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1. INTRODUCTION

1.1 Installation

1. The file pde2d.zip is a zipped archive file. Copy this file under the root directory of Gauss, for
example C:\GAUSS.

2. Unzip it with archive mode. It is automatically recognized by WinZip. With Unzip or PKunzip,
use the -d flag
pkunzip -d pde2d.zip

Directories will then be created and files will be copied over them:

target path readme.pde

target path\lib library file

target path\examples\pde2d example and tutorial files
target path\src\pde2d source code files

3. Run Gauss. Log on to the src\pde2d directory' and add the path to the library file pde2d.lcg
in the following way:

lib pde2d /addpath

1.2 Getting started

Gauss 3.2.20+ for OS/2, Windows NT/95 or Unix is required to use the PDE2D routines.

1.2.1 readme.PDE file

The file readme. PDE contains last minute information on the PDE2D procedures. Please read it before
using them.

1.2.2 Setup

In order to use these procedures, the PDE2D library must be active. This is done by including PDE2D
in the LIBRARY statement at the top of your program:

library PDE2D;

To reset global variables in subsequent executions of the program, the following instruction should be
used:

PDE2Dset;

1You may use the commands ChangeDir or chdir and you may verify that you are in the src\pde2d directory with the
cdir(0) command.
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If you plan to make any right-hand reference to the global variables, you will also need the statement:
#include target path\src\pde2d\pde2d.ext;

The PDE2D version number is stored as a global variable:
_PDE2D ver 3 x 1 matrix where the first element indicates the major version number, the
second element the minor version number, and the third element the revision
number

1.3 What is PDE2D ?

PDE2D is a Gauss library for solving Parabolic and Elliptic Partial Differential Equations (PDE) in 2
space dimensions. It includes Hopscotch and 8-schemes algorithms with finite difference methods.

PDE2D contains the procedures whose list is given below. See the command reference part for a full
description.

e Derive: Computes the derivative of the data with respect to the mesh spacing h

o ExtractSolution: Extracts solution u"; for a specific value of ¢, z or y

FindIndex: Returns the indices of the elements of a vector = equal to the elements of a vector v

e Hopscotch: Solves the PDE problem with Hopscotch methods

PDEZ2D: Initializes the PDE problem
PDE2Dset: Resets defaults

1.4 Using Online Help

PDE2D library supports Windows Online Help. Before using the browser, you have to verify that the
PDEZ2D library is activated by the library command.
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2. PARTIAL DIFFERENTIAL EQUA-
TIONS IN 2 SPACE DIMENSIONS

The library PDE2D is a Gauss implementation of the Hopscotch methods described in GOURLAY and
McKEE [1977] and KURPIEL and RONCALLI [1998]. The reader may refer to the second article to
understand the notations used in this manual.

2.1 The PDE problem

The PDE problem consists of the linear parabolic equation

du(t,x,
% + f(t7x7y)u(t7x7y) - Atu (t,.’f,"y) —'—g(t,.’f],y) (21)
where A; is the general two-space dimensions differential operator
0?u (t,x,y) 0?u (t,x,y) O u(t,z,y)
A (tz,y) = al(t,z,y) 0.2 +2b(t,z,y) “owy +ec(t,z,y) o7 +
du(t,z,y) ou(t,x,y)
d(t 3 —_—
(ty) G e ()
(2.2)
The PDE2D library solves the problem (2.1) in the region of the (¢,z,y) space given by T x R with
M= [x’,:)ﬁ'] X [y’,yﬂ (2.3)
and
T=[t,t7] (2.4)

We could impose Dirichlet or Neumann conditions:

U <t7,$7y> = u(t’) (.’Il,y)

_ du(t,z,y)
U (t,.’f] 7y> = U(z~) (t7y) \/ T B = uém*) (t7y)
ou(t,x,y
U <t7 .’I/'+7y> - u(z+) (t7y) \/ % N = uéz+) (t7y)
_ du(t,z,y)
w(t,z,y”) =uy-) tz) V oy = g, (£,2)
Y=y~
du(t,z,y)
w(t,z,y7) = uy+ (Le) V oy = Uy (8:2)
y=y

To initialize the PDE problem, we use the PDE2D procedure
call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,&hProc,

&tminBound, &xminBound, &xmaxBound, &yminBound, &ymaxBound,

&DxminBound , &DxmaxBound, &DyminBound , &DymaxBound) ;

The general form of the procedures is
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proc (1) = aProc(t,x,y);
local a;

a =
retp(a);
endp;

Remark 1 In the PDEZ2D library, x and y are lreated respectively as a N, X 1 column vector and a
1 X N, row vector and the procedures *Proc must return a N x N, matriz.

h is a special function. If it is not initialized to O, the Hopscotch algorithms use this function at each
iteration m to modify the numerical solution

Uy =h(t,z,y,up)
The form of the hProc procedure is also
proc (1) = hProc(t,x,y,u);
local h;
h =
retp(h);
endp;
For each bound, you have to specify a boundary condition, either a Dirichlet or a Neumann Condition.
For example, if we have the following command line
call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,&hProc,
&tminBound, 0, &xmaxBound, &yminBound, 0,&DxminBound,0,0,0) ;
Dirichlet conditions are imposed for x = 7 and ¥ = ¥y~ and we put a user-defined Neumann condition on
x =z~ . Because ymaxBound and DymaxBound are both set to 0, PDE2D uses the usual Neumann condition
du(t,x,y)

=0
oy

y=y+t

Remark 2 The PDE2D procedure prints information about the boundary nature of the PDE problem if
__output is set to 1.

For the precedent example, we have

Bound Dirichlet Neumann
xmin sk ok ok ok ok ok ook
xmax e ke > ok ok sk ok ok ok

ymin sk ok ok ok ok ok sk ok

ymax 0

2.2 The Hopscotch algorithms

The procedure Hopscotch enables you to solve the PDE problem. Its syntax is

call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin,ymax,Ny,NameFile);
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The variables tmin, tmax, xmin, xmax, ymin and ymax correspond to t~, t¥, z7, 7, ¥y~ and y*. Nt, Nx
and Ny are respectively the number of discretisation points for the time ¢ (IV;) and the space directions
x (N) and y (N,). The numerical solution of the PDE problem u"; is stored in the NameFile dataset
in the following way:

— _ .t
To== 1 T2 -+ XIN,-2 IN,-1=2Z
— .t
Yo=Yy Y1 Y2 0 YNy-2  YNy,-1 =Y
- 0 0 0 0 0 0 0 0 0
to=1t Uo,0 Uto U200 -°° Un,_20 UN, 1,0 Up1 v UNy,-1,1 T UoN,-1 t UN, 1N, -1
1 1 1 1 1 1 1 1 1
t1 Uo,0 Uio U0 - UN,-20 UN, -1,0 o1 v UNy,-11 Tt UoNy-1 7t UNL-1,N, -1
ot 1 1 1 1 1 1 1 1 1
In,—1 =1 Uo,0 Uro U200 - Un,—20 UN, —1,0 Up1 o UNy,-1,1 7 UoN,-1 t UN,-1,N, -1
with
t,, = t7 +m-k
T, = x +1-hg
yp = y +ihy
and
Tt —t
k= —
Ny—1
xt —z~
hy = ———
N, -1
+ —
y -y
hyzi
Ny—l

The first and second rows of the dataset contain the IV, values z; and N, values y;. The t,, and u;’fj

values are stored in the next N; rows. Let «™ be the matrix with the (4, j) entry (um) Then, the storage
method corresponds to the following stacking method

tm vec (um)T

Remark 3 The Hopscotch procedure prints information about mesh ralios if __output is set to 1.

This is an output of the Hopscotch procedure :

Filling Hopscotch method: left-right
Theta Hopscotch method: ordered odd-even

Mesh spacing in time : k= 0.05000000
Mesh spacing in space x : hx = 0.10000000
Mesh spacing in space y : hy = 0.10000000
Mesh ratio r(x,x): 5.000000

r{x,y): 5.000000

r(y,y): 5.000000

Hopscotch completed

Remark 4 You could use the _Hopscotch_Elliptic wvariable to specify thal the PDE problem is an
elliptic problem. In this case, Hopscotch stops ilerations if the following condilion is verified

Um+1 = Uy

Note that Hopscotch uses the fuzzy comparison function feq to perform the test. You could also modify
the value taken by _femptol.
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Remark 5 You may access to the mesh ratios and mesh spacing with the data buffer
_Hopscotch_MeshRatios. They may be extracled with the vread command using the following strings:

2k Mesh spacing k in time
?hx?? Mesh spacing h, in space ©
?hy’’ Mesh spacing h,, in space y
7ip(e,2)’?  Mesh ratio r (x,x) = hmkhm
7op(e,y)’?  Mesh ratio v (x,y) = hmkhy

k

Yir(y,y)’’  Mesh ratio v (y,y) = -~

Remark 6 _Hopscotch_Methods is the indicator variable determining the filling and theta Hopscotch
methods. It is a 2 x 1 vector. You could sel _Hopscotch_Methods[1] to 1 for the lefl-right method, 2 for
the center method or to a pointer to a procedure that computes a user-defined method. The syntazx of this
procedure is

{deltaMinusMinus,deltaZeroMinus, deltaPlusMinus,
deltaMinusZero,deltaZeroZero,deltaPlusZero,
deltaMinusPlus,deltaZeroPlus,deltaPlusPlus} =
procFillingMethod(a_15,b_17,c_t15,d_17,e_17,hz,hy,Nx,Ny);

The theta Hopscolch method is determined by _Hopscotch_Methods[2]. Il takes the values O — 1 for
a G-method (explicit = 0 — Crank-Nicholson = 0.5 — implicit = 1), 2 for the ordered odd-even method

and 3 for the line method. It may also correspond to a pointer to a procedure if you want to employ a
user-defined theta method. The syntax of this procedure is also

{theta_mm, theta_m} = procThetaMethod(%,7,m);

Remark 7 For some PDE problems, computalions may be wvery long. You could wuse the
_Hopscotch_PrintIters to check the number of performed iterations.

Remark 8 The _Hopscotch_Retcode is a Nt x 1 vector which contains the sparse system termination
condition given by the SparseSolwve procedure. The possible values of _Hopscotch_Retcode[m+1] are:

0 — wu,.1 is the exact solution, no iterations performed.
1 — wupyq is nearly exact with accuracy on the order of _sparse_Atol and _sparse_Btol.
2 — Wy is not exacl and a least square solulion has been found with accuracy on the order

of _sparse_Atol.
3 — The estimate of the condition of W,,, 1 has exceeded _sparse_CondLimit. The system appears
to be ill-conditioned.
—  Wpe1 i nearly exact with reasonable accuracy.
— Wy @S nol exact and a least squares solulion has been found with reasonable accuracy.

ITterations halled due to poor condition given machine precision.

I I N BN
|

— _sparse_NumIters exceeded.
Remark 9 If you would to save only the last iteration solution, you could use the following syntax
_Hopscotch_SaveLastIter = 1

In this case, the NameFile dalaset becomes

o _ .t
To =2 1 Tz cc+ TN,-2 ZIN,-1=2xT
— .t
Yo=Yy Y Y2 -+ YN,-2 YN,-1 =Y
ot 1 1 1 1 1 1 1 1 1
tny—1 =t Uo,0 Uio U0 - UN,-20 UN, -1,0 o1 v UNy,-11 Tt UoNy-1 7t UNL-1,N, -1

Remark 10 If _Hopscotch_Convergence is nol equal to 0, the procedure checks the _sparse_Retcode
value at each iteration and stops if it encounters convergence problems.
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2.3 Solution extracting

You could of course use the Gauss commands to extract solution from the data set NameFile. The
ExtractSolution procedure is provided to make it easier. Its syntax is

U = ExtractSolution(NameFile,cn);
The variable cn could take differents values. If cn is the string ’’t’?, then U corresponds to the column

vector {t,, }. We obtain the column vector {z;} or the row vector {y;} by setting cn to ’’x’’ or >y’ ’.
We could also extract specific solutions u;"; by using a 2 x 1 vector. We have

[ e | v |
2'tltm’’ | N, x N, matrix with entry the (7, ) entry (uﬁ)
7'x|xi’? | Ny x N, matrix with entry the (m, j) entry (u;”j)
Mylyj’? | Ny X Ny matrix with entry the (¢,m) entry (uznj)

2.4 Derive and FindIndex procedures

We could employ the procedure Derive to compute the derivative matrix D“ of a NV x M data matrix
u = (u; ;). Its syntax is
Du = Derive(u,h,mtd);

Let h be the mesh spacing. For 2 <1 < N — 1, we have

pu _ Wiy = Uil
h

for the left difference method (mtd = -1),

Wit1,j — Wi-1,j

b= 2h
for the center difference method (mtd = 0) and
_ Uit — Uiy
IDMJ - h

for the right difference method (mtd = +1). The derivatives for ¢ = 1 and ¢ = N are always computed
with the following formulas

w U2 =
1.5 — h
and
UN,j —UN—-1,5
u _ 57 sJ
Dyj=—"—F—=

h

Remark 11 This procedure is useful to compute numerically the greek coefficients for Stochastic Volatility
oplions.

FindIndex returns the indices of the elements of a vector x equal to the elements of a vector v. To
understand how the procedure works, let’s try an example:
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new;
library pdeZ2D;

xmin = -3;
xmax = 3;
Nx = 101;

hx = (xmax-xmin)/(Nx-1);
x = seqa(xmin,hx,Nx);

FindIndex(x,0/3);
51.000000
101.00000

indexcat(x,0);

indexcat(x,3);
101.00000

The indexcat procedure does not find the index of an element of x equal to 0 due to numerical truncation.
In this case, you may use the FindIndex procedure.
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3. COMMAND REFERENCE

The following global variables and procedures are defined in PDE2D. They are the reserved words of
PDE2D.

BandTimesVector, _ Center FillingMethod, Derive, DiagPlusBand, FxtractSolution, FindIndex,
Hopscotch, =~ Hopscotch, = Hopscotch, = Hopscotch Convergence, = Hopscotch MeshRatios,
__Hopscotch _Methods,  Hopscotch Printlters,  Hopscotch RetCode,  Hopscotch SavelLastlter,
__Hopscotch _Theta, isEven, isOdd, _ LeftRight FillingMethod,  Line ThetaMethod,  Odd-
Even ThetaMethod, PDE2D, pde2d aProc, pde2d bProc, pde2d Build, pde2d cProc,
__pde2d DerivCond, pde2d dProc, pde2d DxmaxBound, pde2d DxminBound, pde2d Dymax-
Bound, pde2d DyminBound, pde2d eProc, pde2d fProc, pde2d gProc, pde2d hProc,
_pde2d Neumann, PDE2Dset, __pde2d tminBound, __pde2d_ ver, _pde2d xmaxBound,
__pde2d xminBound, pde2d ymaxBound, pde2d yminBound, SparseBandMatrix, Theta Theta-
Method, UstarProc

The default global control variables are

_Hopscotch_Elliptic 0
_Hopscotch_Methods {1,2}
_Hopscotch_PrintIters 0

_Hopscotch_SavelastIter 0
_PDE2D_Build 0
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Derive

Purpose

Computes the derivative of the data with respect to the mesh spacing h.

Format
Du = Derive(u,h,mtd);

Input
u N x M matrix
h scalar, mesh spacing h
mtd scalar
-1 for the left difference method
0 for the center difference method
1 for the right difference method
Output
Du N x M matrix, derivative matrix D"
Source

pde2d.src

COMMAND REFERENCE
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ExtractSolution
Purpose
Extracts solution " of the PDE problem for a specific value of ¢, z or y.
Format
U = ExtractSolution(NameFile,cn);
Input
NameFile string, name of the solution dataset file
cn scalar or vector 2 x 1
Output
U Ny x 1 vector, the t,, values if cn is the string "t"
N, x 1 vector, the x; values if c¢n is the string "x"
1 x N, vector, the y; values if cn is the string "y"
—or —
N, x Ny matrix, the u (t,,,z,y) values if cn is equal "t" | tm
N x N, matrix, the u (t,2;,y) values if cn is equal to "x" | xi
N X N; matrix, the u (¢, 2,y;) values if cn is equal to "y"|yj
Source

pde2d.src
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FindIndex

Purpose
Returns the indices of the elements of a vector x equal to the elements of a vector v.

Format
y = FindIndex(x,v);

Input
X N x 1 vector
A\ L x 1 vector
Output
y L x 1 vector, y[i] contains the indice of the first element of z which is equal
to v[i]
Globals
_femptol scalar (default = le-15)
the procedure FindIndex uses _fcmptol to fuzz the comparison operations to
allow for round off error
Remarks

The procedure FindIndex is similar to the Gauss indexcat command. The main difference is that
FindIndex returns only one index (or a missing value) for each value v;. Note that the global
variable _fcmptol is used to check the x,, = v; equality relation.

Source
pde2d.src
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Hopscotch

Purpose
Solves the PDE problem with Hopscotch methods.

Format
call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin,ymax,Ny,NameFile);

Input
tmin scalar, value of ;5.
tmax scalar, value of ¢, ..
Nt scalar, number of discretization points in time.
xmin scalar, value of z,in.
Xmax scalar, value of ..
Nx scalar, number of discretization points in x direction.
ymin scalar, value of ¥y, .
ymax scalar, value of ¥, ax.
Ny scalar, number of discretization points in y direction.
NameFile string, name of the solution dataset file.
Output
Globals

_Hopscotch _Elliptic  scalar (default = 0)
0 if the PDE problem is not an elliptic problem
1 if the PDE problem is an elliptic problem

__Hopscotch MeshRatios
vector, created using VPUT. Contains mesh ratios r (z,z), r(z,y), v (y,9)
and mesh spacing k, h; and h,. They may be extracted with the VREAD
command using the following strings:

"r(x,x)" — Mesh ratio v (z,z) = k/ (hghy)
"r(x,y)" — Mesh ratio r (z,y) = &/ (hahy)
"r(y,y)" — Mesh ratio r (y,y) = &/ (hyhy)
"k" — Mesh spacing in time

"hx" — Mesh spacing in space ©

"hy" — Mesh spacing in space y
_Hopscotch _Methods 2 x 1 vector (default = {1,2})

_Hopscotch Methods[1] — the filling Hopscotch method

1 for the left-rigth method,

2 for the center method

or a pointer to a procedure that computes a user-defined filling method

_Hopscotch Methods[2] — the theta Hopscotch method

0-1 for a #-method (explicit = 0, Crank-Nicholson = 0.5 and implicit = 1),
2 for the ordered odd-even method,

3 for the line method

or a pointer to a procedure that computes a user-defined theta method
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__Hopscotch _Printlters

_Hopscotch _Retcode

__Hopscotch _SaveLastlter

___output

Remarks

COMMAND REFERENCE

scalar (default = 0)
0 — does not print iterations
I — printing after each I iterations

N x 1 vector, sparse solver return codes vector (see SparseSolve for more
details)

scalar (default = 0)
0 for saving the solution for all the iterations m
1 for saving only the last solution for ¢, = ¢+

scalar (default = 0)
1 — print informations about the algorithm and the mesh ratios
0 — no printing

To extract the solution, you may use the ExtractSolution procedure.

Source
pde2d.src
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Purpose

PDE2D

Initializes the PDE problem.

Format

call PDE2D(aProc,bProc,cProc,dProc,eProc,fProc,gProc,hProc,
tminBound,xminBound,xmaxBound,yminBound,ymaxBound,
DxminBound,DxmaxBound,DyminBound,DymaxBound);

Input
aProc
bProc
cProc
dProc
eProc
fProc
gProc
hProc

tminBound
xminBound
xmaxBound
yminBound
ymaxBound
DxminBound

DxmaxBound
DyminBound
DymaxBound

Output

Globals
___output

Source
pde2d.src

scalar, pointer to a procedure which computes a (¢, z,y)
scalar, pointer to a procedure which computes b (¢, z,y)
scalar, pointer to a procedure which computes ¢ (¢, z,y)
scalar, pointer to a procedure which computes d (¢, z,y)
scalar, pointer to a procedure which computes e (¢, z,y)
scalar, pointer to a procedure which computes f (£,z,y)
scalar, pointer to a procedure which computes ¢ (£, z,y)
scalar, pointer to a procedure which computes A (¢, z,y)

—or —
scalar 0

scalar, pointer to a procedure which computes ué;ﬁ) (
scalar, pointer to a procedure which computes uéy,) (
(

scalar
1 — print information about the PDE problem
0 — no printing

17
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PDE2Dset

Purpose
Resets the global control variables declared in PDE2D. DEC.

Format
PDE2Dset;

Remarks
The default global control variables are

_Hopscotch_Elliptic 0
_Hopscotch_Methods {1,2}
_Hopscotch_PrintIters 0

_Hopscotch_SavelastIter 0
_PDE2D_Build 0

Source
pde2d.src

COMMAND REFERENCE
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4. TUTORIAL

4.1 The PDE2D procedure

We consider the linear parabolic PDE problem defined by

R is set to [0,1] x [0,1] and we have

ult,Ly)=(y+y?)e '+1

ult,w 1) = (v +a%) e +a

The solution of the Cauchy problem with « (0,z,y

w(t,z,y) =

= 2xy?e

1
= Sa%4y?

2

= 56+

L

t

ug (£,0,y) =y2e T+ 1

uy (6,1,y) = (2y+y*) e ' +1
u, (t,2,0) = 2%’

U (t1,9) = (20 +2%) ¢!

.Z'

Uy

=2y +ayi+uis

~—

(@Py+a?) e +a

19

Remark 12 The procedures *Proc return a Ny x N, matriz. So, you must use the element-by-element

operators.

/*
** tutor.inc

*/

proc aProc(t,x,y);
retp( 0.5%x"2 + y°2 );
endp;

proc bProc(t,x,y);
retp( -0.5%(x"2 + y°2) );
endp;

proc cProc(t,x,y);
retp( x72 + 0.5%y"2 );
endp;

proc dProc(t,x,y);
retp( ones(rows(x),cols(y)).*x );
endp;

proc eProc(t,x,y);
retp( -ones(rows(x),cols(y)).*y );
endp;

proc fProc(t,x,y);
retp( ones(rows(x),cols(y)) );
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endp;

proc gProc(t,x,y);
retp( 2*x.*(y~2) .*xexp(-t) );
endp;

proc tminBound(t,x,y);
retp( (x72) .*y + x.%(y"2) + x );
endp;

proc xminBound(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc xmaxBound(t,x,y);

local Nx,Ny;

Nx = rows(x); Ny = cols(y);

retp( ones(Nx,Ny).*x( (y+y~2)*exp(-t) + 1 ) );
endp;

proc yminBound(t,x,y);
local Nx,Ny;
Nx = rows(x); Ny = cols(y);
retp( zeros(Nx,Ny) + x );
endp;

proc ymaxBound(t,x,y);

local Nx,Ny;

Nx = rows(x); Ny = cols(y);

retp( ones(Nx,Ny).*x( (x+x"2)*exp(-t) + x) );
endp;

proc DxminBound(t,x,y);

local Nx,Ny;

Nx = rows(x); Ny = cols(y);

retp( ones(Nx,Ny).*x( (y"2)*exp(-t) + 1) );
endp;

proc DxmaxBound(t,x,y);

local Nx,Ny;

Nx = rows(x); Ny = cols(y);

retp( ones(Nx,Ny).x( (2xy + y " 2)*exp(-t) + 1 ) );
endp;

proc DyminBound(t,x,y);

local Nx,Ny;

Nx = rows(x); Ny = cols(y);

retp( ones(lx,Ny).*(x"2)*exp(-t) );
endp;

proc DymaxBound(t,x,y);

local Nx,Ny;

Nx = rows(x); Ny = cols(y);

retp( ones(Nx,Ny) .*(2*x + x"2)*exp(-t) );
endp;

4.1.1 Dirichlet conditions

Dirichlet conditions are imposed in the following way:
/*

** tutorl.prg

*/

new;
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library PDE2D;

PDE2Dset;

#include tutor.inc;

output file = tutorl.out reset;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,
&tminBound,&xminBound, &xmaxBound,&yminBound, &ymaxBound,

0,0,0,0);
output off;
Bound Dirichlet Neumann
xmin ek ok ke ok skok K ok
Xxmax 2k ok ok ok ok ok o %k
ymin ek ok ke ok skok K ok
ymax 2k ok ok ok ok ok o %k

4.1.2 Neumann conditions

Neumann conditions are imposed in the following way:

/*
** tutor2.prg
*/

new;
library PDE2D;

PDE2Dset;

#include tutor.inc;

output file = tutor2.out reset;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,

&tminBound,0,0,0,0,
&DxminBound, &DxmaxBound ,&DyminBound ,&DymaxBound) ;

output off;

Bound Dirichlet Neumann
xmin sk ke ok ok ke ok ok ok
Xxmax S 3k 2k ok ok ok ok
ymin sk ke ok ok ke ok ok ok
ymax S 3k 2k ok ok ok ok

4.1.3 Mixing Dirichlet and Neumann conditions

Dirichlet and Neumann boundary conditions may be mixed:
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/*
** tutor3.prg
*/

new;
library PDE2D;

PDE2Dset;

#include tutor.inc;

output file = tutor3.out reset;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,

&tminBound,&xminBound,0,0,0,
0,&DxmaxBound, &DyminBound , &DymaxBound) ;

output off;

Bound Dirichlet Neumann
xmin ek ok ke ok skok K ok

Xmax ke 2k ke 2k 2k 2k ke ok ok
ymin sk ke ok ok ke ok ok ok
ymax S 3k 2k ok ok ok ok

Remark 13 Remind that the Dirichlel and Neumann conditions must be compalible.
/*

** tutord.prg

*/

new;
library PDE2D;

PDE2Dset;

#include tutor.inc;

output file = tutor4.out reset;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,
&tminBound,&xminBound, 0,0, &ymaxBound,
0,&DxmaxBound, &DyminBound , &DymaxBound) ;

output off;

error: too many Dirichlet and Neumann Conditions
Currently active call: PDE2D [130]

4.2 The Hopscotch procedure

We solve the PDE problem with the Hopscotch procedure. In the following program, we set t+ = 1,
Ny =11, N; =4 and N, = 5. The solution values are stored in the dataset tutors.

/*

** tutorb.prg

*/

new;
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library PDE2D;

PDE2Dset;

#include tutor.inc;

output file = tutorb.out reset;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,
&tminBound,&xminBound, &xmaxBound,&yminBound, &ymaxBound,

0,0,0,0);
xmin = 0; xmax = 1; Nx = 4;
ymin = 0; ymax = 1; Ny = 5;
tmin = 0; tmax = 1; Nt = 11;

call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin,ymax,Ny,’’tutor5’’);
sol = loadd(’’tutor5’’);

call printfm(sol,1,’’*.%¥1f’’ "5 ~2);

output off;

Bound Dirichlet Neumann
xmin ek ok ke ok skok K ok

Xmax e 2k 2k 2k ke ke ok ok %k

ymin ek ok ke ok skok K ok

ymax e 2k 2k 2k ke ke ok ok %k

Filling Hopscotch method: left-right
Theta Hopscotch method: ordered odd-even

Mesh spacing in time : k= 0.10000000

Mesh spacing in space x : hx = 0.33333333

Mesh spacing in space y : hy = 0.25000000

Mesh ratio r(x,x): 0.900000

r(x,y): 1.200000
r(y,y): 1.600000

Hopscotch completed
0.00 0.33 0.67 1.00 .
0.00 0.25 0.50 0.75 1.00 . . . . . . . .
0.00 0.00 0.33 0.67 1.00 0.00 0.38 0.82 1.31 0.00 0.47 1.06 1.75
0.10 0.00 0.33 0.67 1.00 0.00 0.38 0.80 1.28 0.00 0.46 1.02 1.68
0.20 0.00 0.33 0.67 1.00 0.00 0.37 0.79 1.26 0.00 0.45 0.98 1.61
0.30 0.00 0.33 0.67 1.00 0.00 0.37 0.78 1.23 0.00 0.43 0.95 1.56
0.40 0.00 0.33 0.67 1.00 0.00 0.37 0.77 1.21 0.00 0.43 0.92 1.50
0.50 0.00 0.33 0.67 1.00 0.00 0.36 0.76 1.19 0.00 0.42 0.90 1.45
0.60 0.00 0.33 0.67 1.00 0.00 0.36 0.75 1.17 0.00 0.41 0.88 1.41
0.70 0.00 0.33 0.67 1.00 0.00 0.36 0.74 1.16 0.00 0.40 0.86 1.37
0.80 0.00 0.33 0.67 1.00 0.00 0.35 0.73 1.14 0.00 0.40 0.84 1.34
0.90 0.00 0.33 0.67 1.00 0.00 0.35 0.73 1.13 0.00 0.39 0.82 1.30
1.00 0.00 0.33 0.67 1.00 0.00 0.35 0.72 1.11 0.00 0.38 0.81 1.28

4.2.1 The _Hopscotch_MeshRatios data buffer

/*

** tutor6.prg

*/

[oleloleoleoNoNoRoNoReoNel

.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00

[oleloleoleoNoNoRoNoReoNel

.60
.58
.55
.53
.51
.50
.48
.47
.45
.44
.43

(o R e RN e RN N o i N

.38
.30
.25
.19
.14
.09
.05
.02
.98
.95
.93

[ =l = o o o e O B O B )

.31
.19
.07
.97
.88
.80
.72
.65
.59
.63
.48

[oleloleoleoNoNoRoNoReoNel

.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00

[oleloleoleoNoNoRoNoReoNel

.78
.74
.70
.66
.63
.60
.58
.5b
.53
.51
.50

e e T e = T = S S

.78
.87
.58
.49
.41
.34
.28
.22
.17
.12
.08

o R R NN NNNNDN W

.00
.81
.64
.48
.34
.21
.10
.99
.90
.81
.74
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new;
library PDE2D;

PDE2Dset;
#include tutor.inc;

__output = 0;
output file = tutor6.out reset;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,
&tminBound,&xminBound, &xmaxBound,&yminBound, &ymaxBound,
0,0,0,0);

xmin = 0; xmax 1; Nx = 21;
ymin = 0; ymax = 1; Ny = 11;

tmin = 0; tmax 1; Nt = 101;

call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin,ymax,Ny,’’tutors’’);

k = vread(_Hopscotch_MeshRatios,’’k’’);

hx = vread(_Hopscotch_MeshRatios,’’hx’’);

hy = vread(_Hopscotch_MeshRatios,’’hy’’);

rxx = vread(_Hopscotch_MeshRatios,’’r(x,x)’’);
rxy = vread(_Hopscotch_MeshRatios,’’r(x,y)’’);
ryy = vread(_Hopscotch_MeshRatios,’’r(y,y)’’);

print ftos(k ,’’k = %1f’’,6,3);
print ftos(hx,’’hx = %1f’’,6,3);
print ftos(hy,’’hy = %1£’’,6,3);
print;

print ftos(rxx,’’r(x,x): %1f’’,6,3);
print ftos(rxy,’’r(x,y): %1f’’,6,3);
print ftos(ryy,’’r(y,y): %1f’’,6,3);

output off;
k= 0.010
hx = 0.050
hy = 0.100

r(x,x): 4.000
r(x,y): 2.000
r(y,y): 1.000

4.2.2 The _Hopscotch_Methods variable

TUTORIAL

If you prefer to use the center filling method and the line Hopscotch scheme, you may modify the program

as following

_Hopscotch_Methods = {2,3};

call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin,ymax,Ny,’’tutorb’’);

To impose a Crank-Nicholson filling method, you specify

_Hopscotch_Methods[2] = 0.5;

You can also define your own filling method or #-method.

e The general form of the user-defined filling procedure is
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proc (9) = procFillingMethod(a_ij,b_ij,c_ij,d_ij,e_ij,hx,hy,Nx,Ny);
local deltaMinusMinus,deltaZeroMinus,deltaPlusMinus;
local deltaMinusZero,deltaZeroZero,deltaPlusZero;
local deltaMinusPlus,deltaZeroPlus,deltaPlusPlus;

deltaMinusMinus =
deltaZeroMinus =
deltaPlusMinus
deltaMinusZero
deltaZeroZero
deltaPlusZero
deltaMinusPlus =
deltaZeroPlus
deltaPlusPlus

retp(deltaMinusMinus,deltaZeroMinus,deltaPlusMinus,
deltaMinusZero,deltaZeroZero,deltaPlusZero,
deltaMinusPlus,deltaZeroPlus,deltaPlusPlus);
endp;

Remark 14 The dimensions of the input and output matrices are Ny X Ny. You must also use the
element-by-element operators to define the output matrices.

For example, the left-right method is implemented with the following procedure!

proc (9) = _LeftRight_FillingMethod(a_ij,b_ij,c_ij,d_ij,e_ij,hx,hy,Nx,Ny);
local deltaMinusMinus,deltaZeroMinus,deltaPlusMinus;
local deltaMinusZero,deltaZeroZero,deltaPlusZero;
local deltaMinusPlus,deltaZeroPlus,deltaPlusPlus;

a_ij = a_ij / (hx"2);

b_ij = b_ij / (hxxhy);
c_ij = c_ij / (hy"2);
d_ij = d_ij / (2%hx);
e_ij = e_ij / (2*hy);

deltaMinusMinus = zeros(Nx,Ny);
deltaZeroMinus = b_ij + c_ij - e_ij;
deltaPlusMinus = - b_ij;

deltaMinusZero = a_ij + b_ij - d_ij;
deltaZeroZero = -2 * (a_ij + b_ij + c_ij);
deltaPlusZero = a_ij + b_ij + d_ij;

deltaMinusPlus = - b_ij;
deltaZeroPlus = b_ij + c_ij + e_ij;
deltaPlusPlus = zeros(Nx,Ny);

retp(deltaMinusMinus,deltaZeroMinus,deltaPlusMinus,
deltaMinusZero,deltaZeroZero,deltaPlusZero,
deltaMinusPlus,deltaZeroPlus,deltaPlusPlus);
endp;

_Hopscotch_Methods[1] = 1 is also equivalent to

_Hopscotch_Methods[1] = &_LeftRight_FillingMethod

L We have
(51] 1.-1 =0
2T )

The corresponding matrix is then a Ny X Ny.matrix of zeros.
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e The general form of the user-defined 8-method procedure is

proc (2) = procThetaMethod(i,j,m);
local theta_m,theta_mm;

theta_m =
theta_mm =

retp(theta_m,theta_mm);
endp;

Remark 15 theta_m and theta_mm correspond to the N, x Ny 8, and 0,11 matrices. 1 and j are
respectively a Ny X 1 column vector and a 1 x Ny, row vector.

For example, the odd-even Hopscotch method is implemented by the following procedure:

proc (2) = _0ddEven_ThetaMethod(i,j,m);
local theta_m,theta_mm;

theta_m = is0dd(m+i+j);
theta_mm = is0dd(m+i+j+1);

retp(theta_m,theta_mm);
endp;

4.2.3 The _Hopscotch_PrintIters variable

If _Hopscotch_PrintIters is different to zero, Hopscotch displays the number of iterations performed.

4.2.4 The _Hopscotch_Retcode vector

If Hopscotch encounters difficulties to solve the PDE problem (that is the sparse system W, 1Um+1 =
¢m+1), it displays an ERRORLOG message on the screen. In this case, you may investigate
the _Hopscotch_Retcode vector to determine the problem. For example, the convergence is not
achieved in the program below because of the number of iterations. If we modify the value taken by
_sparse_NumlIters, Hopscotch converges.

/*

** tutor7?.prg

*/

new;
library PDE2D;

PDE2Dset;
#include tutor.inc;
__output = 0;

output file = tutor7.out reset;
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call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,
&tminBound,&xminBound, &xmaxBound,&yminBound, &ymaxBound,

0,0,0,0);
xmin = 0; xmax = 1; Nx = 21;
ymin = 0; ymax = 1; Ny = 11;
tmin = 0; tmax = 5; Nt = b1;

_Hopscotch_PrintlIters = 1;
call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin,ymax,Ny,’’tutor7’’);

print _Hopscotch_Retcode[1:5];

_sparse_Numlters = 1000;

_Hopscotch_PrintlIters = 3;

call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin,ymax,Ny,’’tutor7’’);

print _Hopscotch_Retcode[1:5];

output off;

Begin iterations

1 2 3 4 5 [S] 7 8 9 10
11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48 49 50
51

Warning: The solution is not exact

0.00000000
7.0000000
7.0000000
7.0000000
7.0000000

Begin iterations
3 6 9 12 15 18 21 24 27 30
33 36 39 42 45 48 51

0.00000000
4.0000000
4.0000000
4.0000000
4.0000000

4.2.5 The _Hopscotch_SavelastIter variable

If you are just interested in the solution for ¢ = ¢™, you may use the _Hopscotch_SaveLastIter variable.

4.3 The ExtractSolution procedure

To extract solution from the dataset, we may use the Gauss commands open, seekr and readr or the
PDE2D procedure ExtractSolution. You must remind that the time values and the space x and y
values are respectively treated as a column vector, a row vector and a column vector. The only one
exception is the command U = ExtractSolution(NameFile,’’y|yj’’). In this case, the time values are
stored in row format.

/*
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** tutor8.prg
*/

new;
library PDE2D;

PDE2Dset;

#include tutor.inc;

__output = 0;

output file = tutor8.out reset;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,
&tminBound,&xminBound, &xmaxBound,&yminBound, &ymaxBound,
0,0,0,0);

xmin = 0; xmax =

1
ymin = 0; ymax = 1; Ny = 11;
tmin = 0; tmax 0.5;

call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin,ymax,Ny,’’tutor8’’);

x = ExtractSolution(’’tutor8’’,’’x’’);
y = ExtractSolution(’’tutor8’’,’’y’’);
t = ExtractSolution(’’tutor8’’,’’t’’);
print ’’-- x --’’;

call printfm(x,1,’’*.%¥1f’’ ~7 "5);
print 3o _ y ——

call printfm(y,1,’’*.%¥1f’’ 5 "2);
print; print ’’-—- t --’7;

call printfm(t,1,’’*.%¥1f’’ 5 ~2);

output off;

0.00 0.10 0.20 0.30 0.40 0.50 0.80 0.70 0.80 0.90 1.00

O O OO OO0

TUTORIAL

Because the dataset is stored in the hard drive, you may investigate the solution without solving the

problem at each time. In the program below, we extract the following solution:

e U is a 6 x 11 matrix. It contains the values v ({,2 = 0.5,y). The rows correspond to the solution
for t equal to 0, 0.1, 0.2, 0.3, 0.4 and 0.5. The columns correspond to the solution for y equal to O,

0.1,0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1 ;
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e Uy is a 13 X 6 matrix. It contains the values

for x equal to 0

1

1

1

1

5

5 129 6% 4% 31 129
for t equal to 0, 0.1, 0.2, 0.3, 0.4 and 0.5 ;

0.5

7

2

3

5 129 3% 49

U
5
6

P
11
1
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(t,z,y = 0.8). The rows correspond to the solution

and 1. The columns correspond to the solution

e U3 is a 13 x 11 matrix. It contains the values « (¢ = 0.5, x,y). The rows correspond to the solution
and 1. The columns correspond to the solution

for = equal to O, 1—12, %, i, %, %, 0.5, 1—72, %, %, %, %
for y equal to 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.

/*

** tutor9.prg

*/

new;

library PDE2D;

PDE2Dset;

output file = tutor9.out reset;

Ul = ExtractSolution(’’tutor8’’,’’x’’]0.5);

U2 = ExtractSolution(’’tutor8’’,’’y’’|0.8);

U3 = ExtractSolution(’’tutor8’’,’’t’’]0.5);

call printfm(U1l,1,’’*.*1f’’ ~7 ~3);

print ’’

call printfm(U2,1,’’*.*1f’’ ~7 ~3);

print ’’

call printfm(U3,1,’’*.*1f’’ ~7 ~3);

output off;
0.500 0.530 0.570 0.620 0.680 0.750 0.830 0.920 1.020
0.500 0.527 0.563 0.608 0.662 0.725 0.797 0.878 0.968
0.500 0.524 0.557 0.5968 0.645 0.701 0.765 0.837 0.918
0.500 0.522 0.550 0.588 0.628 0.678 0.734 0.798 0.868
0.500 0.519 0.545 0.576 0.613 0.6856 0.708 0.760 0.827
0.500 0.517 0.539 0.567 0.599 0.837 0.678 0.729 0.785
0.000 0.000 0.000 0.000 0.000 0.000
0.142 0.136 0.131 0.126 0.120 0.115
0.296 0.283 0.270 0.288 0.247 0.238
0.460 0.439 0.418 0.399 0.380 0.365
0.836 0.605 0.576 0.547 0.522 0.497
0.822 0.782 0.742 0.705 0.669 0.640
1.020 0.968 0.918 0.868 0.827 0.785
1.229 1.165 1.101 1.044 0.986 0.9486
1.449 1.371 1.296 1.221 1.164 1.1086
1.680 1.588 1.496 1.417 1.339 1.293
1.922 1.813 1.713 1.612 1.545 1.477
2.176 2.063 1.931 1.839 1.747 1.875
2.440 2.303 2.179 2.087 1.965 1.873
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.083 0.084 0.086 0.089 0.093 0.097 0.102 0.108 0.115
0.167 0.169 0.174 0.180 0.188 0.198 0.209 0.222 0.238
0.2560 0.265 0.283 0.274 0.287 0.302 0.320 0.340 0.365
0.333 0.342 0.354 0.369 0.388 0.410 0.435 0.465 0.497
0.417 0.429 0.446 0.467 0.492 0.521 0.555 0.592 0.640
0.500 0.517 0.539 0.567 0.599 0.837 0.678 0.729 0.785
0.583 0.605 0.634 0.688 0.709 0.754 0.810 0.8687 0.948
0.6687 0.695 0.730 0.773 0.821 0.880 0.942 1.023 1.108
0.750 0.785 0.829 0.879 0.942 1.008 1.092 1.177 1.293
0.833 0.876 0.929 0.994 1.065 1.152 1.243 1.357 1.477
0.917 0.970 1.035 1.111 1.200 1.298 1.412 1.534 1.875
1.000 1.067 1.146 1.237 1.340 1.455 1.582 1.722 1.873

We may use the FindIndex procedure to extract more specific solution.

/*

O O O B

NFRrHPRrRPrPr,P,O0O000O0O0O0

.123
. 256
.394
.543
L6897
.864
.033
.222
.412
.616
.822
.037

OB B BB

NFRrHPRrRPrPr,P,O0O000O0O0O0

.179
.114
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** tutorlO.prg
*/

new;

library PDE2D;
PDE2Dset;

output file = tutorlO.out reset;

x = ExtractSolution(’’tutor8’’,’’x’’);
y = ExtractSolution(’’tutor8’’,’’y’’);

indx = FindIndex(x,0.5);
indy = FindIndex(y’,0.5);

u = submat (ExtractSolution(’’tutor8’’,’’t’’|0.5),indx,indy) ;
sol = SolutionProc(0.5,0.5,0.5);

print ftos(sol,’’u(0.5,0.5,0.5)
print ftos(u, ’’Numerical sol.

%1f77,4,8);
%1f77,4,8);

output off;

proc solutionProc(t,x,y);
retp( ((x72).*y + x.*x(y"2)) .*exp(-t) + x );
endp;

u(0.5,0.5,0.5)
Numerical sol.

0.651633
0.838775

4.4 Elliptic problems

We consider the elliptic problem of GOURLAY and MCKEE [1977], page 204:

a(z,y) = 1
b(z.v) .
T = —=
Y 2
clzyy) = 1
d(z,y) = 0
e(z,y) = 0
flz,y) = 0
glz,y) = 0
with the boundary conditions
©(0,y) 0
u(ly) = y+9°
w(x,0) = 0
u(r,1) = xz42°

The solution of this problem is
u(r,y) = 2%y + xy?

For the initial guess solution, we use random numbers.

/*

** elliptic.inc
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*/

proc aProc(t,x,y);
retp( ones(rows(x),cols(y)) );
endp;

proc bProc(t,x,y);
retp( -0.5*%ones (rows(x),cols(y)) );
endp;

proc cProc(t,x,y);
retp( ones(rows(x),cols(y)) );
endp;

proc dProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc eProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc fProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc gProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc xminBound(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc xmaxBound(t,x,y);
retp( ones(rows(x),1) .* (y + y~2) );
endp;

proc yminBound(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc ymaxBound(t,x,y);
retp( ones(rows(x),1) .* (x + x°2) );
endp;

proc InitialGuessSolution(t,x,y);
retp( rndn(rows(x),cols(y)) );
endp;

proc solutionProc(t,x,y);
retp( (x72) .*y + x.x(y"2) );
endp;

The program below shows the convergence of the Hopscotch method to the elliptic solution.

/*
** tutorll.prg
*/

new;
library PDE2D,pgraph;
PDE2Dset;

#include elliptic.inc;

rndseed 123;
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call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,
&InitialGuessSolution,
&xminBound,&xmaxBound,&yminBound,&ymaxBound,
0,0,0,0);

xmin = 0; xmax = 1; Nx = 21;
ymin = 0; ymax = 1; Ny = 21;
tmin = 0; tmax = 0.425; Nt = 101;

_Hopscotch_Methods = {2,3}; /* center filling method
&
line Hopscotch method */

call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin,ymax,Ny,’’tutorll’’);

x = ExtractSolution(’’tutor11’’,’’x’’);
y = ExtractSolution(’’tutorll’’,’’y’’);
t = ExtractSolution(’’tutor1l’’,’’t’’);

sol = solutionProc(tmax,x,y);

graphset;

begwind;
window(4,4,0);

_pdate = ’’’’; _pnum = O; _paxes = O; _pframe = 0; _psurf = {0,0};
_ptitlht = 0.45;

i=1;
do until i > 14;

U = ExtractSolution(’’tutori11’’,’’t’’ [t [2*i]);

setwind(i);
str = ftos(2%i - 1,’’iter no %1£°°,1,0);
title(str);
surface(x’,y’,U0’);

i=d o+ 1
endo;
U = ExtractSolution(’’tutori11’’,’’t’’ [t[Nt]);
setwind (15);
str = ftos(Nt,’’iter no %1f’’,1,0);
title(str);
surface(x’,y’,U%);
setwind (16);
title(’’Exact solution’’)
surface(x’,y’,s0l’);

graphprt (’’-c=1 -cf=tutorll.eps’’);

endwind;

The next program is an illustration of the use of the _Hopscotch_Elliptic variable. In this case, the
convergence is achieved after 79 iterations.

/*
** tutorl2.prg
*/

new;



ELLIPTIC PROBLEMS

iter no 2 iter no 5

iter no 11

il ,‘J’ﬁ’)s«.n/A..,.
I ‘*‘4?!1%'( Nty A "v?’.-'/‘ftﬁv »')/5 A3
.:m!a‘g.""v‘i*'\“‘dﬁ"@ il
& '«"\",g L“%}V%" / Q‘»’"‘/{“ﬁ?" L2

iter no 14

Figure 4-1

library PDE2D,pgraph;
PDE2Dset;

#include elliptic.inc;
rndseed 123;
output file = tutorl2.out reset;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,
&InitialGuessSolution,
&xminBound,&xmaxBound,&yminBound,&ymaxBound,
0,0,0,0);

xmin = 0; xmax = 1; Nx = 21;
ymin = 0; ymax = 1; Ny = 21;
tmin = 0; tmax = 0.425; Nt = 101;

_Hopscotch_Methods = {1,2}; /* left-right filling method
&
ordered odd-even Hopscotch method */

_Hopscotch_Elliptic = 1;
_Hopscotch_SavelastIter = 1;
_fcmptol = le-4;

call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin,ymax,Ny,’’tutorl2’’);

x = ExtractSolution(’’tutor12’’,’’x’’);
y = ExtractSolution(’’tutorl2’’,’’y’’);
t = ExtractSolution(’’tutor12’’,’’t’’);
print; print ’’t vector = ’’ t;

U = ExtractSolution(’’tutor12’’,’’t’’|t);
sol = solutionProc(t,x,y);

output off;

graphset;
_pdate = 7;7;;
title(’’Relative numerical error (%)’’);
xlabel(’’x77);
ylabel(’’y’?);
ztics(0,1.5,0.5,5);
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graphprt (’’-c=1 -cf=tutoril2.eps’’);
surface(x’,y’,100*missrv ((U-sol)’./miss(s01,0),0));

Bound Dirichlet Neumann
xmin ek ok ke ok skok K ok
Xxmax 2k ok ok ok ok ok o %k
ymin ek ok ke ok skok K ok
ymax 2k ok ok ok ok ok o %k

Filling Hopscotch method: left-right
Theta Hopscotch method: ordered odd-even

Mesh spacing in time : k= 0.00425000
Mesh spacing in space x : hx = 0.05000000
Mesh spacing in space y : hy = 0.05000000
Mesh ratio r(x,x): 1.700000

r(x,y): 1.700000

r(y,y): 1.700000

Elliptic Problem - Algorithm stopped at the 79th iteration
Hopscotch completed

t vector = 0.33150000

Relative numerical error (%)

Figure 4-2

4.5 Some examples

4.5.1 1st example of Gourlay and McKee [1977]

/*
**> exl.prg
*ok

** Gourlay, A.R. and S. McKee [1977], The construction of hopscotch methods

TUTORIAL



SOME EXAMPLES

** for parabolic and elliptic equations in two space dimensions with a mixed
** derivative, Journal of Computational and Applied Mathematics, 3, 201-205
*ok

** page 203, Example 1

*ok

** a(t,x,y) = a=0.1
** b(t,x,y) =b = 0.05
** c(t,x,y) = ¢ = 0.15

** d(t,x,y) =
** e(t,x,y) =
** f(t,x,y) =
** g(t,x,y) =
*k

OO OO0 U

**x u(0,x,y) = sin(x+y)

** u(t,0,y) = exp(-(a+2b+c)*t)*sin(y)
** u(t,1,y) = exp(-(a+2b+c)*t)*sin(l+y)
#*% u(t,x,0) = exp(-(a+2b+c)*t)*sin(x)
** u(t,x,1) = exp(-(a+2b+c)*t)*sin(1+x)
*%

** h(t,x,y,u) =u

*/

new;
library PDE2D,pgraph;
PDE2Dset;

a=20.1; b =0.05; ¢ = 0.15;

proc aProc(t,x,y);
retp( a*ones(rows(x),cols(y)) );
endp;

proc bProc(t,x,y);
retp( b*ones(rows(x),cols(y)) );
endp;

proc cProc(t,x,y);
retp( c*ones(rows(x),cols(y)) );
endp;

proc dProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc eProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc fProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc gProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc tminBound(t,x,y);
retp( sin(z+y) );
endp;

proc xminBound(t,x,y);
retp( exp(-(a+2¥b+c)*t)*sinly) );
endp;

proc xmaxBound(t,x,y);
retp( exp(-(a+2xb+c)*t)*sin(l+y) );
endp;

proc yminBound(t,x,y);
retp( exp(-(a+2¥btc)*t)*sin(x) );
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endp;

proc ymaxBound(t,x,y);
retp( exp(-(a+2¥b+c)*t)*sin(1+x) );
endp;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,
&tminBound, &xminBound, &xmaxBound, &yminBound, &ymaxBound,

0,0,0,0);
xmin = 0; xmax = 1; Nx = 11;
ymin = 0; ymax = 1; Ny = 21;
tmin = 0; tmax = 5; Nt = b1;

call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin, ymax,Ny,’’ex1’’);

ExtractSolution(’’ex1’’,’’x’%);
= ExtractSolution(’’exl1’’,’’y’’);
= ExtractSolution(’’ex1’’,’’t’’);
ExtractSolution(’’ex1’’,’’t’’ |tmax) ;

(=R I
|

/* The exact solution is

*k

*% u(t,x,y) = exp(-(a+2bt+c)*t)*sin(x+y)
*k

*/

proc solutionProc(t,x,y);
retp( exp(-(a+2xb+c)*t)*sin(x+y) );
endp;

sol = solutionProc(tmax,x,y);

graphset;

begwind;
makewind(9,1,0,6.855-1,1);
makewind(9/2,5.855,0,0,1);
makewind (9/2,5.855,9/2,0,1);

setwind (1) ;
_pdate = ’’’’; _ptitlht = 1.25; _pnum = 0; _paxes = 0;
title(’’Gourlay and McKee @[1977@] - Example 1 page 203°°);
draw;
graphset;
_pdate = ’’’’; _pnum = 2; _ptitlht = 0.25; _paxht = 0.25; _pnumht = 0.20;

xlabel(’’x’’);
ylabel(’’y’’);
zlabel (*’u(5,x,y) ) ;

setwind(2) ;
title(’’Numerical solution’’)
surface(x’,y’,U%);

setwind (3);
title(’’Exact solution’’)
surface(x’,y’,s0l’);
graphprt (’’-c=1 -cf=exl.eps’’);

endwind;
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Gourlay and McKee [1977] — Example 1 page 203

Numerical solution Exact solution
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Figure 4-3

4.5.2 2nd example of Gourlay and McKee [1977]

/*

**> ex2.prg

*ok

** Gourlay, A.R. and S. McKee [1977], The construction of hopscotch methods
** for parabolic and elliptic equations in two space dimensions with a mixed
** derivative, Journal of Computational and Applied Mathematics, 3, 201-205
*ok

** page 203, example 2

*ok

** a(t,x,y) = 0.5%x"2 + y~2

** b(t,x,y) = -0.5 * (x"2 + y~2)

** c(t,x,y) = x"2 + 0.5%y"2

**x d(t,x,y) =0

** e(t,x,y) =0

** f(t,x,y) =0

** g(t,x,y) =0

*ok

**x u(0,x,y) = X"2%y + x*y 2

**x u(t,0,y) =0

*x u(t,1,y) = (y + y72) * exp(-t)

** u(t,x,0) =0

** u(t,x,1) = (x + x72) * exp(-t)

*ok

** h(t,x,y,u) =u

*/

new;

library PDE2D,pgraph;

PDE2Dset;

proc aProc(t,x,y);

endp;

retp(0.5*%x72 + y~2);

proc bProc(t,x,y);

endp;

retp( -0.5 * (x"2 + y°2) );

proc cProc(t,x,y);
retp(x"2 + 0.5%y"2);
endp;
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proc dProc(t,x,y);
retp( zeros(rows(x),cols(y))
endp;

proc eProc(t,x,y);
retp( zeros(rows(x),cols(y))
endp;

proc fProc(t,x,y);
retp( zeros(rows(x),cols(y))
endp;

proc gProc(t,x,y);
retp( zeros(rows(x),cols(y))
endp;

proc tminBound(t,x,y);
retp( (x72).%y + x.*(y"2) );
endp;

proc xminBound(t,x,y);
retp( zeros(rows(x),cols(y))
endp;

proc xmaxBound(t,x,y);
retp( (y + y°2) * exp(-t) );
endp;

proc yminBound(t,x,y);
retp( zeros(rows(x),cols(y))
endp;

proc ymaxBound(t,x,y);
retp( (x + x72) * exp(-t) );
endp;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,
&tminBound, &xminBound, &xmaxBound, &yminBound, &ymaxBound,

0,0,0,0);

xmin = 0; xmax = = 21;
ymin = 0; ymax = 1; Ny = 21;
tmin = 0; tmax = 0.25; Nt = b1;

I
-
=
el

call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin, ymax,Ny,’’ex2’’);

(=R I
o

/* The exact solution is
*%

*% u(t,x,y) = (x72*%y + x*xy~2) * exp(-t)

* %

*/

proc solutionProc(t,x,y);

retp( ( (x72).*y + x.*x(y"2) ) * exp(-t) );

endp;
sol = solutionProc(tmax,x,y);
graphset;

begwind;

makewind(9,1,0,6.855-1,1);
makewind(9/2,5.855,0,0,1);

ExtractSolution(’’ex2’’,’’x’’);
ExtractSolution(’’ex2’’,’’y’’);
= ExtractSolution(’’ex2’’,’’t’’);
= ExtractSolution(’’ex2’’,’’t’’|tmax);
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makewind (9/2,5.855,9/2,0,1);

setwind (1) ;

_pdate = ’’’’; _ptitlht = 1.25; _pnum = 0; _paxes = 0;

title(’’Gourlay and McKee @[1977@] - Example 2 page 203°°);
draw;

graphset;
_pdate = 777
xlabel(’’x’’);
ylabel(’’y’’);

_pnum = 2; _ptitlht = 0.25; _paxht = 0.20; _pnumht = 0.15;

setwind(2) ;
title(’’Numerical solution’’)
surface(x’,y’,U%);

setwind (3);
title(’’Exact solution’’)
surface(x’,y’,s0l’);
graphprt (*’-c=1 -cf=ex2.eps’’);

endwind;

Gourlay and McKee [1977] — Example 2 page 203

Numerical solution Exact solution
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Figure 4-4

4.5.3 4th example of Gourlay and McKee [1977]

Remark 16 [ have done this example, because I think that it illustrates the difference between the ordered
odd-even and the line methods.

/*
**> ex3.prg
*ok

** Gourlay, A.R. and S. McKee [1977], The construction of hopscotch methods
** for parabolic and elliptic equations in two space dimensions with a mixed

** derivative, Journal of Computational and Applied Mathematics, 3, 201-205
*ok

** page 205, example 4
*ok

** a(t,x,y) = (x - 0.5)72
** b(t,x,y) 0.5 x (x - 0.5) * (y - 0.5)



40

* %
* %
* %
* %
* %
* %
* %
* %
* %
* %
* %
* %
* %

*/

c(t,x,y) = (y - 0.5)°2

d(t,x,y) =0

e(t,x,y) =0

f(t,x,y) =0

g(t,x,y) = —(Gixkyx(x+y) + (x+y) - (B*x*xy + x°2 + y~2))*exp(-t)

u(0,x,y) = x*ky*(x+y)

u(t,0,y) =0

u(t,1,y) = (y + y°2) * exp(-t)
ult,x,0) =0

ult,x,1) = (x + x°2) * exp(-t)

h(t,x,y,u) =u

new;
library PDE2D,pgraph;
PDE2Dset;

proc aProc(t,x,y);
retp( ((x - 0.5)°2) .* ones(1l,cols(y)) );
endp;

proc bProc(t,x,y);
retp(0.5%(x - 0.5).*%(y - 0.5));
endp;

proc cProc(t,x,y);
retp( ((y - 0.5)"2) .* ones(rows(x),1) );
endp;

proc dProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc eProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc fProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc gProc(t,x,y);

retp( -(Bkx.*y.*(x+y) + (x+y) - (6*x.*y + x°2 + y~2)) .*exp(-t) );

endp;

proc tminBound(t,x,y);
retp( (x72).%y + x.*(y"2) );
endp;

proc xminBound(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc xmaxBound(t,x,y);
retp( (y + y°2) .* exp(-t) );
endp;

proc yminBound(t,x,y);

retp( zeros(rows(x),cols(y)) );

endp;

proc ymaxBound(t,x,y);

retp( (x + x72) .* exp(-t) );

endp;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,

&tminBound, &xminBound, &xmaxBound, &yminBound, &ymaxBound,
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xmin = 0; xmax = 1; Nx = 21;
ymin = 0; ymax = 1; Ny = 21;
tmin = 0; tmax = 0.25; Nt = 101;

_Hopscotch_PrintlIters = 1;

_Hopscotch_Methods = 1]2;
call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin, ymax,Ny,’’ex3’’);

x = ExtractSolution(’’ex3’’,’’x’’);
y = ExtractSolution(’’ex3’7,%’y’’);
t ExtractSolution(’’ex3’’,’°t%%);

indx
indy

FindIndex(x,0.25]0.5]|0.75);
FindIndex(y’,0.5);

U = ExtractSolution(’’ex3’’,’’y’’|y[indy]);
U1l = U[indx, .];

_Hopscotch_Methods = 2|3;
call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin, ymax,Ny,’’ex3’’);

x = ExtractSolution(’’ex3’’,’’x’’);
y = ExtractSolution(’’ex3’7,%’y’’);
t

ExtractSolution(’’ex3’’,’°t%%);

indx
indy

FindIndex(x,0.25]0.5]|0.75);
FindIndex(y’,0.5);

U = ExtractSolution(’’ex3’’,’’y’’|y[indy]);
U2 = Ulindx, .];

/* The exact solution is

*%

*k u(t,x,y) = (x"2%y + x*y"2) * exp(-t)
*%

*/

proc solutionProc(t,x,y);
retp( ( (x72).*y + x.*x(y"2) ) * exp(-t) );
endp;

sol = solutionProc(t’,0.25/0.5/0.75,0.5);

graphset;
begwind;
window(1,2,0);
_pdate = ’’’’; _pnum = 2; _pnumht = 0.25; _paxht = 0.25; _ptitlht = 0.25;
_plctrl = -3; _pstype = 8]9|10; _pysci = 1; _psymsiz = 7;
xtics(0,0.25,0.05,5);
xlabel(’’t’7);
ylabel(’’Numerical error for y = 0.5°’);
_plegstr = ’’x = 0.25\000x = 0.50\000x = 0.75’7;

setwind (1) ;
title(’’ORDERED ODD-EVEN Hopscotch’’);
_plegectl = {2 7 7.75 0.75};
xy(t,s0l’-U1);
setwind(2) ;
_plegectl = {2 7 -1.25 0.75};
title(’’LINE Hopscotch’’);
xy(t,s01’-U2%);
graphprt (*’-c=1 -cf=ex3.eps’’);
endwind;
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4.5.4 Stochastic volatility option model

TUTORIAL

The two programs below have been used to generate the following table of KURPIEL and RONCALLI
[1998].

p=-0.5
S0 Cru Chtsv Chusv | Ciart Ciwsv
80 0.0291 0.0169 0.0168 0.0322 0.0170
85 0.1545 0.1170 0.1166 0.1624 0.1185
90 0.5700 0.5040 0.5034 0.5896 0.5133
95 1.5689 1.5030 1.5026 1.6151 1.5401
100 3.4211 3.3961 3.3958 3.5249 3.5038
105 6.2204 6.2496 6.2492 6.4448 6.5016
110 9.8470 9.9094 9.9087 | 10.3146  10.4123
115 | 14.0596  14.1251 14.1242 15 15.0156
120 | 18.6180 1B.6682  18.6675 20 20

4.5.4.1 FEuropean options

/*
*k%*> e
*ok

x4 .prg

*% Kurpiel, A. and T. Roncalli [1998], Hopscotch methods for two-state
** financial models, FERC working paper, City University Business School

*/

new;

library option,PDE2D;

PDE2D

K=1

set;

00;

S0 = seqa(80,5,9);

rho =

Kappa =

theta

0.04;
0.08;
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lambda = 0.0;

sigmaV = 0.10;

kappaStar = kappa + lambda;

thetaStar = kappa*theta/(kappat+lambda) ;

proc aProc(t,x,y);
retp( 0.5 * y .x (x°2) );
endp;

proc bProc(t,x,y);
retp( 0.5% rho * sigmaV * y .* x );
endp;

proc cProc(t,x,y);
retp( 0.5 * (sigmaV~2).*y .* ones(rows(x),1) );
endp;

proc dProc(t,x,y);
retp( b.*x.*ones(1l,cols(y)) );
endp;

proc eProc(t,x,y);
retp( ( kappaStar*(thetaStar-y) ) .* ones(rows(x),1) );
endp;

proc fProc(t,x,y);
retp( r .* ones(rows(x),cols(y)) );
endp;

proc gProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc tminBound(t,x,y);
x = ones(1l,cols(y)) .* x;
retp( (x .> K) .x (x - K) );
endp;

proc xminBound(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc DxmaxBound(t,x,y);
retp( ones(rows(x),cols(y)) );
endp;

proc DyminBound(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc DymaxBound(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,
&tminBound, &xminBound,0,0,0,
0, &DxmaxBound, 0,0) ;

xmin = B0; xmax = 150; Nx = 201;
ymin 0.002; ymax = 0.122; Ny = 61;
tmin = 0; tmax = tau; Nt = floor(1825x*tau);

_Hopscotch_SavelastIteration = 1;
_Hopscotch_PrintlIters = 1;

call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin, ymax,Ny,’’tmp’’);
x = ExtractSolution(’’tmp’’,’’x’’);

y = ExtractSolution(’’tmp’’,’’y’’);
tmax = ExtractSolution(’’tmp’’,’’t’’);
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U = ExtractSolution(’’tmp’’,’’t’’|tmax) ;

_fcmptol = 0.1;
indxX = FindIndex(x,S0); indxY = FindIndex(y’,V0);
80 = x[indxX]; VO = y[indxY];

Ceul = EuropeanBS(S0,K,sqrt(V0),tau,b,r);

Ceu2 = zeros(rows(S0),1);

i=1;

do until i > rows(S0);
{Ceu2[i],retcode} = EuropeanHeston(S0[i],X,V0,tau,b,r,

kappa,theta,sigmaV,rho,lambda) ;

i= i+ 1;

endo;

output file = ex4.out reset;

print S07Ceul”Ceu2~U[indxX,indxY];

output off;
80.000000 0.029090207 0.016931435 0.016758608
85.000000 0.15446696 0.11698944 0.11664725
90.000000 0.56998560 0.50399368 0.50342106
95.000000 1.5689110 1.5030913 1.5025541
100.00000 3.4211088 3.39610565 3.3957527
105.00000 6.2204481 6.2495834 6.2491900
110.00000 9.8469572 9.9093726 9.9087376
115.00000 14.059550 14.125064 14.124180
120.00000 18.618023 18.668220 18.667531

4.5.4.2 American options

/*

**> exb.prg

*ok

*% Kurpiel, A. and T. Roncalli [1998], Hopscotch methods for two-state
** financial models, FERC working paper, City University Business School

*/

new;
library option,PDE2D;
PDE2Dset;

K = 100;

S0 = seqa(80,5,9);
b = -0.04;

r = 0.08;

VO = 0.2072;

tau = 0.25;

rho = -0.5;

Kappa = 0.9;

theta = 0.2072;

lambda = 0.0;

sigmaV = 0.10;

kappaStar = kappa + lambda;

thetaStar = kappa*theta/(kappat+lambda) ;

proc aProc(t,x,y);
retp( 0.5 * y .x (x°2) );
endp;

proc bProc(t,x,y);
retp( 0.5% rho * sigmaV * y .* x );
endp;

proc cProc(t,x,y);
retp( 0.5 * (sigmaV~2).*y .* ones(rows(x),1) );
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endp;

proc dProc(t,x,y);
retp( b.*x.*ones(1l,cols(y)) );
endp;

proc eProc(t,x,y);
retp( ( kappaStar*(thetaStar-y) ) .* ones(rows(x),1) );
endp;

proc fProc(t,x,y);
retp( r .* ones(rows(x),cols(y)) );
endp;

proc gProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc hProc(t,x,y,U);
local PayOff,cnd;
Pay0ff = ( x .> K ) .* ( x - K) .* ones(1,cols(y));
cnd = PayOff .> U;
retp( cnd.*Pay0ff + (1-cnd) .*U );
endp;

proc tminBound(t,x,y);
x = ones(1l,cols(y)) .* x;
retp( (x .> K) .x (x - K) );
endp;

proc xminBound(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc DxmaxBound(t,x,y);
retp( ones(rows(x),cols(y)) );
endp;

proc DyminBound(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc DymaxBound(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,&hProc,
&tminBound, &xminBound,0,0,0,
0, &DxmaxBound, 0,0) ;

xmin = B0; xmax = 150; Nx = 201;
ymin 0.002; ymax = 0.122; Ny = 61;
tmin = 0; tmax = tau; Nt = floor(1825x*tau);

_Hopscotch_SavelastIteration = 1;
_Hopscotch_PrintlIters = 1;
call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin, ymax,Ny,’’tmp’’);

x = ExtractSolution(’’tmp’’,’’x’’);

y = ExtractSolution(’’tmp’’,’’y’’);

tmax = ExtractSolution(’’tmp’’,’’t’’);
U = ExtractSolution(’’tmp’’,’’t’’|tmax) ;

_fcmptol = 0.1;
indxX = FindIndex(x,S0); indxY = FindIndex(y’,V0);
80 = x[indxX]; VO = y[indxY];
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Cam = AmericanBS(80,K,sqrt(V0),tau,b,r);
output file = exb.out reset;

print S0~Cam”~U[indxX, indxY];

output off;
80.000000 0.032151197 0.016965155
85.000000 0.16244037 0.11845361
90.000000 0.58964881 0.51329422
95.000000 1.6150921 1.5400871
100.00000 3.5249212 3.5037915
105.00000 6.4447677 6.5015876
110.00000 10.314602 10.412318
115.00000 15.000000 15.0156637
120.00000 20.000000 20.000000

4.5.5 Greeks computing

The following program numerically solves the Black-Scholes model. Then, we use the Derive procedure
to compute the A, I and © coeflicients of the call options. We remark that the differences between these
numerical values and these obtained by exact formulas are very small.

/*
**> ex6.prg
*ok

*/

new;
library PDE2D,option,pgraph;
PDE2Dset;

K = 100;
sigma = 0.20;
tau = 0.25;

r = 0.08;

b = 0.08;

proc aProc(t,x,y);
retp( 0.5%(sigma~2) .* (x"2) .* ones(1,cols(y)) );
endp;

proc bProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc cProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc dProc(t,x,y);
retp( b .* x .* ones(1l,cols(y)) );
endp;

proc eProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc fProc(t,x,y);
retp( r .* ones(rows(x),cols(y)) );
endp;
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proc gProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc tminBound(t,x,y);
local PayOff;
Pay0ff = x - K;
Pay0ff = PayOff .* (PayQff .> 0);
retp( PayOff .* ones(1l,cols(y)) );
endp;

proc xminBound(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc DxmaxBound(t,x,y);
retp( ones(rows(x),cols(y)) );
endp;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,
&tminBound, &xminBound,0,0,0,
0, &DxmaxBound, 0,0) ;

xmin = B0; xmax = 150; Nx = 201;
ymin = 0.10; ymax = 0.30; Ny = 5;
tmin = 0; tmax = tau; Nt = floor(1825x*tau);

_Hopscotch_PrintIters = 10;
call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin, ymax,Ny,’’ex86’’);

dt
ds

vread (_Hopscotch_MeshRatios,’’k’’);
vread (_Hopscotch_MeshRatios,’’hx’’);

indxT = seqa(10,15,30);
indxS0 = seqa(1,10,21);

graphset;

begwind;
window(2,2,0);

_pdate = ’’’’; _pnum = 2; _pnumht = 0.25; _ptitlht = 0.25; _paxht = 0.25;
fonts(’’simplex simgrma’’);

setwind (1) ;

30 = ExtractSolution(’’ex8’’,’’x’’);

U = ExtractSolution(’’ex6’’,’’t’’ |tau);

delta = Derive(U,dS,0);

title(’’Delta’’);

xlabel(’’80°7);

ytics(0,1,0.25,0);

xy (80 [indxS0] , submat (delta”EuropeanBS_Delta(S0,K,sigma,tau,b,r),indxS0,0));
setwind(2) ;

gamma_ = Derive(Derive(U,dS,-1),dS,1);

title(’’Gamma’’) ;

ytics(0,0.05,0.01,0);

xy (80 [indxS0] , submat (gamma_~EuropeanBS_Gamma (SO,K,sigma,tau,b,r),indxS0,0)) ;

setwind (3);

t = ExtractSolution(’’ex6’’,’°t’’);

y = ExtractSolution(’’ex6’’,’’y’’);

U = ExtractSolution(’’ex8’’,’’y’’|y[3]);
theta = Derive(U’,dt,0);
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title(’’Theta (Hopscotch)’’);

xlabel (?’\202t\201°°);

ylabel(’’80°?);

xti1¢s(0,0.20,0.10,0);

ytics(80,120,10,0);

ztics(0,50,10,0);

surface(submat (t’,0,indxT), submat (30,indx80,0),
submat (theta’,indxS80,indxT));

setwind (4) ;

title(’’Theta’’);
surface(submat (t’,0,indxT), submat (30,indx80,0),
submat (EuropeanBS_Theta(S0,K,sigma,t’,b,r),indxS0, indxT) ) ;

graphprt (’’-c=1 -cf=ex6.eps’’);

endwind;
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Figure 4-6

4.5.6 Laplace equation

/*
**> ex7.prg
*ok

** Laplace Equation

*/

new;
library PDE2D,pgraph;
PDE2Dset;

proc aProc(t,x,y);

retp( 2*ones (rows(x),cols(y)) );
endp;

proc bProc(t,x,y);
retp( zeros(rows(x),cols(y)) );

endp;

proc cProc(t,x,y);
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retp( 2*ones (rows(x),cols(y)) );
endp;

proc dProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc eProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc fProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc gProc(t,x,y);
retp( zeros(rows(x),cols(y)) );
endp;

proc InitialGuessSolution(t,x,y);
retp( randu(rows(x),cols(y)) );
endp;

proc xminBound(t,x,y);
retp( ones(rows(x),cols(y)) .* (1 - y°2) );
endp;

proc xmaxBound(t,x,y);
retp( ones(rows(x),cols(y)) .* (1 - y°2) );
endp;

proc yminBound(t,x,y);
retp( ones(rows(x),cols(y)) .* (x°2 - 1) );
endp;

proc ymaxBound(t,x,y);
retp( ones(rows(x),cols(y)) .* (x°2 - 1) );
endp;

call PDE2D(&aProc,&bProc,&cProc,&dProc,&eProc,&fProc,&gProc,0,
&InitialGuessSolution,&xminBound, &xmaxBound, &yminBound, &ymaxBound,
0,0,0,0);

xmin = -1; xmax = 1; Nx = 21;
ymin = -1; ymax = 1; Ny = 21;
tmin = 0; tmax = 0.25; Nt = 101;

_Hopscotch_PrintlIters = 2;
_Hopscotch_Elliptic = 1;
_Hopscotch_SavelastIter = 1;
_fcmptol = le-5;

_Hopscotch_Methods[1]

2; /* Center Filling Method */
_Hopscotch_Methods[2] = 0.5; /* Crank-Nicholson Theta Method */

call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin, ymax,Ny,’’tmp’’);
x = ExtractSolution(’’tmp’’,’’x’’);

y = ExtractSolution(’’tmp’’,’’y’’);

t = ExtractSolution(’’tmp’’,’’t’’);

Ul = ExtractSolution(’’tmp’’,’’t’’|t);

_Hopscotch_Methods[2] = 1; /* Implicit Theta Method */
call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin, ymax,Ny,’’tmp’’);
t = ExtractSolution(’’tmp’’,’’t’’);

U2 = ExtractSolution(’’tmp’’,’’t’’|t);

_Hopscotch_Methods[2] = 2; /* Ordered 0dd-Even Theta Method */
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call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin, ymax,Ny,’’tmp’’);
t = ExtractSolution(’’tmp’’,’’t’’);
U3 = ExtractSolution(’’tmp’’,’’t’’|t);

_Hopscotch_Methods[2] = 3; /* Line Theta Method */
call Hopscotch(tmin,tmax,Nt,xmin,xmax,Nx,ymin, ymax,Ny,’’tmp’’);
t = ExtractSolution(’’tmp’’,’’t’’);
U4 = ExtractSolution(’’tmp’’,’’t’’|t);
proc SolutionProc(x,y);
retp(x"2-y~2);
endp;

sol = SolutionProc(x,y);

graphset;
begwind;
makewind(9,6.855,0,0,1);
makewind(2.5,2.5,0,0,1);
makewind(2.5,2.5,0,6.855-2.5,1);
makewind(2.5,2.5,9-2.5,0,1);
makewind(2.5,2.5,9-2.5,6.855-2.5,1) ;
_pnum = 2;
setwind (1) ;

title(’’Laplace Equation’’);
xtics(-1,1,0.5,0);
yties(-1,1,0.5,0);
surface(x’,y’,U1%);

graphset;
_ptitlht = 0.30; _pnumht = 0.70; _paxes = 0;

setwind(2) ;
title(’ ’Crank-Nicholson’’);
contour(x’,y’, (Ul-sol)’);

setwind (3);
title(’’Implicit’?);
contour(x’,y’, (U2-s0l)’);

setwind (4) ;
title(’’0rdered 0dd-Even’’);
contour(x’,y’, (U3-sol)’);
setwind (5) ;
title(’’Line’’);
contour(x’,y’, (U4-sol)’);

graphprt (’’-c=1 -cf=ex7.eps’’);

endwind;
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