05
.04
.03
.02

o o o o o o

.01
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Estimating the Discount Function B-splines can also be used to esti-
mate the discount function directly (Steeley (1991)),

D(x5 Z) = lel(m) +eoet Zm@bm(l")

D(x1;2) Yi(z1) o0 Ym(T1) Z1
d(z) = : = : : | =Tz
D(zy;2) Vi(ry) o0 Ym(zn) Zm

this leads to the linear optimization problem

i — CVz|.
min [p dl
If the n x m matrix A := C'V has full rank m, the unique unconstrained

solution is
2* = (ATA)_lATp.

A reasonable constraint would be

D(0;2) = 1(0)z1 + - - - + ¥, (0) 2, = 1.

Example We take the UK government bond market data from the last
section (Table 4.2). The maximum time to maturity, g4, is 12.11 [years].
Notice that the first bond is a zero-coupon bond. Its exact yield is

3651 103.822 1

365 _ log 0.989 = 0.0572.
72 %% 7105 0197 &

y:

e As a basis we use the 8 (resp. first 7) B-splines with the 12 knot points
{-20,-5,-2,0,1,6,8,11, 15,20, 25,30}

(see Figure 4.5).

The estimation with all 8 B-splines leads to

min [[p — CVz|| = |[p— CVz*|| = 0.23
2€R8
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Figure 4.5: B-splines with knots {—20, —5,—2,0, 1,6, 8,11, 15, 20, 25, 30}.

.07
06¢
05}
04
03}
02
.01

© oo oo oo

with

13.8641
11.4665
8.49629
" 7.69741
6.98066
6.23383
—4.9717
855.074

and the discount function, yield curve (cont. comp. spot rates), and for-
ward curve (cont. comp. 3-monthly forward rates) shown in Figure 4.7.

The estimation with only the first 7 B-splines leads to
min [[p — CVz|| = |[p — CVz"|| = 0.32
2€R7

with

17.8019
11.3603
8.57992
2F = 7.56562 |,
7.28853
5.38766
4.9919
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and the discount function, yield curve (cont. comp. spot rates), and
forward curve (cont. comp. 3-month forward rates) shown in Figure 4.8.

e Next we use only 5 B-splines with the 9 knot points
{-10,-5,-2,0,4,15,20, 25,30}

(see Figure 4.6).

Figure 4.6: Five B-splines with knot points {—10, —5, —2,0, 4, 15, 20, 25, 30}.

0. 035
0. 03
0. 025
0.02
0. 015
0.01
0. 005

The estimation with this 5 B-splines leads to
min [|p — CWz|| = ||p — C¥2"|| = 0.39
2€R5

with
15.652
19.4385
2= 12.9886
7.40296
6.23152

and the discount function, yield curve (cont. comp. spot rates), and for-
ward curve (cont. comp. 3-monthly forward rates) shown in Figure 4.9.
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Figure 4.7: Discount function, yield and forward curves for estimation with
8 B-splines. The dot is the exact yield of the first bond.
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Figure 4.8: Discount function, yield and forward curves for estimation with
7 B-splines. The dot is the exact yield of the first bond.
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Figure 4.9: Discount function, yield and forward curves for estimation with
5 B-splines. The dot is the exact yield of the first bond.
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Discussion

e In general, splines can produce bad fits.

e Estimating the discount function leads to unstable and non-smooth
yield and forward curves. Problems mostly at short and long term
maturities.

e Splines are not useful for extrapolating to long term maturities.

e There is a trade-off between the quality (or regularity) and the correct-

ness of the fit. The curves in Figures 4.8 and 4.9 are more regular than
those in Figure 4.7, but their correctness criteria (0.32 and 0.39) are
worse than for the fit with 8 B-splines (0.23).

The B-spline fits are extremely sensitive to the number and location of
the knot points.

— Need criterions asserting smooth yield and forward curves that do not

fluctuate too much and flatten towards the long end.

— Direct estimation of the yield or forward curve.

— Optimal selection of number and location of knot points for splines.

— Smoothing splines.

Smoothing Splines The least squares criterion

min [|[p — C - d(2)|*

has to be replaced/extended by criterions for the smoothness of the yield or
forward curve.

Example: Lorimier (95). In her PhD thesis 1995, Sabine Lorimier sug-
gests a spline method where the number and location of the knots are deter-
mined by the observed data itself.

For ease of notation we set t; = 0 (today). The data is given by N
observed zero-coupon bonds P(0,7}),...,P(0,Ty) at 0 < Ty < --- <Tn =
T, and consequently the N yields

Yi,..., YN, P(0,T;) = exp(—T1;Y;).
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Let f(u) denote the forward curve. The fitting requirement now is for the
forward curve

/0 flu)du+ e/va = TY,, (4.1)

with an arbitrary constant o > 0. The aim is to minimize ||¢||? as well as the
smoothness criterion

T
|y ae (42
0
Introduce the Sobolev space

H={glg eL?0,T]}

with scalar product

(9. B = g(0)R(0) + / o ()l (1) du,

and the nonlinear functional on H

T N T 2
F(f):= [/0 (f/(u))Qdu—i—oz;(Y;Ti—/o f(u)du) ] :
The optimization problem then is

min F'(f). (*)

feH

The parameter « tunes the trade-off between smoothness and correctness of
the fit.

Theorem 4.2.1. Problem (*) has a unique solution f, which is a second
order spline characterized by

Fw) = f(0) + > arhi(u) (4.3)

where hy, € C'[0,T) is a second order polynomial on [0, Ty] with

Wo(w) = (T —u)", he(0) =Ty k=1,...,N, (4.4)
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and f(0) and ay solve the linear system of equations

N

Z aka = O,

k=1

N
(07 (Yka_f(O)Tk_Zal<hl7hk>H> = ag, k= 1,...,N.

=1

Proof. Integration by parts yields
Ty T
/ g(u) du = Tyg(Ty) — / ug'(u) du
0 0

Ty Ty
= Trg(0) + Tk/ g (u)du — / ug' (u) du
0 0

— Tyg(0) + / (T — )" (w) du = (hy g,

for all ¢ € H. In particular,

Tk
/ hldu: <h‘l7h‘k‘>H
0

A (local) minimizer f of F' satisfies

d
d_F(f + Eg)|5:0 =0
€

or equivalently

T N T Ty,
/ f’g’duzaZ(Yka—/ fdu)/ gdu, Vg€ H.
0 Pt 0 0

In particular, for all ¢ € H with (g, hx) g = 0 we obtain

(f = f0),9)m = /o f'(w)g' (u) du = 0.

Hence

f—f(0) € span{hy,...,hy}

99

(4.7)
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what proves (4.3), (4.4) and (4.5) (set w = 0). Hence we have

[ g du = kf; (1o + [ gty du) = kf; [ o
and (4.7) can be rewritten as
i <ak —« <Yka — f(O)T}, — ial(hl, hk>H>> /OTk g(u)du =0

for all g € H. This is true if and only if (4.6) holds.

Thus we have shown that (4.7) is equivalent to (4.3)—(4.6).

Next we show that (4.7) is a sufficient condition for f to be a global
minimizer of F. Let ¢ € H, then

F(Q)Z/OT((Q/—JN)+JN)2 dU‘FOZi::(Yka—/OTdeU)

T N T, T,
<£>F<f>+/0<g’—f’>2du+a2(/o fd“—/o gd“)

k=1
> F(f),

where we used (4.7) with g — f € H.

It remains to show that f exists and is unique; that is, that the linear sys-
tem (4.5)—(4.6) has a unique solution (f(0),ay,...,ay). The corresponding
(N +1) x (N + 1) matrix is

2

2

0 T, 15 TN
aTy alhy,hi)gp+1 alhy, ho)g - alhy, hnym
OzTN Oé<hN,h1>H Oé(hN,h2>H a(hN,hN)H+1
Let A = (X, ..., A\v)T € R¥*L such that A\ = 0, that is,
N
ZTW =0
k=1

N
aTk)\0+aZ<hk,hl>H)\l+)\k:0, /{Zzl,,N

=1
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Multiplying the latter equation with \; and summing up yields

N 2 N
al o Nhl| + ) oA =0
k=1 H k=1
Hence A = 0, whence A is non-singular. O

The role of « is as follows:

e If @ — 0 then by (4.3) and (4.6) we have f(u) = f(0), a constant

function. That is, maximal regularity

/ () du =0

but no fitting of data, see (4.1).

e If @« — oo then (4.7) implies that
T
0

a perfect fit. That is, f minimizes (4.2) subject to the constraints (4.9).

To estimate the forward curve from N zero-coupon bonds—that is, yields
Y = (Y1,...,Yn)T—one has to solve the linear system

A ( 70) ) - < ) ) (sce (4.8)).

Of course, if coupon bond prices are given, then the above method has
to be modified and becomes nonlinear. With p € R" denoting the market
price vector and c¢; the cashflows at dates 1), k=1,...,n,l=1,..., N, this
reads

T n N T 2
%ig /0(f’)gdu—i—ozkz:;(logpk—log[;cklexp{—/o fdu]])

If the coupon payments are small compared to the nominal (=1), then this
problem has a unique solution. This and much more is carried out in Lorim-
ier’s thesis.
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Exponential-Polynomial Families

Exponential-polynomial functions

pr(z)e” T + - 4 pu(x)e " (p;=polynomial of degree n;)
form non-linear families of functions. Popular examples are:
Nelson—Siegel (87) [17] There are 4 parameters z1, ..., 24 and

Ons(T;2) = 21 + (22 + z3w)e 4%,

Svensson (94) [21] (Prof. L. E. O. Svensson is at the Economics Depart-
ment, Princeton University) This is an extension of Nelson—Siegel, in-
cluding 6 parameters z1, ..., 2,

Os(x;2) = 21 + (29 + z32)e” % + 25 7.

Figure 4.10: Nelson-Siegel curves for z; = 7.69, 2o = —4.13, 24, = 0.5 and 7
different values for z3 = 1.76, 0.77, —0.22, —1.21, —2.2, —3.19, —4.18.

Table 4.4 is taken from a document of the Bank for International Settle-
ments (BIS) 1999 [2].
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Table 4.4: Overview of estimation procedures by several central banks. BIS

1999 [2]. NS is for Nelson—Siegel, S for Svensson, wp for weighted prices.

Criteria for Curve Families

’ Central Bank ‘ Method ‘ Minimized Error ‘

Belgium S or NS wp
Canada S sp
Finland NS wp
France S or NS wp
Germany S yields
Italy NS wp
Japan smoothing prices
splines
Norway S yields
Spain S wp
Sweden S yields
UK S yields
USA smoothing bills: wp
splines bonds: prices

Flexibility (do the curves fit a wide range of term structures?)

Number of factors not too large (curse of dimensionality).

Regularity (smooth yield or forward curves that flatten out towards the

long end).

Consistency: do the curve families go well with interest rate models?
— this point will be exploited in the sequel.
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Chapter 5

Why Yield Curve Models?

— R[19](Chapter 5)
Why modelling the entire term structure of interest rates? There is no
need when pricing a single European call option on a bond.

But: the payoffs even of “plain-vanilla” fixed income products such as caps,
floors, swaptions consist of a sequence of cashflows at 71, ..., T}, where
n may be 20 (e.g. a 10y swap with semi-annual payments) or more.

— The valuation of such products requires the modelling of the entire covari-
ance structure. Historical estimation of such large covariance matrices
is statistically not tractable anymore.

— Need strong structure to be imposed on the co-movements of financial
quantities of interest.

— Specify the dynamics of a small number of variables (e.g. PCA).

— Correlation structure among observable quantities can now be obtained
analytically or numerically.

— Simultaneous pricing of different options and hedging instruments in a
consistent framework.

This is exactly what interest rate (curve) models offer:

e reduction of fitting degrees of freedom — makes problem manageable.

— [t is practically and intellectually rewarding to consider no-arbitrage
conditions in much broader generality.

65
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Chapter 6
No-Arbitrage Pricing

This chapter briefly recalls the basics about pricing and hedging in a Brown-
ian motion driven market. Reference is B[3], MR[16](Chapter 10), and many
more.

6.1 Self-Financing Portfolios

The stochastic basis is a probability space (€2, F,P), a d-dimensional Brow-
nian motion W = (Wy, ..., Wy), and the filtration (F;);>0 generated by W.
We shall assume that F = Fo, = Vi>¢F;, and do not a priori fix a finite
time horizon. This is not a restriction since always one can set a stochastic
process to be zero after a finite time 7" if this were the ultimate time horizon
(as in the Black—Scholes model).

The background for stochastic analysis can be found in many textbooks,
such as [13], [?], [20], etc. From time to time we recall some of the funda-
mental results without proof.

Financial Market We consider a financial market with n traded assets,
following strictly positive Itd processes

dS(t) = Si(t)ui(t) dt + > Si(t)oy;(t) dW,(t), Si>0, i=1,....n

and the risk-free asset

dSe(t) = r(t)So(t) dt, Sp(0) = 1 (@ Sol(t) = efo @ d8> .

67
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The drift 5o = (p1, . . ., pin), volatility o = (0;;), and short rates r are assumed
to form adapted processes which meet the required integrability conditions
such that all of the above (stochastic) integrals are well-defined.

Remark 6.1.1. It is always understood that for a random variable “X > 07
means “X >0 a.s.” (that is, P[X > 0] =1), etc.

Theorem 6.1.2 (Stochastic Integrals). Let h = (hy,...,hy) be a mea-
surable adapted process. If

t
[ ds < oo for aite =0
0

(the class of such processes is denoted by L) one can define the stochastic
integral

(h-W)tE/O h(s)dW(s)zZ/o hy(s) dW;(s).

B | [ IR as] <oc

(the class of such processes is denoted by L£L?) then h-W is a martingale and

the 1t6 isometry holds
t
=E {/ ||h(s)||2ds} .
0

( /0 t h(s) dW(s))2

Self-financing Portfolios A portfolio, or trading strategy, is any adapted
process

If moreover

E

¢:<¢07"'7¢n)-

Its corresponding value process is

The portfolio ¢ is called self-financing (for S) if the stochastic integrals

/t¢l(U)dS’Z<U), ’i:O,...,TL
0
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are well defined and

dV(t; ¢) = Z ¢i(t) dSi(t).

Numeraires All prices are interpreted as being given in terms of a nu-
meraire, which typically is a local currency such as US dollars. But we may
and will express from time to time the prices in terms of other numeraires,
such as .S, for some 0 < p < n. The discounted price process vector

_ S()
0= 5
implies the discounted value process
> - V(t;
V(ti6)i= Y0020 = g
i=0 p

Up to integrability, the self-financing property does not depend on the choice
of the numeraire.

Lemma 6.1.3. Suppose that a portfolio ¢ satisfies the integrability conditions
for S and Z. Then ¢ is self-financing for S if and only if it is self-financing
for Z, in particular

AV (t; ¢) = Z di(t) dZ;(t) = Z ¢i(t) dZ;(1). (6.1)

Since Z, is constant, the number of terms in (6.1) reduces to n.
Often (but not always) we chose Sy as the numeraire.

6.2 Arbitrage and Martingale Measures

Contingent Claims Related to any option (such as a cap, floor, swaption,
etc) is an uncertain future payoff, say at date T', hence an Fp-measurable
random variable X (a contingent (T-)claim). Two main problems now are:

e What is a “fair” price for a contingent claim X7

e How can one hedge against the financial risk involved in trading con-
tingent claims?
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Arbitrage An arbitrage portfolio is a self-financing portfolio ¢ with value
process satisfying

V(0)=0 and V(T)>0 and P[V(T)>0]>0

for some T" > 0. If no arbitrage portfolios exist for any 7" > 0 we say the
model is arbitrage-free.

An example of arbitrage is the following.

Lemma 6.2.1. Suppose there exists a self-financing portfolio with value pro-
cess

dU(t) = k(U (t) dt,

for some measurable adapted process k. If the market is arbitrage-free then
necessarily
r==k, dt® dP-a.s.

Proof. Indeed, after discounting with Sy we obtain

0(t) = go((?) — U(0) exp ( /0 (k(s) — 1(5)) ds) |

Then (— exercise)

U(t) = Ly
yields a self-financing strategy with discounted value process
- t B t .
V(t) = / Y(s)dU(s) = / (1{k(s)>r(s)}<k(3) - r(s))U(s)) ds > 0.
0 0

Hence absence of arbitrage requires

0= E[V(T)] = /N (1{k(t,w)>r(t,w)}(/€(t, w) — r(t,w))f](t,w)) dt ® dP

~
>0on N

where

N ={(t,w) | k(t,w) > r(t,w)}

is a measurable subset of [0, 7] x 2. But this can only hold if N is a dt ® dP-
nullset. Using the same arguments with changed signs proves the lemma. [
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Martingale Measures We now investigate when a given model is arbi-
trage-free. To simplify things in the sequel

e we fix Sy as a numeraire, and
o V will express the discounted value process V/Sy.

But the following can be made valid for any choice of numeraire.
An equivalent probability measure Q ~ P is called an equivalent (local)
martingale measure (E(L)MM) if the discounted price processes

Z; = S;/Sp are Q-(local) martingales.

Theorem 6.2.2 (Girsanov’s Change of Measure Theorem). Let Q ~ P
be an equivalent probability measure. Then there exists v € L such that the
density process dQ/dP is the stochastic exponential E(y- W) of v- W

L=t wy e ([ ave) - [heiras). 62

Moreover, the process

W(t) = W(t) — /0 +(s) ds (6.3)

1s a Q-Brownian motion.
Conversely, if v € L is such that € (y-W) is a uniformly integrable
martingale with Ex (v - W) > 0 — sufficient is the Novikov condition

B oo (5 [ @) | <o (6.4

(see [20, Proposition (1.26), Chapter IV]) — then (6.2) defines an equivalent
probability measure Q ~ P.

Market Price of Risk Let Q be an ELMM and v (the stochastic logarithm
of the density process) and W given by (6.2) and (6.3). Integration by parts
yields the Z-dynamics
dzi(t) = Z(t) (pi(t) — r(t)) dt + Zi(t)oi(t) dW (t)
= Zi(t) (pu(t) = r(t) + ou(t) - (1)) dt + Zi(t)ou(t) dW ().
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Hence necessarily ~ satisfies
i —r+o-y=0 dt®dQ-as. foralli=1,... n. (6.5)

If o is non-degenerate (in particular d < n and ranklo] = d) then ~ is
uniquely specified by

—y=0""(n—r1)
where 1 := (1,...,1)", and vice versa. This is why —7 is called the market
price of risk.

Conversely, if (6.5) has a solution v € £ such that £(y- W) is a uniformly
integrable martingale (the Novikov condition (6.4) is sufficient) then (6.2)
defines an ELMM Q. If v is unique then Q is the unique ELMM.

Notice that, by Ito’s formula, Z; can be written as stochastic exponential

Hence if o; satisfies the Novikov condition (6.4) for all i = 1,...,n then the
ELMM Q@ is in fact an EMM.

Admissible Strategies In the presence of local martingales one has to be
alert to pitfalls. For example it is possible to construct a local martingale M
with M(0) = 0 and M (1) = 1. Even worse, M can be chosen to be of the

form
/ o(s)dW (s

(Dudley’s Representation Theorem), which looks like the (discounted) value
process of a self-financing strategy. ThlS would certainly be a money-making
machine, say arbitrage. In the same way “suicide strategies” (e.g. M(0) =1
and M(1) = 0) can be constructed. To rule out such examples we have to
impose additional constraints on the choice of strategies. There are several
ways to do so. Here are two typical examples:

A self-financing strategy ¢ is admissible if

1. V(t;¢) > —a for some a € R, OR
2. V(t; ) is a true Q-martingale, for some ELMM Q.

Condition 1 is more universal (it does not depend on a particular Q) and
implies that V' (t; ¢) is a Q-supermartingale for every ELMM Q. Yet, “suicide
strategies” remain (however, they do not introduce arbitrage).

Both conditions 1 and 2, however, are sensitive with respect to the choice
of numeraire!
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The Fundamental Theorem of Asset Pricing The existence of an
ELMM rules out arbitrage.

Lemma 6.2.3. Suppose there exists an ELMM Q. Then the model is arbi-
trage-free, in the sense that there exists no admissible (either Condition 1 or
2) arbitrage strategy.

Proof. Indeed, let V be the discounted value process of an admissible strat-
egy, with V(0) = 0 and V(7') > 0. Since V' is a Q-supermartingale in any
case (for some ELMM Q), we have

0 < Eo[V(T)] < V(0) =0,
whence V(T) = 0. O

It is folklore (Delbaen and Schachermayer 1994, etc) that also the converse
holds true: if arbitrage is defined in the right way (“No Free Lunch with
Vanishing Risk”), then its absence implies the existence of an ELMM Q.
This is called the Fundamental Theorem of Asset Pricing.

It has become a custom (and we will follow this tradition) to consider the
existence of an ELMM as synonym for the absence of arbitrage:

absence of arbitrage = existence of an ELMM;

— the existence of an ELMM is now a standing assumption.

6.3 Hedging and Pricing

Attainable Claims A contingent claim X due at T is attainable if the
exists an admissible strategy ¢ which replicates/hedges X; that is,

V(T;0) = X.
A simple example: suppose S; is the price process of the T-bond. Then

the contingent claim X = 1 due at T is attainable by an obvious buy and
hold strategy with value process V (t) = S;(¢).
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Complete Markets The main problem is to determine which claims are
attainable. This is most conveniently carried out in terms of discounted
prices.

Suppose that o is non-degenerate; that is

d<n and ranklo]=d, (6.6)

and that the unique market price of risk —v given by (6.5) yields a uniformly
integrable martingale £(y - W) and hence a unique ELMM Q.

Lemma 6.3.1. Then the model is complete in the sense that any contingent
claim X with
X/S(T) € L'(Fr; Q) (6.7)

1s attainable.

Proof. Define the Q-martingale
Y(t) :=Eq[X/S(T) | F], tel0,T].
Then

B(ﬂes

Y(t)D(t) = D()Eg[Y(T) | 7] "= E[Y(T)D(T) | 7],

with the density process D(t) = dQ/dP|z = &E(vy-W). Hence YD is a P-
martingale and by the representation theorem 6.3.3 we can find ¢ € £ such
that

t
Y(t)D(t) = Y(0) +/ W(s)dW (s).
0
Applying It6’s formula yields

1 1 1,
and

¥ =d ((YD)%) =YDd (%) + %d(YD) +d <YD, %>

1
dW — (5¢—Y7) sy dt
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Now define
g = =L LY (6.8)
then it follows that

N ¢idZi = ¢iZio;dW = (o) -0 dW =0 o dW =) dW = dY.
i=1 i=1
Hence ¢ yields an admissible strategy with discounted value process satisfying
noo.T
V(T56) =Y(T) =B [X/SuT)) + 3 [ ax(s)dzi(s) = X/Su(T). (69
i=1 V0

O

Hence non-degeneracy of o (see (6.6) and (6.8)) implies uniqueness of Q
and completeness of the model. These conditions are in fact equivalent (see
for example MR[16](Chapter 10)).

Theorem 6.3.2 (Completeness). The following are equivalent:
1. the model is complete;
2. o is non-degenerate, see (6.6);
3. there exists a unique ELMM Q.

Theorem 6.3.3 (Representation Theorem). Every P-local martingale
M has a continuous version and there exists 1 € L such that

t
M(t) = M(0) + / P(s) dW (s).
0
(This theorem requires the filtration (F;) to be generated by W.)
Pricing In the above complete model the fair price prevailing at ¢t < T of
a T-claim X which satisfies (6.7) is given by (6.9)
V(t,d) = So(t)V(t;¢) = So(t)Eq [X/So(T) | F] . (6.10)

We shall often encounter complete models. However, models can be gener-
ically incomplete (as real markets are), and then the pricing becomes a dif-
ficult issue. The literature on incomplete markets is huge, and the topic
beyond the scope of this course.
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State-price Density It is a custom (e.g. for short rate models) to exoge-
nously specify a particular ELMM Q (or equivalently, the market price of
risk) and then price a T-claim X satisfying (6.7) according to (6.10)

price of X at t =: Y (t) = So(t)Eq [X/So(T) | F .
This is a consistent pricing rule in the sense that the enlarged market
Y, So,...,5,

is still arbitrage-free (why?).
Now define
1 dQ

"(0) = gy gl

By Bayes formula we then have

E |52l | 7
Y (£) = So(t)Eq [X/So(T) | 1] = So(t)

;L%b:t
E[Xn(T) | 7]
(t) ’

and, in particular, for the price at t =0
Y (0) = E[Xx(T)].

This is why 7 is called the state-price density process.
The price of a T-bond for example is (if 1/S5(T) € L'(Q), — exercise)

P ) =& | TG0 1 5] =B iy 1]

Also one can check (— exercise) that if Q is an EMM then

S;m are P-martingales.



Chapter 7

Short Rate Models

— B[3](Chapters 16-17), MR[16](Chapter 12), etc

7.1 Generalities

Short rate models are the classical interest rate models. As in the last sec-
tion we fix a stochastic basis (€2, F,P), where P is considered as objective
probability measure. The filtration (F;):>o is generated by a d-dimensional
Brownian motion W.

We assume that

e the short rates follow an Ito process
dr(t) = b(t) dt + o(t) dW (t)
determining the savings account B(t) = exp (fot r(s) ds),

e all zero-coupon bond prices (P(t,T)):cio,r] are adapted processes (with
P(T,T) =1 as usual),

e no-arbitrage: there exists an EMM Q, such that

P(t,T)

B t € 10,7,

is a Q-martingale for all 7" > 0.

7
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According to the last chapter, the existence of an ELMM for all T-bonds
excludes arbitrage among every finite selection of zero-coupon bonds, say
P(t,T1),...,P(t,T,). To be more general one would have to consider strate-
gies involving a continuum of bonds. This can be done (see [4] or Mike
Tehranchi’s PhD thesis 2002) but is beyond the scope of this course.

For convenience we require Q to be an EMM (and not merely an ELMM)
because then we have

P(t,T) = Eq e s | ;ft] (7.1)

(compare this to the last section). Let —v denote the corresponding market
price of risk
dQ

=B
and W =W — f v dt the implied Q-Brownian motion.

Ei(y-W)

Proposition 7.1.1. Under the above assumptions, the process r satisfies
under Q )
dr(t) = (b(t) + o(t) - y(t)) dt + o(t) dW (). (7.2)

Moreover, for any T > 0 there exists an adapted R%-valued process o7 (t,T),
t €10,T], such that

%L:’TT)) = r(t)dt 4+ 0" (t,T) dW (t) (7.3)
and hence
P g(’g) — P(0,T)&, (ﬁ : W) .
Proof. Exercise (proceed as in the Completeness Lemma 6.3.1). Il

It follows from (7.3) that the T-bond price satisfies under the objective
probability measure P
dP(t,T)
—= = (r(t) —~(t) - o7(t,T)) dt TdW (t).
Pl = () =20 -0 (4.7)) di 4 o7 W (1)
This illustrates again the role of the market price of risk —v as the excess of
instantaneous return over r(¢) in units of volatility.
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In a general equilibrium framework, the market price of risk is given
endogenously (as it is carried out in the seminal paper by Cox, Ingersoll and
Ross (85) [7]). Since our arguments refer only to the absence of arbitrage
between primary securities (bonds) and derivatives, we are unable to identify
the market price of risk. In other words, we started by specifying the IP-
dynamics of the short rates, and hence the savings account B(t). However,
the savings account alone cannot be used to replicate bond payoffs: the
model is incomplete. According to the Completeness Theorem 6.3.2, this is
also reflected by the non-uniqueness of the EMM (the market price of risk).
A priori, Q can be any equivalent probability measure Q ~ P.

A short rate model is not fully determined without the exogenous
specification of the market price of risk.

It is custom (and we follow this tradition) to postulate the Q-dynamics
(Q being the EMM) of r which implies the Q-dynamics of all bond prices
by (7.1), see also (7.3). All contingent claims can be priced by taking Q-
expectations of their discounted payoffs. The market price of risk (and hence
the objective measure P) can be inferred by statistical methods from histor-
ical observations of price movements.

7.2 Diffusion Short Rate Models

We fix a stochastic basis (€2, F, (Fi)i>0, Q), where now Q is considered as
martingale measure. We let W denote a d-dimensional (Q,F;)-Brownian
motion.

Let Z C R be a closed interval, and b and ¢ continuous functions on
R, x Z. We assume that for any p € Z the stochastic differential equation
(SDE)

dr(t) = b(t,r(t))dt + o(t,r(t)) dW (t) (7.4)

admits a unique Z-valued solution r = r? with
t t
)= p+ [ bur@)du+ [ ot r)div)
0 0

and such that

exp (— /t ' r(u) du> € LY(Q) (7.5)
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for all 0 < ¢ < T. Notice that (7.5) is always satisfied if Z C R.

Sufficient for the existence and uniqueness is Lipschitz continuity of b(¢, 1)
and o(t,r) in r, uniformly in ¢. If d = 1 then Hélder continuity of order 1/2
of ¢ in r, uniformly in ¢, is enough. A good reference for SDEs is the book
of Karatzas and Shreve [13] on Brownian motion and stochastic calculus.

Condition (7.5) allows us to define the T-bond prices

P(,T) = By {exp (_ /t ") du> | ]—“t] |

It turns out that P(t,T) can be written as a function of (t), ¢t and T'. This is
a general property of certain functionals of Markov process, usually referred
to as Feynman—Kac formula. In the following we write

alyry o= 1

for the diffusion term of r(t).

Lemma 7.2.1. LetT > 0 and ® be a continuous function on Z, and assume
that F = F(t,r) € CY*([0,T|x Z) is a solution to the boundary value problem
on [0,T] x 2

{ OF(t,r) + b(t, "o, F(t,r) + a(t,r)O*F(t,r) — rF(t,r) =0 76)

F(T,r) = ®(r).

Then
M(t) = F(t,r(t))e Jor@du 4 10,7,

15 a local martingale. If in addition either
1. 0,F(t,r(t))e” Jor@dug(t r(t)) € £2]0,T], or
2. M 1is uniformly bounded,

then M s a true martingale, and

F(t,r(t) = Eq {exp (- /tTT(u) du) o(r(T)) | ]—"t] L t<T.  (7.7)
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Proof. We can apply Ito’s formula to M and obtain
AM(t) = (BF (2, r(8)) + b(L, ()0, F (2, (1))
+alt,r)O2F(t,r(t)) — r(t)F(t, r(t)))e*fo”"(@ du gy

O F(t,r(t))e Jor® dug(t r (1)) dW (1)
= O, F(t,r(t))e hor@dug(t y(£)) dW (¢).

Hence M is a local martingale.
It is now clear that either Condition 1 or 2 imply that M is a true mar-
tingale. Since

M(T) = &(r(T))e Jo rwdu

we get

F(t,r(#))e= i d _ ary — &, [exp (— /0 ") du) B(r(T)) | ft} |

r(u) du

Multiplying with elo yields the claim. O

We call (7.6) the term structure equation for ®. Its solution F' gives the
price of the T-claim ®(r(7")). In particular, for ® = 1 we get the T-bond
price P(t,T) as a function of ¢, r(t) (and T)

P(t,T) = F(t,r(t);T).

Remark 7.2.2. Strictly speaking, we have only shown that if a smooth solu-
tion F' of (7.6) exists and satisfies some additional properties (Condition 1
or 2) then the time t price of the claim ®(r(T)) (which is the right hand side
of (7.7)) equals F(t,r(t)). One can also show the converse that the expecta-
tion on the right hand side of (7.7) conditional on r(t) = r can be written as
F(t,r) where F solves the term structure equation (7.6) but usually only in a
weak sense, which in particular means that F may not be in C*2([0,T] x Z).
This is general Markov theory and we will not prove this here.

In any case, we have found a pricing algorithm. Is it computationally
efficient? Solving PDEs numerically in more than three dimensions causes
difficulties. PDEs in less than three space dimensions are numerically feasi-
ble, and the dimension of Z is one. The nuisance is that we have to solve a
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PDE for every single zero-coupon bond price function F(-,;T), T > 0. From
that we might want to derive the yield or even forward curve. If we do not
impose further structural assumptions we may run into regularity problems.
Hence

short rate models that admit closed form solutions to the term
structure equation (7.6), at least for & = 1, are favorable.

7.2.1 Examples

This is a (far from complete) list of the most popular short rate models. For
all examples we have d = 1. If not otherwise stated, the parameters are
real-valued.

1. Vasicek (1977): Z =R,
dr(t) = (b+ pr(t)) dt + o dW(t),
2. Cox-Ingersoll-Ross (CIR, 1985): Z =R,, b > 0,
dr(t) = (b+ Br(t)) dt + o/r(t) dW ()
3. Dothan (1978): Z =R,
dr(t) = Br(t)dt + or(t) dW (t),
4. Black-Derman-Toy (1990): Z = R,
dr(t) = B(t)r(t) dt + o(t)r(t) dW (t),
5. Black Karasinski (1991): Z = R, ((t) = logr(t),
de(t) = (b(t) + B(t)e(t)) dt + o(t) dW (t),
6. HoLee (1986): Z = R,
dr(t) = b(t)dt + o dW (t),
7. Hull-White (extended Vasicek, 1990): Z = R,
dr(t) = (b(t) + B(t)r(t)) dt + o(t) dW (t),
8. Hull White (extended CIR, 1990): Z = R, b(t) > 0,
dr(t) = (b(t) + Bt)r(t)) dt + o (t)\/r(t) dW (t
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7.3 Inverting the Yield Curve

Once the short rate model is chosen, the initial term structure
T — P(0,T) = F(0,r(0); T)

and hence the initial yield and forward curve are fully specified by the term
structure equation (7.6).

Conversely, one may want to invert the term structure equation (7.6) to
match a given initial yield curve. Say we have chosen the Vasicek model.
Then the implied T-bond price is a function of the current short rate level
and the three model parameters b, § and o

P(0,T) = F(0,r(0);T,b,3,0).

But F(0,7(0); T, b, 3, 0) is just a parametrized curve family with three degrees
of freedom. It turns out that it is often too restrictive and will provide a poor
fit of the current data in terms of accuracy (least squares criterion).

Therefore the class of time-inhomogeneous short rate models (such as the
Hull-White extensions) was introduced. By letting the parameters depend on
time one gains infinite degree of freedom and hence a perfect fit of any given
curve. Usually, the functions b(t) etc are fully determined by the empirical
initial yield curve.

7.4 Affine Term Structures

Short rate models that admit closed form expressions for the implied bond
prices F'(t,r;T) are favorable.
The most tractable models are those where bond prices are of the form

F(t,r;T) = exp(—A(t,T) — B(t,T)r),

for some smooth functions A and B. Such models are said to provide an
affine term structure (ATS). Notice that F(T,r;T) = 1 implies

A(T,T) = B(T,T) = 0.

The nice thing about ATS models is that they can be completely character-
ized.
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Proposition 7.4.1. The short rate model (7.4) provides an ATS only if its
diffusion and drift terms are of the form

a(t,r) =a(t) +a(t)r and b(t,r)=>b(t)+ B(t)r, (7.8)

for some continuous functions a,a,b,3. The functions A and B in turn
satisfy the system

O A(t,T) = a(t)B*(t,T) — b(t)B(t,T),
OB, T) = a(t)B*(t,T) — B(t)B(t,T) —

Proof. We insert F'(t,r;T) = exp(—A(t,T) — B(t,T)r) in the term structure
equation (7.6) and obtain

a(t,r)B*(t,T) — b(t,r)B(t,T) = 0;A(t,T) + (0;B(t,T) + 1)r.  (7.11)

A(T,T) =0, (7.9)
1, B(T,T)=0. (7.10)

The functions B(t,-) and B?(t,-) are linearly independent since otherwise
B(t,-) = B(t,t) = 0, which trivially would lead to be above results with
a(t) = a(t) = 0. Hence we can find 77 > T, > t such that the matrix

(32(t, T) —Bft, Tl))
B*(t,T,) —B(t,T3)

is invertible. Hence we can solve (7.11) for a(t,r) and b(t,r), which yields
(7.8). Replace a(t,r) and b(t,r) by (7.8), so the left hand side of (7.11) reads

a(t)B*(t,T) — b(t)B(t,T) + (a(t)B>*(t,T) — B(t)B(t,T)) r.
Terms containing r must match. This proves the claim. O

The functions a, «, b, 5 in (7.8) can be further specified. They have to be
such that a(t,7) > 0 and r(¢) does not leave the state space Z. In fact, it can
be shown that every ATS model can be transformed via affine transformation
into one of the two cases

1. Z = R: necessarily a(t) = 0 and a(t) > 0, and b, § are arbitrary. This
is the (Hull-White extension of the) Vasicek model.

2. Z = R,: necessarily a(t) = 0, a(t) > 0 and b(t) > 0 (otherwise the
process would cross zero), and [ is arbitrary. This is the (Hull-White
extension of the) CIR model.

Looking at the list in Section 7.2.1 we see that all short rate models except
the Dothan, Black—-Derman—Toy and Black—Karasinski models have an ATS.



7.5. SOME STANDARD MODELS 85

7.5 Some Standard Models

We discuss some of the most common short rate models.
— BJ[3](Section 17.4), BM[6](Chapter 3)

7.5.1 Vasicek Model

The solution to
dr = (b+ pBr)dt + o dW

is explicitly given by (— exercise)

r(t) = r(0)e’ + b (eﬁt — 1) + get /t e P AW (s).

g 0
It follows that r(t) is a Gaussian process with mean
E[r(t)] = r(0)e’" + % (e’ —1)

and variance

t 2
Var[r(t)] = 026%/ e~ s = 2 (e —1).
0 2p

Hence
Q[r(t) < 0] >0,

which is not satisfactory (although this probability is usually very small).

Vasicek assumed the market price of risk to be constant, so that also the
objective P-dynamics of r(t) is of the above form.

If B < 0 then r(t) is mean-reverting with mean reversion level b/|3|, see
Figure 7.1, and r(t) converges to a Gaussian random variable with mean
b/|3| and variance o2/(2|f]|), for t — oo.

Equations (7.9)—(7.10) become

2
OA(t,T) = %B?(t,:r) —bB(t,T), A(T,T)=0,
OB(t,T) = —BB(t,T)—1, B(T,T)=0.
The explicit solution is

B, T) == (/T —1)

| =
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Figure 7.1: Vasicek short rate process for § = —0.86, b/|3| = 0.09 (mean
reversion level), 0 = 0.0148 and r(0) = 0.08.
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and A is given as ordinary integral

A(4,T) = AT, T) — / L 0.A(s. T) ds

0_2 T T
_ —7/ B(s, T)ds + b/ B(s,T) ds
t t
o? (4ePT=D — 281 _ 23(T — t) — 3) beﬂ<T—t> —1—-B3(T —t)
463 + /62

We recall that zero-coupon bond prices are given in closed form by

P(t,T) =exp (—A(t,T) — B(t,T)r(t)) .

It is possible to derive closed form expression also for bond options (see
Section 7.6).

7.5.2 Cox—Ingersoll-Ross Model

It is worth to mention that, for b > 0,

dr(t) = (b + Br(t)) dt + o/r(t) dW(t), r(0) >0,
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has a unique strong solution r > 0, for every r(0) > 0. This also holds when
the coefficients depend continuously on ¢, as it is the case for the Hull-White
extension. Even more, if b > 02/2 then r > 0 whenever 7(0) > 0.

The ATS equation (7.10) now becomes non-linear

0.2

OB(t,T) = EBz(t,T) — BB, T)—1, B(T,T)=0.
This is called a Riccati equation. It is good news that the explicit solution is
known
2 (e — 1)
(y=8) (@) = 1) + 2y
where v := /32 + 202. Integration yields

(v=B)(T—t)/2
A(t,T) = 2 log 2ye :
(v = B) (70 —1) + 2y

o2
Hence also in the CIR model we have closed form expressions for the bond
prices. Moreover, it can be shown that also bond option prices are explicit(!)
Together with the fact that it yields positive interest rates, this is mainly the
reason why the CIR model is so popular.

B(t,T) =

7.5.3 Dothan Model

Dothan (78) starts from a drift-less geometric Brownian motion under the
objective probability measure P

dr(t) = or(t) dWF(t).
The market price of risk is chosen to be constant, which yields
dr(t) = pr(t)dt + or(t) dW (t)
as Q-dynamics. This is easily integrated
r(t) =r(s)exp ((8—0°/2) (t —s) + (W (t) — W(s))), s<t

Thus the F,-conditional distribution of r(¢) is lognormal with mean and
variance (— exercise)

B[ () | 7] = rls)e”t)
Var[r(t) | Fs = r?(s)e?? =) <e”2(t_s) - 1> :
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The Dothan and all lognormal short rate models (Black-Derman—Toy and
Black-Karasinski) yield positive interest rates. But no closed form expres-
sions for bond prices or options are available (with one exception: Dothan
admits an “semi-explicit” expression for the bond prices, see BM[6]).

A major drawback of lognormal models is the explosion of the bank ac-
count. Let At be small, then

E[B(A)] = E [exp (/Omr(s) ds)} ~E [exp (Mﬂmﬂ .

We face an expectation of the type

Elexp(exp(Y))]

where Y is Gaussian distributed. But such an expectation is infinite. This
means that in arbitrarily small time the bank account growths to infinity in
average. Similarly, one shows that the price of a Eurodollar future is infinite
for all lognormal models.

The idea of lognormal rates is taken up later by Sandmann and Son-
dermann (1997) and many others, which finally led to the so called market
models with lognormal LIBOR or swap rates.

7.5.4 Ho—Lee Model
For the Ho—Lee model

dr(t) = b(t) dt + o dW (1)

the ATS equations (7.9)—(7.10) become

0.2

QA T) = 732(@ T)—b(t)B(t,T), A(T,T)=0,
O,B(t,T)=—1, B(T,T)=0.
Hence
B(t,T)=T —t,

A(t,T) :—%(T—t)3+/t b(s)(T — s) ds.
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The forward curve is thus

2

F(t.T) = OpA(t, T) + 0rB(t, T)r(t) = —%(T 124 / ' b(s) ds + r(t).

Let f*(0,T) be the observed (estimated) initial forward curve. Then
b(s) = 0,f*(0,5) + o°s.
gives a perfect fit of f*(0,7"). Plugging this back into the ATS yields
f@&,T)=f*0,T)— f*(0,t) + o*t(T —t) +r(t).
We can also integrate this expression to get
P(t,T) = ¢~ I 1708 dst 0T )= G0~ (T=0)r (1)

It is interesting to see that

242

r(t) =r(0) + /0 b(s)ds+oW(t) = f*(0,t) + % + oW (t).

That is, r(t) fluctuates along the modified initial forward curve, and we have

77(0,8) = Bfr(e)) - T

7.5.5 Hull-White Model

The Hull-White (1990) extensions of Vasicek and CIR can be fitted to the
initial yield and volatility curve. However, this flexibility has its price: the
model cannot be handled analytically in general. We therefore restrict ourself
to the following extension of the Vasicek model that was analyzed by Hull

and White 1994
dr(t) = (b(t) + Pr(t)) dt + o dW(t).

In this model we choose the constants f and ¢ to obtain a nice volatility
structure whereas b(t) is chosen in order to match the initial yield curve.
Equation (7.10) for B(t,T') is just as in the Vasicek model

8,B(t,T) = —BB(t,T)—1, B(T,T) =0
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with explicit solution
1
B, T)=— (""" —1).
g
Equation (7.9) for A(t,T) now reads
o2 [T T
A(t,T) = —7/ B*(s,T) d5+/ b(s)B(s,T)ds
t t
We consider the initial forward curve (notice that 0rB(s,T) = —9;B(s,T))
17(0,T) = 0rA(0,T) + 0rB(0,T)r(0)

_ %2/0T 0.B%(s, T) ds + /OT b(s)0rB(s, T) + 0rB(0,T)r(0)

2

T
=— ;_52 (eﬁT — 1)2 +/ b(s)eﬁ(T’S) ds + ?Tr(0) .
o Jo

g

—g(T) —4(T)
The function ¢ satisfies
Oro(T) = fo(T) +b(T),  ¢(0) = r(0).
It follows that

b(T) = 0ro(T) — Bo(T)
= 0r(f*(0,T) + g(T)) — B(f*(0,T) + g(T)).

Plugging in and performing performing some calculations eventually yields

0.2

f(t, T) — f*(07 T) _ eﬁ(T—t)f*(O7 t) B 2_52 (eﬁ(Tft) . 1) (eﬁ(T—t) o eg(Tth))

+ T 0p(t).

7.6 Option Pricing in Affine Models

We show how to price bond options in the affine framework. The discussion
is informal, we do not worry about integrability conditions. The procedure
has to be carried out rigorously from case to case.
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Let r(t) be a diffusion short rate model with drift

b(t) + B(t)r,
diffusion term
a(t) + at)r

and ATS
P(,T) = o~ AT =BET)r(t)

Let A € C, and ¢ and v be given as solutions to

Op(t, T, \) = ( YO, T, N) = b(#)e(t, T, \)
O(T, T, \) =
3#?(75 T, /\) ( ) (t7T7 /\) - ﬁ(t)w(t7T7 )‘> -1
O(T, T, \) = A

This looks much like the ATS equations (7.9)—(7.10), and indeed, by plugging
the right hand side below in the term structure equation (7.6), one sees that

E |:67 sz r(s) dsef)\T(T) ’ -E _ e*(]ﬁ(t,T,/\)fI[)(t,T,)\)r(t)'

In fact, we have
o(t, T,0) = A(t,T) and (t,T,0)= B(t,T).

Now let ¢ = 0 (for simplicity only). Since discounted zero-coupon bond prices
are martingales we obtain for 7' < S (— exercise)

E [effosr(s)dsef)\r(T)} _ [ — Jy r(s)ds .~ (T,S)fB(T,S)r(T)ef/\r(T)]

_ ATSR [6_ S r(s) dse—()\—s-B(T,S))r(T)}

_ e—A(T,S)—¢(0,T,)\+B(T7S))—w(O,T,)\-‘rB(T,S))r(O)'
But <
dQS e Jo r(s)ds

dQ ~  P(0,9)
defines an equivalent probability measure Q° ~ Q on Fg, the so called S-
forward measure. Hence we have shown that the (extended) Laplace trans-
form of r(T) with respect to Q° is

Egs [e(T)] = eACS)-ATS)~6O.TABTS)+(BO.S)~b(O.TABT.S))r(0),
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By Laplace (or Fourier) inversion, one gets the distribution of r(7") under
Q7. In some cases (e.g. Vasicek or CIR) this distribution is explicitly known
(e.g. Gaussian or chi-square). In general, this is done numerically.

We now consider a European call option on a S-bond with expiry date
T < S and strike price K. Its price today (t = 0) is

T —F [e’ ST (s) ds (efA(T,S)fB(T,S)r(T) _ K) +] _

The payoff can be decomposed according to

(e—A(Tﬁ)—B(T,S)r(T) _ K)+ _ e—A(T,S)—B(T,S)r(T)1{T(T)§T*} — K1lpy<r
where
. x A(T,S) +log K
r*=r*(T,S,K) :=— B(T.5)
Hence

m=E|e for(® dsl{r(T)Sr*}} - KE [6_ o r dsl{T(T)ST*}
= P(0,5)Q°[r(T) < r*] — KP(0,T)Q"[r(T) < r*].

The pricing of the option boils down to the computation of the probability
of the event {r(7T") < r*} under the S- and T-forward measure.

7.6.1 Example: Vasicek Model (a, b, § const, a = 0).

We obtain (— exercise)

™= P(0,8)d (’"* — 46T S’“O))) ~ KP(0,T)d (’”* —O(T, T”@)))

() ()
where
(T, S,r) = % (B (™ (b+pr)—b) —a(2- AS=T) _ 9cBT 4 eﬁ(SJrT)))

6(T) = 4 (e —1)
p
and ®(z) is the cumulative standard Gaussian distribution function.
A similar closed form expression is available for the price of a put option,
and hence an explicit price formula for caps. For g = —0.86, b/|3| = 0.09
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(mean reversion level), o = 0.0148 and r(0) = 0.08, as in Figure 7.1, one gets
the ATM cap prices and Black volatilities shown in Table 7.1 and Figure 7.2
(— exercise). In contrast to Figure 2.1, the Vasicek model cannot produce
humped volatility curves.

Table 7.1: Vasicek ATM cap prices and Black volatilities.

Maturity ATM prices ATM vols
1 0.00215686  0.129734
2 0.00567477  0.106348
3 0.00907115  0.0915455
4 0.0121906 0.0815358
5 0.01503 0.0743607
6 0.017613 0.0689651
7 0.0199647 0.0647515
8 0.0221081 0.0613624
10 0.025847 0.0562337
12 0.028963 0.0525296
15 0.0326962 0.0485755
20 0.0370565 0.0443967
30 0.0416089 0.0402203

Figure 7.2: Vasicek ATM cap Black volatilities.
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Chapter 8

Heath—Jarrow—Morton (HJM)
Methodology

— original article by Heath, Jarrow and Morton (HJM, 1992) [9].

95
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Chapter 9

Forward Measures

We consider the HJM setup (Chapter 8) and directly focus on the (unique)
EMM Q ~ P under which all discounted bond price processes
P(t,T)
B(t) ’

t € 10,7,

are strictly positive martingales.

9.1 T-Bond as Numeraire

Fix T > 0. Since

1

Po.TyBT) " E@[;}ﬂ

P(0,T)B(T)
we can define an equivalent probability measure Q7 ~ Q on Fr by

dQ’ 1
dQ — P(0,T)B(T)

For t <T we have
dQ” 7 =E dQ”

This probability measure has already been introduced in Section 7.6. It is
called the T'-forward measure.

P(t,T)

7] = p6 mam

97
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Lemma 9.1.1. For any S > 0,

%, te[0,SAT],

is a QT -martingale.

Proof. Let s <t < S AT. Bayes’ rule gives

P(t,T) P(t,S)
E P(t,S) rl_ Eq [P(O,T)B(t) P(t,T) | Fs
WP T) [ 7 = _PGT)
P(0,T)B(s)
P(s,5)
By _ P(s,9)
B Pg(@ - P(s,T)

]

We thus have an entire collection of EMMs now! Each Q7 corresponds to
a different numeraire, namely the T-bond. Since Q is related to the risk-free
asset, one usually calls Q the risk neutral measure.

T-forward measures give simpler pricing formulas. Indeed, let X be a

I'-claim such that
— et Q, Fr). 1

Its fair price at time ¢ < T is then given by

7(t) =Eqg |e” S ) ds | ,7:,5] :

To compute 7(t) we have to know the joint distribution of exp [— ftT r(s) ds}

and X, and integrate with respect to that distribution. Thus we have to
compute a double integral, which in most cases turns out to be rather hard
work. If B(T)/B(t) and X were independent under Q (which is not realistic!
it holds, for instance, if  is deterministic) we would have

m(t) = P(t, T)Eq [X | Fi],
a much nicer formula, since

e we only have to compute the single integral Eg[X | F;
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e the bond price P(t,T") can be observed at time ¢ and does not have to
be computed.

The good news is that the above formula holds — not under QQ though, but
under Q7

Proposition 9.1.2. Let X be a T-claim such that (9.1) holds. Then
Eqr [|X]] < o0 (9.2)

and

7(t) = P(t, T)Eqr [X | ). (9.3
Proof. Bayes’s rule yields

RY

=or 1) =5 [ 575

} < oo (by (9.1)),

whence (9.2). And

#(t) = PO.T)BOE | g | 7
— P, T)B(t)%ﬂ@r X | 7]
= P(t, T)EQT [X ’ ﬂ] ,
which proves (9.3). O

9.2 An Expectation Hypothesis

Under the forward measure the expectation hypothesis holds. That is, the
expression of the forward rates f(t,T') as conditional expectation of the future
short rate r(T).

To see that, we write W for the driving Q-Brownian motion. The forward
rates then follow the dynamics

£ :f(O,T)Jr/Ot <0(5,T)~/STU(s,u) du) ds+/0ta(s,T) A (s).
(9.4)
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The Q-dynamics of the discounted bond price process is

o [FGR ([ s

This equation has a unique solution

P e (- [ o) ).

We thus have
dQT g W

Girsanov’s theorem applies and

W2 () = W) +/Ot (/STU(S,U) du> ds, te[0,7T).

is a QT-Brownian motion. Equation (9.4) now reads

ft,T)= f(0,T)+ /Dta(s,T) dW7(s).

Hence, if
T
Egr {/ ||0(3,T)||2ds} < 00
0

then
(f(&,T))eor Isa Q' -martingale.

Summarizing we have thus proved

Lemma 9.2.1. Under the above assumptions, the expectation hypothesis
holds under the forward measures

F(t.T) = Eqr [r(T) | 7] -
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9.3 Option Pricing in Gaussian HJM Models

We consider a European call option on an S-bond with expiry date T" < S
and strike price K. Its price at time ¢ = 0 (for simplicity only) is

T =Eq [e*foT "(s)ds (p(T, §) — K)+] .
We proceed as in Section 7.6 and decompose

T =Eq [B(T)"'P(T,S)1(P(T,S) > K)] — KEq [B(T)"' L(P(T,S) > K)]
= P(0,S)Q° [P(T,S) > K] — KP(0,T)Q" [P(T, S) > K].

This option pricing formula holds in general.
We already know that

o (#)dt+ o(t, T) AW (8)
and hence
P(t.T) = P(0,T) exp Uotv(s,T) AW (s) + /Ot (r(s) _ %HU(S,T)H?) ds}

where
v(t,T) = —/t o(t,u) du. (9.7)

P(t,5)

is a
P(tT) > t€[0,T]

We also know that <P(t’T)>
W Pt:39) ) yefo,m

QT-martingale. In fact (— exercise)

is a Q°-martingale and (

_ ]; Egg exp [ /0 JT,S(s)dWS(s)—% 0 \|0T75(3)H2d3]
where g
ors(s) =v(s,T) —v(s,S) —/T o(s,u) du, (9.8)



102 CHAPTER 9. FORWARD MEASURES

and
P(t,S)  P(0,5)
P, T)  P(0,7)

<exp |- [Constam(s) = 3 [ (ol 1P = ot D) ]

208 [ [t el

Now observe that

VT2 K- 55 < 7]
VP92 K= [y K]

This suggests to look at those models for which o7 g is deterministic, and
hence I;((;g and gg% are log-normally distributed under the respective
forward measures.

We thus assume that o(¢,7) = (01(t,T),...,04(t,T)) are determinis-
tic functions of ¢ and 7', and hence forward rates f(¢,T) are Gaussian dis-
tributed.

We obtain the following closed form option price formula.

Proposition 9.3.1. Under the above Gaussian assumption, the option price
18
= P(0,5)®[di] — KP(0,T)®[dy],

where

log |:KP(0T)i| +3 fo lor,s(s)]1? ds

\/fo llor,s(s)||?ds

or,s(s) is given in (9.8) and ® is the standard Gaussian CDF.

dio =

)

Proof. 1t is enough to observe that

pP(ToT) 1 P0,T
P(T,S) P(0,8

\/fo ||0T75 s)||2 ds

log ()] ds
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and
P(T,S P(0,S T
log pir:7) — 108 gy + 3 Jo llows(s) | ds
T
VI loms(s) 2 ds
are standard Gaussian distributed under Q° and Q7 respectively. O

Of course, the Vasicek option price formula from Section 7.6.1 can now
be obtained as a corollary of Proposition 9.3.1 (— exercise).
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Chapter 10

Forwards and Futures

— BI[3](Chapter 20), or Hull (2002) [10]

We discuss two common types of term contracts: forwards, which are
mainly traded OTC, and futures, which are actively traded on many ex-
changes.

The underlying is in both cases a T-claim )/, for some fixed future date 7.
This can be an exchange rate, an interest rate, a commodity such as copper,
any traded or non-traded asset, an index, etc.

10.1 Forward Contracts

A forward contract on ), contracted at ¢, with time of delivery T" > ¢, and
with the forward price f(t;T,)) is defined by the following payment scheme:

e at 7', the holder of the contract (long position) pays f(¢;7,)) and
receives ) from the underwriter (short position);

e at ¢, the forward price is chosen such that the present value of the
forward contract is zero, thus

Eq e 5 70% (V — (6T, 2)) | F] = 0.

This is equivalent to
1 T
t; T = Ty |e Je 70)ds ]-"]
f(u 7y) P(t,T) Q |€ y| t

=Eor V| .

105
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Examples The forward price at ¢ of

1. a dollar delivered at T is 1;

2. an S-bond delivered at T' < S’ is IZS’%;

S(#)
P.1T)

3. any traded asset S delivered at T is

The forward price f(s;T,)) has to be distinguished from the (spot) price
at time s of the forward contract entered at time ¢ < s, which is

Eq eI @4 (Y — (1T, D)) | ‘7:8]
_ EQ [e_fsTr(u)duy | Fo|l — P(t7T)f(t7T7 y)

10.2 Futures Contracts

A futures contract on ) with time of delivery T is defined as follows:

e at every t < T, there is a market quoted futures price F'(t;T,)), which
makes the futures contract on ), if entered at ¢, equal to zero;

e at 7', the holder of the contract (long position) pays F(T;7,)) and
receives ) from the underwriter (short position);

e during any time interval (s,t| the holder of the contract receives (or
pays, if negative) the amount F(t;7,)) — F(s;7,Y) (this is called
marking to market).

So there is a continuous cash-flow between the two parties of a futures con-
tract. They are required to keep a certain amount of money as a safety
margin.

The volumes in which futures are traded are huge. One of the reasons
for this is that in many markets it is difficult to trade (hedge) directly in the
underlying object. This might be an index which includes many different
(illiquid) instruments, or a commodity such as copper, gas or electricity,
etc. Holding a (short position in a) futures does not force you to physically
deliver the underlying object (if you exit the contract before delivery date),
and selling short makes it possible to hedge against the underlying.
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Suppose Y € L'(Q). Then the futures price process is given by the
@-martingale

Ft;T,Y)=Eq Y| F]. (10.1)

Often, this is just how futures prices are defined. We now give a heuristic
argument for (10.1) based on the above characterization of a futures contract.

First, our model economy is driven by Brownian motion and changes in
a continuous way. Hence there is no reason to believe that futures prices
evolve discontinuously, and we may assume that

F(t) = F(t;T,Y) is a continuous semimartingale (or Itd process).

Now suppose we enter the futures contract at time ¢ < T'. We face a con-
tinuum of cashflows in the interval (¢,7]. Indeed, let t =ty < --- <tnx =1t
be a partition of [¢t,T]. The present value of the corresponding cashflows
F(t;) — F(ti-1) at t;, i =1,..., N, is given by Eg[X | F;] where

N

1
Y=

= B(ti)

(F(t:) — F(ti-1)) -

But the futures contract has present value zero, hence
EqolS | 7] =0.
This has to hold for any partition (¢;). We can rewrite ¥ as
al 1

1 N 1
> gy )~ Fla) + 3 (55~ 5o ) (¥ = Pl

=1

If we let the partition become finer and finer this expression converges in
probability towards

/tT B O+ /tTd <% F> - / 5 O

since the quadratic variation of 1/B (finite variation) and F' (continuous) is
zero. Under the appropriate integrability assumptions (uniform integrability)

we conclude that .
1
E ——dF =
0 U B(s) 7 } .
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and that

M(t) = /Ot BES) dF(s) = Eg {/OT %dF(s) | ]—}} Ctel T,

is a Q-martingale. If, moreover

Eq [ / ) @dw, M>5} — Eq [(F.F)r] < o

then

F(t):/o %dM(s), te0,7],

is a Q-martingale, which implies (10.1).

10.3 Interest Rate Futures

— 7]22](Section 5.4)

Interest rate futures contracts may be divided into futures on short term
instruments and futures on coupon bonds. We only consider an example
from the first group.

FEurodollars are deposits of US dollars in institutions outside of the US.
LIBOR is the interbank rate of interest for Eurodollar loans. The Furodollar
futures contract is tied to the LIBOR. It was introduced by the International
Money Market (IMM) of the Chicago Mercantile Exchange (CME) in 1981,
and is designed to protect its owner from fluctuations in the 3-months (=1/4
years) LIBOR. The maturity (delivery) months are March, June, September
and December.

Fix a maturity date 7" and let L(T") denote the 3-months LIBOR for the
period [T, T + 1/4], prevailing at 7. The market quote of the Eurodollar
futures contract on L(T') at time ¢t < T is

1 —Lp(t,T) [100 per cent]

where Lp(t,T) is the corresponding futures rate (compare with the example
in Section 4.2.2). Ast tends to T, Lr(t,T') tends to L(T'). The futures price,
used for the marking to market, is defined by

1
Ft;T,L(T))=1-— ZLF(t’T) [Mio. dollars].
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Consequently, a change of 1 basis point (0.01%) in the futures rate Lg(t,T)
leads to a cashflow of

1
10% x 107* x 1=2 [dollars].

We also see that the final price F(T;7T,L(T)) =1 — XL(T) = Y is not
P(T,T+1/4) =1— 3 L(T)P(T,T + 1/4) as one might suppose. In fact, the
underlying ) is a synthetic value. At maturity there is no physical delivery.
Instead, settlement is made in cash.

On the other hand, since

- iLF(t,T) — F(:T, L(T))

= B [F(TT, (T)) | ] =1~ {Eq [L(T) | 7],

we obtain an explicit formula for the futures rate

Lp(t,T) = Eq [L(T) | Fi].

10.4 Forward vs. Futures in a Gaussian Setup

Let S be the price process of a traded asset. Hence the Q-dynamics of S'is

of the form dS(
T(t)) = r(t)dt + p(t) dW (1),

for some volatility process p. Fix a delivery date T'. The forward and futures
prices of S for delivery at T are

FETSD) = g FIGT.S(1) = BolS(T) | 71,

Under Gaussian assumption we can establish the relationship between the
two prices.

Proposition 10.4.1. Suppose p(t) and v(t,T) are deterministic functions
in t, where

o(t,T) = — /tTo(t,u) du



110 CHAPTER 10. FORWARDS AND FUTURES

is the volatility of the T-bond (see (9.7)). Then

F(:T, S(T)) = £(: T, S(T)) exp ( [ D) = pto) o5, ds)

fort <T.
Hence, if the instantaneous correlation of dS(¢) and dP(t,T) is negative

d<57 P(? T)>t

dt = S P@E,T)pt) - v(t,T) <0

then the futures price dominates the forward price.

Proof. Write u(s) :=wv(s,T) — p(s). It is clear that

FT @) = e (= [uaws - [l as)

<enp ([ nls) ol as).
1

Fr () = 1T s e (~ [y aw(s) -3 [ s as)

2
X exp (/tTu(s) (s, T) ds> .

By assumption pu(s) is deterministic. Consequently,

oo (= [ werawis - 3 [ luoas) 17] =1

F(T,5(T)) = Bl f(T5 T, 5(T)) | Fil

= s sy ([ ut) ot 1)

and hence

and

as desired. O
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Similarly, one can show (— exercise)

Lemma 10.4.2. In a Gaussian HIM framework (o(t,T) deterministic) we
have the following relations (convexity adjustments) between instantaneous
and simple futures and forward rates

f(t,T)=Eq[r(T) | F —/t (U(S,T) / o(s,u) du) ds,
F(t;T,S)=Eg[F(T,S) | F

P(t7T) fT(fSa(s v)dv~fsa(s u)du)ds
— t T ’ s ’ —_ 1
(S—T)P(t,5) (e )

fort<T < S.

Hence, if
o(s,v)-o(s,u) >0 forall s < min(u,v)

then futures rates are always greater than the corresponding forward rates.
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Chapter 11

Multi-Factor Models

We have seen that every time-homogeneous diffusion short rate model r(t)
induces forward rates of the form

f(t7T) = H(T - t,T’(t)),

for some deterministic function H. This a one-factor model, since the driving
(Markovian) factor, r(t), is one-dimensional. This is too restrictive from two
points of view:

e statistically: the evolution of the entire yield curve is explained by
a single variable. The infinitesimal increments of all bond prices are
perfectly correlated

d(P(-,T), P(-, 5))
VAP, T), P(-, T))i/d(P(-, S), P(-, 5)):
_ ftTo(t,u)du fts o(t,u)du
[F o(t,u)du ftS o(t,u)du

=1.

e analytically: the family of attainable forward curves
H={H(r)|reR}
is only one-dimensional.

To gain more flexibility, we now allow for multiple factors. Fix m > 1
and a closed set Z C R™ (state space). A (m-)factor model is an interest
rate model of the form

f(t,T)=H(T -1, Z(t))

113
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where H is a deterministic function and Z (state process) is a Z-valued
diffusion process,

dZ(t) = b(Z(t)) dt + p(Z(t)) dW (t)

Here W is a d-dimensional Brownian motion defined on a filtered probability
space (2, F, (Fi),Q), satisfying the usual conditions. We assume that

(A1) H € CY*(Ry x 2Z);
(A2) b: Z — R™and p: Z — R™ are continuous functions;

(A3) the above SDE has a unique Z-valued solution Z = Z*, for every
Zo € Z;

(A4) Q is the risk neutral local martingale measure for the induced bond
prices

P, T)=1I(T —t, Z*(t)),

for all zy € Z, where

T(z,2) == exp (— /:H(s,z) ds) .

Notice that the short rates are now given by r(t) = H(0,Z(t)). Hence the
assumption (A4) is equivalent to

(H(T —t Z%)))
eJo H(0,270(s)) ds re0.7]

is a Q-local martingale, for all zy € Z.

(A®)

Time-inhomogeneous models are included in the above setup. Simply set
Zy(t) =t (that is, by =1 and p;; =0 for j =1,...,d).
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11.1 No-Arbitrage Condition

Since the function (z,z) — H(x,z2) is in CY?(R, X Z) we can apply Itd’s
formula and obtain

df(t,T) = ( O, H(T —t,Z(1)) + zm: bi(Z(1)0, H(T —t, Z(1))

i=1

Zaw 68H(T—tZ())>d

m

+ 375" 0L H(T — £, 2(8)pi (2(2)) dV5 (1),

i=1 j=1

where
a(2) = p(2)p’ (). (11.1)
Hence the induced forward rate model is of the HIM type with

m

o;(t,T) =Y 0. H(T —t,Z(t))pi;(Z(t), j=1,....d.

i=1

The HJM drift condition now reads

m

— 0, H(T —t,Z(t)) + Y _bi(Z(t)0-, H(T — t, Z(t))

=1

+ = Zam 0)8.,0., H(T —t, Z(t))

2]1

This has to hold a.s. for all ¢ <T" and initial points zy = Z(0). Letting t — 0
we thus get the following result.
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Proposition 11.1.1 (Consistency Condition). Under the above assump-
tions (A1)—(A3), there is equivalence between (A4) and

m

0. H (x,2) =Y b;(2)0:,H(x,2)

=

1
+ Z a;;(2) (%@if)zj]{(x, z) — 0, H(x, z)/ 0., H(u, 2) du)
0

ij=1
(11.2)
for all (x,z) € Ry x Z, where a is defined in (11.1).

Remark 11.1.2. Notice that, by symmetry, the last expression in (11.2) can
be written as

> ay(200. H(w2) [ 0. H(u.z)du
ij=1 0

m

_ %aw 3 ay(2) ( /0 "0 H(u,2) du /0 "o, H(u, =) du) .

ij=1

There are two ways to approach equation (11.2). First, one takes b and
p (and hence a) as given and looks for a solution H for the PDE (11.2). Or,
one takes H as given (an estimation method for the yield curve) and tries
to find b and a such that (11.2) is satisfied for all (z, z). This is an inverse
problem. It turns out that the latter approach is quite restrictive on possible
choices of b and a.

Proposition 11.1.3. Suppose that the functions
1 :
0., H(-,z) and §8zi82jH(-,z) - BZH(,Z)/ 0., H(u, z) du,
0

for 1 <11 < j <m, are linearly independent for all z in some dense subset
D C Z. Then b and a are uniquely determined by H.

Proof. Set M = m + m(m + 1)/2, the number of unknown functions by and
ax; = ay,. Let z € D. Then there exists a sequence 0 < x1 < --- < x7 such
that the M x M-matrix with k-th row vector built by

1 Tk
0., H(xy,z) and §0zi82jH(:Uk,z)—aziH(-,z)/ 0., H(u, z) du,
0
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for 1 <i < j < m, isinvertible. Thus, b(z) and a(z) are uniquely determined
by (11.2). This holds for each z € D. By continuity of b and a hence for all
z € Z. O

Remark 11.1.4. Suppose that the the parametrized curve family
H={H(2)| > € Z}

s used for daily estimation of the forward curve in terms of the state vari-
able z. Then the above proposition tells us that, under the stated assumption,
any Q-diffusion model Z for z is fully determined by H.

If F; = F}V is the Brownian filtration, then the diffusion coefficient, a(z),
of Z 1is not affected by any Girsanov transformation. Consequently, statistical
calibration is only possible for the drift of the model (or equivalently, for
the market price of risk), since the observations of z are made under the
objective measure P ~ Q, where dQ/dP is left unspecified by our consistency
considerations.

11.2 Affine Term Structures

We first look at the simplest, namely the affine case:
H(z,2) = go(z) + g1(x)z1 + - - gin(T) 2.

Here the second order z-derivatives vanish, and (11.2) reduces to

ugn(o) + 3 0,:(2) = 30 b(:)ai(o) — 20 (i aij<z>Gi<x>Gj<x>> ,
- - o (11.3)
where
Gita) = [ o) du
Integrating (11.3) yields
) =0+ 500 (5)=0) = S BEIG) =5 D (GG
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Now if
Gi,...,Gn, GGy, G1Gs,...,G,G.,

are linearly independent functions, we can invert and solve the linear equation
(11.4) for b and a. Since the left hand side is affine is z, we obtain that also
b and a are affine

Z) = bl -+ Zﬁijzj
j=1

ai;(2) = ai; + Z Qi 2k

for some constant vectors and matrices b, 3, a and «j. Plugging this back
into (11.4) and matching constant terms and terms containing z;s we obtain
a system of Riccati equations

1 m
ij=1
1 m
9:Gr(z) = gr(0) + Zﬁkz &)~ 5 Z i3 Gi(2) G (), (11.6)
ij=1
with initial conditions G(0) = --- = G,,,(0) = 0. This extends what we have

found in Section 7.4 for the one-factor case.
Notice that we have the freedom to choose go(0), ..., gn(0), which are
related to the short rates by

r(t) = f(t,t) = 90(0) + g1(0) Z2(1) + - - - + g (0) Zimn ().

A typical choice is ¢1(0) = 1 and all the other g;(0) = 0, whence Z,(¢) is the
(non-Markovian) short rate process.

11.3 Polynomial Term Structures

We extend the ATS setup and consider polynomial term structures (PTS)

=Y alx)(Z), (11.7)

li|=0
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where we use the multi-index notation i = (i1, ...,4,), |i| = i1+ -+, and
2t = 2. . 2im Here n denotes the degree of the PTS; that is, there exists
an index i with [i| = n and ¢; # 0.

Thus for n = 1 we are back to the ATS case.

For n = 2 we have a quadratic term structure (QTS), which has also been
studied in the literature.

Do we gain something by looking at n = 3 and higher degree PTS models?
The answer is no. In fact, we now shall show the amazing result that n > 2
is not consistent with (11.2).

For u € {1,...,n} and k € {1,...,m} we write (u); for the multi-
index with p at the k-th position and zeros elsewhere. Let ij,1i5,...,iy be a
numbering of the set of multi-indices

I'={i=(i1,...,im) | [i| <n}, where N := \I\:ZL

li|=0

As above, we denote the integral of g; by

Gi(z) == /O " gi(u) du.

Theorem 11.3.1 (Maximal Degree Problem I). Suppose that G;, and
G, G, are linearly independent functions, 1 < u <v < N, and that p # 0.

Then necessarily n € {1,2}. Moreover, b(z) and a(z) are polynomials in
z with degb(z) < 1 in any case (QTS and ATS), and dega(z) =0 if n = 2
(QTS) and dega(z) <1 ifn=1 (ATS).

Proof. Define the functions

07 1 & 0%
B = — 11.
1(’2) bk(Z)aZk + zkglakl(z)azkazl ( 8)
1 «— 02! 02
= - — 11.
A4(e) = A5e) = 5 3 eI 5 (1L9)
Equation (11.2) can be rewritten
N N N
D (gi,(2) = 6, (0) 2 =Gy, (2)Bi, (2) = > G, (2)Gi, () As i, (2).
=1 pn=1 p,v=1
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By assumption we can solve this linear equation for B and A, and thus
Bi(z) and Ajj(z) are polynomials in z of order less than or equal n. In
particular, we have

B(l)k(z) = b(2),
240y, (2) = au(z), k1€ {l,....m}, (11.11)

hence b(z) and a(z) are polynomials in z with degb(z),dega(z) < n. An
easy calculation shows that

240y (2) = ar(2)n* 22" 2, ke {1,...,m}. (11.12)

We may assume that az, Z 0, since p Z 0. But then the right hand side
of (11.12) cannot be a polynomial in z of order less than or equal n unless
n < 2. This proves the first part of the theorem.

If n = 1 there is nothing more to prove. Now let n = 2. Notice that by
definition

deg, an(2) < (deg, ar(2) + deg, an(2))/2,

where deg,, denotes the degree of dependence on the single component z,,.
Equation (11.12) yields degy, axx(z) = 0. Hence deg; ay(z) < 1. Consider

2A0) )+ (2) = are(2)27 + 2a(2) 202 + au(2) 2, kL€ {1,...,m}.

From the preceding arguments it is now clear that also deg; axx(z) = 0, and
hence dega(z) = 0. We finally have

B(l)k—l—(l)l(z) = bk(z)zl + bl(z)zk + le(z), kal € {15 < 7m}7
from which we conclude that degb(z) < 1. O

We can relax the hypothesis on G in Theorem 11.3.1 if from now on we
make the following standing assumptions: Z C R™ is a cone, and b and p
satisfy a linear growth condition

16+ Mol < CA+2l), vz e 2, (11.13)

for some constant C' € R,.
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Theorem 11.3.2 (Maximal Degree Problem II). Suppose that
(a(2)v,v) > k(2)||v||?, YveR™, (11.14)
for some function k : Z — R with

liminf k(z) > 0. (11.15)

z€Z,||z||—o0
Then necessarily n € {1,2}.

Conditions (11.14) and (11.15) say that a(z) becomes uniformly elliptic
for ||z|| large enough.

Proof. We shall make use of the basic inequality
12 < 2|, vz eR™. (11.16)

This is immediate, since

B (IZlI)“ (Izml)
- = | — <1, VzeR™\{0}.
[ 2|1 [E 2]l
Now define
N .
82’“
(2, 2) Z 8zk (11.17)
N 82 i
Akl(ﬂf Z) Alk(l’ Z Z 1u aZkaZl (1118)

Then (11.2) can be rewritten as (integration)

n

D (g(@) = (0)) ' = > bi(2)Tk(x, 2)

li=0 k=1

+ % > anl2) (Aulz, z) = Ti(, 2)Tu(x, 2))

N
Il
—

(11.19)
Suppose now that n > 2. We have from (11.17)

ZG Yir "W = P, 2) -
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where Py (x,z) is a homogeneous polynomial in z of order n — 1, and - --
stands for lower order terms in z. By assumptions there exist x € R, and
ke {1,...,m} such that Py(z,-) # 0. Choose z* € Z\{0} with Py(z,2*) # 0
and set z, := az*, for a« > 0. Then we have z, € Z and

Lz, 20) = a”’lpk(x, 24

where - -- denotes lower order terms in . Consequently,
r a Pp(x, z*
lim ||k(7|’21) = ||k(aljl “) 40, (11.20)
a—co ||z, n— 2*||n—

Combining (11.14) and (11.15) with (11.20) we conclude that

L := liminf ;QI(ZQ)F(LE, Za), D2, 24))

el E

T 2
> Tim inf k(z) I8 2l

a0 (2

>0. (11.21)

On the other hand, by (11.19),

L lale) - a0l
li|=0 “
o) | I 20)l 1 fa(za) | JAC 20

lzall - lzall®=2 2 fl2all® [zl

for all @ > 0. In view of (11.17), (11.18), (11.13) and (11.16), the right hand
side converges to zero for « — oo. This contradicts (11.21), hence n < 2. [
11.4 Exponential-Polynomial Families

We consider the Nelson—Siegel and Svensson families. For a discussion of
general exponential-polynomial families see [§].

11.4.1 Nelson—Siegel Family

Recall the form of the Nelson—Siegel curves

Gns(x,2) = 21 + (22 + z32)e” ™%,
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Proposition 11.4.1. There is no non-trivial diffusion process Z that is con-
sistent with the Nelson—Siegel family. In fact, the unique solution to (11.2)
18

a(z) =0, bi(2) =0b4(2) =0, ba(z) =23 — 2024, b3(2) = —2324.

The corresponding state process is

Zi(t)y =2

Zy(t) = ( 29 + z3t) €
Z3(t) = zze ™,
Zy(t) = 24

where Z(0) = (21,...,24) denotes the initial point.

Proof. Exercise. O]

11.4.2 Svensson Family

Here the forward curve is
Gs(x,2) = 21 + (22 + z37)e” % + zyxe *°%.

Proposition 11.4.2. The only non-trivial HJM model that is consistent with
the Svensson family is the Hull-White extended Vasicek short rate model

dr(t) = (2125 + 23e7" + 24272 — 250 () dt + /zazse” =" dW*(t),
where (z1,...,25) are given by the initial forward curve
f(0,2) = 21 + (20 + 2z32)e %" + z4we 25"

and W* is some Brownian motion. The form of the corresponding state
process Z is given in the proof below.

Proof. The consistency equation (11.2) becomes

G () + qo(x)e™ " 4 q3(x)e "
+ qa(w)e ™25 4 g5(x)e” BT 4 ge(z)e 20" =0, (11.22)
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for some polynomials ¢, ..., qs. Indeed, we assume for the moment that
zs # 26, 25+267#0 and z; #0foralli=1,...,6. (11.23)

Then the terms involved in (11.2) are

0.Gs(x,2) = (—2025 + 23 — 23257)e % 4 (24 — 24267 )€ 0%,
1
e 75T
xe*Zsm
VZGS(:C7 Z) = re T )
(—zom — 232%)e™ 57
—zyxle %6
0.,0.,Gs(r,2) =0 for 1 <i,j <4,
0 0
_aje_ZSm O
2 —z5x
—x’e 0
V.0.,Gs(z,2) = , V.0.,Gs(x,2) = S
0 —x‘e
(2022 + 2323)e 5% 0
0 24173672636
x
_ 1 _—zz 1
P + 25
_x 1 —25% 1
x z5 zg € + 252)
/ V.Gs(u, z) du = _z 1) a4 L
0 zZ6 2(2} Zg
23 2 z2 |y 2z3 Z2 4 223 ) ,—#sT _ Z2 _ Z3
(z5a: +(Z5+Z§>x+zg+zg>e p

2402 | 224 224\ —26% __ Za
<z6$ +zg$+zg>€ 2

Straightforward calculations lead to

@(x) = —an(z)x + -,
2
2_31-4_’_.‘. ,
<5
Zi 4
g3(z) = age(2)—x" + -+,
26

g2(x) = ass(2)

deg q4, deg gs deggs < 3,
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where - - - stands for lower order terms in x. Because of (11.23) we conclude
that

a11(2> = (155(2) = CL66(Z) =0.
But a is a positive semi-definite symmetric matrix. Hence

a1;(z) = aj1(2) = a5;(2) = aj5(2) = agj(2) = aje(2) =0 Vj=1...,6.

Taking this into account, expression (11.22) simplifies considerably. We are
left with

qi(x) = bi(2),
deg go(), deggs < 1,

1
q1(z) = ags(z)—a* + - - -,
25

as5(x) = asa(2) (i i i) P

1
g6(1) = an(2)—a® +--- .
26

Because of (11.23) we know that the exponents —2z5, —(25 + 26) and —2zg
are mutually different. Hence

bi(2) = asj(2) = aj3(2) = a4;(2) = au(z) =0 Vj=1,...6.

Only asn(z) is left as strictly positive candidate among the components of
a(z). The remaining terms are

QQQ(Z’)

ga(x) = (b3(2) + 2325)7 + ba(2) — 23 — " + 2925,
q3(x) = (bs(2) + z426)x — 24,
qa(z) = a22(2)215

while g1 = ¢5 = ¢¢ = 0.
If 225 # 26 then also age(z) = 0. If 225 = 24 then the condition g3 + ¢4 =
q2 = 0 leads to

ag(2) = 2425,
ba(2) = 23 + 24 — 2529,
53(2) TR5%3,
by(z) = —22524.
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We derived the above results under the assumption (11.23). But the set
of z where (11.23) holds is dense Z. By continuity of a(z) and b(2) in z, the
above results thus extend for all z € Z. In particular, all Z;’s but Zy are
deterministic; Z;, Z5 and Zg are even constant.

Thus, since

a(z) =0 if 2z5 # zg,

we only have a non-trivial process 7 if
In that case we have, writing shortly z; = Z;(0),

Z1(t) = =,
Z3(t) = 23>,

Z4(t> = 242_225t

and
dZQ (t) = (Z3€_Z5t + 2’42’_ Zast Z5Z2 dt + Z pgj

where py;(t) (not necessarily deterministic) are such that

Zf% = ag(Z(t)) = zazse” >

By Lévy’s characterization theorem we have that

-3 [ A

is a real-valued standard Brownian motion (— exercise). Hence the corre-
sponding short rate process

r(t) = Gs(0,Z(t)) = 21 + Zo(t)
satisfies

dr(t) = (2125 + 23¢7" + 242725 — 25r(t)) dt + /zazse” ™" AW ().



Chapter 12

Market Models

Instantaneous forward rates are not always easy to estimate, as we have seen.
One may want to model other rates, such as LIBOR, directly. There has been
some effort in the years after the publication of HJM [9] in 1992 to develop
arbitrage-free models of other than instantaneous, continuously compounded
rates. The breakthrough came 1997 with the publications of Brace—Gatarek—
Musiela [5] (BGM), who succeeded to find a HJM type model inducing log-
normal LIBOR rates, and Jamshidian [?], who developed a framework for
arbitrage-free LIBOR and swap rate models not based on HJM. The principal
idea of both approaches is to chose a different numeraire than the risk-free
account (the latter does not even necessarily have to exist). Both approaches
lead to Black’s formula for either caps (LIBOR models) or swaptions (swap
rate models). Because of this they are usually referred to as “market models”.

To start with we consider the HJM setup, as in Chapter 9. Recall that,
for a fixed § (typically 1/4 = 3 months), the forward é-period LIBOR for the
future date T prevailing at time t is the simple forward rate

Lt,T)=Ft:T,T 4 0) = % (%—1).

We have seen in Chapter 9 that P(¢,T)/P(t,T + J) is a martingale for the
(T + §)-forward measure QT+, In particular (see (9.8))

P#T) \  P(tT) -
d (P(t, T+ 5)) = BT 15 T AT,

127
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Hence

s “\ P, T +9) P(t,T +9)

= LOLLT) + Dores(t) dWTH (1),

IL(tT) = L d (PP“—T)) Ty aa)
0 (t

Now suppose there exists a deterministic R%-valued function (¢, T) such

that
SL(t,T)

T SL(tT) +1

Plugging this in the above formula, we get

O—T’T+5(t) )\(If,T) (121)
dL(t,T) = L(t, T)\(t, T) dW™™(t),

which is equivalent to

L(t,T) = L(s,T) exp </:)\(u,T) AT () — %/t HA(u,T)H?du) |

for s <t < T. Hence the QT +°-distribution of log L(T,T) conditional on F;
is Gaussian with mean

1 T
log L(1,T) — / IA(s, T) 2 ds
t

and variance .
| ) ds
t

The time t price of a caplet with reset date T, settlement date 7'+ ¢ and
strike rate k is thus

_ [T+

Eg [en i O S5(L(T, T) — )" | 7]

= P(t,T + 6)Eqr+s [6(L(T,T) — k)™ | 7]
= 0P(t, T+ 0) (L(t,T)2(di(t, 1)) — k®P(da(t, T)))

where

K

(S 1 D)2 ds)*

D) 1 [ NG T ds

=

Y

log (
dl,g(t, T) =



12.1. MODELS OF FORWARD LIBOR RATES 129

and ® is the standard Gaussian CDF. This is just Black’s formula for the
caplet price with o(t)? set equal to

1 2

as introduced in Section 2.6!

We have thus shown that any HJM model satisfying (12.1) yields Black’s
formula for caplet prices. But do such HJM models exist? The answer is yes,
but the construction and proof are not easy. The idea is to rewrite (12.1),
using the definition of o7 744(t), as (— exercise)

T+s T+6
/ o(t,u)du = <1 — e Ir f(t’“)d”) A(t,T).
T

Differentiating in 7" gives

o(t, T +9)
— o(t,T) + (f(t, T+ 6) — f(t,T))e~I7 " St duyg T)
+ (1 — e T A d“) OrA(t,T).

This is a recurrence relation that can be solved by forward induction, once
o(t,-) is determined on [0,9) (typically, o(t,7) = 0 for T" € [0,0)). This
gives a complicated dependence of ¢ on the forward curve. Now it has to be
proved that the corresponding HJM equations for the forward rates have a
unique and well-behaved solution. This all has been carried out by BGM [5],
see also [8, Section 5.6].

12.1 Models of Forward LIBOR Rates

— MR]16](Chapter 14), Z[22](Section 4.7)

There is a more direct approach to LIBOR models without making ref-
erence to continuously compounded forward and short rates. In a sense,
we place ourselves outside of the HJM framework (although HJM is often
implicitly adopted). Instead of the risk neutral martingale measure we will
work under forward measures; the numeraires accordingly being bond price
processes.



130 CHAPTER 12. MARKET MODELS

12.1.1 Discrete-tenor Case

We fix a finite time horizon T);, = M4, for some M € N, and a probability
space

(Q7 Fa (ﬂ)tE[O,TM}a QTM)a

where F, = FV'™ is the filtration generated by a d-dimensional Brownian
motion W™ (t), t € [0,Ty]. The notation already suggests that Q™ will
play the role of the T)y,;-forward measure. Write

Tyn:=md, m=0,...,M.

We are going to construct a model for the forward LIBOR rates with matu-
rities 11, ..., Ty—1. We take as given:

e for every m < M — 1, an R%valued, bounded, deterministic function
A(t,T,,), t € [0,T,,], which represents the volatility of L(¢,T,,);

e an initial strictly positive and decreasing discrete term structure
P(0,T,,), m=0,...,M,

and hence strictly positive initial forward LIBOR rates

1 ( P0,T,,)
LO0,T,) === —-1 =0,...,M —1.
(O; m) 5 (P(O7 Tm+1) ) ) m 0, 9

We proceed by backward induction and postulate first that

dL(t, Tahr—1) = L(t, Tag— )Nt Tar—y) AW (t), t € [0, Tar—1],

1 (P(0,Th-1) 1)

L(0,Ty—1) = 5 ( P(0,Ty)

which is of course equivalent to

1 (P(O,TMl)

L(t,TM_l) = = P(O TM)

5 - 1) E (A, Ty—r) - W)

Now define the bounded (why?) R¢-valued process

SL(t, Th_1)

t) = A(t, Ty t T
O’TM717TM< ) 6L(t7TM_1) + 1 ( Y M 1)7 e [O, M 1]7
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compare with (12.1).
This induces an equivalent probability measure Q™ -1 ~ Q™ on Fr,, ,
via
d(@TM—l
dQTm

and by Girsanov’s theorem

= ‘S‘TM—1 (O—TM—lyT]\/I : WTM) )

t
WTM_I(t) = WTM (t) - / O-TM—LTM<S) d57 te [O’ TM*J’
0

is a Q"-1-Brownian motion.
Hence we can postulate

dL(t, Thr—2) = L(t, Tar—2)A(t, Tar—o) dAW™=2(t),  t € [0, Tas_s],

1 [P0, Ty_s)
LOTo=) =5 (W - 1) ’

that is,

1 (P(O, Thr_s)

P B 1) E (A, Tag—g) - W) |

and define the bounded R%valued process

0L, Ta—s)
O'T]\/I—Q:TM—l(t) T 6L(t7TM72) + 1

)\(t,TM72), te [OaTM*QL

vielding an equivalent probability measure Q-2 ~ Q™ -1 on Fr,, , via

dQTM —2
dQTM —1

= ETM72 (O-T]Wf%TM—l ) WTMA) )
and the Q"-2-Brownian motion
t
WTM_2 (t) = WTM_l(t) — / OTvi—o,Thi—1 (S) dS, te [O,TM,Q].
0

Repeating this procedure leads to a family of log-normal martingales
(L(t, Ton))tefo,1,,] under their respective measures Q'm.
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Bond Prices

What about bond prices? For all m = 1,..., M, we then can define the
forward price process

P(t,Thn-1)

— SL(t, Ty 1)+ 1, t€[0,T, 4],
P(t,Tm> ( 3 1)+ € [0 1]

Since

! (%) =90 dL(t7 Tm_l) - 5L(t7 Tm—l))‘(ta Tm—l) AW Tm (t)

P(t, Ty—1) T
P(t,Tm) O-Tmflmi( ) 4 ( )
we get that

P(t,Tn-1)  P(0,T-1)
P(t,T,)  P(0,T,)

& (O-Tm—lyTrn . WTm) , te [0, Tm_l],

which is a QT"-martingale.
From this we can derive, for 0 <1 < 57 < m,

L P(TLT,)
PTT) = 11 P(T;, Trp_1) H OL(T;, T D+1

(12.2)

m=1+1

However, it is not possible to uniquely determine the continuous time dynam-
ics of a bond price P(t,T,,) in the discrete-tenor model of forward LIBOR
rates. The knowledge of forward LIBOR rates for all maturities 7' € [0, T/—1]
is necessary.

LIBOR Dynamics under Different Measures

We are interested in finding the dynamics of L(t, T, ) under any of the forward
measures Q7k.
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Lemma 12.1.1. Let 0 <m <M —1 and 0 < k < M. Then the dynamics
of L(t, T,,) under Q™ is given according to the three cases

L(t,T, -
k<m41: %’Tm)) = Mt T) - > onm,, (1) dt+ A(t, Tn) AW (1);
9 m l=k‘
dL(t, T,) .
— 1 . — m+1 .
k=m+ 0T A(t, T) AW Tm+1 (1),
dL(t, T,,) —
k>m+1: L(t—T"; = =Mt Tn) - Y oz, ()dt + A(t, T,)dW s (t),
yom l=m+1

fort € [0, AT,

Proof. This follows from the equality

J=1 ¢
W) =Wwht) > / on.m,, (s)ds, t€[0,T,
1=i 70
forall1 <i<j <M. O

Derivative Pricing

Here is a useful formula, which can be combined with (12.2).

Lemma 12.1.2. Let X € LY(Q"™) be a T,,-contingent claim, m < M. Then
its price w(t) at t < T, is given by

m(t) = P(t, T)Eqr [X | Fi
X
= P(t,T,)Eqr. {— | ft} ,
for all m < n < M (strictly speaking, this formula makes sense only for
t="1T;, 0<j<m, since we know P(t,T,) only for sucht).
Proof. Notice that

dQT
dQTk+ 1

P(0,Tyy1) P(t,Tk)
P(07Tk> P(t7Tk+1)’

‘]—‘t = gt (O-Tk,T;ﬁLl . WTk+1) = t e [O,Tk]
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Hence

S Hl aQ | Hl P(0,Tjp1) P(t,T})
e d@TkH 7 P00, T) Pt Ti)

B P(O,Tn) P(t,Ty)

- P(0,T,) P(t,T,)"
Bayes’ rule now yields the assertion, since the first equality was derived in
Proposition 9.1.2 (strictly speaking, we assumed there the existence of a sav-
ings account. But even if there is no risk neutral but only forward measures,

the reasoning in Section 9.1 makes it clear that (9.3) is the arbitrage-free
price of X). O

d@T

Swaptions

Consider a payer swaption with nominal 1, strike rate K, maturity 7, and
underlying tenor 7),, T),41,...,T, (T}, is the first reset date and 7, the ma-
turity of the underlying swap), for some positive integers p < v < M. Its
payoff at maturity is

v—1 +
5 (Z P(T,, T, (L(T},, Tr) — K)) .

The swaption price at ¢ = 0 (for simplicity) therefore

7(0) = 6P(0,T,,)Egz, (Z P(T, L(T,, T, — K))

To compute 7(0) we thus need to know the joint distribution of
L(T,,T,), L(T,,Tyt1), .., L(T,, T\ 1)

under the measure Q7. This cannot be done analytically anymore, so one
has to resort to numerical procedures.

We sketch here the Monte Carlo method. Notice that by Lemma 12.1.1,
Ito’s formula and the definition of o, 7, (t) we have

" SL(t, T, 1
l=p ’

+ A(t, Tpp) dW T (2),
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for t € [0,7,] and m = p,...,v — 1. Write a(t,T},,) for the above drift term,
and let t; = *T),, 1 =0,...,n, n € N large enough, be a partition of [0, T},].
Then we can approximate

tit1 tivr1
log L(tis1, Trn) = log L(t;, Tpn) + / a(s,T,,)ds + / (s, Tp) AW (5)
¢ ¢

i i

1
~ log L(ti,Tm) + Oé(tinm)E + Cm(l)7

where

Cm(1) = /t (s T) AW (),

such that ((7) = (¢,(7),...,-1(7)), i =0,...,n — 1, are independent Gaus-
sian (v — p)-vectors with mean zero and covariance matrix

CovlGuli), Gi0)] = / ATy Ms, T ds,

2

which can easily be simulated.

Forward Swap Measure

We consider the above payer swap with reset dates 7),,...,T,_; and cashflow
dates T),41,...,7, (= maturity of the swap). The corresponding forward
swap rate at time ¢t < T, is

P(t,Ty)
P(t,T,) — P(t,T,) 1~ #em

Rian(t) = - — ) (12.3)
P 0 Zk:u+1 P(t’ Tk) 0 ZZ:;H—I ig:;ﬁ;

Since for any 0 <l <m < M

Pt,T)  PtT)  PtT.1) 11
P(t,T,) Pt Tiy1)  Pt,Tn) [ a+orem)),

1=l

Rwap(t) is given in terms of the above constructed LIBOR rates.
Define the positive Q7#-martingale

D(t) := k_z ]Izg;’i; te[0,7,).
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This induces an equivalent probability measure Q**® ~ QT+, the forward
swap measure, on Fr, by

d@fww)__LKYL)
dQT» — D(0) "

Lemma 12.1.3. The forward swap rate process Rgyqp(t), t € [0,71,], is a
Q" -martingale.

Proof. Let 0 <m < M and 0 < s <t <71, AT,. Then

P(t,T,) 1 P(t,T,)
]E SWaP | TS T N N2 fs - —E N —D t fs
o [ ryom 17 = e [w mypm PO
1 P(s,Tn)
 D(s) P(s,T,)
Now the lemma follows (set m = 0, u) by (12.3). O

The payoff at maturity of the above swaption can be written as
SD(T,) (Ruan(To) — K
Hence the price is

7T(O) = 5P(0, TM)EQTH [D(TM) (stap(TO) - K)+}
= 0P(0,7,)D(0)Egswar [(Rswap(To) — K)]

=0 Z P(0>Tk)]E@Swa” [(stap(TO) - K)ﬂ '

k=p+1

Lemma 12.1.3 tells us that R, is a positive Q*“*P-martingale and hence of
the form

dstap(t) = stap(t)pswap(t) dW=(t), t |0, Tu]7

for some Q®“*P-Brownian motion W*“ and some swap volatility process
p°? . Hence, under the hypothesis

(H) p™P(t) is deterministic,
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we would have that log Rgyep(7},) is Gaussian distributed under Q***? with
mean

1

Ty
108 Run(0) = 5 [ 10701

T
| e
0

The swaption price would then be

and variance

=4 Z 0 Tk swap(o)(p(dl) - K®<d2)) )

k=p+1

with
IOg <stap ) :i: fo Iz Hpswap H2 dt

(S oo at)

This is Black’s formula with volatility o2 given by

1 /Tu )
- o™ ()] dt.
Tu 0

However, one can show that p*“? cannot be deterministic in our log-
normal LIBOR setup. So hypothesis (H) does not hold. For swaption pricing
it would be natural to model the forward swap rates directly and postulate
that they are log-normal under the forward swap measures. This approach
has been carried out by Jamshidian [?] and others. It could be shown, how-
ever, that then the forward LIBOR rate volatility cannot be deterministic.
So either one gets Black’s formula for caps or for swaptions, but not simulta-
neously for both. Put in other words, when we insist on log-normal forward
LIBOR rates then swaption prices have to be approximated. One possibility
is to use Monte Carlo methods. Another way (among many others) is now
sketched below.

We have seen in Section 2.4.3 that the forward swap rate can be written
as weighted sum of forward LIBOR rates

d172 =

v

o) = 3 walt)L(t, Thun),

m=p+1
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with weights

1 1
P(t,Tm) 1+0L(t,T,)  1+6L(6Tm—1)

wm(t) = =< 1 i
D(t)P(thu) Zj=u+1 T+6L(t,T,)  1+6L(,T 1)

According to empirical studies, the variability of the w,,’s is small compared
to the variability of the forward LIBOR rates. We thus approximate w,(t)
by its deterministic initial value wy,(0). So that

Rowap(t) = Y wm(0)L(t, Tn ),

m=p+1

and hence, under the T,-forward measure Q”»
ARyyap(t) = (- )dt + > wn(0)L(t, Trumd)A(t, Ty ) AW, £ €[0,T,,].

We obtain for the forward swap volatility

d <10g stapa 10g stap>t

swap 2 —
o™ (o)) "
~ EV: wg(0)wy (0)L(¢, Ty—1 ) L(t, Ty )A(t, T—1) - Mt Ti-1)
R yap(t) '
El=p+1 swap

In a further approximation we replace all random variables by their time 0
values, such that the quadratic variation of log Ryap(f) becomes approxima-
tively deterministic

"L wr(0)w (0)L(0, Tr— 1) L(0, Ty—)A(t, Tr—1) - A(t, Ti—1)
Z R2 (0) ’

k,l=u+1 swap

lp™ e ()]* ~

Denote the square root of the right hand side by p*"(t), and define the
Q**-Brownian motion (Lévy’s characterization theorem)

swap 8

/ Z Hpswap s Wswap( ) te [O7Tu]
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Then we have

A Ruap(t) = Rsuwap(8)|lp™** (£) ]| W™ (2)
~ Riswap(t)p* P (t) dW™(1).

Hence we can approximate the swaption price in our log-normal forward
LIBOR model by Black’s swaption price formula where o2 is to be replaced
b

dt.

y

1 /Tu Z wi(0)w; (0)L(0, Ty—1) L(0, Ti— 1 )A(t, Tp—y) - A(t, Ti—1)
T# 0 kl=pt1 ngap(o)

This is “Rebonato’s formula”, since it originally appears in his book R[19].

The goodness of this approximation has been tested numerically by several

authors, see BM[6](Chapter 8). They conclude that “the approximation is

satisfactory in general”.

Implied Savings Account

Given the LIBOR L(T;, T;) for period [T;, T;14], for all i = 0,..., M — 1, we
can define the discrete-time, implied savings account process

B*(0) :=1,
B (T,) = 14+ 0L(T-1,Tm-1))B* (Trn-1), m=1,..., M,
that is,
n—1
1
B*(T,) = B*(T}, —— m<n< M.
(1) =80 [1 7y

Hence B*(T,,) can be interpreted as the cash amount accumulated up to time
T,, by rolling over a series of zero-coupon bonds with the shortest maturities
available.

By construction, B* is a strictly increasing and predictable process with
respect to the discrete-time filtration (Fr,, ), that is,

B*(T,,) is Fr,,_,-measurable, for allm =1,..., M.

Lemma 12.1.4. For all 0 < m < M we have

B*(Tom)

Eqry [B*(T, = .



140 CHAPTER 12. MARKET MODELS

Proof. Exercise. n
Lemma 12.1.4 yields in particular
Egry [B*(Ta)P(0,Ta)] =1 and  B*(Ta)P(0,Ty) > 0,

so that we can define the equivalent probability measure Q* ~ Q™™ on Fr,,

by
dQ* .
LT B*(Th)P(0, Th).
Q* can be interpreted as risk neutral martingale measure since
B*(T,
P(T,,T;) = Eg- {B*(( k; | ka} . 0<k<I<M. (12.4)

Indeed, in view of Lemma 12.1.4 we have for m < M

dQ* . P(0,Ty)
dQTm |me o ( m> P(Tm,TM).

Hence (Bayes again)

B*(T}) Eqnr | 56 renay | P
/1 * s k
Eq- | oy | Fri| = — = P(Ty, T)),
B( ) D \Tk)
P(Tx,Thr)

which proves (12.4). Put in other words, (12.4) shows that for any 0 <1 < M

the discrete-time process
P(T, Th)
B* (Tk)
)

is a Q*-martingale with respect to (Frp,

.....

12.1.2 Continuous-tenor Case

We now specify the continuum of all forward LIBOR rates L(t,T), for T €
[0, Th—1]. Given the discrete-tenor skeleton constructed in the previous sec-
tion, it is enough to fill the gaps between the Tjs. Each forward LIBOR rate
L(t,T) will follow a lognormal process under the forward measure for the
date T+ 4.

The stochastic basis is the same as before. In addition, we now need a
continuum of initial dates:
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e for every T € [0, Ths_1], an R%-valued, bounded, deterministic function
A(t,T), t € [0,T], which represents the volatility of L(t,T);

e an initial strictly positive and decreasing term structure
P(0,T), T €l0,Ty],

and hence an initial strictly positive forward LIBOR curve

L(0,T) = % (% . 1) T €0, Tari).

First, we construct a discrete-tenor model for L(¢,T},), m =0,..., M —1,
as in the previous section.

Second, we focus on the forward measures for dates 7' € [Th/—1, Th]. We
do not have to take into account forward LIBOR rates for these dates, since
they are not defined there. However, we are given the values of the implied
savings account B*(T);_1) and B*(T)) and the probability measure Q*. By
monotonicity there exists a unique deterministic increasing function

« [TM—laTM] — [0, 1]
with a(Th—1) = 0 and «(T)ys) = 1, such that
log BY(T) = (1 — o(T)) log B*(Tas_1) + a(T) log B* (Tay)

satisfies

P(0,T) = Eq {ﬁ} . VT € [Tar, Tol.

Let T € [Ta—1,Tn]. Since (— exercise) B*(T) is Fr-measurable, strictly
positive and
1

Egi | =————| =1

¢ [B*(T)P(O, T>]

we can define the T-forward measure Q7 ~ Q* on Fr by
dQ” B 1
dQ*  B*(T)P(0,T)

Then we have

dQ"  dQT dQ*  B*(Twm)P(0,Ty)
dQTm — dQ* dQ™ — B*(T)P(0,T)
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By the representation theorem for Q™-martingales there exists a unique
orr, € L such that (— exercise)

dQT
dQTw

B*(Tw) P(0,Twr)
B~(T)P(0,T)

t 1 t
—oxp ([ omn (a9 5 [ loray o)1 as)
0 0
=& (ormy - W),

rﬂzﬁwM[ rﬂ]

for ¢ € [0, 7). Girsanov’s theorem tells us that
t
W) = W) = [ or,(s)ds, ¢ 0.7)
0

is a QT-Brownian motion.
Third, since T' € [Ty—1, Th] was arbitrary, we can now define the forward
LIBOR process L(t,T) for any T € [Thr—2, Thr—1] as

dL(t,T) = L(t, T)\(t,T) dW™™(t),

1/ P(0,T)
pom = L (200 ).

This in turn defines the positive and bounded process

SL(t,T)

= WMt’T)’ te[0,T],

orr4s(t)

for any T' € [Tpr—2, Tpr—1]. The forward measures for T € [Th/_o, Th/—1] are
now given by

dQ”
4T =&r (orrss - WT+5) -
Hence we have (— exercise)
dQT dQT d@TJrJ

d@TM |.7:z = d@T+6|.7:t d@TM |.7-'t
- gt (UT,T+§ : WT+6) gt (UT+5,TA1 . WT]W)

= 515 (UT,T]V[ . WTM) 5 t e [O,T],
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for any T' € [Ths—o, Tpr—1], where

O Ty “= 071745 T OT48Ty,-

Proceeding by backward induction yields the forward measure Q7 and
QT-Brownian motion W7 for all T € [0,Ty], and forward LIBOR rates
L(t,T) for all T € [0, Tpr_1].

This way, we obtain the zero-coupon bond prices for all maturities. In-
deed, for any 0 < T < § < T}y, it is reasonable to define (why?) the forward
price process

P(t,S)  P(0,S)dQ®
Pt.T) ~ P0.T)dQr
_ P(0,5) dQS  dQ™
— P(()’T) dQTM |.7'—t dQT |.7:t
= %(ﬁ} (—O'T7S : WT) ) te [O7T]7

where (— exercise)
0or1,s ‘= 0T Tyy — 0S8 Th-

In particular, for t =T we get

P(0, S)
P(0,T)

p(T, S) = ST (—O'T75 . WT) .

Notice that now P(T,S) may be greater than 1, unless S — 7T = mJd for some
integer m. Hence even though all §-period forward LIBOR rates L(t,T) are
positive, there may be negative interest rates for other than ¢ periods.
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Chapter 13

Default Risk

— [?, Chapter 2|, [1], etc.

So far bond price processes P(t,7T") had the property that P(T,T) = 1.
That is, the payoff was certain, there was no risk of default of the issuer. This
may be the case for treasury bonds. Corporate bonds however may bear a
substantial risk of default. Investors should be adequately compensated by
a risk premium, which is reflected by a higher yield on the bond.

For the modelling of credit risk we have to consider the following risk
elements:

e Default probabilities: probability that the debtor will default on its
obligations to repay its debt.

e Recovery rates: proportion of value delivered after default has occurred.

e Transition probabilities: between credit ratings (credit migration).

Usually one has to model objective (for the rating) and risk-neutral (for the
pricing) probabilities.

13.1 Transition and Default Probabilities

There are three main approaches to the modelling of transition and default
probabilities:

e Historical method: rating agencies determine default and transition
probabilities by counting defaults that actually occurred in the past
for different rating classes.

145
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e Structural approach: models the value of a firm’s assets. Default is
when this value hits a certain lower bound. Goes back to Merton
(1974) [15].

e Intensity based method: default is specified exogenously by a stopping
time with given intensity process.

We briefly discuss the first two approaches in this section. The intensity
based method is treated in more detail in Section 13.2 below.

13.1.1 Historical Method

Rating agencies provide timely, objective information and credit analysis of
obligors. Usually they operate without government mandate and are inde-
pendent of any investment banking firm or similar organization. Among
the biggest US agencies are Moody’s Investors Service and Standard&Poor’s
(S&P).

After issuance and assignment of the initial obligor’s rating, the rating
agency regularly checks and adjusts the rating. If there is a tendency observ-
able that may affect the rating, the obligor is set on the Rating Review List
(Moody’s) or the Credit Watch List (S&P). The number of Moody’s rated
obligors has increased from 912 in 1960 to 3841 in 1997.

The formal definition of default and transition rates is the following.

Definition 13.1.1. 1. The historical one-year default rate, based on the
time frame [Yy, Y1], for an R-rated issuer is

Y,
e
where Ng(y) is the number of issuers with rating R at beginning of year

y, and Mg(y) is the number of issuers with rating R at beginning of
year y which defaulted in that year.

2. The historical one-year transition rate from rating R to R', based on
the time frame Yo, Y1], is

Y
ylzyo MR,R/ (y)
Zz,/lzyo Nr(y)

9

tTR,R’ =
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Table 13.1: Rating symbols.

S&P \ Moody’s \ Interpretation
Investment-grade ratings
AAA Aaa Highest quality, extremely strong
AA+ Aal
AA Aa2 High quality
AA- Aa3
A+ Al
A A2 Strong payment capacity
A- A3
BBB+ | Baal
BBB Baa2 Adequate payment capacity
BBB- Baa3
Speculative-grade ratings
BB+ Bal Likely to fulfill obligations
BB Ba2 ongoing uncertainty
BB- Ba3
B+ B1
B B2 High risk obligations
B- B3
CCC Caal
CCC Caa2 Current vulnerability to default
CCC- Caa3
cC
C Ca In bankruptcy or default
D or other marked shortcoming

where Ng(y) is as above, and Mg p/(y) is the number of issuers with
rating R at beginning of year y and R’ at the end of that year.

Transition rates are gathered in a transition matriz as shown in Ta-
ble 13.2.

The historical method has several shortcomings:

e It neglects the default rate volatility. Transition and default probabili-
ties are dynamic and vary over time, depending on economic conditions.
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Table 13.2: S&P’s one-year transition and default rates, based on the
time frame [1980,2000] (Standard&Poor’s, Ratings Performance 2000,
see http://financialcounsel.com/Articles/Investment / ARTINV0000069-
2000Ratings.pdf).

Rating at end of year (R')
Initial AAA | AA A BBB | BB B CCC D
rating (R)

AAA 93.66 | 5.83 | 0.40 | 0.09 | 0.03 | 0.00 | 0.00 | 0.00
AA 0.66 | 91.72 | 6.94 | 0.49 | 0.06 | 0.09 | 0.02 | 0.01
A 0.07 | 225 | 91.76 | 5.18 | 0.49 | 0.20 | 0.01 | 0.04
BBB 0.03 | 0.26 | 4.83 | 89.24 | 444 | 0.81 | 0.16 | 0.24
BB 0.03 | 0.06 | 0.44 | 6.66 |83.23 | 7.46 | 1.05 | 1.08
B 0.00 | 0.10 | 0.32 | 0.46 | 5.72 | 83.62 | 3.84 | 5.94
CCC 0.15 | 0.00 | 0.29 | 0.88 | 1.91 | 10.28 | 61.23 | 25.26

e It neglects cross-country differences and business cycle effects.

e Rating agencies react too slow to change ratings. There is a systematic
overestimation of trg r and dg, and hence underestimation of trg r for

some R # R'.

13.1.2 Structural Approach

Merton [15] proposed a simple capital structure of a firm consisting of equity
and one type of zero coupon debt with promised terminal constant payoff
X > 0 at maturity 7. The obligor (=the firm) defaults by 7" if the total
market value of its assets V(T') at T is less than its liabilities X. Thus the
probability of default by time T conditional on the information available at
t<Tis

pa(t,T) = PIV(T) < X | 7],

with respect to some stochastic basis (€2, F, (F¢)ico,r), P). The dynamics of
V() is modelled as geometric Brownian motion

dv (1)

T~ Rdtrodv@), te.T,
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that is
1
V(T) =V (t)exp (0(W(T) —W(t)) + (u - 502) (T — t)) , te€l0,T].

Then we have

pa(t,T) =@ log (%) - (N — %JQ) (T —t)

, tel0,T].

If the firm value process V(t) is continuous, as in the Merton approach,
the instantaneous probability of default (97 pa(t, T)|r=¢) is zero. To include
“unexpected” defaults one has to consider firm value processes with jumps.
Zhou (1997) models V(t) as jump-diffusion process

N(T) 5
vy =v) | ] ¢ o (1= ) (7=t o (W(T) =W (1)
J=N(t)+1
where N (t) is a Poisson process with intensity A and Z;, Zs, ... is a sequence

of i.i.d. Gaussian N (m, p?) distributed random variables. It is assumed that
W, N and Z; are mutually independent. A dynamic description of V' is

N(t)

V() = V(0) +/0 V(s) (s + 0 dIV(s) + 3 V(=) (¢4 —1),

where 71, 75,... are the jump times of N.
It is clear that the distribution of log V' (T") conditional on F; and N(T") —
N(t) = n is Gaussian with mean

log V/(t) +mn + (u — %2> (T —t)

and variance

np* +o*(T —t).
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Hence the conditional default probability
pa(t,T) =PllogV(T) <log X | 7]

i]P’logV T)<logX | F, N(T') — N(t) =n]P[N(T) — N(t) = n|

0 log (Vt > —mn — (,u— %2) (T —t) e AT =)
:ZO ()\/np2+a2(T_t> e M )T

First passage time models make this approach more realistic by admitting
default at any time T, € [0,7], and not just at maturity 7. That means,
bankruptcy occurs if the firm value V' (¢) hits a specified stochastic boundary
X (t), such that

Ty =1inf{t | V(t) < X(t)}.

In this case the conditional default probability is
pd(tuT):P[Td§T|f.t]v tE[O,T],

which can be determined by Monte Carlo simulation.

13.2 Intensity Based Method

Default is often a complicated event. The precise conditions under which
it must occur (such as hitting a barrier) are easily misspecified. The above
structural approach has the additional deficiency that it is usually difficult
to determine and trace a firm’s value process.

In this section we focus directly on describing the evolution of the default
probabilities py(t,T') without defining the exact default event. Formally, we
fix a probability space (£2, F,P). The flow of the complete market information
is represented by a filtration (F;) satisfying the usual conditions. The default
time T} is assumed to be an (F;)-stopping time, hence the right-continuous
default process

H(t) := Liry<ny
is (Fi)-adapted. The Fi-conditional default probability is now

pa(t,T)=E[H(T)|F], tel0,T].
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Obviously, H is a uniformly integrable submartingale. By the Doob—Meyer
decomposition ([13, Theorem 1.4.10]) there exists a unique (F;)-predictable!
increasing process A(t) such that

is a (uniformly integrable) martingale (notice that A(t) = A(t A Ty)). Hence
pa(t,T) = Liry<ty + E[A(T) — A(t) | Fi] .

This formula is the best we can hope for in general.
We proceed in several steps towards an explicit expression for py(t,T') by
making more and more restrictive assumptions (D1)—(D4).

(D1) There exists a strict sub-filtration (G;) C (F;) (partial market infor-
mation) and a (G;)-adapted process A such that

A(t) = A(t N Td) and Ft = Qt V Ht,

where H; := o(H(s) | s < t) and G, V 'H, stands for the smallest
o-algebra containing G; and H;.

A market participant with access to the partial market information G; cannot
observe whether default has occurred by time ¢ (7; < t) or not (7 > t). In
other words, T, is not a stopping time for (G;). This nicely reflects the
aforementioned difficulties to determine the exact default event in practice.

Intuitively speaking, events in F, are G;-observable given that T, > t.
The formal statement is as follows.

Lemma 13.2.1. Lett € R,. For every A € F; there exists B € G, such that
An{T; >t} = Bn{T,; > t}. (13.1)
Proof. Let

F; :={A e F | 3B € G; with property (13.1)}.

!The (F;)-predictable o-algebra on R, x €2 is generated by all left-continuous (F;)-
adapted processes; or equivalently, by the sets {0} x B where B € Fy and (s,t] x B where
s<tand B € Fj.
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Clearly G, C F;. Simply take B = A. Moreover H; C F;. Indeed, for every
A € H, the intersection AN {T,; >t} is either ) or {T; > t}, so we can take
for B either @) or €.

Since F; is a o-algebra (— exercise) and F; is defined to be the smallest
o-algebra containing G, and H;, we conclude that F;, C F;. This proves the
lemma. [

(D2) The default probability by ¢ as seen by a G;-informed observer satisfies
0<P[Ty<t]|G]<1.
Hence we can define the positive (G;)-adapted hazard process I' by

e T =PT;>t|G.

Notice that X (t) := P[T; >t | G| is a (G;)-supermartingale and E[X (¢)] is
right-continuous in ¢ (— exercise). Hence X (t), and thus I'(¢), admits a
right-continuous modification, see e.g. [13, Theorem 1.3.13]. We show below
(Lemma 13.2.4) the rather surprising fact that if I" is regular enough then it
coincides with A on [0, T}].

A consequence of the next lemma is that for any F;-measurable random
variable Y there exists an G;,-measurable random variable Y suchthat Y =Y

on {Td > t}.
Lemma 13.2.2. Lett € R, and Y a random variable. Then
E [1{Td>t}Y | .7-}] = 1{Td>t}€F(t)E [1{Td>t}Y | Qt} . (13.2)

Proof. Let A € F;. By Lemma 13.2.1 there exists a B € G; with (13.1), and
so 1alyr,>1y = 1lyr,~y. Hence, by the very definition of the G;-conditional
expectation,

/ 1{Td>t}YP [Td >t ‘ Qt] dP = / 1{Td>t}Y]P [Td >t | Qt] dP
A

I
e S S &

E [1zs0Y | G P[Ty>t] G dP
Lz E [LigsnY | G dP

Lo [LrsnY | G dP
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This implies
E LgsnYP[Ta >t | G | Fi] = Yoo E [LinsnY | G
which proves the lemma. O

As a consequence of the preceding lemmas we may now formulate the
following results, which contain an expression for the aforementioned default
probabilities.

Lemma 13.2.3. For any t < T we have
P(Ty>T | F] = LizsnE [FO7TT | G, (13.3
Pit <Ty<T|F]=1lignE [l — DTG, (13.4)
Moreover, the processes
L(t) = lpane’™® = (1 — H(t))e"®
is an (F;)-martingale.

Proof. Let t < T. Then lip,>7y = Lir,>elyr,>1). Using this and (13.2) we
derive

PTy>T|F]=E [1{Td>t}1{Td>T} | E}
= lpene VE [Lgory | G
= Lgsne" VR [E Lz, | Gr) | G
= 1{Td>t}€F(t)E [e—F(T) | gt] )
which proves (13.3). Equation (13.4) follows since

Lieri<ry = Yrmey — Limsmy-
For the second statement it is enough to consider
E[L(T) | 7] =E [Lizso Lzsme” " | F]
= Lzsne VE [Lrsne™ | G = L(),
since by definition of I"

E [Lgrsrye’ ™ | 6] =E [E [Lizsry | Gr] 1G] = 1.
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(D3) There exists a positive, measurable, (G;)-adapted process A such that

Taking (formally) the right-hand T-derivative at T = ¢ in (13.4) gives A(t).
Hence we refer to A(t) as default intensity.
Here is the announced result for I'.

Lemma 13.2.4. The process

N(t):=H(t) — /0 A(s)Lir,>sy ds

is an (F;)-martingale. Hence, by the uniqueness of the predictable Doob—
Meyer decomposition, we have

t
AEATY) = / A(S)Lizyms) ds = T(t A T).
0
Proof. Let t <T. In view of (13.3) we have
t
E(N(T) | £ =1~ E[lgpon | 7] - [ A)lon ds
0
T
—/ E [)\(s)l{Td>S} | ft] ds
t T A(u)d !
=1 l{Td>t}E |:€_ft (u) du | gt} —/0 A(S)l{Td>s} ds

T
_/ Lo €0 O WE [\ () 1ip,50 | G ds.
t

N J/
a"'e

=:1

We have further
T
I = / 1{Td>t}€f0 A(u) dUE [A(S)E [1{Td>s} | Qs] | gt} ds
t

T o
= lin>nE [/ A(s)e™ Jo Mw)du g g | Qt]
¢

= 1{Td>t}E [1 — e sz Au) du | gt] ,
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hence .
E[N(T)| F]=1- Lz, >y — / )\(S)l{Td>s} ds = N(t).
0
]

The next and last assumption leads the way to implement a default risk
model.

(D4) P[T; >t |G| =P[Ty>1|G] ViteR,.
It can be shown that (D4) is equivalent to the hypothesis
(H) Every square integrable (G;)-martingale is an (JF;)-martingale.

For more details we refer to [1, Chapter 6]. For the next lemma we only
assume (D1), (D2) and (D4).

Lemma 13.2.5. Suppose I is continuous. Then ¢ := T'(Ty) is an exponential
random variable with parameter 1 and independent of G. Moreover,

Ty =1inf{t | [(t) > ¢}.
Proof. By assumption,
P(T;>t]|Go) =e 0.
Hence I'(¢) is non-decreasing and continuous. We can define its right inverse
C(s) :=inf{t | ['(t) > s}.
Then I'(t) > s & t > C(s) and I'(C(s)) = s, so
P([(Ty) > 5| Goo] =P [Ty > C(5) | Goo] = e 7O = ¢,

This proves that ¢ = I'(Ty) is an exponential random variable with parameter
1 and independent of G,,. Moreover,

T, = inf{t | D(t) > T(Ty)} = inf{t | T(t) > 6}.
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13.2.1 Construction of Intensity Based Models

The construction of a model that satisfies (D1)—(D4) is straightforward.
We start with a filtration (G;) satisfying the usual conditions and

Goo =0(G: |t ERY) C F.

Let A(t) be a positive, measurable, (G;)-adapted process with the property

t
/ A(s)ds < oo a.s. forallt € Ry.
0

We then fix an exponential random variable ¢ with parameter 1 and inde-
pendent of G, and define the random time

T, — inf{t | /Ot/\(s) ds > ¢}

with values in (0, 00]. Consequently, we have for ¢t < T
- T
P[Ty>T|G]=P ¢>/ M) du | gt]
L 0

_E|P {¢>/OT)\(u)du|gT} |gt}

=K _e—fOT)\(u)du | gt:| ,

by the independence of ¢ and Gr (this is a basic lemma for conditional
expectations). And it is an easy exercise to show that

t Tq
0<P[Ty>t|G|=e JorWd <1 and gb:/ M) du.
0

We finally define F; := G; V 'H;, where H; = 0(H(s) | s <t). Conditions
(D1)—(D3) are obviously satisfied for

As for (D4) we notice that

t
BT tGu] =P 6> [ Au)du |G| = 0% — I, 0] 6.
0
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13.2.2 Computation of Default Probabilities

When it comes to computations of the default probabilities (13.3) we need a
tractable model for the intensity process A. But the right-hand side of (13.3)
looks just like what we had for the risk-neutral valuation of zero-coupon
bonds in terms of a given short rate process (Chapter 7). Notice that A > 0
is essential. An obvious and popular choice for A is thus a square root (or
affine) process. So let W be a (G;)-Brownian motion, b > 0, 5 € Rand o > 0
some constants, and let

dA(t) = (b+ BA(t)) dt + o/ A(t) dWV(t), A(0) > 0. (13.5)
The proof of the following lemma is left as an exercise.
Lemma 13.2.6. For the intensity process (13.5) the conditional default prob-
ability s

pd(taT):P[Td§T|-7:t]:

1_ efA(Tft)fB(Tft)A(t% Zf Ty >t
0, else,

where

2b 276(7_ﬂ)u/2
A = ——1
) o Og((v—ﬁ) (e —1)+2y)"

2 (e — 1)
(v —=B) (e —1) +27’

v = \/m.

13.2.3 Pricing Default Risk

The stochastic setup is as above. In addition, we suppose now that we are
given a risk-neutral probability measure Q ~ P and a measurable, (G;)-
adapted short rate process r(t). Moreover, we assume that there exists a
positive, measurable, (G;)-adapted process Ag such that

B(u) =

t
Lo(t) == /0 Ag(s)ds < oo as. forallt € Ry,

and (D1)—(D3) are satisfied for Q, Ag := 'y and I'g replacing P, A and
I', respectively (unfortunately, these conditions are not preserved under an
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equivalent change of measure in general). So that Lemmas 13.2.1-13.2.4
apply.

We will determine the price C(t, T') of a corporate zero-coupon bond with
maturity 7', which may default. As for the recovery we fix a constant recovery
rate § € (0,1) and distinguish three cases:

e Zero recovery: the cashflow at T"is 1y7,~7y.
e Partial recovery at maturity: the cashflow at T"is 1y7,~7) + 01y7,<1}.

lat Tif Ty > T,

e Partial recovery at default: the cashflow is _
0 at Td ldeST

Zero-Recovery

The arbitrage price of C(¢,T) is
T
Ct,T) =Eq [e_ft " gy | ﬂ} :

In view of Lemma 13.2.2 this is

t T
C(t,T) — 1{Td>t}€f0 )\Q(S) dSEQ [e— ft 7’(5) dsl{Td>T} | gt:|

t T
— 1{Td>t}ef0 /\Q(S)dsE@ [6_ f; r(s) dSEQ [1{Td>T} ‘ QT} ’ gt:| (136)

T
= Lir>nEo [6’ Je (r(s)+2q(s))ds | gt} .

Notice that this is a very nice formula. Pricing a corporate bond boils down
to the pricing of a non-defaultable zero-coupon bond with the short rate
process replaced by

r(s) + Ao(s) > r(s).
A tractable (hence affine) model is easily found. For the short rates we chose
CIR: let W be a (Q, G;)-Brownian motion, b > 0, f € R, o > 0 constant
parameters and

dr(t) = (b+ pr(t)) dt + o+/r(t) dW(t), r(0) > 0. (13.7)
For the intensity process we chose the affine combination
Ao(t) = co + arr(t), (13.8)

for two constants cg,c; > 0.
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Lemma 13.2.7. For the above affine model we have

O(t,T) = 1{Td>t}e—A(T—t)—B(T—t)r(t)’

where
2 Ive(T=B)u/2
A(u) := cou — £l log ( e ) :
o’ (v=B) (e = 1)+ 2y
2(e™ —1)
B = 14 ¢),
= \/52 +2(1+¢)o2.
Proof. Exercise. |

A special case is ¢; = 0 (constant intensity). Here we have
Ct,T) = lizone TP, T),
where P(t,T) is the CIR price of a default-free zero-coupon bond.
Partial Recovery at Maturity
This is an easy modification of the preceding case since
Lirysty + 6Lyr<ry = (1 = 6) Lipysry + 6.
In view of (13.6) hence
C(1,T) = (1= 0) 1o By eI COPEE| g | 4 5P(t,T),
where P(t,T") stands for the price of the default-free zero-coupon bond.

Partial Recovery at Default

A straightforward modification of the proofs of Lemmas 13.2.1 and 13.2.2
shows that

Eg [LirssnY | Goo VHe] = Lo el 2O By [1i7,50Y | Goo)
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for every random variable Y. Combining this with Section 13.2.1 we obtain
fort <u

t
Qlt < Ty < u | Goo VH] = Lizysnelo 2 PEq [1er,cuy | Gol
_ 1{Td>t}€fot Ao (s) ds (e— JEra()ds _ o= fi Agls) ds)

- I{Td>t} (1 — e ftu AQ(S)dS> ’

which is the regular conditional distribution of 7, conditional on {T,; > ¢}
and G, V H;. Differentiation in with respect to u yields its density function

ftu Ag (s)

Lir,>nAo(u)e” 1 1<y

Hence the arbitrage price of the recovery at default given that t < T; < T
is given by

T
7T(t) e EQ |:€7 I 4 r(s) dsél{t<Td§T} | ft:|

T
— EQ [EQ [6_ fi dr(s) dsél{t<Td§T} | goo V Ht] | JT;&}

T
_ 51{Td>t}EQ |:/ o Jir(s) dsA@(u)e, J Ao(s) ds du | —,’tt:|
t
T u
= 51{Td>t}/ EQ [)\Q(u)e_ Ji (r(s)+2q(s)) ds | f‘t} du.
t

For the above affine model (13.7)—(13.8) this expression can be made more
explicit (— exercise). As a result, the price of the corporate bond bond price
with recovery at default is

C(t,T) = Co(t,T) + (1),

where Cy(t,T) is the bond price with zero recovery.
The above calculations and an extension to stochastic recovery go back
to Lando [14].

13.2.4 Measure Change

We consider an equivalent change of measure and derive the behavior of the
compensator process for the stopping time Ty. Again, we take the above
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stochastic setup and let (D1)—(D3) hold. So that

M(t) = H(t) — /0 A(S)Lryosy ds

is a (P, ;)-martingale. Now let u be a positive (G;)-predictable process such
that

t
Ag(t) == / p(s)A(s)ds < oo a.s. for all t € R,
0
We will construct an equivalent probability measure Q ~ [P such that
Ag(t NTy)

is the (Q, F;)-compensator of H. This does not, however, imply that Ag(?)
is the (Q, G;)-hazard process I'g(t) = —logQ[Ty > t | Gi] of T, in general.
A counterexample has been constructed by Kusuoka [?], see also [1, Section
7.3].

The following analysis involves stochastic calculus for cadlag processes of
finite variation (FV), which in a sense is simpler than for Brownian motion
since it is a pathwise calculus. We recall the integration by parts formula for
two right-continuous FV functions f and g

F(H)g(t) = F(0)g(0) + / £(s—) dgls) + / 9(s—) df (s) + [, 6)(t).

where

gl =D Af(s)Ag(s), Af(s):= f(s) = f(s—)-

0<s<t

Lemma 13.2.8. The process

with

ot = exp ([ (1= nDAO 0 05

1, t<Ty

() :== (Lrysey + w(Ta)Lir,<ty) {u(Td), P T
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satisfies
t
D(t)=1 +/ D(s—) (u(s) —1)dM(s)
0
and is thus a positive P-local martingale.

Proof. Notice that [C, V] =0 and

Vi) =1+ /Ot (u(s) — 1) dH(s) = 1+ /Ot V(s—) (u(s) — 1) dH(s).
Hence
D(t) =1+ /OtC(s—) 4V (s) + /Ot V(s—)dC(s)
=1+ [ V) () - 1y
+ [ COVE = HNG ds
=1+ [ Do) ) - 1) 1)

Since D(s—) is locally bounded and Ag(t) < oo we conclude that D is a
P-local martingale. O

Lemma 13.2.9. Let T € R,. Suppose E[D(T)] =1 (hence (D(t))iwcpo 5 a
martingale), so that we can define an equivalent probability measure Q ~ P
on Fr by

dQ

= D(T).
o =~ PT)
Then the process

Mq(t) == H(t) — Aot NTy), t€]0,T], (13.9)

1s a Q-martingale.

Proof. It is enough to show that Mg is a Q-local martingale. Indeed, Aq
is an increasing continuous (and hence predictable) process, (13.9) therefore
the unique Doob—Meyer decomposition of H under Q. Since H is uniformly
integrable, so is Mg ([13, Theorem 1.4.10]).
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From Bayes’ rule we know that My is a Q-local martingale if and only if
DMy is a P-local martingale. Notice that

(D, Mgl(t) AD(Td)l{Tm} = D(Ty—) (u(Ta) — 1) Lyz,>n

D s) — 1) dH(s).

Integration by parts gives

DMy(#) / D(s—) dMg(s) / Mg(s—)dD(s) + [D, M) (t)
:/O D(s—) /D )1{Td>s}d3
+/OtM@(s /D s) — 1) dH(s)

= [ Mos=yan(s) + / D(s=)u(s) dM (s),

which proves the claim. O

Pricing by the “Martingale Approach”

We remark again that Ag is different from I'g in general, so that the methods
from Section 13.2.3 do not apply for the above situation. Yet, there is a way
to derive the pricing formulas from Section 13.2.3 under Assumption (D4)
for Q. The detailed analysis can be found in [1, Section 8.3].
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