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� INTRODUCTION �

� Introduction

����� This paper investigates two approaches to the modelling of �xed�interest bond
prices and the term structure of interest rates� The work described here makes up part
of that of the Fixed Interest Indices Working Group of the Institute of Actuaries and the
Faculty of Actuaries�

����� The model described by Dobbie and Wilkie ����	� ����
 has been in use�
now� for many years� However� certain problems with their approach have been identi�ed
since the model was originally described� The investigation described in this paper was�
therefore� stimulated by a need to �nd a new approach which avoided these problems�
In Dobbie and Wilkie
s model� parameters are estimated by minimising a least�squares
function� It is now known that the function which is being minimised can often have two
or more local minima giving rise to unexpected jumps in parameter estimates from one
day to the next� This problem is illustrated in Section ��

����� The use of forward rates in this piece of work rather than yields was motivated
by Gwilt ���	�� and in more recent discussions
� The initial stages of the work were carried
out before the government announced in ���� that the taxation of government bonds was
to change� Prior to the announcement it was not clear whether or not capital and income
could be valued on the same basis� The forward�rate approach described in this paper� it
is hoped� avoids the problem of multiple minima� It also brings the actuarial profession
more into line with current thinking in the �eld of �nancial economics� Furthermore� the
timeliness of the investigation of this new method was fortunate given the announcement
of the tax changes�

��� Approaches to modelling

����� There are a number of di�erent types of interest�rate function which one can
estimate� These are �for example� see Anderson et al�� ����
�

�� The yield curve� The name �yield curve
� in fact� means di�erent things to di�erent
people� Here� it is taken to refer to the gross�redemption yield curves estimated by
Dobbie and Wilkie ����	� ����
 and described in Section � of this paper� Although
such curves are rather imprecise� practitioners have a good feel for what they are�
Indeed since ���� one can plot the gross redemption yields for individual stocks
against maturity and immediately see a relatively well formed curve without the
need for any �tting�

�� The spot�rate curve� This is the curve of gross redemption yields on zero�coupon
bonds�

�� The �instantaneous
 forward�rate curve� This is the curve of implied short�term
interest rates in the future� It can be used to price �in a riskless way
 forward bond
contracts� The use of this curve is developed from Section � onwards�
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�� The par�yield curve� This curve speci�es the interest rates at which new gilts should
be priced if they are to be issued at par�

����� Note that each of the spot�rate� forward�rate and par�yield curves precisely
de�nes the others� This cannot be said of the Dobbie and Wilkie ����	� ����
 yield curve
unless a precise coupon rate �rather than a band
 is speci�ed�

����� This paper concentrates on the use of descriptive models for the forward�
rate curve� They are not necessarily intended for use in cheap�dear analysis �although
Wiseman� ����� does advocate their use in this context
 or for the pricing of derivative
securities� Instead the intention is that they should be used to give a good indication
of the interest rates which are implicit in market prices� The model therefore gives us
a snapshot of the market and not a movie� that is� it does not describe a stochastic
model for the evolution of the term�structure of interest rates� The model can be used
in conjunction with the framework of Heath� Jarrow and Morton �����
 which would
allow interest�rate derivatives to be priced� This application is described in the paper by
Feldman ����	
�

����� A good overview of descriptive models is given in Chapter � of Anderson et

al� �����
� This includes discussion of models for prices� yields and forward rates using
parametric curves �as described here
� non�parametric curves and semi�parametric spline
�tting methods�

����� As with many curve �tting problems any curve will �t well �that is� have a
relatively low standard error
 in the middle of the range of dates and less well at the end
points� In particular� the curves which have been �tted do not appear to be particularly
good at the short end �that is� with a remaining term of less than one year
� This problem
is exacerbated by the fact that yields on the shortest dated stocks are susceptible to
rounding in the prices of stocks�

����� The curve��tting process excludes certain stocks with special features� such
as double�dated bonds and convertible bonds� which may give rise to prices which are
apparently out of line with the market� So any term structure which is produced is giving
us information about what interest rates are implicit in the prices of what one might
describe as �normal
 stocks�

��� Changes in the Gilts Market

����� During the �rst few months of existence of the working party in ���� the
British government announced that it would be changing the taxation structure of the
market� In particular� since April ���� income and capital gains have been taxed on the
same basis� thus removing the advantages of low�coupon stocks for tax�payers�

����� One reason for this move was to allow the introduction in ���� of a zero�coupon
bond market created by the �stripping
 of a limited number of existing coupon�paying
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bonds into a series of individual cash�ows �see Appendix A
�

����� A particular side�e�ect of these changes in taxation was that the use of forward�
rate curve models �for example� that described in Section � of this paper
 became much
more appropriate for application to the UK� A forward�rate model does not distinguish
between income and capital and would not have given an adequate description of the
market before the government
s announcement� Before ����� a two�dimensional model
taking account of coupon as well as term was necessary �for example� see Dobbie and
Wilkie� ���	� ����� Clarkson� ���� and Feldman� ����
�

����� When gross redemption yields are plotted one can still see a small coupon
e�ect� This� however� is due to the fact that the gross redemption yield is� in some sense�
a weighted average of the forward rates� High�coupon stocks place more weight on lower
durations so that if the forward�rate curve is falling then high�coupon stocks will have
slightly higher gross redemption yields than low�coupon stocks with the same term� This
ordering will be reversed if the forward�rate curve is rising�

����� The disappearance of the coupon e�ect is apparent when gross redemption
yields are plotted� Whereas previously there would have been a fairly wide band of yields
at all terms� there is now quite a well de�ned curve even before any model��tting has
taken place�

��� Plan for the rest of the paper

����� In Section � of this paper we consider the yield�curve approach described by
Dobbie and Wilkie ����	� ����
� The discussion includes an analysis of recent data and
illustrates the problem of having multiple minima�

����� Section � introduces the forward�rate curve model which� it is proposed� should
replace the Dobbie and Wilkie ����	� ����
 model in the construction of the published
indices� We de�ne f�t� t� s
 to be the instantaneous forward�rate curve observed at time
t for payments to be made at time t� s� The form of the curve proposed is

f�t� t� s
 � b��t
 � b��t
e
�c�s � b��t
e

�c�s � b��t
e
�c�s � b��t
e

�c�s�

����� The curve is a �exible model with four exponential terms and nine parameters
in total� However� four of these parameters �the exponential rates
 are �xed which reduces
the risk of multiple solutions� Rather than take a least�squares approach� as is common
in this �eld� here we describe fully a statistical model which underlies the prices of the
stocks� This allows a rigorous process of estimation� The method is� however� shown to
be equivalent to a reasonable version of least squares� The section concludes by taking a
look at the models described by Nelson and Siegel ���	�
 and Svensson �����
 and the
occurence of catastrophic jumps is demonstrated�

����� Section � presents the results from �tting the model to two sets of data�
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monthly data from January ���� to November ����� and daily data during part of �����
The monthly data allow us to examine how the coupon e�ect has disappeared and how
stable the forward�rate curve is� The daily data allows us to investigate the likelihood of
catastrophic jumps� Section � continues the analysis by carrying out some statistical tests
on the results of the �tting exercise � the signi�cance of the coupon e�ect� correlations
between residuals � and the calculation of standard errors of and correlations between
various interest rates� Section � considers the possibility of catastrophic jumps if the new
model is adopted� It is concluded that although multiple maxima could� in theory� exist�
catastrophic jumps should be much less frequent if they occur at all�

����� In Section � we consider similar approaches to the pricing of index�linked gilts�
The method involves taking the forward�rate for nominal bonds as given and deriving
an implied in�ation curve� The approach is found to work well even when the implied
in�ation curve is tied down or restricted at the short end in order for it to tie in with the
last year
s in�ation�

� The existing yield curve approach and

problems

��� The current FT�Actuaries approach

����� Dobbie and Wilkie ����	� ����
 proposed the model

y�t
 � A �Be�Ct �De�Ft

where y�t
 is the gross redemption yield on a bond with maturity date time t from now�

����� In the late ����
s �and right up until ����
 there was a marked coupon e�ect
whereby high�coupon gilts had higher gross yields than low�coupon gilts� �In ���	� high�
coupon stocks consisted of those with a coupon of more than ��
� Such an e�ect existed
because coupons were taxed as income whereas capital gains were tax�free� Thus� low�
coupon stocks were sought after by tax�payers� Non�tax�payers� such as pension funds�
were able to take advantage of the lower demand for high�coupon stocks and obtain higher
yields� It was therefore proposed that the yield curve be �tted to low�� medium� and high�
coupon stocks separately� This was the approach adopted by the Joint Index Committee
of the Institute of Actuaries and the Faculty of Actuaries and it has been in place since
then�

����� The precise relationship between coupon and yield was� at the same time
discussed by Feldman �����
 and Clarkson ����	
� Feldman �����
 felt that� for a �xed
term� there should be a linear relationship between coupon and yield� Clarkson ����	

used economic reasoning to argue that the relationship was convex rather than linear�
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Empirical evidence since these papers for the precise form of this relationship has been
mixed�

����� Dobbie and Wilkie ����	� ����
 used a least squares approach to the estimation
of the parameters of the yield curve� We� therefore� minimise the function�

S�A�B�C�D� F 
 �
X

wi�Yi � y�ti
�
�

where Yi is the observed gross redemption yield on bond i with maturity ti� The weights�
used in the Dobbie and Wilkie ����	� ����
 approach were proportional to the market
capitalisation of each stock� In the analysis described in this paper� the wi were all set
to � and there was no subdivision of the stocks according to the size of coupon� �This
was in the interests of simplicity� since the aim was to illustrate the frequency with which
multiple minima can occur� rather than to match� precisely� the the past development of
the index through time�
 Currently the calculations carried out for the Financial Times
place an upper limit on C and F of �� although such a restriction was not included in this
analysis�

����� For the purposes of this investigation the model was reparametrised in the
following way�

y�t
 � A�Be�Ct �D
e�Ft � e�Ct

C � F
�

This ensures that the estimates of B and D have sensible limits as C and F get closer
and closer together� In the original form of the model� as C converges to F � estimates for
B and D tend to in�nity� With the reformulated model� the limit as C tends to F is

y�t
 � A�Be�Ft �Dte�Ft

and the estimates for B and D do not diverge�

����� Similar curves have been used as a model for forward rates by Nelson and
Siegel ���	�
 and Svensson �����
�

����� Now y�t
 is linear in A� B and D so that it is straightforward to write down
the values of �A � �A�C� F 
� �B and �D� given C and F � This leaves us with the problem of
how to minimise the function

�S�C� F 
 � S� �A� �B�C� �D�F 


����	 It is now well known that �S�C� F 
 can often have two or more local minima �for
example� see Figure �� further on
� This gives rise to occasional jumps from one minimum
to another� Such a �catastrophic
 jump can sometimes go unnoticed� Occasionally� how�
ever� such a jump will occur during a period of relatively low volatility in prices� and the
resulting change in the shape of the curve will be noticed by at least some practitioners�
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Figure �� Example of a problem with the minimisation algorithm� A catastrophic jump
occurs between days � and ��
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��� A simpli�ed explanation

����� A stylised ��dimensional version of this problem is illustrated in Figure ��
Suppose that we wish to minimise the function S�t� x
 with respect to x� This function
varies randomly but continuously through time� t �measured in days
� The sequence of
plots in Figure � represents six snapshots of the evolution of this curve� On day �� the
curve has a unique minimum at A� On days � to � there are two minima at A and B� but
the minimisation algorithm starts at the previous minimum and stays at A �which varies
slightly from one day to the next
� On days � and � A represents the global minimum
while on days � and � the chosen minimum at A is only a local minimum and not the
global minimum� which is at B� On day � the algorithm jumps to to what is now the
unique minimum at B� This type of discontinuity between days � and � is often referred
to as a �catastrophic
 jump and has a branch of mathematics devoted to it �for example�
see Poston and Stewart� ���	� Chapter �
� It is not until day � when the algorithm �nds
the global minimum at B as a result of the disappearance of the local minimum at A� If
the time sequence had been reversed then the solution to the algorithm would have been
at B from time � down to time � before jumping to A at time � �the so�called �hysteresis

e�ect
� At the time of the catastrophic jump there may be an identi�able shift in the
shape of the �tted yield curve� which would be particularly noticable during quiet trading
periods when actual yields had not shifted by any considerable margin�

����� From the above description it will be seen that the minimisation algorithm
�the Nelder�Meade simplex algorithm
 starts at the previous day
s solution and tries to
�nd the nearest local minimum which may or may not be the global minimum� This has
the advantage that the frequency of catastrophic jumps is not as high as would be the
case if a global optimisation algorithm was used� On�the�other�hand� a disadvantage of
this algorithm is that it may stick at a local minimum which gives a signi�cantly worse
�t than the global minimum�

����� In practice catastrophic jumps might occur more frequently than would strictly
be the case from the above description� First� we only take a daily snapshot� so that the
new starting point for minimisation �that is� yesterday
s minimum
 might be su�ciently
far from today
s minimum that the optimisation routine would �nd the other minimum
rather than to continue to track the previous solution� Second� the minimisation algorithm
might step inadvertently outside the current minimum
s domain of attraction� Both cases
have the result that the other minimum might be found despite the fact that the previous
minimum still exists�

��� Recent history

����� A sample period of ��� consecutive trading days during ���� is given in Figure
��

����� The program which generated this output took a slightly di�erent approach
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Figure �� Evolution of the estimates for �C and �F � and of the Root Mean Squared Error
�RMSE
 in the estimate of the gross redemption yield during the period June to October
����� �A �gure of ��� equates to a standard error of �� basis points in the estimate of the
yield�
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to the problem from the framework of Dobbie and Wilkie ����	� ����
� First the data
were not split into high� medium� and low�coupon stocks �for convenience
� Second the
weights �the wi
 were all set equal to �� Third the program located and tracked as many
local minima as it could track down �that is� some minima might have been missed out
�
Di�erent numbers of minima were observed at di�erent times� for example� around the
middle of July there appeared to be a unique minimum� around the end of July there
were two minima� and around the middle of August there were three minima each giving
noticably di�erent yield curves� In each of the plots in Figure � the solid line gives the
values for the global minimum� the dotted line gives values for the second minimum and
the dashed line values for the third minimum�

����� Similar results were observed when then program was run using monthly data
from ���� to �����

����� Figure � gives three yield curves on �� September ���� and a contour plot of
�S�C� F 
� �C and F have been rescaled in the contour plot to

p
C and

p
F in order to

illustrate the situation more clearly�
 P � Q and R were the three local minima identi�ed
on that date and mentioned above� The root mean squared errors are �	� �� and ��
basis points� so each curve �ts reasonably well� The best �t� P � succeeds by �tting the
short end very well and adequately elsewhere� At terms � to �� years Q and R are very
similar and quite di�erent from P � Between �� and �� years they are all similar� and after
that P and R are similar and lower than Q� A catastrophic jump can occur when prices
are relatively stable� From the example given here� such a jump from P to Q would be
noticable�

����� Suppose� then� that we started at the global minimum at the start of June�
There is always a minimum with �C in the range ��� to ��� and it is suspected that the
original algorithm would have tracked this all the way through without any catastrophic
jumps� However� it is necessary to track simultaneously �F to check for this continuity�
The lowest values of �F � however� are slightly unreliable as many of the small values of �F
are combined with very small values of �D and so have very little impact on the shape of
the yield curve� When this happens the minimisation routine is not able to improve upon
the previous estimate of F due to rounding errors�

����� If there there no catastrophic jumps then a potentially serious problem would
have arisen during the early part of August� The old algorithm would have picked a value
of �C of between ��� and ���� a local minimum� The global minimum during a good part
of this period gave a much higher value for �C and� more importantly� a much better �t�
and the algorithm would have completely missed this feature�

����� The combination of possible catastrophic jumps� of an algorithm which might
track a poor local minimum� and of the recent changes in the taxation of gilts means that
a fresh approach to the yield curve is now appropriate�



� THE EXISTING YIELD CURVE APPROACH AND PROBLEMS ��

�����
�

��
��

���
���

��
� �

� ��
� � ��

� � � � � � � �

Figure �� �� September ����� �Top
 A contour plot of the function �S�C� F 
 for this date
showing the unusual feature of three local minima at P � Q and R �plus the re�ections of
P and Q� P � and Q�
� R is on the diagonal �dotted line
� The locations of these local
minima are typical for other dates� The corners of the plot are all �high
 points� �Bottom

Three yield curves corresponding to the local minima at P �solid curve
� Q �dotted curve

and R �dashed curve
� The dots represent the gross redemption yields on the gilt market
at the end of the day�
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� A forward�rate curve approach to the pricing

of gilts

��� Forward rates

����� An alternative to the use of yield curves� and which is popular in the �eld
of �nancial economics� is the use of forward�rate curves� In a traditional actuarial con�
text the forward�rate at time s is sometimes referred to as the force of interest ��s
 �for
example� see McCutcheon and Scott� ��	�
� The force of interest is� however� a one di�
mensional deterministic process whereas the forward�rate curve is two dimemsional and
evolves stochastically� This two�dimensionality re�ects the di�erence� for example� be�
tween an investment in an n�year zero�coupon bond and an investment in the short�term
money market for n years�

����� In the �nancial economics literature forward�rate curves play a central role
in the pricing of bonds� In particular� the general framework described by Heath� Jar�
row and Morton �����
 takes the initial forward�rate curve as input �almost regardless
of its shape
 and describes how the curve must evolve thereafter in order to maintain
an arbitrage�free market� Other models such as those proposed by Vasicek �����
 and
Cox� Ingersoll and Ross ���	�
 take only one or two variable factors as input �such as the
short�term interest rate
 and estimate other �xed parameters by getting the best match
to the observed forward�rate curve �for example� see Chaplin� ���	a
� Such models have
necessarily been relatively simple in order to facilitate the pricing of derivative instru�
ments� As a consequence the models often �t available data relatively poorly or do not
provide an accurate picture of how the forward�rate curve actually evolves through time�

����� The forward�rate curve used here is more complex and does not� on its own�
provide an arbitrage�free framework within which derivatives can be priced� It does
provide a much better �t than the existing� simpler equilibrium models� As mentioned
above� the forward�rate curve described here could provide the input for a stochastic
model within the Heath�Jarrow�Morton framework� This application� however� was not
considered to be essential as it was not designed as a means of pricing derivatives� instead
it is designed to give an indication of what interest rates are currently being implied by
the market� Bj rk and Christensen �����
 consider which classes of forward�rate curves
are consistent within the Ho ! Lee ���	�
 and Hull ! White �����
 models� that is� as
these models evolve the forward�rate curve remains within the same family of curves as
the initial forward�rate curve�

����� Let f�t� t � s
 be the forward rate curve observed at time t for � � s � ��
That is� f�t� t � s
 � �� logZ�t� t � s
��s where Z�t� t � s
 is the price at time t of a
zero�coupon bond maturing at time t� s�

����� The model for f�t� t� s
 used in this paper is�
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f�t� t� s
 � b��t
 �
�X

i��

bi�t
e
�cis

� b� �
�X

i��

bie
�cis for brevity�

If the value of ci is small then the relevant value of bi a�ects all durations whereas if ci is
large then the relevant value of bi only a�ects the shortest durations�

����� Although this is a nine parameter model� the model is structured in such a
way that c�� c�� c� and c� are regarded as �xed parameters and that we optimise over the
bi only� As is described in Section � a choice of c � ����� ���� ��	� ���
 was found to be
appropriate for the period ���� to ����� With this set of values for c� a wide variety
of shapes for the forward�rate curve can be generated by using di�erent combinations
of values for the bi� In particular the forward�rate curve can have �� �� � or � turning
points� Furthermore� b� will have more in�uence over the long term� while b� will have
more in�uence over the short term� b�� clearly� sets the overall level of the forward�rate
curve�

����� This particular model in fact belongs to the more general class of Restricted
Exponential Polynomial curves described by Bj rk and Christensen �����
� For consis�
tency in the Ho ! Lee and Hull ! White models they show that it is a necessary condition
that the ci remain constant through time�

����	 This model was favoured over an alternative ��parameter model

f�t� t� s
 � b��t
 �
�X

i��

bi�t
e
�ci�t�s

where optimisation occurs over b�� b�� b�� c� and c�� This preference arises out of the
conjecture that the former model cannot give rise to catastrophic jumps while the latter
is known to have multiple maxima in the likelihood function even for the simple case
where there are only zero�coupon bonds �when the optimisation problem becomes the
same as that considered by Dobbie and Wilkie� ���	� and discussed in Section �
� Similar
models for the forward�rate curve have been used by Nelson and Siegel ���	�
 �

f�t� t� s
 � b��t
 � b���t
 exp��c��t
s
 � b���t
s exp��c��t
s


� and by Svensson �����
 �

f�t� t� s
 � b��t
 � b���t
 exp��c��t
s
 � b���t
s exp��c��t
s
 � b���t
s exp��c��t
s
�

� and these are �as shown in Section ���
 also subject to catastrophic jumps� The Nelson
and Siegel ���	�
 and Svensson �����
 models only allow for a maximum of one and two
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turning points �respectively
� so that the alternative � out of � parameter model has a
much richer range of curves available for �tting the data�

����
 The curve is equivalent to the polynomial approach to the �tting of forward
rates�

f�t� t� s
 � b� �
�X

j��

bjx
cj�c�

where x � e�c�t�

������ More normally� however� the polynomial approach would use the powers ��
�� �� �� � instead of the �� �� �� �� 	 used here� Since we restrict ourselves to the range
� � x � � each set of polynomials can generate an equally rich family of curves �in
particular� up to three turning points
�

������ The discount function at time t for payments at time t � s is

Z�t� t� s
 � exp
�
�
Z s

�
f�t� t� u
du

�

� exp

�
�b�s�

�X
i��

bi
�� e�cis

ci

�

������ In the estimation problem we have N �xed interest stocks� Stock i has coupon
gi per annum per �� nominal� with coupons payable at times Ti � fti�� � � � � tini

g from
time t� �so that� � � ti� � ���� tij	� � tij � ��� and �i � tini

is the time to redemption
�
The �rst payment may be zero if the stock is currently ex�dividend� Given a particular
parameter set b �b � �b�� b�� b�� b�� b�

 and corresponding forward rate curve f�t� t�s
 the
theoretical price of stock i is

�Pi � �Pi�b


�
niX
i��

cijZ�t� t� tij


where ci� �

�
� if the stock is ex�dividend
gi
�

otherwise

ci� � � � � � ci�ni�� �
gi
�

cini
� � �

gi
�

������ Now the �Pi are theoretical prices� whereas the actual prices Pi are subject to
errors� It is appropriate� therefore� to formulate some form of statistical model�
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��� Statistical model

����� There are three sources of error taken into account here�

����� First� published prices are subject to rounding to the nearest ���� per ����
nominal �described here as �Type �
 errors
� This a�ects primarily the short�dated stocks
and can lead to large errors in the gross redemption yield� Short�dated stocks in an ap�
propriate model therefore will have standard deviations of about ����� or� equivalently�
the logarithm of the price has a standard deviation of ������ �and� for the sake of ar�
gument� a normal distribution
� It can readily be argued that this standard deviation
should be less than this� in the sense that the �true
 midmarket price should lie in a band
of width ����� The value taken here is� therefore� more cautious� As described below� an
important aspect of this error structure is that it simulates weightings which tend to zero
as the term of a stock approaches zero�

����� Second� �ignoring temporarily the ���� error
 we postulate that the di�er�
ences between the actual and expected yields on independent stocks are independent and
identically distributed normal random variables with mean � and standard deviation �d
�Type � errors
� This part of the model is consistent with the statistical model which is
contained implicitly in the methods of least squares adopted by Dobbie and Wilkie ����	�
����
 and by Phillips �described in Feldman et al�� ���	
�

����� Third� a limit was placed or the magnitude of the price errors which can be
experienced by long�dated stocks �Type � errors � or rather restriction of errors
� For
example� if the second type of error described above used �d � ������ �� basis points

�an appropriate value since ����
 then a stock with a duration of �� years would have a
standard deviation of ���� of the price �or about �� pence
� This can be considered to
be too large�

����� A precise description of the error structure is given in Appendix B� In summary�
however� the statistical model is as follows�

logPi � N

�
log �Pi�

��dd
�
i

wi

�
��


where di is the duration of stock i and wi is the weight attached to stock i� �A larger
weight is equivalent to a lower standard deviation� Hence the form of equation � above�

The errors are assumed to be independent� This assumption relies on the hypothesis that
the forward�rate curve being �tted does� indeed give a good description of the market� In
practice� the model is� of course� only an approximation to reality� One can then argue
that where the theoretical curve deviates from the true curve errors in the estimated prices
will be correlated� Nevertheless� it is demonstrated in Section � of this paper that such
correlations� if they do exist� are relatively small�

����� In practice there will exist other minor features which could be added to this
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model� For example� each stock� i� could have a bias term� 	i� to account for special
characteristics� such as benchmark status or if it has special taxation concessions� �For
example� 	�

�
� ���� had benchmark status until May ���� before which it attracted a

premium of as much as � basis points� This premium immediately disappeared at the time
of the introduction of 	� �����
 In the �tting of the forward rate curve described below�
we have speci�cally excluded double�dated bonds and convertible bonds which have a
clear bias attached to their prices which results from their inherent option characteristics�

����� The log�likelihood function for the data is thus

g��P jb
 � ��

�

NX
i��

�
log���dd

�
i �wi
 �

�logPi � log �Pi

�

��dd
�
i �wi

�

��� Equivalent least squares approach

����� Maximisation of the likelihood function with respect to b can easily be shown
�see Appendix C
 to be equivalent to minimisation of the weighted least�squares function

S� �
NX
i��

wi
�Pi � �Pi


�

d�i
where wi � the weight attached to stock i �see Appendix B


�
� � as di ��

� as di � �

����� If the Type � �restriction of
 errors are removed then wi � � as di ���

����� This least squares approach is very similar to that suggested by Phillips �see
the description in Feldman et al�� ���	
 who uses wi � minfdi� �g� This least�squares
approach is more familiar to many practitioners and it is reassuring to know that there
is a sensible statistical model underlying it�

��� Avoiding negative forward rates

����� In the early stages of this investigation it was found� occasionally� that� for
example� some predicted rates could be negative� or that the long term forward rate
implied by �tted market prices �that is� estimated rather than actual prices
 could tend
to in�nity� Such outcomes were considered to be undesirable� the �rst clearly leads to
arbitrage possibilities and would not exist in practice� and in the second example it seems
very unlikely that the market would expect interest rates to increase without bound�
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����� It was therefore felt appropriate to introduce some way of constraining the
solution to forward�rate curves which are bounded and non�negative�

����� One way to do this would be to maximise the log�likelihood function g��P jb

subject to the constraint that f�t� t � s
 is bounded and non�negative� This could still
lead to solutions in which the forward rate was equal to zero for some value of s� From a
subjective point of view this still seems to be unlikely since if f�t� t�s
 � � for some s � �
we create an arbitrage opportunity of order ds� That is� we could go long in zero�coupon
bonds with term s and short in zero�coupon bonds with term s � ds� The di�erence in
price would be o�ds
 since f�t� t � s
 � � whereas investing the proceeds of the s�dated
bond would create a pro�t of the same order as r�t� s
�ds �where r�t
 is the risk�free rate
of interest
� Since r�u
 
 � with probability greater than � �under any reasonable model

this means we have a guaranteed pro�t of O�ds
�

����� We therefore adopt a Bayesian approach which incorporates this subjective
viewpoint� This is done in the form of saying that before we look at the data we would
say that it is more likely that the forward rate t years hence� f�t� t� s
� is more likely to
be� say� �� than �� which itself is more plausible than� say� a rate of ��� This is done
by introducing some prior distributions for the parameters underlying the forward�rate
curve�

����� Now we do not want the incorporation of this subjective view to swamp the
data� The prior distribution was therefore chosen to re�ect this view in a weak way� There
are various ways of doing this� and the following prior density function for � � f�t� t
�
f�t� t� ��
 and f�t��
 was selected�

prior�density � exp�g���
� �
������e���

"��


� log�prior�density � g���
 � ��� �
 log � � �� � constant

where � � ��� and � � ����� � needs to be positive to ensure that we have a proper prior
density function �that is� one which will integrate over its full range to �
� and to inhibit
the possibility that the forward rate tends to ��� � could equally well have been set at
��� or ����� without signi�cantly altering the results of the estimation process� � must
be greater than � to inhibit the forward rate from getting too close to zero� If � is greater
than � then there is� perhaps� too much of a push away from zero interest rates� The
choice of ��� for � is the chosen compromise� again� though� the precise value has little
impact� The prior distribution is very di�use relative to the likelihood function so it has
very little impact on the posterior distribution except when some points on the forward
rate curve get too close to zero�

����� A stylised� one�dimensional representation of this is provided in Figure ��
The three curves are log�likelihood �solid curve
� log�prior density �dotted curve
 and
log�posterior density �dashed curve
 for some parameter d �for example f�t� t � ��

� It
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Figure �� Possible log�likelihood �solid curve
� log�prior density �dotted
 and log�posterior
density �dashed
 curves for a parameter d� �For example� d � f�t� t� ��
�


can be seen that the main e�ect of the introduction of a prior distribution is to ensure
that the log�posterior tends to �� as d tends to �� The maximum log�likelihood occurs
at �d � ����� while the maximum log�posterior occurs at about �d � ����	� This shift is
relatively small� In reality� however� the di�erence would be even smaller given that the
log�likelihood will normally be concentrated over a much narrower range�

����� The log�posterior density is thus

g��bjP 
 � g��P jb
 � g��f�t� t
� � g��f�t� t� ��
� � g��f�t��
� � constant�

����	 In practice the the estimates of parameter values were not found to be sensitive
to the choice of values for � or ��

����
 The parameter estimates are �b where

g���bjP 
 � max
b

g��bjP 


������ The very di�use nature of the prior distribution means that these estimates
will be very close to the maximum likelihood estimates�

��� The Svensson model

����� Nelson and Siegel ���	�
 proposed the following model for forward rates
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f�t� t� s
 � b��t
 � b���t
 exp��c��t
s
 � b���t
s exp��c��t
s
�

����� This was extended by Svensson �����
 who included an extra polynomial�
exponential term

f�t� t� s
 � b��t
 � b���t
 exp��c��t
s
 � b���t
s exp��c��t
s
 � b���t
s exp��c��t
s
�

bringing the total number of parameters to be estimated to �� In order to improve the
estimation process the model was reformulated as

f�t� t� s
 � b��t
 � b���t
 exp��c��t
s
 � b���t
s exp��c��t
s

�b���t
s

�exp��c��t
s
� exp��c��t
s
�
�c� � c�


�

����� In some cases the estimates of c� and c� get very close to one another� In the
new formulation� as c� � c��

f�t� t� s
 � b��t
 � b���t
 exp��c��t
s
 � b���t
s exp��c��t
s
 � b���t
s
� exp��c��t
s


and b���t
 does not get arbitrarily large� In the original formulation� as c� � c�� b���t

tends to in�nity�

����� The Svensson �����
 model was �tted to price data using the same statistical
structure described in Section ���� It is possible to �nd more than one maximum by using
the following procedure�

����� Take a relatively crude grid of values for c� and c� �these are the only non�
linear parameters in a zero�coupon bond market
� For each pair of values �c�� c�
 maximise
the log�posterior density function over the remaining �linear
 parameters b�� b��� b��� b���
If there is more than one maximum then these will show up in a contour plot of the
maximum log�posterior function when plotted as a function of c� and c�� The true local
maxima can then be found by carrying out unconstrained maximisation starting from the
local maxima on the grid�

����� As an example the model was �tted to prices published on � November �����
It was found that there were �at least
 three local maxima� The three �tted forward�
rate curves are plotted in Figure ��a
 and their equivalent spot rates in Figure ��b
�
Importantly� the three maxima have very similar log�posterior values� in other words�
they all �t the data almost equally well�

����� It can be seen that the three �tted curves are signi�cantly di�erent� The
di�erences are more marked for forward rates� but they are still noticeable when we
consider the spot rates� The dotted and dashed curves are relatively similar throughout
in comparison with the solid curve �which gave the best �t of the three curves
�
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Figure �� Forward�rate and spot�rate curves for the Svensson model on � November �����
�c�� c�
 � solid curve ��������������
� dotted curve �������� ����	�
� dashed curve ����	���
���	��
�
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� Results

��� General description

����� Two sets of data were used� monthly data running from ���� to ���� ���
separate dates
� representing a typical period straddling the announcement of the tax
changes� and ��� consecutive trading days running from June to October� ����� The
announcement early in ���� that the taxation of gilts was to change means that yield
curves could almost be drawn by hand from that date onwards� Certain stocks were
excluded from the �tting process� in particular� convertible stocks� those with optional
redemption dates �including the two stocks which will continue to be taxed under the old
regime
� all undated stocks �except for �� Consols and ���� Treasury
 and the stocks
�� ����� �� ���� and �� ����� �The last three stocks were observed� in general� to be
well out of line with the rest of the market� However� they were reinstated when the time
series of errors in the prices of individual stocks were considered in Section ��


����� Considering the ��������� data �Figure �
� it was found that � � ����� to
����� �i�e� �� to �� basis points in the yield
 was about right for the pre ���� data� For the
���� and ���� data �Figures � and �
 � � ������ was more appropriate� This di�erence
is not surprising as prior to ���� there was a marked coupon e�ect� which the present
model for the forward�rate curve was unable to take account of� given that it does not
distinguish between income and capital� Nevertheless� it was perhaps surprising that the
value of � � ����� was so low� �Further discussion of the coupon e�ect is given in Section
��


����� The e�ect of the choice of �� was also considered� �It is intended that� like c�
�� should be �xed at the outset�
 If there is no prior distribution then the value of �� has
no e�ect on the estimate of b� If prior distributions are included� there is an e�ect on the
estimate of b but this is very insigni�cant�

����� Results for ��������� are plotted in Figure �� �The current spot�rate f�t� t

and the ��month par�yield y�����
 are given to allow comparison with money�market rates
and treasury�bill prices�


����� It can be seen that there was considerable variation over this period� but this
variation appeared to be relatively smooth� Possibly the least variation was observed in
the ���year forward rates and yields�

����� Several choices for the vector c � �c�� c�� c�� c�
 were considered� Of these�
c � ����� ���� ��	� ���
 was found to be best over both the ��������� and ���� periods
investigated� Other choices were comparable in terms of �t and an example of one alter�
native �c � ����� ���� ���� ��	

 is given in Figures � and �� However� c � ����� ���� ���� ��	

leads to much greater instability in the long�term forward rate f�t� t��
 as can be seen
in Figure � �dotted curve
� Although this gives some cause for concern� it is unlikely that
this problem could be removed through the use of an alternative model� because there will
always be a range of possible parameter sets which are almost as good as the optimum
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Figure �� Evolution of various points on the forward�rate curve and on the yield curve
during the period ���� to ����� The solid lines represent values for c � ����� ���� ��	� ���

and the dotted lines represent values for c � ����� ���� ���� ��	
�
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Figure �� Evolution of various points on the forward�rate curve and on the yield curve
during the period June to October ���� �t is measured in complete months from � January
����
� The solid lines represent values for c � ����� ���� ��	� ���
 and the dotted lines
represent values for c � ����� ���� ���� ��	
�

and which give a wide variety of log�term forward rates�

����� Results for the period June to October ���� ���� consecutive trading days

are plotted in Figure �� Since this dataset covers a much shorter period of time there is
much less variability to observe in the evolution of the forward rate curve� However� there
was a reasonable amount of randomness from one day to the next� Standard errors are
considerably smaller than those observed before ���� and plotted in Figure � because the
coupon e�ect had been almost entirely removed by this time�

����	 In Figure 	 we compare the estimated ��month spot rate with the ��month spot
rate for Treasury Bills �TB
s
 and for Commercial Bills �CB
s
� This �gure includes a ���
con�dence band for the estimated ��month spot rate calculated along the lines described
in Section �� This band is relatively wide and re�ects the fact that we are looking at one
end of the yield curve rather than the middle �which has lower standard errors
�
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����
 The rates for TB
s and CB
s have been taken from Financial Statistics published
by HMSO and apply to the last Friday in the preceeding month� Thus these rates are
sampled up to � trading days before the gilts prices were taken �on the last trading day of
each month
� �In Financial Statistics the CB
s have now taken the name �eligible bills

�

��� Further remarks on the analysis

����� On further investigation of Figures � and � we note�

�� The long�term forward rate jumps up by about �� in October ���� re�ecting the
UK
s exit from the ERM� but then drifts down as the market decided that the
government was serious about keeping in�ation low in the long term�

�� The standard errors plotted in Figures � and � are approximately equal to �but
slightly less than
 the standard errors in gross redemption yields �expressed in basis
points
� �That is� if #yi is the error in the redemption yield for stock i then the
standard error plotted is S where S� � �

n

Pn
i�� wi#y

�
i and the wi �� � wi � �
 are

weights which are mostly very close to � except for short�dated stocks� The precise
formula is given in Section ��


It can be seen that the standard error is relatively high initially� This re�ects
the coupon e�ect which was in existence before ����� After ���� the market had
factored out the proposed changes to the taxation of �xed interest stocks which will
came into e�ect in ���� and under which interest and capital gains are taxed on the
same basis�

A gradual reduction in standard errors in the run up to ���� re�ected a narrowing
of the di�erences between high and low coupon stocks� It is possible that the market
was anticipating the tax changes announced in �����

�� Although TB
s and CB
s both follow the �tted curve �Figure 	
 very well there
are signi�cant di�erences� TB
s are too low through some of ���� and both TB
s
and CB
s are too high through much of ���� and early ���� �often the con�dence
interval and the bid�o�er spread are far apart
�

The ��month CB rate for the end of October ���� at about ���� is substantially
higher than the estimated rate �����
 and the TB rate ���	�
� Possibly this was a
result of the use of di�erent sampling dates�

In Section � it is pointed out that the standard errors in estimated short rates are
high� These �or some other
 published rates could be used to reduce substantially
these standard errors� It is also possible that less uncertainty in nominal short rates
might also make estimation of short term in�ation expectations more stable �see
Section �
�
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Figure 	� The �tted ��month spot rate compared with market spot rates for Treasury
Bills and for Commercial Bills �converted from discount rates
�
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�� During the �rst quarter of ���� duration �� forward and spot rates rose by about
�� from a low of ��� This was caused by the United States Federal Reserve which
raised its rates by ������ This sparked o� a world�wide bout of selling of bonds
which lasted for several months�

��� Making use of money�market rates

����� In Figure 	 estimated ��month spot rates were compared with ��month
Treasury�Bill and Commercial Bill spot rates�

����� The �tting process was rerun but making additional use of the known ��
month rates �one rerun for each
� The observed spot rate was assumed to have a Gamma
distribution with mean equal to the ��month spot rate predicted by the best �tting curve
and a standard deviation ������ �� basis points
�

����� The results for TB
s are plotted in Figure � �CB
s give similar results
�

����� It can be seen that the e�ects of both are relatively small except on occasional
dates when actual TB rates were out of line with their unconstrained estimates� There
does not seem to be any speci�c advantage to one de�nition of the three�month rate over
the other� although� perhaps� CB
s minus a �xed amount might give better results�

����� However� in the most recent two years when errors have been low putting in
the extra information about observed money�market rates has increased the root mean
squared errors by between � and � basis points� This is signi�cant� apparently unpre�
dictable� and therefore undesirable�

� Statistical issues

��� Model selection

����� It is necessary to justify the use of a ��parameter model rather than � or ��
There are a number of ways in which to choose the best model� Chaplin ����	b
 uses
hypothesis tests with the null hypothesis� for example� that b� � � to choose between �
and � parameters� Here we describe the use of model selection criteria�

����� The two most popular model selection criteria are the Akaike Information
Criterion �AIC
 and the Schwartz Bayes Criterion �SBC or BIC
� These can be written
in the form �for example� see Wei� ����� or Cairns� ����


AIC�k
 � g��P j�b
� k

SBC�k
 � g��P j�b
� �

�
k log�N
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Figure �� Unconstrained curve �tting �solid curves
 against curves �tted making use of
��month Treasury Bill rates as additional information with a small standard deviation�
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Figure ��� Posterior model probabilities for k � � �dashed line� triangles
� � �dotted�
squares
 and � parameters �solid� diamonds
�

where �b is the maximum�likelihood �or Bayesian
 estimate� k is the number of parameters
being estimated and N is the number of stocks in the dataset�

����� The e�ect of the second term in each criterion is to penalise over�parametrised
models� Put another way� under the AIC it is necessary for the maximum�likelihood
to increase by at least � for it to be worth adding in one extra parameter� Except for
small values of N � �

�
log�N
 
 �� Therefore� the SBC tends to select models with fewer

parameters than does the AIC�

����� A useful adjustment of the SBC which aids comparison of models is to let
PP �k
 � exp�SBC�k
��

P
j exp�SBC�j
�� The function PP �k
 gives �to a good approxi�

mation
 the posterior model probabilities�

����� In Figure �� we plot the PP for the ��parameter �b� � b� � �
� ��parameter
�b� � �
 and ��parameter models� It can be seen from this �gure that all of three models
would have been selected on a range of dates�

����� From a consideration of the most relevant period in ���� and ���� the � and
��parameter models dominate� It is tempting� therefore� to use the ��parameter model
for use in the construction of the yield indices� However� � parameters have proved to be
necessary once in ���� but most signi�cantly during ���� and ����� It may be argued
that there was� to a certain extent� an unusual shape during that period with unusual
market forces acting� This� however� is not an argument against the use of � parameters�
it is quite likely that� in the future� other di�erent but still unusual circumstances might
arise which require the use of � parameters�
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����� This subsection has considered model selection on a given day without reference
to the appropriate model for other datasets� If all datasets are to be considered then some
sort of time series model for the development of the model parameters would be required
in addition to forward�rate curve itself� Such a procedure would� most likely� favour the
��parameter model if� for example� the magnitude of the �fth parameter was small but
persistent�

����	 In summary the ��parameter model was selected as the most appropriate model
for use in the construction of the yield indices for the following reasons�

�� It has given the best �t on a number of dates in the past�

�� The yield indices need a model which will �t well almost all future Gilts markets
without the need to vary the number of parameters� It is likely that� if � parameters
have been needed in the past� � parameters will be needed in the future� Adopt�
ing a strategy which varies the number of parameters periodically would result in
catastrophic jumps on those days� a problem which the Working Group was set up
to eliminate�

��� Choice of the �xed parameters c

����� In Section � there was some mention of the possibility that di�erent values
for c might be used� In Figure � it was demonstrated� �rst� that c � ����� ���� ��	� ���

and c � ����� ���� ���� ��	
 both �t the data equally well on all dates but� second� that
the latter gave much more volatile long�term forward rates� In general the choice of c
does not a�ect substantially the goodness of �t� However� some sets of values such as
c � ����� ���� ���� ��	
 �Figure �
 give rise to undesirable characteristics such as volatility
in the long�term forward rates whereas others with much larger values of c might give
rise to excessive volatility in the very short�term rate� In both cases the volatility occurs
outside the range of the observed data� From a subjective point of view such rates should
be less volatile than the rates predicted by� for example� c � ����� ���� ���� ��	
� The choice
of c � ����� ���� ��	� ���
 satis�es the desire for relative stability� It is not claimed� however�
that this set of values is optimal in any sense�

����� Bj rk and Christensen �����
 discuss constraints on the forward�rate curve
for consistency within the Ho ! Lee ���	�
 and Hull ! White �����
 models for the
pricing of interest�rate derivatives� They demonstrate� �rst� that the c must remain
�xed and second that there are further constraints on the relationship between the bi
given an initial forward�rate curve� For example� in the Vasicek �����
 model �which
is a special case of the Hull ! White� ����� model
 forward rates will have the form
f�t� t�s
 � b��t
� b��t
 exp��c�s
� b��t
 exp��c�s
� This curve initially has four degrees
of freedom �the only constraint being that c� � �c�� but� thereafter there is only one
degree of freedom �which can be taken as the risk�free rate of interest� r�t

� b�� c� and c�
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must remain �xed while b��t
 and b��t
 depend solely upon r�t
� Bj rk and Christensen
�����
 generalise this to cover more complex models�

��� The coupon e�ect

����� A relevant question at this stage is whether the coupon e�ect has genuinely
disappeared� The discussion so far has commented that the coupon e�ect was very obvious
in ���� but had disappeared by the time of the announcement in ���� of the tax changes�

����� It is an important feature of the model described in Section � that income and
capital are valued in the same way� that is� no coupon e�ect is allowed for� It is therefore
important to demonstrate that� since� ����� no signi�cant coupon e�ect exists�

����� Two forms of investigation were carried out� First� on each date the sample
correlation� Ry� between coupon and yield errors was considered� For each stock i let gi
be the coupon� yi be the gross redemption yield and �yi be the predicted yield� The sample
correlation coe�cient is

Ry �

PN
i���yi � �Yi
�gi � $g
qPN

i���yi � �Yi
�
PN

j���gj � $g
�

where $g �
�

N

NX
i��

gi

����� �An alternative approach calculates a sample correlation coe�cient for the
three subsets of short� medium and long�dated stocks� This would be more likely to pick
up an e�ect if it varied signi�cantly according to term� On�the�other�hand� it reduces the
power of the test described below�


����� The sample correlation coe�cient was calculated for each of the �� dates in
the ���� to ���� data� giving values R�� R�� � � � � R
�� The following null hypothesis was
tested�

H�� There is no correlation between the gi and the yi � �yi�

versus

H�� The gi and the yi � �yi are positively correlated�

����� The null hypothesis is rejected on an individual date �that is� without reference
to other dates
 if Rt 
 Rmin� where Rmin depends on the signi�cance level� �� and on the
number of stocks� N � Over the period N ranged from �	 to ��� Sample values for Rmin

are given in Table � �these values can� for example� be found in Neave� ���	� Table ���
�
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Figure ��� Sample correlation coe�cients between� �a
 coupon and yield errors� �c

coupon and price errors� Regression slope linking� �b
 coupon with yield errors� �d

coupon with price errors� �That is� a modi�ed model might be of the form yi �
�yi��y�gi� $g
� 
i where �y is the slope and 
i is the error� For example� �y � ���� means
an increase of � basis points in the yield for every �� increase in the coupon�


Rmin � � �� � � ���
N � �	 ����� �����
N � �� ���	� �����

Table �� Critical values for sample correlation coe�cients�

����� Values of Ry
t are plotted in Figure ���a
� along with Rmin � ���� ���� is

representative of the values in Table �� For a more rigorous test a more precise value would
be used�
 Also plotted in Figure ���c
 are the sample correlation coe�cients between
coupon and price errors �which correspondingly should be zero or negative
� In Figures
���b
 and ���d
 the �tted slopes �using a simple linear regression to link the yield errors
with coupon and the price errors with coupon respectively
 are plotted�
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����	 It is clear from Figure �� that there is still some sort of coupon e�ect� The
coupon e�ect was at its lowest during ���� but it has increased again in ����� However�
when Figures ���b
 and ���d
 are considered it can be seen that even though there is still
possibly a small coupon e�ect� about one tenth of what it was in �����

����
 It can be seen that the levels of correlation with coupon have fallen very
substantially �Figures ���a
 and �c

� If individual dates are considered then there is
insu�cient evidence to reject the hypothesis that there is no coupon e�ect� However�
since the correlation coe�cients are continually positive in the case of yield errors and
negative in the case of price errors over the whole period from ���� onwards� one might
conjecture that there is still a coupon e�ect of sorts� albeit much reduced� �If there was
genuinely no coupon e�ect then we would observe a mixture of positive and negative
correlation coe�cients�


������ The reduction in the size of the coupon e�ect can be seen by looking at the
reductions in the regression slopes plotted in Figures ���b
 and �d
� From these graphs
it can be conjectured that� if a coupon e�ect still exists� then it is about ��� of what it
was in� say �����

������ Figure �� includes the �� and �� stocks which were excluded from the esti�
mation process �for completeness
� If these three stocks are excluded from the correlation
analysis then Figure �� would be largely unchanged� However� if we exclude those stocks
with a coupon of ��� or more �which appeared to be somewhat erratic
 as well as the
�� and the �� stocks �that is� all stocks with a coupon of �� or less
 then� perhaps
strangely� the levels of correlation become more marked�

������ This again suggests that the evidence for the removal of the coupon e�ect is
inconclusive� It is easy to look at scatter plots and to identify and remove outliers �for
example� stocks above ���� or some of the strippable stocks
 and to improve the situation
in favour of one hypothesis or another� This is the worst form of what is called %data
mining% whereby the data and model are continually modi�ed to make things look better
than they perhaps are�

������ There is a notable discontinuity during ����� This coincides with the in�
troduction of 	� ����� This particular stock �which replaced 	���� ���� as the longest
dated �xed interest gilt on the market
 seems to trade at a substantial premium and may
have had a distorting e�ect�

������ No attempt has been made to test residuals for dependence jointly on term
and coupon�

������ In a second� non�rigorous test� the sequence of �� errors in the price of each
stock were plotted� Eight examples are given in Figure ��� We note�

�� �� ���	 was a �run�of�the�mill
 stock with no large or systematic errors over the
whole period�

�� ��� ���	 �a high�coupon stock
 was always cheap �most obviously during ����
�
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Figure ��� Evolution of price errors for speci�c stocks�
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Since ���� it has consistently traded �� to �� pence below its theoretical price� This
might be evidence of the continued existence of a coupon e�ect� However� neither
of ����� ���	 and ����� ���	 have exhibited a possible coupon e�ect since �����
Similarly �� ���� appeared to be expensive while ����� ���� was cheap over the
period ���� and early ���� but expensive later in �����

�� Benchmark and strippable status does seem to command a premium� 	���� ����
was relatively expensive during ���� and early ���� and when it ceased to hold
benchmark status on the issue in ���� of 	� ���� there was a marked drop in price�
All of the strippable bonds� except for 	��� ����� appear to trade at a premium
�for example� 	� ���� is plotted in Figure ��
�

��� Independence of errors

����� The Runs Test was applied to the results to test for independence of the
residuals� The stocks were ordered according to term to maturity �i � � representing the
shortest�dated stock� and i � n� � n� representing the longest�dated stock
� In this test
we considered the residuals zi � yi � �Yi� Let n� be the number of positive and n� be the
number of negative residuals� In the construction of the likelihood function it was assumed
that the price errors �that is� the di�erence between the theoretical and observed prices

would be independent� The purpose of the Runs Test is to assess whether or not stocks
with similar maturity dates have similar price errors� If the estimated curve provides a
poor �t then we may� for example� observe that all stocks which mature in� say 	 to ��
years have yields which are below their estimated values� and the number of runs would
be quite low�

����� As an example� suppose z � ����� ������������������� ��������� ���
� We �rst
translate this into �
s and �
s� that is� �� �������
� A sequence of �
s �minimum
length �
 then counts as one run� So then the number of runs here is ��

����� If the residuals are independent with Pr�zi 
 �
 � n���n� � n�
 �that is� the
null hypothesis
 then we can derive the distribution of the number of runs� If the observed
value is consistently too low then the model may be considered to have provided a poor
�t� If the number of runs calculated each day occasionally looks too low then this is not
a problem� since random variation will dictate that this will happen occasionally�

����� The Runs test was applied to each of the �� dates included in the ���� to ����
data and the results are plotted in Figure ��� The plot gives percentage points under the
null hypothesis for the observed number of runs using the Normal approximation to the
number of runs� The following observations are made�

�� The �gures for ���� to ���� are somewhat misleading as� potentially� maturity
correlations would be swamped by the size of the coupon e�ect �and coupons are�
to a certain extent� randomly distributed through the maturity range
�
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Figure ��� ���� to ���� data� Approximate p�values �calculated separately for each day

for the numbers of runs based upon the null�hypothesis that residuals zi are independently
distributed with Pr�zi 
 �
 � n���n� � n�
�
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�� There is a run of low p�values during ����� This might be regarded as being evidence
of non�independence� However� the number of runs will not be independent from
one date to the next� A much longer run of data will be needed to establish that
residuals on similar maturity dates are correlated�

�� Generally� however� the numbers of runs were not so low as to give serious grounds
for concern� The outcome is reasonably acceptable without being too good�

�� It should� of course� be borne in mind that the test here is not entirely reliable� First�
as mentioned above the pre����� coupon e�ect might distort the picture� Second�
some stocks have benchmark status� for example� and trade at a premium� If these
stocks are clustered together then there may again be a distorting e�ect�

��� Con�dence intervals

����� Besides having a best estimate of the forward�rate curve it is useful also to
know how reliable estimates of forward rates� spot rates� yields and prices are at various
maturity dates�It is desirable� therefore� to be able to construct con�dence intervals for
these quantities�

����� We are given a set of price data for one date� x� Let �b be the value of b �
�b�� b�� � � � � b�


T which maximises the log�posterior distribution �thatis� the best estimate
�
The log�posterior density function can be written in the form

p�bjx
 � p��bjx
� �

�
dbTMdb � o�db�


� db �� N���M��


� db � KZ

where KKT � M��

and Z � N��� In
� and n � � parameters

That is� the posterior distribution for b is approximately Normal with mean �b and covari�
ance matrix M���

����� K and M are positive de�nite n 	 n matrices� K is not unique in the sense
that there are in�nitely many K such that KKT � M��� The particular choice of K
and similar matrices de�ned below �in particular A
 does not a�ect the outcome of this
analysis�

����� Now consider a quantity of interest y �for example� a ���year instantaneous
forward rate� a �ve�year spot rate or the price of a ���year 	� coupon bond
� Then

y � y��b
 � hTdb� o�db
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where db � b� �b

h �
dy

db

����� Provided db is small� y is� therefore� approximately normally distributed with
mean y��b
 and variance hTKKTh � hTM��h�

����� Examples�

�� Forward rates� y � f�t� t� s
 and h � ��� e�c�s� e�c�s� e�c�s� e�c�s
T �

�� Spot rates�

y � R�t� t� s
 �
�

s

Z s

�
f�t� t� u
du

and h � hR�t� t� s
 �

�
��

�� e�c�s

c�s
�
�� e�c�s

c�s
�
�� e�c�s

c�s
�
�� e�c�s

c�s

�T

�� Bond prices �maturity at time t�s and coupon g per annum payable continuously
�

y � P �t� t� s� g
 � g
Z s

�
e�uR�t�t	u�du� e�sR�t�t	s�

and h � �g
Z s

�
uhR�t� t� u
e�uR�t�t	u�du� shR�t� t � s
e�sR�t�t	s�

�� Bond yields corresponding to the bonds described above� the standard deviation of
the estimated yield is equal to the standard deviation of the price per unit nominal
divided by the duration of the bond�

����� Typical standard errors for these three quantities are plotted in Figure ��� The
following comments can be made�

�� A ��� con�dence interval for a given quantity is �using the Normal approximation

the best estimate plus or minus � times the standard error�

�� The errors clearly depend on maturity� s�

�� The errors have reduced substantially as the coupon e�ect disappeared�

�� The dips and humps in the curves correspond� roughly� to the clusters or otherwise
of stocks with the same duration �forward and spot rates
 or term �prices
�
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Figure ��� Standard errors for �a
 forward rates� �b
 spot rates� �c
 prices of 	� coupon
bonds at di�erent maturities and �d
 gross redemption yields� Errors are plotted for
the three dates � November ���� �solid line
� � May ���� �dotted
 and � January ����
�dashed
�
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�� Standard errors get much larger outside the range of the stocks being use for esti�
mation purposes� All quantities have �nite limiting values as the term to maturity
increases to in�nity� This re�ects the fact that the parameter b� has a �nite variance�

�� Standard errors for spot prices are signi�cantly lower than those for forward rates�

�� Spot rates and gross redemption yields give very similar results except at the longer
end errors for gross redemption yields are lower�

��� Correlations between quantities

����� Besides the calculation of standard errors for speci�ed quantities we can also
calculate covariances and correlation coe�cients� Let y� and y� be two quantities of
interest �for example� spot rates at� say� � years and �� years
� Then as before� we have
errors

dyi � hTi KZ i � �� �

� Cov�dy�� dy�
 � E��hT�KZ
�ZTKTh�
�

� hT�KKTh�

� hT�M
��h�

� cor�dy�� dy�
 �
hT�M

��h�q
�hT�m

��h�
�hT�M
��h�


����� These correlations should not be confused with changes in rates through time
�as discussed in Feldman� ���	
�

����� Correlations between the errors in forward rates at di�erent durations are
plotted in Figure ��� It can be seen that there is a very complex structure�

����� To give an example� compare the rates at durations � and �� years� The
correlation is about ������ Therefore if the true ���year rate is above its estimate then it
is most likely that the ��year rate will be below its estimate� Such negative correlations
are not unexpected since an increase in one rate should be compensated by a decrease
in another rate in order to maintain the �t of the model� The existence of negative
correlations perhaps goes some way also to explaining why standard errors for spot rates
�Figure ��
 are lower than those for forward rates� spot rates are a weighted average of
forward rates Perhaps more surprising is the correlation of about ��� between rates at
durations � and �� years�

� Catastrophic jumps

����� The original motivation for this paper arose because of the existence of multiple
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Figure ��� Contour plot of the correlation function between forward rates at di�erent
maturities s� and s��
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minima in the Dobbie !Wilkie ����	� ����
 objective function which leads to catastrophic
jumps from time to time� It was also shown in Section ��� that the same problem arises
in in the Svensson �����
 model�

����� Here we discuss whether or not the same problem exists in the model described
in Section ��

��� The zero�coupon bond market

����� It can be seen that for a zero�coupon bond �Pi�b
 is linear in b �unlike coupon
bonds
� In Appendix D this linearity is utilised to prove that both the log�likelihood
�which is quadratic in b
 and log�posterior density functions have unique maxima�

����� Therefore if we use only zero�coupon bond prices there will be no catastrophic
jumps� In the case of the Dobbie ! Wilkie ����	� ����
� Nelson ! Siegel ���	�
 and Svens�
son �����
 models the relevant functions to be optimised are linear in some parameters
but non�linear in others� These non�linearities frequently cause multiple optima�

��� Coupon bond markets

����� In other circumstances it is necessary to use coupon bonds to estimate the
parameters of the forward�rate curve�

����� Since �Pi�b
 is non�linear in b it is di�cult to say with certainty that there is no
possibility that more than one maximum exists� However� it is strongly suspected that
multiple maxima do not exist in practice� There are two arguments for this view�

����� First� a number of speci�c dates were considered on an indivudual basis� On
each date ��� starting points for the optimisation were chosen at random� In each case the
algorithm converged to the same maxmimum� This� of course� does not provide conclusive
proof of its uniqueness� However� in the case� for example� of the Svensson �����
 model
it is easy to �nd multiple maxima� We can therefore say that if they do exist in the new
model then they are much less frequent�

����� Second� one can argue that multiple maxima are less likely to exist on the
following grounds� It was shown in Section ��� that there is a unique maximum if we have
a zero�coupon bond market� As we move �in a continuous sense
 from this ideal position
to one which includes small coupons� then� at �rst� continuity tells us that the likelihood
surface will have more�or�less the same shape as before� In particular� it will still only
have one maximum� As we increase the signi�cance of the coupons further this may cease
to be true� But we can say that if all coupons are small enough �but non�zero
 then
there will be a unique maximum� It is not clear at what level of coupons �if any
 would
multiple maxima turn up and if this level would cover reasonable or only unrealistically
high coupons�

����� Kennedy �personal communication
 demonstrated that the following su�cient
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condition for uniqueness does not hold�

����� The log�likelihood function is the sum of the log�likelihoods for individual prices�
If each individual component has negative semi�de�nite matrices of second derivatives �as
in Section ��� and Appendix D
 then there is a unique maximum� It is easy to show that
this condition is not true for coupon bonds�

����� A possible alternative to the Normal distribution for price errors is the Double�
Exponential distribution which has a log�likelihood function of the form�

g��P jb
 � �
NX
i��

��ij logPi � log �Pi�b
j� constant

����	 This is a much more di�cult function to work with because of the discontinuities
in its derivatives at the points where �Pi � Pi for some values of i� However� it addresses
some �but not all
 of the points raised by Kennedy�

� A model for index�linked gilts

	�� Description

����� In this section we describe the development of a model for the forward�in�ation
curve implied by the index�linked gilts market� This curve� r�t� t� � s
� is parametrised
in the same way as the forward�rate curve for index�linked stocks described in Section ��
that is�

r�t� t� � s
 � r��t
 �
�X

i��

ri�t
 exp��cis


� r� �
�X

i��

ri exp��cis


where t� is the time of the last known RPI� Thus r�t� t� � s
 is� in e�ect� measured from
time t�� as opposed to f�t� t � s which is measured from today� A precise description of
the pricing model is given in Appendix E�

����� The model allows us to project the future cash�ows by starting from the
most recent value of the RPI and projecting the index forward using the implied forward�
in�ation curve� Allowance is made for the 	�month time lag� so that the �rst coupon
payment is usually known with certainty� The model can be �tted in the same way as the
forward�rate curve was originally and without any prior distribution� This includes the
use of a similar error structure to that for �xed�interest prices with zero weight given to
stocks which mature in under 	 months� and low weight given to other short�dated stocks�
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����� It was found that the short end of the forward in�ation curve was very unre�
liable� volatile and not at all like recent observed price in�ation �see Figure ��� dotted
line
�

����� This problem was addressed by restricting the short end of the forward in�ation
curve in the following way� The current annual rate of in�ation is a known quantity and
it seems sensible to make some sort of use of this when the curve is being �tted� We use
the log of the change in the index over the last �� months�

Q � log
RPI� &m


RPI� &m� ��


where &m is the month of the last known RPI� We use a period of �� months for two
reasons� �rst� it avoids the complications of seasonality� second� it is much more stable
than the annualised month�on�month rate� This is then to be compared with

�Q�r
 �
Z �

��
r�t� t� � s
ds

which projects the implied in�ation curve backwards�

����� The quantity Q is put to use by specifying a prior distribution for �Q�r
� that is�
a Normal distribution with mean Q and standard deviation �Q � ����� ��� basis points
�
If the standard deviation was much smaller then the quality of the �t to the price data
deteriorated� If the standard deviation was much higher then the predicted short�term
in�ation would often be very far from recent� observed �gures and also rather volatile�

	�� Results for the ���� to ���� data

����� In Figure �� we plot results covering the period January ���� to November
���� allowing for standard deviations in �Q�r
 of ����� �solid line
 and ��� �dotted line
�
In the top�right graph we compare Q �dots
 with �Q�r
� In the second�row�left graph we
compare Q �dots
 with predicted in�ation over the next year� In the bottom�right graph
we plot the root�mean�squared�error �RMSE
 for each set of results� In this case the
RMSE is expressed relative to the error structure used in the estimation process� Thus
we have �see Appendix E
�

logPi � N
	
log �Pi� �

�� �Pi� d
�

i




RMSE �
�

N

NX
i��

�logPi � log �Pi

�

��� �Pi� d�i

�

�d�i is the in�ation duration of stock i�
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����� Thus RMSE should be of the order of � if the suggested error structure is
reasonable�

����� There are a number of comments to be made on the results illustrated in Figure
���

�� By comparing the solid and dotted lines we can see how volatile the implied in�ation
curve can be if it is not restrained at the short end�

�� A weaker short�term RPI constraint seems to have a less dramatic e�ect when one
looks at implied price in�ation over the next year �Figure ��� second row� left
�
Perhaps more curious is the fact that the one�year implied in�ation �gures do not
appear to be particularly good predictors of in�ation� �Note� for example� that the
one�year in�ation predicted on � January ���� should be compared with observed
in�ation on � January �����
 However� here there are only� in e�ect� � independent
predictions and observations making it di�cult to draw any �rm conclusions�

�� Residuals are generally very low� but these shot up in the aftermath of the UK
s
exit from the ERM in September ����� This reduced quickly at �rst but then took
about � more years to settle back down to the previous level�

�� In times of relative calm the errors in real yields are of the order of � to � basis
points which is rather lower than the lowest errors in the �xed�interest stocks�

�� The UK
s exit from the ERM resulted in a jump of about �� in long�term in�ation
expectations�

�� The peak RMSE in November ���� was caused by a poor �t for a short�dated stock
which was about to change to �xed interest status�

����� Overall the model seems to work well for long term in�ation expectations� it
is relatively stable and reacted in a sensible way to the UK
s exit from the ERM� The
model also �ts price data very well�

����� In Figure �� we plot results covering the same period with �Q � ����� but
this time investigating the e�ect of excluding stocks with a duration of less the 	 months
�solid line� and the same as in Figure ��
 or excluding stocks with a duration of less than
� years �dotted line� with weights tending to zero at duration � years
�

����� It can be seen in Figure �� that the RMSE is much more stable if stocks
with a duration of less than � years are excluded from the analysis� On�the�other�hand
short�term rates� which interpolate between observed in�ation and the prices of stocks
with durations over three years only� are more volatile �Figure ��� top right
� Neither
situation is entirely satisfactory and future work could focus on a revision of the error
structure in order that some use can be made of short�dated stocks to stabilise predicted
short�term in�ation but with a reduced risk that the RMSE will be disrupted by these
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Figure ��� Results of �tting the forward�in�ation curve� Solid lines� �Q � ������ Dotted
lines� �Q � ���� Points� price in�ation over the preceeding �� months� Q�
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Figure ��� Results of �tting the forward�in�ation curve with �Q � ������ Solid lines�
stocks under 	 months excluded� Dotted lines� stocks under � years excluded� Points�
price in�ation over the preceeding �� months� Q�
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short�dated stocks� In this way we should be able to make use of the limited information
contained in these stocks�

����� In Figure �	� as an example� we plot �tted curves for � January ���� ��Q �
�����
� In the top graph we plot nominal forward�rate curve �dotted line
 estimated from
�xed�interest price data� and the forward�in�ation curve estimated using the nominal
forward�rate curve and index�linked price data� The �tted real�forward�rate curve is
plotted in the middle graph� �Note that the various time�lags involved mean that it
is not possible to estimate this curve accurately from index�linked data alone�
 In the
bottom graph we plot implied spot in�ation rates using the �tted curve �dotted line
 and a
simple �bootstrapping
 technique� �The bootstrapping technique assumes that the implied
forward�in�ation curve is piecewise constant with jumps at the times of maturity of each
of the index�linked stocks� The number of degrees of freedom is equal to the number of
stocks and the forward�in�ation values are chosen to ensure that the theoretical prices
precisely match the observed prices�
 We can see that the bootstrap line is relatively
stable and is closely approximated by the �tted� parametric curve� This is re�ected in
the low RMSE on that date�

����	 In contrast to � January ����� � October ���� �just after Sterling
s exit from
the ERM
 exhibits much more instability in the bootstrapped forward�in�ation curve
�particularly for the shorter�dated index�linked stocks
� This resulted in a high RMSE on
that date�

����
 In Figure �� we plot the development of real forward rates at various durations�
It is clear that the real forward rate is relatively volatile at shorter durations� The long�
term rate is very stable with only one dip towards the end of ����� �Just as signi�cantly
nothing unusual happened in September �����
 This can be compared with the same
period plotted in Figure �� It would appear that there was excess demand during this
period for �xed interest stocks �worldwide
 which did not carry over to index�linked stocks�
As has been commented upon earlier this in�ation of �xed interest prices was reversed
during the �rst half of ����� We see in Figure �� that this corresponds to the return of
the ���year real forward rate to its more normal level of around ���

� Summary

	����� This paper has reviewed the construction of the FTSE Actuaries Government
Securities Yield Indices� The known risk of catastrophic jumps has been highlighted and
has been shown to apply also to the Svensson �����
 forward�rate model�

	����� A number of alternative descriptive models for the term structure were con�
sidered before the restricted exponential class

f�t� t� s
 � b��t
 � b��t
e
�c�s � b��t
e

�c�s � b��t
e
�c�s � b��t
e

�c�s
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Figure �	� � January ����� Top� forward rate curve for �xed interest stocks and forward
in�ation curve� Middle� real forward rate curve� Bottom� bootstrapped spot in�ation
�solid line
 versus �tted spot in�ation�
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Figure ��� Real forward rates over the period ���� to ���� with �Q � ������
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was settled upon� The restriction that the exponential parameters remain �xed is central
to the analysis� First� this reduces �and possibly eliminates
 the risk that there will be
catastrophic jumps� Second� the restriction is known to be a requirement for consistency
in the Hull ! White �����
 and Ho ! Lee ���	�
 evolutionary or no�arbitrage models for
the term structure �Bj rk and Christensen� ����
�

	����� It is felt that� for use in the construction of the yield indices� the ��parameter
model described above be used� It has been shown that � parameters have been required
on a number of dates to ensure a good �t� However� the recommendation is principally
made on the basis that the yield indices should not be susceptible to catastrophic jumps�
Allowing the number of parameters to change from time to time would needlessly introduce
catastrophic jumps at each point in time when the number of parameters changes�

	����� A similar model for the forward�in�ation curve implied by index�linked prices
has also been proposed� This is found to be most e�ective �in a subjective sense
 when
recent� observed RPI data is added to price data� Even with this additional data� however�
it was felt that less reliance could be placed on short�term implied in�ation �which is
subject to the whims of private� tax�paying investors
 than on medium and long�term
implied in�ation� In particular� medium and long�term real rates of interest were found
to be robust and stable�
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	 Appendices

Appendix A� Strippable Bonds

A�� There are �ve strippable gilts�

Name Redemption Date

	� ���� ���������
	��� ���� ���������
���� ���� ���������
	� ���� ���������
	� ���� ��������

Each of the bonds has the same two coupon payment dates� � June and � December�

A�� Each coupon payment will be strippable and sold as a zero�coupon bond� Simi�
larly the capital payment on redemption can be sold as a zero�coupon bond�

Appendix B� Description of the fixed interest error
structure

B�� The �rst source of error �rounding errors in prices
 gives us

logPi � N�log �Pi� �
�
�


B�� The second type of error described in the text focusses on errors in yields� Each
stock has a theoretical yield �yi and an observed yield yi� The di�erences between the two
are assumed to be independent and identically distributed� that is�

yi � N��yi� �
�


� logPi � N
	
log �Pi � ��d�i



�approximately


where di � duration of stock i

B�� Third� it was felt that errors in the prices of long�dated stocks should not be
allowed to become too great� Thus we have� for high duration stocks�

logPi � N�log �Pi� �
�
�



B�� Blending these three sources of error together we get the following model for a
given parameter set b�
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logPi � N
	
log �Pi � ��� �Pi� di




where di � MacAulay duration of stock i

�
�

�yi
logPi�yi


�
�Pi�yi
��yi

Pi�yi


and yi � the �continuously�compounding
 gross

redemption yield on stock i

���p� d
 �
����p
 ��

�
�
d�b�p
 � ��

����p
d�b�p
 � �

b�p
 �
��d

����p
��
�
�
� ����p
�

B�� Some justi�cation for the choice of formula for ���p� d
 is required' Note that

���p� �
 � ����p


���p��
 � ��
�

����


��d�


 �

����


��d�


�����
d��

� ��d�

B�� Now

Pk � �Pk exp
	
�� �Pk� dk
Z



where Z � N��� �


� Pk � �Pk

	
� � �� �Pk� dk
Z



� S�D��Pk
 � �Pk�� �Pk� dk


B�� If dk � � we use S�D��Pk
 � ���� to re�ect rounding errors in prices and the
bid�o�er spread� Hence

���� �Pk
 � ��� �Pk

�� � ���Pk


��

B�	 One e�ect of having ��� 
 � is that the e�ective weight attached to short�dated
stocks tends to � as they approach maturity�
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B�
 For large dk and �xed interest stocks we use S�D��Pk
 � �����Pk� that is�
��
�

� ������� Thus for a long�dated �xed�interest stock with a typical duration of ��
years this formula gives a standard deviation of about � basis point in the yield�

B��� It is appropriate to include this limit �particularly for the index�linked data

since the duration of index�linked stocks can be relatively high� Before this limit was
introduced� errors in the prices of long�dated stocks could be relatively large�

B��� Temporarily� now assume that ����p
 � � and ��
�

��� Then

���p� di
� ��dd
�
i as ��� � � and ��

�
��

B��� This is consistent with real gross redemption yields yk having mean �yk �consistent
with �Pk
 and variance ��d� that is� the variances of the yk do not depend upon the duration
of the stock�

B��� When ����p
 
 � and ��
�
�� this argument provides the logic behind the value

����


��d�


�����
d��

� ��d

B��� In addition� the standard deviation of the errors on consols was scaled up by a
factor of ��� This re�ects the relative illiquidity of the irredeemable stocks�

B��� It was felt desirable to keep two of the irredeemable stocks in to provide some
stability in �tted log�term interest rates�

B��� Finally� we can rewrite ���p� d
 in the following way�

���p� d
 �
��dd

�

w

where w �
�����p
d

�b�p
 � �
��dd
�

����p
 ����d
�b�p
 � �


B��� It can easily be shown that� w� � as d� �� and as d��� w is asymptotically
like d���d��

�
�

if ��
�
�� or w� � if ��

�
���

B��	 The same arguments can be applied to the error structure of index�linked bonds
with the duration dk on stock k replaced by the �in�ation
 duration d�k � dk � tfk �where
tfk is the time to maturity on the day the stock ceases to have any element of indexation
left
� �See Appendix E�
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Appendix C� Equivalent least squares approach

C�� It is well known that log x � �x� �
� �
�
�x� �
�� �

�
�x� �
�� � � � and that if x is

close to � then log x � x � �� Therefore� since Pi and �Pi �per unit nominal
 are close to
� �that is� in the range ��� to ���
 the log�likelihood function is approximately equal to

&g��P jb
 � �N
�
log���d�i 
 �

�

�

NX
i��

logwi � �

���

NX
i��

wi
�Pi � �Pi


�

d�i
�

C�� Thus maximisation of the likelihood function with respect to b is equivalent to
minimisation of the weighted least�squares function

S� �
NX
i��

wi
�Pi � �Pi


�

d�i

where wi �
��d�i

��d�i � �������

� the weight attached to stock i

�
� � as di ��

� as di � �

Appendix D� Uniqueness of maximum

D�� For a zero�coupon bond with term �i to redemption� the theoretical price is

�Pi�b
 � exp

�
�b��i �

�X
k��

bk
ck

	
�� e�ck�i


�

D�� First consider the likelihood function� This is of the form

g��P jb
 � �
NX
i��

�i�logPi � log �Pi�b
�
� � constant

where the �i � wi����
�
d�

�
i 
 
 � are constants depending on the �i�

D�� Hence

g��P jb
 � �
NX
i��

�
logPi � b��i �

�X
k��

bk
ck

	
�� e�ck�i


��
� constant
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� �
NX
i��

�i

�
logPi �

�X
k��

bkdki

��

� constant

where d�i � �i for all i

dki �
	
�� e�ck�i



�ck for k � �� �� �� �

D�� It is tidier to use vector and matrix notation� Thus di � �d�i� d�i� � � � � d�i

T and

we have

g��P jb
 � �
NX
i��

�i�logPi � dTi b

�

� dg�
db

�P jb
 � ��
NX
i��

�idi�logPi � dTi b


and
d�g�
db�

�P jb
 � ��
NX
i��

�idid
T
i

D�� Setting dg��P jb
�db � � gives

&b � �
�

NX
i��

�idid
T
i

��� � NX
i��

�idi logPi

�

D�� For any vector h� hT �did
T
i 
h 
 �� Hence the matrix of second derivatives

d�g��P jb
�db� is negative de�nite and &b is therefore the unique maximum of g��P jb
 �and
g��P jb
 is a strictly concave function of b
�

D�� Second consider the log�prior density function� g��f�t� t
� � g��f�t� t � ��
� �
g��f�t� t ��
�� where g���
 � �� � �
 log � � �� � constant and � � �� ��� �� Now
f�t� t� s
 is linear in b so d�f�t� t� s
�db� 
 �� Hence

d�g���


db�
�

d�g���


d��

�
d�

db

��
d�

db

�T

where
d�g���


d��
� ���� �


��
� ��

d�

db

�T

� ��� e�c�s� e�c�s� e�c�s� e�c�s


Therefore d�g���
�db
� must be negative semi�de�nite�

D�	 The log�posterior density is
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g��bjP 
 � g��P jb
 � g��f�t� t
� � g��f�t� t� ��
� � g��f�t� t��
� � constant

D�
 Since g��P jb
 and g���
 are �strictly
 concave� g��bjP 
 must also be strictly
concave� Therefore any maximum �b must be unique�

Appendix E� The inflation model

E���� In this appendix we consider the pricing of index�linked gilts� The method
takes the forward�rate curve for nominal gilts as given and estimates a forward in�ation
curve from index�linked prices�

E���� We use the following notation�

f�t� t� s
 � nominal forward�rate curve

� b��t
 �
�X

i��

bi�t
e
�cis � b� �

�X
i��

bie
�cis

For stock k�

mk� � base month for RPI for stock k

mk� � month of next coupon payment

mk� � month of second coupon payment
���

mknk
� month of �nal coupon and redemption

mk�j	� � mkj � �

&m � month of last known RPI

tk� � time of �rst coupon payment �years

���

tknk
� time of �nal coupon and redemption

tk�j	� � tkj � ���

RPI�m
 � RPI for month m� m � &m
�RPI�m
 � estimated RPI for month m 
 &m

E���� Let Ckj be the �estimated
 amount of the cash�ow at time tkj� Then
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Ck� �
gk
�

RPI�mk� � 	


RPI�mk�


Ck� �

�

�

gk
�
RPI�mk����
RPI�mk��

if mk� � 	 � &m
gk
�


RPI�mk����
RPI�mk��

if mk� � 	 
 &m

Ckj �
gk
�

�RPI�mkj � 	


RPI�mk�

for j � �� � � � � nk � �

Cknk
�

�
gk
�

� ���
� �RPI�mknk

� 	


RPI�mk�


E���� The estimated dirty price of the stock for parameter set � is thus

Pk��
 �
nkX
j��

Ckj��
Z�t� t� tkj


where Z�t� t� s
 � exp
�
�
Z s

�
f�t� t� s
ds

�
is given

E�� The model for �RPI�m


E���� Suppose that it is now time t� Let s�m
 � �m� &m
��� be the time �in years

from the last known RPI to the desired time for projection of RPI�

�RPI�m
 � RPI� &m
 exp

�
r��t
s�m
 �

�X
i��

ri�t

�� exp ��c�is�m



c�i

�

� RPI� &m
 exp

�
r�s�m
 �

�X
i��

ri
�� exp ��c�is�m



c�i

�

E���� The parameters r�� r�� r�� r� and r� are estimated daily� while the c�i are �xed�
as in the nominal forward�rate curve� We note��

�� r�t� t�� s
 � r��
P�

i�� ri exp��c�is
 is the implied� underlying force of in�ation as to
be estimated at time t� t� is the date of application of the most recently announced
RPI before t and corresponds to &m� s is the time from the last known RPI�

�� It was found from experimentation that c�i � ci �i � �� �� �� �
 gives the best results�

�� c � �c�� c�� c�� c�
 � ����� ���� ��	� ���
 gives signi�cantly better results than c �
����� ���� ���� ��	
� the residuals are smaller and the long end of the forward in�ation
curve is more stable�




 APPENDICES ��

�� Other forms for �RPI�t
 have been considered� One model allowed for an additional�
initial shock term� �� which adjusted for a supposed di�erence between the published
RPI and its true �underlying
 value� This model did achieve a good �t to the data�
Moreover� � would generally progress smoothly from one day to the next except
on the days on which RPI was announced when it would jump to a new level
�presumably if the new RPI had removed the temporary deviation from its true
level or vice versa
� However� the pattern of �
s turned out to be di�cult to explain
with little evidence of seasonality in its values� Instead it was thought that it was
just helping to keep the predicted price of the shortest�dated stock in line�

�� There has been no attempt to put the seasonal e�ect back into the estimated cash�
�ows� that is� by using &RPI�m
 � �RPI�m
S�m
� where S�m
 is some seasonal
function with period �� months and average value �� For one reason� historical data
indicates that the seasonal nature of in�ation has changed substantially over the
years and will continue to change in the future� It would be di�cult to predict such
changes in the future� Coupon and redemption payments are also roughly spread
thoughout the calendar year so that errors may� in any event� balance out� Never�
the�less� the absence of seasonality in �RPI�m
 could be signi�cant for shorter�dated
stocks�

E�� A statistical model for errors in prices

E���� Let the true parameter set be �� Pk equals the actual price of stock k while
�Pk � �Pk��
 denotes the theoretical price given �� The statistical model is this analysis
given � is�

�� the Pk are independent�

�� logPk � N
	
log �Pk� �

�� �Pk� d
�

k



�

�� d�k is the �in�ation
 duration of stock k and is equal to dk�tfk where dk is the duration
of stock k and tfk is the time to maturity on the day on which the stock ceases to
have any element of indextion�

��

���p� d�
 �
����p
 ��

�
�
d��b�p
 � ��

����p
d
��b�p
 � �

b�p
 �
��d

����p
��
�
�
� ����p
�

E���� Note that
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���p� �
 � ���p


���p��
 � ��
�

����


��d��


 �

����


��d��


�����
d���

� ��d�

E���� Now

Pk � �Pk exp
	
�� �Pk� d

�

k
Z



where Z � N��� �


� Pk � �Pk

	
� � �� �Pk� d

�

k
Z



� S�D��Pk
 � �Pk�� �Pk� d
�

k


E���� If d�k � � we use S�D��Pk
 � ���� to re�ect rounding errors in prices and
the bid�o�er spread �and also to decrease reliance on the shortest�dated stocks which are
marginally favoured by tax�payers
� Hence

��� � �	 �Pk

�� � �	Pk


��

E���� One e�ect of having ��� 
 � is that the e�ective weight attached to short�dated
stocks tends to � as they approach �xed interest status�

E���� For large d�k we use S�D��Pk
 � �����Pk� that is� �
�
�

� �������

E���� It is appropriate to include this limit �more so than the �xed�interest data

since the duration of index�linked stocks can be relatively high� Before this limit was
introduced� errors in the prices of long�dated stocks could be relatively large�

E���	 Temporarily� now assume that ��� � � and ��
�

��� Then

���p� d�
� ��dd
�

i
�

as ��� � � and ��
�
��

E���
 This is consistent with real gross redemption yields yk having mean �yk �consis�
tent with �Pk
 and variance ��d� that is� the variances of the yk do not depend upon the
duration of the stock�

E����� When ��� 
 � and ��
�
�� this argument provides the logic behind the value

����


��d�


�����
d��

� ��d
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E����� In this analysis �d was set to ����� ��� basis points
� This re�ects the problems
in getting a reliable model for index�linked prices and also the desire to reduce the weight
of the shortest�dated stocks�


