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Lq wklv sdshu/ zh frqvlghu Krsvfrwfk phwkrgv iru vroylqj wzr0vwdwh �qdqfldo prghov1 Zh �uvw ghulyh
d vroxwlrq dojrulwkp iru wzr0glphqvlrqdo sduwldo gl�huhqwldo htxdwlrqv zlwk pl{hg erxqgdu| frqglwlrqv1
Zh wkhq frqvlghu d qxpehu ri �qdqfldo dssolfdwlrqv lqfoxglqj vwrfkdvwlf yrodwlolw| rswlrq sulflqj/ whup
vwuxfwxuh prghoolqj zlwk wzr vwdwhv dqg hoolswlf luuhyhuvleoh lqyhvwphqw sureohpv1

4 Lqwurgxfwlrq

Wkh frqwulexwlrqv ri Eodfn dqg Vfkrohv ^4<:6` dqgPhuwrq ^4<:6` wr frqwlqjhqw fodlpv sulflqj wkhru| duh
fohduo| vrph ri wkh prvw vljql�fdqw lq wkh ghyhorsphqw ri �qdqfh wkhru|1 Wkh frqvlvwhqw xvh ri duelwudjh wkh0
ru| ohdglqj wr wkhlu zhoo nqrzq vroxwlrq iru sulflqj rswlrqv1Ydvlfhn ^4<::`/ xvlqj klv whup vwuxfwxuh prgho/
surylghg dqrwkhu lpsruwdqw ghyhorsphqw lq wkh duhd ri frqwlqjhqw fodlpv ghulylqj d vroxwlrq iru d erqg
sulfh wkdw kdv wr vdwlvi| d sduwlfxodu sduwldo gl�huhqwldo htxdwlrq1 Wr rewdlq wkh vroxwlrq/ Ydvlfhn xvhg wkh
Ih|qpdq0Ndf uhsuhvhqwdwlrq dqg wkh Jluvdqry wkhruhp dqg vkrzhg wkh olqn ehwzhhq wkh sduwldo gl�huhqwldo
htxdwlrq dqg pduwlqjdoh dssurdfkhv1 Wklv uhodwlrqvkls kdv vxevhtxhqwo| ehhq h{whqvlyho| h{sorlwhg wr �qg
v|perolf vroxwlrqv iru d qxpehu ri frqwlqjhqw fodlp ydoxdwlrq sureohpv1 Pruhryhu/ wkh olqn lv ixqgdphqwdo
iru qxphulfdo vroxwlrqv edvhg rq Prqwh Fduor phwkrgv1

Erwk wkhvh prghov krzhyhu rqo| frqvlghu rqh vwdwh yduldeoh zkhuhdv rswlrq dqg erqg sulflqj wkhru|
kdv qrz ehhq h{whqghg wr wdnh lqwr dffrxqw pruh vwdwh yduldeohv1 Iru h{dpsoh/ lq wkh idprxv prgho ri
Orqjvwdii dqg Vfkzduw} ^4<<5`/ erwk wkh lqvwdqwdqhrxv lqwhuhvw udwh u +w, dqg wkh yrodwlolw| phdvxuh
Y +w, duh vwrfkdvwlf1 Edogx}}l/ Gdv/ Iruhvl dqg Vxqgdudp ^4<<9` suhvhqw d whup vwuxfwxuh prgho zlwk
d wklug vwdwh yduldeoh/ wkh phdq uhyhuvlrq sdudphwhu dqg Fdqdeduur ^4<<8` ghvfulehv zk| lq jhqhudo pruh
wkdq rqh vwdwh yduldeoh pd| eh qhhghg lq whup vwuxfwxuh prghoolqj1 Rqh ri wkh pdlq gl!fxowlhv lq rswlrq
wkhru| kdv ehhq wr fdswxuh wkh vploh fxuyh dqg qxpehu ri dxwkruv kdyh lqwurgxfhg vwrfkdvwlf yrodwlolw|
+Kxoo dqgZklwh ^4<;:`/Zljjlqv ^4<;:`,1 Krzhyhu/ h{solflw dqdo|wlf vroxwlrqv duh dydlodeoh iru rqo| d ihz
prghov dqg Prqwh Fduor phwkrgv kdyh ehhq xvhg h{whqvlyho| wr �qg qxphulfdo vroxwlrqv1 Wkhvh phwkrgv/
krzhyhu idlo wr surylgh dffxudwh vroxwlrqv iru wkh juhhnv dqg ghowd2jdppd khgjlqj1 Pruhryhu/ wkh| fdq
qrw eh xvhg iru Dphulfdq rswlrq sulflqj/ ehfdxvh wkhuh lv qr Ih|qpdq0Ndf uhsuhvhqwdwlrq dqg d yduldwlrqdo
lqhtxdolw| sureohp kdv wr eh vroyhg +Odpehuwrq dqg Odsh|uh ^4<<:`,1

Jrugrq ^4<98` dqg Jrxuod| ^4<:3` lqwurgxfhg d fodvv ri/ vr fdoohg/ Krsvfrwfk dojrulwkpv wr vroyh
sduderolf dqg hoolswlf sduwldo gl�huhqwldo htxdwlrqv lq wzr ru pruh vwdwh yduldeohv dowkrxjk wkhlu xwlolw| lq
�qdqfldo dssolfdwlrqv kdv qrw |hw ehhq uhdolvhg1 Wkh sxusrvh ri wklv sdshu lv wkhq wr suhvhqw Krsvfrwfk
phwkrgv dqg wr ghprqvwudwh krz wkh| fdq eh xvhg wr vroyh �qdqfldo prghov zlwk wzr0vwdwh yduldeohv1

WZh wkdqn Hulf Erx|ì dqg Pdun Vdoprq iru wkhlu khosixo frpphqwv1
_hpdlo= nxuslhoCprqwhvtxlhx1x0erughdx{1iu
hhpdlo= w1urqfdoolCflw|1df1xn
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Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq wzr/ zh suhvhqw wkh Krsvfrwfk dojrulwkp1 Lq sduwlfxodu/
zh irupxodwh d sureohp zklfk lv pruh jhqhudo wkdq wkrvh frqvlghuhg e| Jrxuod|1 Pruhryhu/ zh vkrz krz
wr wdnh pl{hg erxqgdu| frqglwlrqv lqwr dffrxqw41 Zh wkhq dqdo|vh wkh vwdelolw| lvvxh dqg sursrvh h!flhqw
surjudpplqj phwkrgv1 Lq vhfwlrq wkuhh/ zh frqvlghu d qxpehu ri �qdqfldo prghov dqg vroyh wkhp zlwk wkh
krsvfrwfk dojrulwkp1 Vhfwlrq irxu frqfoxghv dqg vxjjhvwv gluhfwlrqv iru ixuwkhu uhvhdufk1

5 Krsvfrwfk phwkrgv

Zh frqvlghu wkh olqhdu sduderolf htxdwlrq

C x +w> {> |,

C w
. i +w> {> |,x +w> {> |, @ Dwx +w> {> |, . j +w> {> |, +4,

zkhuh Dw lv wkh jhqhudo wzr glphqvlrqdo gl�huhqwldo rshudwru
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Wkh lghd lv wr vroyh +4, lq d uhjlrq ri wkh +w> {> |, vsdfh jlyhq e| 9 �7 zkhuh 7 lv d forvhg uhjlrq ri wkh
+{> |, sodqh zlwk d frqwlqxrxv erxqgdu| C71 Lq sduwlfxodu/ iru frqyhqlhqw frpsxwdwlrq/ zh sursrvh wkdw
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frqglwlrq1 Iru wkh rwkhu erxqgdu|/ zh frxog fkrrvh ehwzhhq d Glulfkohw ru d Qhxpdqq frqglwlrq1
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Wkhuh duh vhyhudo gl�huhqfhv khuh frpsduhg wr Jrxuod| ^:/;/<`1 Iluvw/ zh kdyh fkdqjhg wkh sureohp +4,
lq rughu wr wdnh dffrxqw ri wkh �uvw ghulydwlyhv lq wkh Dw rshudwru1 Pruhryhu/ zh kdyh lqwurgxfhg d qhz
whup i +w> {> |,x +w> {> |, lq wkh Sduwldo Gl�huhqwldo Htxdwlrq1 Wkhvh prgl�fdwlrqv duh qhfhvvdu| wr hqvxuh
wkdw wkh ixqgdphqwdo htxdwlrq ri �qdqfh fdq eh zulwwhq lq wklv irup1 Jrxuod| glg qrw lq idfw frqvlghu krz
wr lqwurgxfh erxqgdu| frqglwlrqv lqwr wkh dojrulwkp1

4Wklv lv lpsruwdqw ehfdxvh pl{hg erxqgdu| frqglwlrqv iuhtxhqwo| dulvh zkhq vroylqj �qdqfldo prghov1 Iru lqvwdqfh/ frqvlghu
wkh Eodfn dqg Vfkrohv sureohp1 Ohw � E|c 7� eh wkh fdoo rswlrq sulfh dw wlph | rq dq dvvhw zkrvh fxuuhqw sulfh lv 71 Wkhq/ zh
kdyh d Glulfkohw erxqgdu| frqglwlrq iru 7 htxdo wr 3

� E|c f� ' f

dqg d Qhxpdqq erxqgdu| frqglwlrq iru 7 htxdo wr "

�7 E|c"� ' �
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514 Wkh Krsvfrwfk dojrulwkp

Krsvfrwfk phwkrgv duh edvhg rq d yhf irup ri �qlwh gl�huhqfh phwkrgv1 Lq rwkhu zrugv wkh lghd h{sorlwv wkh
vdph irupxodwlrq dv xvhg zkhq pxowlglphqvlrqdo duud|v duh vwruhg lq d frpsxwlqj odqjxdjh/ zkhuh pdwulfhv
gr qrw h{lvw sk|vlfdoo|/ exw duh lq idfw vwruhg lq urzv1

51414 Qrwdwlrq

Lq rughu wr ghyhors d qxphulfdo vroxwlrq iru +4,/ zh qhhg wr glvfuhwlvh wkh surfhvv x +w> {> |, lq erwk wlph dqg
vsdfh glphqvlrqv1 Ohw Qw/ Q{ dqg Q| eh wkh qxpehu ri glvfuhwlvdwlrq srlqwv iru w/ { dqg | uhvshfwlyho|1 Zh
ghqrwh e| n/ k{ dqg k| wkh phvk vsdflqjv lq wlph dqg vsdfh lq wkh { dqg | gluhfwlrqv uhvshfwlyho|1 Wkhq/
zh kdyh
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Ohw xpl>m eh wkh dssur{lpdwh vroxwlrq wr +4, dw wkh julg srlqw +wp> {l> |m, dqg x +wp> {l> |m, wkh h{dfw vroxwlrq
ri wkh Sduwldo Gl�huhqfldo Htxdwlrq dw wklv srlqw1

Ohw P eh wkh pdwul{ zlwk +l> m, hqwu| +Pl>m, dqg ghqrwh yhf +P, e| p=1

51415 Wkh Dojrulwkp

Wkh h{solflw irup ri htxdwlrq +4, lv
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xp.4
l>m � xpl>m

n
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Lqwurgxflqj wkhwd0vfkhphv jlyhv
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Dp
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+9,

zlwk
�p.4
l>m . �pl>m @ 4 +:,

Zh fdq vkrz wkdw wkhuh h{lvwv d vtxduh pdwul{ Kp dqg d yhfwru sp vxfk wkdw

Dp @Kpxp .sp +;,

Zh fdoo spl>m wkh uhvlgxdo devruwlrq ixqfwlrq1 Wkhq/ zh kdyh

^L . n�p.4ip.4 � n�p.4Kp.4`xp.4 @ ^L � n�pip . n�pKp`xp .

n ^�p.4jp.4 .�pjp` . n ^�p.4sp.4 .�psp` +<,
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zlwk
�p @ gldj +�p,

dqg
�p @

�
�pl>m

�
Wkh htxdwlrq +<, lv wkh jhqhudo yhf irup ri �qlwh gl�huhqfh phwkrgv iru wzr0glphqvlrqdo Sduwldo Gl�huhqwldo
Htxdwlrqv1 Zh kdyh qrz wr vshfli| Dp

l>m dqg �p1 Iroorzlqj Jrxuod| dqg PfJxluh ^4<:4`/ zh gr qrw iru
wkh prphqw �{ wkh fkrlfh ri Dp

l>m dqg wkh fkrlfh ri �p 1

51416 Glvfuhwlvdwlrq vfkhphv dqg wkh fkrlfh ri wkh �oolqj krsvfrwfk phwkrg

Zh �uvw suhvhqw wkh jhqhudo vfkhph dqg vkrz krz wr wdnh dffrxqw ri erxqgdu| frqglwlrqv1 Wkhq /zh sursrvh
wzr vshfl�f glvfuhwlvdwlrq vfkhphv lq wkh vslulw ri Jrxuod| dqg PfNhh ^4<::`1

5141614 Wkh jhqhudo vfkhph1 Zh kdyh
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Rqh gl!fxow| lv wkh fkrlfh ri wkh �yh rshudwruv �{{/ �{|/ �||/ �{ dqg �|1
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Zh kdyh d fkrlfh ehwzhhq wkhvh wkuhh dowhuqdwlyhv iru wkh glvfuhwlvdwlrq ri wkh �uvw ghulydwlyhv1Wkh prvw
frpprq rshudwru lq qxphulfdo dqdo|vlv lv �3{1 Iru wkh vhfrqg ghulydwlyhv 0 wkhuh duh pdq| srvvlelolwlhv1 Iru
h{dpsoh/ zh frxog fkrrvh wkh wudglwlrqdo vfkhph
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ehwzhhq wkh dowhuqdwlyhv lv yhu| lpsruwdqw1 Jrxuod| dqg PfNhh ^4<::` pdgh wkh iroorzlqj fkrlfh =
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Wkhq/ zh fdq zulwh wkh pdwul{ Dp /zlwk hohphqwv +Dp
l>m,/ lq wkh iroorzlqj irup

Dp @ �pxp . tp +49,

7



Lq wklv fdvh/ wkh vwuxfwxuh ri wkh �p pdwul{ lv wkh iroorzlqj
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+4:,

dqg wkh uhvlgxdo devruwlrq yhfwru/ tp dfwv mxvw olnh dq dgmxvwphqw

tp =@Dp ��pxp +4;,

Lq idfw/ tp uh hfwv wkh erxqgdu| frqglwlrqv1 Zkhq zh xvh wkhp/ zh fdq vsolw wkh yhfwru tp dqg kdyh

tp @ �pxp . sp +4<,

Wkhq/ lw lv fohdu wkdw Kp lq htxdwlrq +<, lv

Kp @�p .�p +53,

Wkh qdwxuh ri wkh erxqgdu| frqglwlrq lv lpsruwdqw/ ehfdxvh d Glulfkohw frqglwlrq zloo lq xhqfh wkh sp
yhfwru zkloh d Qhxpdq frqglwlrq zloo d�hfw wkh �p pdwul{1

Qrz/ ohw xv frqvlghu wkh sureohp ri erxqgdu| frqglwlrqv lq wkh 5G sureohp1 Iru wkh Glulfkohw frqglwlrqv/
zh kdyh

Erxqgdu| frqglwlrqv Qxphulfdo dssur{lpdwlrq
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x +w> {> |., @ x+|., +w> {, xpl>Q|.4 @ x+|., +wp> {l,

dqg iru wkh Qhxpdq frqglwlrqv/ zh vxjjhvw wkh iroorzlqj qxphulfdo vxevwlwxwlrqv

Erxqgdu| frqglwlrqv Qxphulfdo dssur{lpdlwrq
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Zh qrwh wkdw zh idfh vrph uhvwulfwlrqv zkhq zh gh�qh wkh �yh rshudwruv �{{/ �{|/ �||/ �{ dqg �| jlyhq
wr wkh ghfrpsrvlwlrq tp @ �pxp . sp1 Lw lv qhfhvvdu| wkdw wkh devroxwh ydoxhv ri �~ dqg �� duh gl�huhqw
iurp 51 Wkdw lpsolhv wkdw wkh �p

m>�5 dqg �p
m>5 pdwulfhv duh qxoo pdwulfhv dqg wkdw �p

m>�4/ �
p
m>3 dqg �p

m>4 duh
wulgldjrqdo pdwulfhv1 Lq wklv fdvh/ zh qrwh wkdw wklv lpsolhv wkhuh lv rqo| rqh srvvleoh vfkhph iru wkh vhfrqg
rughu ghulydwlyhv/�{{ @ �.{ �

�

{ > dqg doo wkh rwkhu vfkhphv duh h{foxghg51 Krzhyhu wkhuh duh qr uhvwulfwlrqv rq
wkh �uvw ghulydwlyhv dqg wkh pl{hg ghulydwlyhv vfkhphv1 Lw lv dovr fohdu wkdw �p fruuhvsrqgv wr wkh iroorzlqj
vshfl�fdwlrq
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+54,

Wr ghwhuplqh �p dqg sp/ zh lqwhjudwh wkh erxqgdu| frqglwlrqv1 Wkhvh pdwulfhv frxog eh ghwhuplqhg e|
lqlwldoo| vhwwlqj wkhp wr qxoo pdwulfhv dqg xsgdwhg vhtxhqwldoo|1 Zh krzhyhu qhhg wr eh fduhixo zlwk wkh
5G fdvh xqolnh wkh rqh0glphqvlrqdo fdvh zklfk lv vwudljkw iruzdug ehfdxvh lw rqo| frqfhuqv wzr srlqwv1 Lq
5G fdvh/ C7 lv d vtxduh/ l1h1 7 vhjphqwv dqg 7 fruqhuv6 1 Vr/ zh kdyh wr glvwlqjxlvk wkh vhjphqwv fdvh
+5 � l � Q{ � 4 dqg 5 � m � Q| � 4, dqg wkh fruqhuv fdvh +l @ 4>Q{ dqg m @ 4>Q{,1

Iru wkh vhjphqwv fdvh/ zh kdyh =

� Frqglwlrqv rq {�

� x +w> {�> |, @ x+{�, +w> |,

+sp,4.+m�4,Q{
# �p4>m>�4>�4x

p
3>m�4 . �p4>m>�4>3x

p
3>m . �p4>m>�4>4x

p
3>m.4

�
C x+w>{>|,

C {

���
{@{�

@ x3+{�, +w> |,

�p4>m>3>�4 # �p4>m>�4>�4

�p4>m>3>3 # �p4>m>�4>3

�p4>m>3>4 # �p4>m>�4>4

+sp,4.+m�4,Q{
# �k{

�
�p4>m>�4>�4�x

p
3>m�4 . �p4>m>�4>3�x

p
3>m . �p4>m>�4>4�x

p
3>m.4

�

� Frqglwlrqv rq {.

� x +w> {.> |, @ x+{., +w> |,

+sp,Q{.+m�4,Q{

# �pQ{>m>4>�4x
p
Q{.4>m�4 . �pQ{>m>4>3

xpQ{.4>m . �pQ{>m>4>4
xpQ{.4>m.4

5Wkh| duh B3% B
3
% / B

f
%B

f
%/ B

n
% B

n
% / B

f
%B

3
% dqg Bn% B

f
%1

6Dqg wkh sureohp ehfrphv yhu| frpsolfdwhg lq 6G fdvh/ ehfdxvh Y7 lv d er{ zlwk 9 sodqhv/ 45 hgjhv dqg ; fruqhuv1

9



�
C x+w>{>|,

C {

���
{@{.

@ x3+{., +w> |,

�pQ{>m>3>�4 # �pQ{>m>4>�4

�pQ{>m>3>3 # �pQ{>m>4>3

�pQ{>m>3>4 # �pQ{>m>4>4

+sp,Q{.+m�4,Q{
# k{

�
�pQ{>m>�4>�4�x

p
Q{.4>m�4 . �pQ{>m>�4>3�x

p
Q{.4>m . �pQ{>m>�4>4�x

p
Q{.4>m.4

�

� Frqglwlrqv rq |�

� x +w> {> |�, @ x+|�, +w> {,

+sp,l # �pl>4>�4>�4x
p
l�4>3 . �pl>4>3>�4x

p
l>3 . �pl>4>4>�4x

p
l.4>3

�
C x+w>{>|,

C |

���
|@|�

@ x3+|�, +w> {,

�pl>4>�4>3 # �pl>4>�4>�4

�pl>4>3>3 # �pl>4>3>�4

�pl>4>4>3 # �pl>4>4>�4

+sp,l # �k|
�
�pl>4>�4>�4�x

p
l�4>3 . �pl>4>3>�4�x

p
l>3 . �pl>4>4>�4�x

p
l.4>3

�

� Frqglwlrqv rq |.

� x +w> {> |., @ x+|., +w> {,

+sp,l.Q{+Q|�4, # �pl>Q| >�4>4x
p
l�4>Q|.4 . �pl>Q| >3>4x

p
l>Q|.4 . �pl>Q| >4>4x

p
l.4>Q|.4

�
C x+w>{>|,

C |

���
|@|.

@ x3+|., +w> {,

�pl>Q| >�4>3 # �pl>Q| >�4>4

�pl>Q| >3>3
# �pl>Q| >3>4

�pl>Q| >4>3 # �pl>Q| >4>4

+sp,l.Q{+Q|�4, # k|

�
�pl>Q| >�4>4�x

p
l�4>Q|.4 . �pl>Q| >3>4

�xpl>Q|.4 . �pl>Q| >4>4
�xpl.4>Q|.4

�

Iru wkh fruqhuv fdvh/ zh kdyh =

� Frqglwlrqv rq {� dqg |�

�
C x+w>{>|,

C {

���
{@{�

@ x3+{�, +w> |,
a

C x+w>{>|,
C |

���
|@|�

@ x3+|�, +w> {,

�p4>4>3>3 # �p4>4>�4>�4

+sp,4 # �p4>4>�4>�4

��k{�xp3>3 � k|�x
p
4>3

�
b

�p4>4>�4>�4

��k{�xp3>4 � k|�x
p
3>3

�
b 4

5
�p4>4>�4>�4

��k{ ��xp3>3 . �xp3>4
� � k|

�
�xp3>3 . �xp4>3

��

:



�
C x+w>{>|,

C {

���
{@{�

@ x3+{�, +w> |,
a

x +w> {> |�, @ x+|�, +w> {,

+sp,4 # �p4>4>�4>�4

�
xp4>3 � k{�x

p
3>3

�b
�p4>4>�4>�4x

p
3>3

�
C x+w>{>|,

C |

���
|@|�

@ x3+|�, +w> {,
a

x +w> {�> |, @ x+{�, +w> |,

+sp,4 # �p4>4>�4>�4

�
xp3>4 � k|�x

p
3>3

�b
�p4>4>�4>�4x

p
3>3

� x +w> {�> |, @ x+{�, +w> |,
a

x +w> {> |�, @ x+|�, +w> {,

+sp,4 # �p4>4>�4>�4x
p
3>3

� Frqglwlrqv rq {� dqg |.

�
C x+w>{>|,

C {

���
{@{�

@ x3+{�, +w> |,
a

C x+w>{>|,
C |

���
|@|.

@ x3+|., +w> {,

�p4>Q|>3>3 # �p4>Q|>�4>4

+sp,4.Q{+Q|�4, # �p4>Q|>�4>4

�
�k{�xp3>Q|.4 . k|�x

p
4>Q|.4

�
b

�p4>Q|>�4>4

�
�k{�xp3>Q|

. k|�x
p
3>Q|.4

�
b 4

5
�p4>Q|>�4>4

�
�k{

�
�xp3>Q|

. �xp3>Q|.4

�
. k|

�
�xp3>Q|.4 . �xp4>Q|.4

��

�
C x+w>{>|,

C {

���
{@{�

@ x3+{�, +w> |,
a

x +w> {> |., @ x+|., +w> {,

+sp,4.Q{+Q|�4, # �p4>Q|>�4>4

�
xp4>Q|.4 � k{�x

p
3>Q|.4

�b
�p4>Q|>�4>4x

p
3>Q|.4

�
C x+w>{>|,

C |

���
|@|.

@ x3+|., +w> {,
a

x +w> {�> |, @ x+{�, +w> |,

+sp,4.Q{+Q|�4, # �p4>Q|>�4>4

�
xp3>Q|

. k|�x
p
3>Q|.4

�b
�p4>Q|>�4>4x

p
3>Q|.4

� x +w> {�> |, @ x+{�, +w> |,
a

x +w> {> |., @ x+|., +w> {,

+sp,4.Q{+Q|�4, # �p4>Q|>�4>4x
p
3>Q|.4

� Frqglwlrqv rq {. dqg |�

�
C x+w>{>|,

C {

���
{@{.

@ x3+{., +w> |,
a

C x+w>{>|,
C |

���
|@|�

@ x3+|�, +w> {,

�pQ{>4>3>3
# �pQ{>4>4>�4

+sp,Q{

# �pQ{>4>4>�4

�
k{�x

p
Q{.4>3 � k|�x

p
Q{>3

�
b

�pQ{>4>4>�4

�
k{�x

p
Q{.4>4 � k|�x

p
Q{.4>3

�
b 4

5
�pQ{>4>4>�4

�
k{
�
�xpQ{.4>3 . �xpQ{.4>4

�� k|
�
�xpQ{>3 . �xpQ{.4>3

��

;



�
C x+w>{>|,

C {

���
{@{.

@ x3+{., +w> |,
a

x +w> {> |�, @ x+|�, +w> {,

+sp,Q{
# �pQ{>4>4>�4

�
xpQ{>3 . k{�x

p
Q{.4>3

�b
�pQ{>4>4>�4x

p
Q{.4>3

�
C x+w>{>|,

C |

���
|@|�

@ x3+|�, +w> {,
a

x +w> {.> |, @ x+{., +w> |,

+sp,Q{
# �pQ{>4>4>�4

�
xpQ{.4>4 � k|�x

p
Q{.4>3

�b
�pQ{>4>4>�4x

p
Q{.4>3

� x +w> {.> |, @ x+{., +w> |,
a

x +w> {> |�, @ x+|�, +w> {,

+sp,Q{
# �pQ{>4>4>�4x

p
Q{.4>3

� Frqglwlrqv rq {. dqg |.

�
C x+w>{>|,

C {

���
{@{.

@ x3+{., +w> |,
a

C x+w>{>|,
C |

���
|@|.

@ x3+|., +w> {,

�pQ{>Q| >3>3 # �pQ{>Q| >4>4

+sp,Q{Q|
# �pQ{>Q| >4>4

�
k{�x

p
Q{.4>Q|.4 . k|�x

p
Q{>Q|.4

�
b

�pQ{>Q| >4>4

�
k{�x

p
Q{.4>Q|

. k|�x
p
Q{.4>Q|.4

�
b 4

5
�pQ{>Q| >4>4

�
k{

�
�xpQ{.4>Q|

. �xpQ{.4>Q|.4

�
. k|

�
�xpQ{>Q|.4 . �xpQ{.4>Q|.4

��

�
C x+w>{>|,

C {

���
{@{.

@ x3+{., +w> |,
a

x +w> {> |., @ x+|., +w> {,

+sp,Q{Q|

# �pQ{>Q| >4>4

�
xpQ{>Q|.4 . k{�x

p
Q{.4>Q|.4

�b
�pQ{>Q| >4>4x

p
Q{.4>Q|.4

�
C x+w>{>|,

C |

���
|@|.

@ x3+|., +w> {,
a

x +w> {.> |, @ x+{., +w> |,

+sp,Q{Q|
# �pQ{>Q| >4>4

�
xpQ{.4>Q|

. k{�x
p
Q{.4>Q|.4

�b
�pQ{>Q| >4>4x

p
Q{.4>Q|.4

� x +w> {.> |, @ x+{., +w> |,
a

x +w> {> |., @ x+|., +w> {,

+sp,Q{Q|

# �pQ{>Q| >4>4x
p
Q{.4>Q|.4

5141615 Wzr vshfl�f glvfuhwlvdwlrq vfkhphv1 Jrxuod| dqg PfNhh ^4<::` sursrvhg wzr vshfl�f
krsvfrwfk dojrulwkpv1 Iru hdfk fdvh/ wkhuh lv d fruuhvsrqghqfh ehwzhhq wkh fkrlfh ri wkh �p pdwul{ dqg wkh
gh�qlwlrq ri wkh �pl>m>�>� ydoxhv1 Lq idfw/ wkh olqn lv qrw qhfhvvdu|71 Zh frxog vsolw wklv fkrlfh lqwr wzr vhsdudwh
ghflvlrqv1 Wkhq/ zh kdyh d � krsvfrwfk phwkrg iru vrph fkrlfh ri wkh �p pdwul{ dqg d �oolqj krsvfrwfk
phwkrg iroorzlqj iurp wkh �pl>m>�>� gh�qlwlrq1 Lq wkh vslulw ri wkh Jrxuod|*v zrun/ zh gh�qh wzr vshfl�f �oolqj
phwkrgv8>9 =

7Exw lw frxog eh mxvwl�hg lq whup ri dojrulwkp shuirupdqfh1
8Iru doo vfkhphv/ zh kdyh B% ' Bf%/ B+ ' Bf+ / B%% ' Bn% B

3
% dqg B++ ' Bn+ B

3
+ 1

9Zh zloo vhh odwhu rq wkdw wkh h{dfw fkrlfh ri wkh phwkrg lv lpsruwdqw ehfdxvh ri frpsxwdwlrqdo frqvlghudwlrqv1

<



� Wkh ohiw0uljkw phwkrg1 Vxssrvh wkdw �{| @
4
5

�
�.{ �

�

| . ��{ �
.
|

�
/ wkhq zh pd| yhuli| wkdw

�pl>m>�4>�4 @ 3

�pl>m>3>�4 @
epl>m

k{k|
.
fpl>m

k5|
� hpl>m

5k|

�pl>m>4>�4 @ � epl>m

k{k|

�pl>m>�4>3 @
dpl>m

k5{
.

epl>m

k{k|
� gpl>m

5k{

�pl>m>3>3 @ �5
�
dpl>m

k5{
.

epl>m

k{k|
.
fpl>m

k5|

�

�pl>m>4>3 @
dpl>m

k5{
.

epl>m

k{k|
.
gpl>m

5k{

�pl>m>�4>4 @ � epl>m

k{k|

�pl>m>3>4 @
epl>m

k{k|
.
fpl>m

k5|
.

hpl>m

5k|

�pl>m>4>4 @ 3

� Wkh fhqwhu phwkrg1 Li zh fkrrvh �{| @ �3{�
3
|/ wkhq zh kdyh

�pl>m>�4>�4 @
epl>m

5k{k|

�pl>m>3>�4 @
fpl>m

k5|
� hpl>m

5k|

�pl>m>4>�4 @ � epl>m

5k{k|

�pl>m>�4>3 @
dpl>m

k5{
� gpl>m

5k{

�pl>m>3>3 @ �5
�
dpl>m

k5{
.
fpl>m

k5|

�

�pl>m>4>3 @
dpl>m

k5{
.

gpl>m

5k{

�pl>m>�4>4 @ � epl>m

5k{k|

�pl>m>3>4 @
fpl>m

k5|
.

hpl>m

5k|

�pl>m>4>4 @
epl>m

5k{k|

51417 Wkh fkrlfh ri wkh � krsvfrwfk phwkrg

Jrxuod| dqg PfNhh ^4<::` gh�qhg wzr krsvfrwfk phwkrgv=

41 wkh �rughuhg rgg0hyhq� krsvfrwfk vfkhph

�pl>m @

�
4 li p. l . m lv rgg
3 li p. l . m lv hyhq

43



51 wkh �olqh� krsvfrwfk vfkhph

�pl>m @

�
4 li p. m lv rgg
3 li p. m lv hyhq

Wkh rughuhg rgg0hyhq krsvfrwfk zdv xvhg e| Jrxuod| dqg PdfNhh zlwk wkh ohiw0uljkw phwkrg dqg wkh olqh
phwkrg zdv dvvrfldwhg wr wkh fhqwhu phwkrg1 Zh qrwh wkdw wkhvh vfkhphv lqwurgxfh pruh vsduflw| lq wkh
v|vwhp +<,1 Wklv lv qrw wkh fdvh zkhq zh hpsor| wkh Fudqn0Qlfkrovrq phwkrg +�pl>m @ 4

5
, ru wkh xvxdo

�0vfkhph
�pl>m @ 4� � dqg �p.4

l>m @ �

515 Vwdelolw|

Ehfdxvh Krsvfrwfk phwkrgv duh d vshfldo fdvh ri jhqhudo �0vfkhphv/ wkhvh phwkrgv vdwlvi| wkh iroorzlqj
sursrvlwlrq=

Sursrvlwlrq 4 Wkh vwdelolw| dvvxpswlrq: lv yhul�hg li

n$ 3
a

k$ 3
a n

k5
$ 3 +55,

iru k htxdo wr k{ dqg k|1

Lw lv gl!fxow wr ghprqvwudwh wklv sursrvlwlrq iru wkh jhqhudo sureohp exw Jrxuod| ^4<:4` vkrzv wkdw wkh
Krsvfrwfk dojrulwkp pd| eh uhjdughg dv dq D1G1L1 phwkrg1 Xvlqj wklv revhuydwlrq/ kh ghprqvwudwhg wkdw
wkh dojrulwkp lv vwdeoh dqg frqyhujhv xqghu zhdn frqglwlrqv rq Kp pdwul{ dqg rq wkh phvk udwlrv n

k5
1

Zh fdq looxvwudwh wkh vwdelolw| lvvxh zlwk dq h{dpsoh1 Frqvlghu wkh olqhdu sduderolf SGH v|vwhp gh�qhg
e|

d +w> {> |, @
4

5
{5 . |5

e +w> {> |, @ �4

5

�
{5 . |5

�

f +w> {> |, @ {5 .
4

5
|5

g +w> {> |, @ {

h +w> {> |, @ �|
i +w> {> |, @ 4

j +w> {> |, @ 5{|5h�w

7 lv vhw wr ^3>4`� ^3> 4` dqg zh kdyh

x +w>3> |, @ 3

x +w>4> |, @
�
| . |5

�
h�w .4

x +w> {>3, @ {

x +w> {>4, @
�
{. {5

�
h�w . {

Wkh vroxwlrq ri wkh fdxfk| sureohp zlwk x +3> {> |, @ {5| . {|5 . { lv

x +w> {> |, @
�
{5| . {|5

�
h�w . {

Zh kdyh vroyhg wklv iru w. htxdo wr 8 e| frqvlghulqj d ohiw0uljkw �oolqj phwkrg dqg dq rughuhg rgg0hyhq
phwkrg1 Zh frqvlghu wkuhh gl�huhqw fdvhv=

: vhh iru h{dpsoh Wkrpìh ^4<<3`1

44



Iljxuh 4= Looxvwudwlrq ri wkh vwdelolw| surshuw|

n k{ k| u{>{ u{>| u|>|

+d, 4
7

4
;

4
;

49 49 49

+e, 4
7

4
49

4
49 97 97 97

+f, 4
7

4
;

4
49 49 65 97

Zh uhsruw wkh qxphulfdo vroxwlrqv x +w.> {> |, lq wkh �jxuh 41 Lw lv lpsruwdqw wr qrwh wkdw vwdelolw| ghshqgv
rq wkh ydoxhv ri wkh wkuhh phvk udwlrv/ qrw rqo| rq wkh ydoxh ri wkh fhqwudo phvk udwlr u{>|1 Iru +e, dqg +f,/
wkh dojrulwkp lv lqvwdeoh dqg surgxfhv edg vroxwlrqv1 Wklv lvvxh lv fohduo| lpsruwdqw/ ehfdxvh li zh lqfuhdvh
wkh phvk vsdflqjv lq { dqg | vsdfh/ zh dovr kdyh wr lqfuhdvh wkh phvk vsdflqj lq wlph vsdfh1 Lq wklv
vlwxdwlrq/ lw lv lpsruwdqw wr zrun zlwk frqvwdqw phvk udwlrv1

Ohw wkh phvk udwlrv eh frqvwdqw1 Li wkh dojrulwkp lv vwdeoh/ wkhq frqyhujhqfh lv rewdlqhg li n $ 31
H{shulhqfh vkrzv lq idfw wkdw < ��k{> �k|� 5 U

5
. vxfk wkdw iru k{ 9 �k{ dqg k| 9 �k|/ lw lv qrw srvvleoh wr

ghfuhdvh wkh qxphulfdo huuru1 Wkdw lv zk| wkh prvw lpsruwdqw sdudphwhu lv n1

Li zh frqvlghu wkh qxphulfdo huuru iru wkh fhqwudo qrgh { @ 4
5
dqg | @ 4

5
iru wkh suhylrxv sureohp zlwk

k{ @ k| @
4
43

zh fdq vhh fohduo| wkdw wkh qxphulfdo huuru ghfuhdvhv; zlwk wkh qxpehu ri vwhsv Qw +�jxuh 5,1

516 Frpsxwdwlrqdo frqvlghudwlrqv

Zh qrwh wkdw htxdwlrq +<, lv ri wkh irup

�p.4xp.4 @ !p.4 +56,

;Zh qrwh krzhyhu wkdw wkh ghfuhdvhv lv qrw qhfhvvdu| prqrwrqh1

45



Iljxuh 5= Looxvwudwlrq ri wkh dffxudf| sureohp

zkhuh � lv erwk d edqg dqg vsduvh pdwul{1 Wkh phwkrg ri vroylqj +<, h{sorlwv erwk wkhvh surshuwlhv1 Iluvw/
lw lv pruh h!flhqw wr zrun zlwk wkh edqg irup iru pdwul{ rshudwlrqv dqg wkhq wudqvirup wkh edqg v|vwhp
lqwr d vsduvh v|vwhp1

51614 H!flhqw frpsxwdwlrq

Zh dgrsw d gl�huhqw yhuvlrq ri Jroxe dqg Ydq Ordq ^4<;</sdjh 54` iru wkh edqg vwrudjh ri wkh pdwulfhv
+vhh dsshqgl{ D,1 Ohw edqg eh wkh surfhvv zklfk wudqvirup wkh edqg pdwul{ � lqwr d edqg vwrudjh pdwul{1
Zh kdyh

�=edqg @ edqg +�,

Wkh wdeoh ehorz vkrzv wkh lpsruwdqfh ri wkh edqg vwrudjh lq whup ri phpru| pdqdjhphqw1

Q{ @ Q| 43 53 83 433 4333

urzv +�, 433 733 5833 43333 4333333
frov +�, 433 733 5833 43333 4333333
fhoov +�, 437 419�438 9158�439 43; 4345

php+�, ;3 Ne|whv 415; Pe|whv 83 Pe|whv ;33 Pe|whv ;333 Je|whv
urzv +�=edqg, 433 733 5833 43333 4333333
frov +�=edqg, < < < < <
fhoov +�=edqg, <33 6933 5158�437 <�437 <�439
php+�=edqg, :15 Ne|whv 5;1; Ne|whv 4;3 Ne|whv :53 Ne|whv :5 Pe|whv

Iru gl�huhqwv ydoxhv ri Q{ dqg Q|/ zh kdyh uhsruwhg wkh qxpehu ri urzv/ froxpqv/ fhoov ri wkh pdwul{ � iru
wkh ghqvh dqg edqg irupv1 Zh dovr uhsruw wkh phpru| uhtxluhg wr vwruh wkhvh wzr pdwulfhv1 Iru h{dpsoh/
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iru Q{ @ Q| @ 433/ zh qhhg ;33 Pe|whv wr vwruh wkh ghqvh irup pdwul{ dqg lw uhtxluhv :53 Ne|whv iru wkh
edqg irup pdwul{1

Wkh edqg irup lv qrw rqo| xvhixo iurp wkh phpru| pdqdjhphqw srlqw ri ylhz exw lw dovr idflolwdwhv wkh
frpsxwdwlrq ri wkh pdwul{ �p.4 dqg wkh yhfwru !p.4 ehfdxvh zh fdq xvh wkh iroorzlqj dojrulwkpv wkdw duh
pruh h!flhqw< wkdq wkh fruuhvsrqglqj pdwul{ rshudwlrqv=

41 Qrwlfh wkdw zh fdq uhsodfh pdwul{0yhfwru pxowlsolfdwlrq zlwk wkh Kdgdpdug surgxfw1 Iru lqvwdqfh zh
kdyh

Y4y5 =@ gldj +y4,y5 @ y4 � y5
51 Zh fdq uhsodfh wkh pdwul{ dgglwlrq � @ �4 .�5 e|

iru l @ 4 = Q{Q|

iru m @ 4 = <
�=edqg +l> m, @ �4=edqg +l> m, .�5=edqg +l> m,

hqg

hqg

61 Zh fdq uhsodfh wkh pdwul{ dgglwlrq 
 @ �. gldj +y, e|

iru l @ 4 = Q{Q|

iru m @ 4 = <
li m @ 8


=edqg +l> m, @ �=edqg +l> m, . y +l,
hovh


=edqg +l> m, @ �=edqg +l> m,
hqg

hqg

hqg

71 Zh frxog uhsodfh wkh vfdodu0pdwul{ pxowlsolfdwlrq 
 @ �� e|

iru l @ 4 = Q{Q|

iru m @ 4 = <

=edqg +l> m, @ ��=edqg +l> m,

hqg

hqg

81 Zh frxog uhsodfh wkh pdwul{ pxowlsolfdwlrq 
 @ gldj +y,� e|

iru l @ 4 = Q{Q|

iru m @ 4 = <

=edqg +l> m, @ y +l,�=edqg +l> m,

hqg

hqg

91 dqg �qdoo| zh fdq uhsodfh wkh pdwul{0yhfwru pxowlsolfdwlrq y5 @ �y4 e|

iru l @ 4 = Q{Q|

y5 +l, @ �=edqg +l>4,y4 +l�Q{ � 4, .�=edqg +l>5,y4 +l �Q{,.
�=edqg +l>6,y4 +l �Q{ .4, .�=edqg +l> 7, y4 +l � 4,.
�=edqg +l>8,y4 +l, .�=edqg +l>9,y4 +l. 4,.
�=edqg +l>:,y4 +l .Q{ � 4, . �=edqg +l> ;, y4 +l .Q{,.
�=edqg +l><,y4 +l .Q{ .4,

zlwk

y4 +n, @ 3 li n ? 4ru n A Q{Q|

hqg

< Lq ghqvh irup/ pdwul{ rshudwlrq uxohv duh �2 surfhvv1 Zlwk wkhvh dojrulwkp/ wkh| ehfrphv b� surfhvv1

47



Iljxuh 6= Vsduvh uhsuhvhqwdwlrq ri wkh � pdwulfhv

51615 Phwkrgv iru vroylqj vsduvh v|vwhpv

Wkh v|vwhp +56, frxog ri frxuvh eh vroyhg e| dq h{dfw qrq0v|pphwulf edqg dojrulwkp1 Exw wklv phwkrg lv qrw
frpsxwdwlrqdoo| h!flhqw1 Lw lv ehwwhu wr xvh vsduvh phwkrgv1 Lq �jxuh 6/ zh gudz wkh vsduvh uhsuhvhqwdwlrq
ri wkh � pdwulfhv1 Zh qrwlfh wkdw Krsvfrwfk vfkhphv lqwurgxfh pruh vsduflw| lqwr wkh v|vwhp +<,1 Vr/
wkh prvw h!flhqw zd| wr vroyh wklv sureohp lv fhuwdlqo| wr xvh lwhudwlyh phwkrgv +iru h{dpsoh Ulfkdugvrq
ru Frqmxjdwh Judglhqw phwkrgv,1 Wkhvh lwhudwlyh dojrulwkpv duh qrw h{dfw/ exw frqyhujhv yhu| txlfno| lq
sudfwlfh1 Pruhryhu/ zh fdq xvh wkh yhfwru xp iru wkh lqlwldo hvwlpdwh ri wkh vroxwlrq1 Lq wklv fdvh/ zh uhsodfh
wkh sureohp +56, e| wkh iroorzlqj

�p.4yp.4 @ 
p.4 +57,

zlwk 
p.4 =@ !p.4 ��p.4xp1 Wkh vroxwlrq lv dovr jlyhq e| xp.4 @ xp . yp.41

6 Dssolfdwlrq wr wzr0vwdwh �qdqfldo prghov

Lq wklv vhfwlrq/ zh dsso| wkh Krsvfrwfk phwkrgv ghvfulehg deryh wr wzr0vwdwh yduldeoh �qdqfldo prghov1
Iluvw/ zh suhvhqw wkh ixqgdphqwdo htxdwlrq lq �qdqfh dqg vkrz wkdw lw fruuhvsrqgv wr wkh sureohp vhw xs
lq vhfwlrq wzr1 Wkhq/ zh frqvlghu sduwlfxodu fdvhv= rswlrq sulflqj/ whup vwuxfwxuh prghoolqj dqg �qdqfldo
hoolswlf sureohpv1 Qrwh wkdw iru doo wkhvh sureohpv zh xvh wkh rughuhg rgg0hyhq phwkrg zlwk d ohiw0uljkw
fhqwhu glvfuhwlvdwlrq vfkhph1 Lq prvw fdvhv/ lw lv ohvv dffxudwh/ exw lw lv idvwhu1

614 Jhqhudo iudphzrun iru frqwlqjhqw fodlpv ydoxdwlrq

Zh pdnh wkh iroorzlqj dvvxpswlrqv =
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41 Wkh pdunhw shuplwv frqwlqxrxv dqg iulfwlrqohvv wudglqj1 Pruhryhu/ wkh pdunhw lv frpsohwh dqg qr
duelwudjh rssruwxqlwlhv h{lvw1

51 Wkh sulfh ri wkh �qdqfldo dvvhw S +w, lv frpsohwho| ghwhuplqhg e| wkh yhfwru [ +w, ri wkh P vwdwh
yduldeohv1 Zh kdyh

S +w, @ S +w>[ +w,, +58,

61 Wkh P0glphqvlrqdo vwdwh yhfwru [ +w, lv d gl�xvlrq surfhvv gh�qhg e| wkh iroorzlqj Vwrfkdvwlf Gl�hu0
hqwldo Htxdwlrq �

g[ +w, @ � +w>[ +w,, gw.	+w>[ +w,, gZ +w,
[ +w3, @ [3

+59,

zkhuhZ +w, lv d Q0glphqvlrqdo Zlhqhu surfhvv gh�qhg rq wkh ixqgdphqwdo suredelolw| vsdfh +
>I >S,
zlwk wkh fryduldqfh pdwul{

H
k
Z +w,Z +w,

A
l
@ �w +5:,

71 Wkhuh lv d ulvn0iuhh dvvhw zkrvh uhwxuq u ghshqgv rq wkh vwdwh yduldeohv [ +w,1 Vr zh kdyh

u @ u +w>[ +w,, +5;,

81 Wkh pdwxulw| gdwh ri wkh dvvhw lv W 1 Wkh gholyhu| ydoxh E ghshqgv rq wkh ydoxhv wdnhq e| wkh vwdwh
yduldeohv dw wkh pdwxulw| gdwh

E @ S +W , @ E +W>[ +W ,, +5<,

dqg wkh dvvhw sd|v d frqwlqxrxv glylghqg e zklfk lv d ixqfwlrq ri wkh vwdwh yhfwru

e @ e +w>[ +w,, +63,

Wkhruhp 5 Lq wkh P0idfwru duelwudjh prgho zklfk vdwlv�hv wkh suhylrxv dvvxpswlrqv/ wkh sulfh ri wkh �0

qdqfldo dvvhw S +w, vdwlv�hv wkh iroorzlqj Sduwldo Gl�huhqwldo Htxdwlrq

;AAAA?
AAAA=

4
5 wudfh

�
	 +w>[,

A
S[[ +w>[, 	 +w>[, �

�
.
k
� +w>[,

A � � +w>[,
A
	 +w>[,

A
l
S[ +w>[,

.Sw +w>[, � u +w>[,S +w>[, . e +w>[, @ 3
S +W , @ E +W>[ +W ,,

+64,

Prvw ri wkh wzr0vwdwh yduldeoh prghov lpsrvh Q @ 51 Lq wklv fdvh/ htxdwlrq +59, ehfrphv

�
g[4 +w,
g[5 +w,

�
@

�
�4 +w>[4>[5,
�5 +w>[4>[5,

�
gw .

�
�4>4 +w>[4>[5, �4>5 +w>[4>[5,
�5>4 +w>[4>[5, �5>5 +w>[4>[5,

� �
gZ4 +w,
gZ5 +w,

�
+65,

zlwk

� @

�
4 �4>5

4

�
+66,

Wkhq/ wkh ixqgdphqwdo htxdwlrq wdnhv wkh iroorzlqj irup

�
4

5
�54>4 . �4>5�4>4�4>5 .

4

5
�54>5

�
S[4 >[4

.

�
4

5
�55>4 . �4>5�5>4�5>5 .

4

5
�55>5

�
S[5>[5

.
�
�4>4�5>4 . �4>5�4>4�5>5 . �4>5�5>5 . �4>5�4>5�5>4

�
S[4>[5

+67,

.^�4 � �4�4>4 � �5�4>5`S[4
. ^�5 � �4�5>4 � �5�5>5`S[5

.Sw � uS . e @ 3
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Ohw � @ W � w eh wkh wlph wr pdwxulw| ri wkh dvvhw1 Zh vhh wkdw htxdwlrq +67, frxog eh sxw lq wkh irup +4,1
Lq wklv fdvh/ � wdnhv wkh uroh ri wkh yduldeoh w dqg [4 dqg [5 fruuhvsrqg wr wkh { dqg | yduldeohv1 Zh kdyh

d +� >[4>[5, @
4

5
�54>4 . �4>5�4>4�4>5 .

4

5
�54>5

e +� >[4>[5, @
4

5

�
�4>4�5>4 . �4>5�4>4�5>5 . �4>5�5>5 . �4>5�4>5�5>4

�

f +� >[4>[5, @
4

5
�55>4 . �4>5�5>4�5>5 .

4

5
�55>5

g +� >[4>[5, @ �4 � �4�4>4 � �5�4>5

h +� >[4>[5, @ �5 � �4�5>4 � �5�5>5

i +� >[4>[5, @ u +W � � >[4>[5,

j +� >[4>[5, @ e +W � � >[4>[5,

x +3>[4>[5, @ E +W>[4>[5,

615 Rswlrq sulflqj

Wklv uhvhdufk lqwr qxphulfdo phwkrgv zdv lq idfw gulyhq e| d ghvluh wr vroyh Vwrfkdvwlf Yrodwlolw| rswlrq
sureohpv1 Lq sduwlfxodu/ zh zdqwhg wr dqdo|vh wkh lpsdfw ri Vwrfkdvwlf Yrodwlolw| rq Dphulfdq rswlrqv +vhh
Nxuslho dqg Urqfdool ^4<<;d`,1

61514 Eodfn0Vfkrohv prghov

Ohw N dqg � eh wkh h{huflvh sulfh dqg wkh wlph wr pdwxulw| ri dq Hxurshdq rswlrq rq wkh xqghuo|lqj dvvhw
sulfh V +w,1 Lq wkh Eodfn0Vfkrohv iudphzrun/ wkh fdoo rswlrq sulfh F +� >V, vdwlv�hv wkh iroorzlqj htxdwlrq

�
4
5�

5V5FVV . eFV @ F� . uF

F +3> V, @ +V �N,.
+68,

Wkh sdudphwhu e lv wkh frvw0ri0fduu| udwh43 1 Wr vroyh wklv sureohp qxphulfdoo| xvlqj Krsvfrwfk phwkrgv/
zh kdyh wr dgg wzr erxqgdu| frqglwlrqv iru wkh h{wuhph ydoxhv V� dqg V. wdnhq e| wkh V yduldeoh1 Iru V
htxdo wr V�/ zh fkrvh wkh iroorzlqj frqglwlrq

x
�
w> V�> |

�
@ 3 +69,

ehfdxvh wkh rswlrq sulfh whqgv wr eh }hur zkhq wkh xqghuo|lqj dvvhw sulfh ghfuhdvhv +rxw0ri0wkh0prqh| fdoo
rswlrqv,1 Iru V htxdo wr V./ zh fkrrvh ehwzhhq wkuhh erxqgdu| frqglwlrqv=

41 Zh lpsrvh d Glulfkohw frqglwlrq
x
�
w> V.> |

�
@ V. �N +6:,

Zh fdq xvh wklv erxqgdu| frqglwlrq ehfdxvh ri wkh qdwxuh ri lq0wkh0prqh| rswlrqv1 Zkhq wkh xqghu0
o|lqj dvvhw sulfh lqfuhdvhv/ wkh wlph ydoxh ri wkh rswlrq ghfuhdvhv dqg wkh lqwulqvlf ydoxh lqfuhdvhv dqg
wkh wlph ydoxh whqgv wr 3 zkhq V whqgv wr .41

51 Zh frqvlghu wkh xvxdo Qhxpdqq frqglwlrq

xV
�
w> V.> |

�
@ 3 +6;,

Wklv erxqgdu| frqglwlrq lv riwhq xvhg lq qxphulfdo dqdo|vlv1

61 Zh frxog dovr fkrrvh wkh iroorzlqj xvhu0gh�qhg Qhxpdqq frqglwlrq

xV
�
w> V.> |

�
@ 4 +6<,

Wkh dujxphqw lv sudwlfdoo| wkh vdph dv iru wkh �uvw fkrlfh1

4:



Iljxuh 7= Lq xhqfh ri erxqgdu| frqglwlrqv

Frqvlghu dq rswlrq zlwk wkh iroorzlqj sdudphwhuv N @ 433/ � @ 3=58/ � @ 3=53/ u @ 3=3; dqg e @ �3=371
Zh wdnh V� @ 83 dqg V. @ 4831 Zh vhw wkh phvk vsdflqj lq V htxdo wr 318 dqg wkh phvk vsdflqj lq �

htxdo wr 4
4;58 / wkdw lv dssur{lpdwho|

4
8 gd|1 Wkh �jxuh 7 looxvwudwhv wkh vroxwlrq iru wkh gl�huhqw erxqgdu|

frqglwlrqv1 Zh fdq fohduo| vhh krz wkh fkrlfh lq xhqfhv wkh vroxwlrq dqg zh qrwh wkdw d edg fkrlfh ri wkh
erxqgdu| frqglwlrq fohduo| surgxfhv srru uhvxowv1 Krzhyhu lw lv lpsruwdqw wr qrwlfh wkdw wkh pdlq huuruv duh
wr eh irxqg qhdu wkh erxqgdu| uhjlrq/ qrw lq wkh fhqwudo sduw ri wkh grpdlq iru V1 Iru h{dpsoh/ zh rewdlq
wkh iroorzlqj ydoxhv iru wkh fhqwhuhg qrghv

V x +w> V.> |, @ V. �N xV +w> V
.> |, @ 3 xV +w> V

.> |, @ 4 �Wuxh ydoxh�

<8 418:3485: 418:3478: 418:34856 4189<
433 61755:64; 617559758 61755:597 61754
438 91554;854 915543934 91554:<;: 91553

Lq wklv h{dpsoh/ wkh fkrlfh ri erxqgdu| frqglwlrq kdv olwwoh h�hfw rq wkh fhqwhuhg qrghv1 Wklv lv yhu|
lpsruwdqw iru �qdqfldo prghoolqj vlqfh lq pdq| fdvhv/ zh gr qrw nqrz irxu erxqgdu| frqglwlrqv1 Vrphwlphv/
d vlpsoh jxhvv lv xvhg dv d sulru iru d erxqgdu| frqglwlrq1 Wklv h{dpsoh vkrzv wkdw zh pd| krzhyhu xvh
�lqfruuhfw� erxqgdu| frqglwlrqv dqg vwloo frqvlghu qxphulfdo vroxwlrqv lq wkh fhqwudo uhjlrq ri 71 Ri frxuvh/
zh pxvw eh fduhixo dqg zh kdyh wr yhuli| wkh ehkdylrxu ri wkh qxphulfdo vroxwlrq zkhq zh fkdqjh wkh
erxqgdu| ixqfwlrq1

43Iru d fxuuhqf| rswlrq/ K lv htxdo wr wkh gl�huhqwldo lqwhuhvw udwh o3 o
 +Jdupdq dqg Nrkokdjhq ^4<<6`,/ iru dq rswlrq rq
ixwxuhv/ K lv vhw wr 3 +Eodfn ^4<:9`,/ dqg iru dq rswlrq rq d glylghqg sd|lqj vwrfn/ K fruuhvsrqgv wr wkh gl�huhqfh ehwzhhq wkh
lqvwdqwdqhrxv lqwhuhvw udwh dqg wkh dqqxdo glylghqg |lhog _1

4;



Wkh Dphulfdq fdvh lv lqwhuhvwlqj/ ehfdxvh zh gr qrw nqrz ri dq| rwkhu h{dpsoh ri qxphulfdo Dphulfdq
rswlrq sulflqj zlwk vwrfkdvwlf yrodwlolw|1 Ehiruh zh dsso| wkh dojrulwkp wr wklv sureohp/ zh vkrz krz wr
prgli| wkh Krsvfrwfk dojrulwkp lq rughu wr wdnh lqwr dffrxqw wkh vshfldo qdwxuh ri wkh Dphulfdq rswlrq1
Iru dq Dphulfdq rswlrq/ zh kdyh wr yhuli| wkdw

F +�> V, A +V �N,. +73,

iru hdfk ydoxh ri � 1 Lq wklv fdvh/ wkh sureohp kdv qr Ih|qpdq0Ndf uhsuhvhqwdwlrq/ exw ehfrphv d yduldwlrqdo
lqhtxdolwlhv sureohp1 Odpehuwrq dqg Odsh|uh ^4<<:` vkrz wkdw lw frxog eh vroyhg e| �qlwh gl�huhqfh
phwkrgv1 Dw hdfk lwhudwlrqp/ wkh vroxwlrq xp.4

l>m jlyhq e| wkh htxdwlrq +<, lv uhsodfhg e| wkh iroorzlqj ydoxh

pd{
�
xp.4
l>m > +Vl �N,.

�
+74,

Wkh lqwxlwlrq lv wkdw wkh lqwulqvlf rswlrq ydoxh pxvw eh wkh sd|r� ri wkh rswlrq/ ehfdxvh wkh vhoohu ri wkh
rswlrq frxog h{huflvh dw dq| prphqw1

Wkh wdeoh ehorz uhsurgxfhv wkh uhvxowv ri wkh wdeoh L +fdoo rswlrqv, dqg wkh wdeoh LL +sxw rswlrqv, ri
Edurqh0Dghvl dqg Zkdoh| ^4<;:`1 Zh uhsruw ydoxhv iru wkh Hxurshdq +hx, dqg Dphulfdq +dp, fdvhv1
Lq wklv odvw fdvh/ zh xvhg wkh Edurqh0Dghvl0Zkdoh| txdgudwlf dssur{lpdwlrq +edz,/ wkh Krsvfrwfk phwkrg
+k, dqg wkh lpsolflw Ilqlwh gl�huhqfhv phwkrgv +ig, wr frpsxwh wkh rswlrq sulfhv44 1 Iru wkh Krsvfrwfk
phwkrg/ zh xvh wkh vdph sdudphwhuv dv deryh1 Wkh ydoxhv ri wkh sxw rswlrqv iru e @ �3=37 dqg wkh fdoo
rswlrqv iru e @ 3=37 duh qrw uhsruwhg ehfdxvh wkhvh wzr fdvhv duh qrw yhu| lqwhuhvwlqj +zh frxog vkrz wkdw
wkh Dphulfdq sulfh lv wkh vdph dv wkh Hxurshdq sulfh,1 Wkh Krsvfrwfk Dphulfdq rswlrq sulfhv duh yhu|
forvh wr wkh Dphulfdq rswlrqv sulfhv frpsxwhg e| wkh Edurqh0Dghvl dqg Zkdoh| +IG phwkrg,1

Fdoo rswlrqv +e @ �3=37, Sxw rswlrqv +e @ 3=37,
Rswlrqv sdudphwhuv V3 FHX FEDZ

DP FK
DP FIG

DP SHX SEDZ
DP SK

DP SIG
DP

;3 3135< 31365 3135< 3136 4;1;9; 53 53 53

u @ 3=3; <3 318: 318< 318:< 318; <1:98 4314;6 431556 43155

� @ 3=5 433 61754 61858 61857 6185 61788 61877 6187: 6188

� @ 3=58 443 <1;7: 431648 431689 43168 31::: 31:<; 31:;; 31:<

453 4;194; 53 53 53 31445 3144; 31446 3144

;3 3135< 31365 3135< 3136 4;19;3 53 53 53

u @ 3=45 <3 31897 318;: 318:7 318; <199: 431494 4314<: 43153

� @ 3=5 433 616;: 61839 61834 618 61754 61858 61856 6185

� @ 3=58 443 <1:7< 4315;; 431659 43165 31:9< 31:<7 31:;5 31:;

453 4;1766 53 53 53 31444 3144; 31445 3144

;3 41379 4139: 41385 4139 531438 53185; 5318;9 5318<

u @ 3=3; <3 61565 615;7 6159< 615: 451:6; 4515<: 451<8: 451<8

� @ 3=7 433 :15<4 :1744 :174 :17 :1697 :1789 :178; :179

� @ 3=58 443 46157; 461835 46186 46185 61<43 61<8; 61<77 61<8

453 531:5; 541566 5415<; 5415< 41<5: 41<87 41<64 41<7

;3 3154 3155< 31547 3154 4;13:: 53 53 53

u @ 3=3; <3 41645 416;: 4168< 4169 431374 431:39 431:89 431:8

� @ 3=5 433 71798 71:57 71:3< 71:4 71888 71::5 71:9: 71::

� @ 3=83 443 431496 431<88 431<<; 44133 419;4 41:93 41:69 41:7

453 4:1;84 53 53 53 31847 31879 31859 3186

61515 Vwrfkdvwlf yrodwlolw| rswlrq prghov

D jhqhudo vwrfkdvwlf yrodwlolw| rswlrq prgho lv gh�qhg e| wkh iroorzlqj gl�xvlrq htxdwlrqv iru wkh vwdwh
yduldeohv �

gV +w, @ �V +w> V +w,, gw .	V +w> V +w, > Y +w,, gZ4 +w,
gY +w, @ �Y +w> Y +w,, gw.	Y +w> V +w, > Y +w,, gZ5 +w,

+75,

44Wkh ydoxhv iru wkh ig phwkrg duh wkrvh fdofxodwhg e| Edurqh0Dghvl dqg Zkdoh| ^4<;:`1

4<



zlwk
H ^Z4 +w,Z5 +w,` @ �w +76,

Iru h{dpsoh/ Kxoo dqg Zklwh ^4<;:` dvvxph wkdw

�
gV +w,
gY +w,

�
@

�
�VV +w,
�Y Y +w,

�
gw.

� s
Y +w,V +w, 3

3 �Y Y +w,

� �
gZ4 +w,
gZ5 +w,

�
+77,

Zljjlqv ^4<;:` xvhv d vlplodu prgho zkhuh wkh wuhqg ixqfwlrq ri wkh Y +w, surfhvv lv qrw �Y Y +w, exw d
jhqhudo ixqfwlrq i +Y +w,, ri wkh vhfrqg vwdwh yduldeoh1 Wkh prgho xvhg e| Khvwrq ^4<:6` lv gh�qhg e| wkh
iroorzlqj HGV

�
gV +w,
gY +w,

�
@

�
�V +w,

� +� � Y +w,,

�
gw .

� s
Y +w,V +w, 3

3 �Y
s
Y +w,

� �
gZ4 +w,
gZ5 +w,

�
+78,

Wkh g|qdplf ri wkh xqghuo|lqj dvvhw lv yhu| forvh wr wkh jhrphwulf eurzqldq prwlrq xvhg e| Eodfn dqg
Vfkrohv ^4<:6`/ h{fhsw wkdw wkh yrodwlolw| lv qrw frqvwdqw exw vwrfkdvwlf1 Khvwrq fkrrvhv wkh �vtxduh urrw
surfhvv� lqwurgxfhg e| Fr{/ Lqjhuvroo dqg Urvv ^4<;8e`1 Wklv surfhvv lv yhu| forvh wr wkh Ruqvwhlq0
Xkohqehfn surfhvv/ exw wkh gl�xvlrq ixqfwlrq lv qrw frqvwdqw dqg htxdov �5Y Y +w,1 Iru vroylqj wkh Hxurshdq
rswlrq fdvh/ Khvwrq xvhv fkdudfwhulvwlf ixqfwlrq whfkqltxhv zlwk wkh iroorzlqj pdunhw sulfhv

�4 +w> V> Y , @
�� us
Y

+79,

dqg

�5 +w> V> Y , @
�

�Y

s
Y +7:,

Wkh pdunhw sulfh ri wkh �uvw ulvn +wkdw lv wkh �uvw Zlhqhu surfhvv, lv wkh vdph dv frqvlghuhg e| Eodfn dqg
Vfkrohv1 Lw frxog eh hdvlo| irxqg xvlqj dq dvvhw gxsolfdwlrq dujxphqw1 Iru wkh vhfrqg pdunhw sulfh/ Khvwrq
iroorzv Fr{/ Lqjhuvroo dqg Urvv ^4<<8` dqg dvvxphv wkh irup +7:,1

� @ �3=8
V3 FHX FKh

HX/VY FK
HX/VY FEDZ

DP FK
DP/VY

;3 3135<4 31349< 31349; 313655 3134:3

;8 314878 3144:3 314499 314957 3144;8

<3 318:33 318373 318367 318;<9 318466

<8 4189;< 418363 418359 419484 418734

433 617544 616<94 616<8; 61857< 61836;

438 915537 9157<9 9157<5 91777; 918349

443 <1;7:3 <1<3<7 <1<3;: 4316479 4317456

448 47138<9 4714584 4714575 48 4813489

453 4;194;3 4;199;5 4;199:8 53 53

� @ 3=8

V3 FHX FKh
HX/VY FK

HX/VY FEDZ
DP FK

DP/VY

;3 3135<4 3137;7 3137;5 313655 3137;:

;8 314878 314<<5 314<;< 314957 31534:

<3 318:33 319687 319687 318;<9 319798

<8 4189;< 419573 419574 419484 419939

433 617544 6175<; 6175<; 61857< 61864<

438 915537 914:9; 914:96 91777; 917556

443 <1;7:3 <1:::6 <1::97 4316479 4316339

448 47138<9 461<<8; 461<<83 48 48

453 4;194;3 4;18:89 4;18:89 53 53
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Wkh wdeohv deryh kdyh ehhq rewdlqhg zlwk wkh iroorzlqj sdudphwhuv=

e u � � �Y �

�3=37 3=3; 3=< 3=37 3=43 3=3

Zh uhsruw lq wkh wdeohv wkh ydoxhv ri dq rswlrq gh�qhg e| N @ 433 dqg � @ 3=581 Zh dvvxph wkdw Y3 lv htxdo
wr 3=371 Iru wkh Krsvfrwfk phwkrg/ zh xvh wkh iroorzlqj sdudphwhuv V� @ 83/ V. @ 483/ Y � @ 3=335 dqg
Y . @ 3=4551 Iru wkh phvk vsdflqj lq V/ Y dqg � / zh wdnh wkh iroorzlqj ydoxhv 318/ 31335 dqg 4

4;68 1 F
Kh
HX/VY

fruuhvsrqgv wr wkh ydoxh jlyhq e| wkh Khvwrq irupxod/ FK
HX/VY dqg FK

DP/VY duh wkh ydoxhv iru Hxurshdq dqg

Dphulfdq rswlrqv rewdlqhg zlwk wkh Krsvfrwfk phwkrg1 Qrwh wkdw wkh erxqgdu| frqglwlrqv iru Y duh45

FY
�
� >V>Y �

�
@ FY

�
� >V>Y .

�
@ 3 +7;,

Zh qrwh wkdw wkh forvhg irupxod ri Khvwrq jlyhv yhu| dffxudwh uhvxowv1 Lq jhqhudo/ wkh gl�huhqfh ehwzhhq
wkh Khvwrq vroxwlrq dqg wkh Krsvfrwfk phwkrg rffxuv diwhu wkh vhfrqg gljlw1 Zh dovr vwuhvv wkh gl�huhqfh
ehwzhhq wkh qhjdwlyh � fdvh dqg wkh srvlwlyh � fdvh lq rxu h{dpsoh/ ehfdxvh ri wkh lpsdfw ri wklv sdudphwhu
rq lq0wkh0prqh| dqg rxw0ri0wkh0prqh| rswlrqv1 Ri frxuvh/ zh frxog kdyh xvhg rwkhu vshfl�fdwlrqv iru wkh
vwrfkdvwlf yrodwlolw| surfhvv dqg vroyhg wkh sureohp zlwk Krsvfrwfk phwkrgv zkhq zh duh xqdeoh wr frpsxwh
wkh dqdo|wlf vroxwlrq1

Kxoo dqg Zklwh vxjjhvw wkh xvh ri Prqwh Fduor phwkrgv wr vroyh wklv w|sh ri sureohp1 D �uvw gl!fxow|
lv wkdw wkh| fdq*w eh xvhg iru wkh Dphulfdq rswlrq fdvh1 Wkh vhfrqg sureohp lv pruh lpsruwdqw dqg lv wkdw
rswlrq prghov duh qrw mxvw xvhg iru sulflqj1 Lq sudfwlfh/ wkh| duh xvhg iru frpsxwlqj wkh juhhnv dqg iru
ghulydwlyhv khgjlqj +Nxuslho dqg Urqfdool ^4<<;e`,1 Prqwh Fduor phkwrgv duh qrw vwdeoh hqrxjk iru wkhvh
frpsxwdwlrqv dv wkh uhvxowv ghshqg fulwlfdoo| rq wkh vlpxodwlrq sdwkv1 Wklv sureohp grhv qrw dulvh zlwk
Krsvfrwfk phwkrgv1 Iru h{dpsoh/ zh fdq dssur{lpdwh/ zlwk jrrg ghjuhh ri dffxudf|/ wkh ghowd/ jdppd/
wkhwd dqg yhjd frh!flhqwv xvlqj wkh iroorzlqj irupxodv

�+V @ Vl> Y @ Ym> � @ �p, @
xpl.4>m � xpl�4>m

5kV
+7<,

� +V @ Vl> Y @ Ym> � @ �p, @
xpl.4>m � 5xpl>m . xpl�4>m

k5V
+83,

�+V @ Vl> Y @ Ym> � @ �p, @
xp.4
l>m � xp�4

l>m

5n
+84,

& +V @ Vl> Y @ Ym> � @ �p, @
xpl>m.4 � xpl>m�4

5kY
+85,

Wkh wklug sureohp zlwk Prqwh Fduor phwkrgv frqfhuqv wkh lpsolhg yrodwlolw|1 Zlwk PF phwkrgv/ zh kdyh wr
hpsor| d Qhzwrq0Udskvrq surfhgxuh zlwk d qxphulfdo judglhqw/ exw zh kdyh irxqg djdlq wkdw wklv grhvq*w
surgxfh dffxudwh uhvxowv1 Zlwk Krsvfrwfk phwkrgv/ rq wkh rwkhu kdqg/ |rx mxvw kdyh wr vhdufk diwhu vroylqj
wkh Krsvfrwfk sureohp zlwk d vruw dojrulwkp1 Lq wklv fdvh/ zh grq*w kdyh wr lqyhuw wkh sulflqj irupxod46 1

616 Whup vwuxfwxuh prghoolqj

5G whup vwuxfwxuh prghov duh jhqhudoo| edvhg rq wkh iroorzlqj prgho

�
gu +w,
g" +w,

�
@

�
�u +w> u +w, > " +w,,
�" +w> u +w, > " +w,,

�
gw.

�
�u +w> u +w, > " +w,, 3

3 �" +w> u +w, > " +w,,

��
gZ4 +w,
gZ5 +w,

�
+86,

zlwk
H ^Z4 +w,Z5 +w,` @ �w +87,

45Iru d glvfxvvlrq ri wkh fkrlfh ri erxqgdu| frqglwlrqv/ vhh Nxuslho dqg Urqfdool ^4<<;d`1
46Uhdghuv zloo �qg h{dpsohv dqg uhvxowv rq vploh fxuyh zlwk VY rswlrqv lq Nxuslho dqg Urqfdool ^4<<;d/4<<;e`1
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Iljxuh 8= D Euhqqdq dqg Vfkzduw} h{dpsoh

Iru h{dpsoh/ Orqjvwdii dqg Vfkzduw} ^4<<5` xvh wkh lqvwdqwdqhrxv yrodwlolw| lq wkh vhfrqg vwdwh1 Rwkhu
prghov duh edvhg rq wkh prgho ri ydvlfhn ^4<::`1 Kh dvvxphg wkdw wkh lqvwdqwdqhrxv lqwhuhvw udwh lv dq
Ruqvwhlq0Xkohqehfn surfhvv

gu +w, @ d +e� u +w,, gw. � gZ +w, +88,

Wklv Ydvlfhn prgho kdv vwlpxodwhg d qxpehu ri h{whqvlrqv1 Iru h{dpsoh/ zh frxog lqwurgxfh d vwrfkdvwlf
phdq uhyhuvlrq �

gu +w, @ d +e +w,� u +w,, gw. �u +u +w,, gZ4 +w,
ge +w, @ �e +u +w, > e +w,, gw. �e +e +w,, gZ5 +w,

+89,

Euhqqdq dqg Vfkzduw} vxjjhvw wr xvh d orqj udwh o +w, dv wkh vhfrqg vwdwh yduldeoh1 Iru h{dpsoh/ zh frxog
fkrrvh wr prgho wkh whup vwuxfwxuh zlwk wkh iroorzlqj HGV

�
gu +w, @ ^du +eu � u +w,, . � +eo � o +w,,` gw. �u gZ4 +w,
go +w, @ do +eo � o +w,, gw. �o gZ5 +w,

+8:,

Iljxuh 8 vkrzv wkh lpsdfw ri lqwurgxflqj wklv vhfrqg vwdwh yduldeoh lq wkh Ydvlfhn prgho1 Zh kdyh xvhg
wkh iroorzlqj ydoxhv

du eu �u �u
4=6 3=48 3=58 �3=6
do eo �o �o
3=; 3=43 3=48 3

� zdv vhw htxdo wr 4
5
1 Lq wkh �jxuh/ zh vkrz wkh vroxwlrq iru gl�huhqw ydoxhv ri �/ do dqg eo zkhuh u dqg o

duh htxdo wr 31481 Lq rughu wr vroyh wkh sureohp zlwk Krsvfrwfk phwkrgv/ zh xvh wkh iroorzlqj sdudphwhuv
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u� @ o� u. @ o. ku @ ko n

31333 31633 3134 4
4;58

Ri frxuvh/ iru � @ 3/ zh rewdlq wkh Ydvlfhn vroxwlrq1 Lq wkh �jxuh/ wkh Ydvlfhn irupxod dqg wkh qxphulfdo
vroxwlrq frxog qrw eh glvwlqjxlvkhg1 Zh yhuli| dovr wkdw wkh |lhog udwh fruuhvsrqgv wr wkh lqvwdqwdqhrxv
lqwhuhvw udwh iru d qxoo pdwxulw|1 Zh qrwh wkdw vpdoo gl�huhqfhv lq wkh whup vwuxfwxuh ri d }hur frxsrq S f +� ,

surgxfh elj gl�huhqfhv lq wkh whup vwuxfwxuh ri lqwhuhvw udwhv U +� , @ � oqS f+� ,
�

1 Wklv lv dqrwkhu dujxphqw
iru suhihuulqj wkh dffxudf| surylghg e| Krsvfrwfk phwkrgv wr wkh vshhg ri Prqwh Fduor phwkrgv47 1

617 Ilqdqfldo hoolswlf sureohpv

Zh fdq dovr dsso| wkh dojrulwkp ghvfulehg lq wkh vhfrqg vhfwlrq wr hoolswlf sureohpv481 Lq �qdqfh/ hoolswlf
sureohpv jhqhudoo| dulvh lq wkh sulflqj ri d shushwxdo rswlrq1 Wklv rswlrq lv olnh dq Dphulfdq rswlrq exw
zlwkrxw dq| vshfl�hg pdwxulw|1 Lq wklv fdvh/ htxdwlrq +64, ehfrphv

4

5
wudfh

�
	 +[,

A
S[[ +[, 	 +[, �

�
.
k
� +[,

A � � +[,
A
	+[,

A
l
S[ +[,� u +[,S +[, . e +[, @ 3 +8;,

dqg wkh rswlrq sulfh lv qrw d ixqfwlrq ri wlph w1 Wkh �uvw ghulydwlyh Sw dqg wkh sd|r� erxqgdu| frqglwlrq
glvdsshdu1 Wklv odwwhu frqglwlrq lv uhsodfhg e| rwkhu frqglwlrqv edvhg rq wkh vwdwh yduldeohv zklfk ghshqg
rq wkh sduwlfxodu sureohp dw kdqg1

Iru h{dpsoh/ Qlfnhoo/ Shuudxglq dqg Ydurwwr ^4<<;` xvh wklv dqdo|vlv iru dq htxlw|0edvhg fuhglw ulvn
prgho1 Wkh| frqvlghu wzr vwdwhv yduldeohv/ Y +w, wkh xqghuo|lqj dvvhw ydoxh dqg G +w, wkh �up*v oldelolwlhv1
Wkh vroxwlrq lv ri wkh irup +8;,1 Li zh frqvlghu d wudqvirupdwlrq wr wkh yduldeoh n @ Y

G
/ wkh sureohp ehfrphv

d rqh0glphqvlrqqdo SGH sureohp dqg d vroxwlrq fdq eh irxqg1 Wkh| zhuh deoh wr xvh wklv wudqvirupdwlrq
whfkqltxh/ ehfdxvh wkh| dvvxphg wkdw wkh vwdwh yduldeohv iroorzhg wzr jhrphwulf eurzqldq prwlrqv1 Krzhyhu
zlwk rwkhu vwrfkdvwlf surfhvvhv +phdq0uhyhuvlrq iru h{dpsoh,/ lw lv qrw reylrxv wkdw wklv dssurdfk zloo zrun1
Rqfh djdlq/ lq wklv fdvh/ Krsvfrwfk phwkrgv fdq hdvlo| eh dssolhg wr vroyh wkh sureohp qxphulfdoo|1

Krzhyhu/ zh pxvw eh fduhixo zkhq vroylqj �qdqfldo hoolswlf sureohpv qxphulfdoo|/ ehfdxvh wkh| duh lq
jhqhudo pruh gl!fxow wkdq sxuh hoolswlf sureohpv1 Wr looxvwudwh wklv gl!fxow|/ zh zloo dsso| wkh Krsvfrwfk
phwkrg wr wkh prgho ri PfGrqdog dqg Vlhjho ^4<;8`1 Wklv prgho frqvlghuv wkh sureohp ri luuhyhuvleoh
lqyhvwphqw1 Slqg|fn ^4<;;` h{sodlqv wkh sureohp dv iroorzv=

�Zkhq lqyhvwphqw lv luuhyhuvleoh dqg ixwxuh ghpdqg ru frvw frqglwlrqv duh xqfhuwdlqw|/ dq lqyhvw0
phqw h{shqglwxuh lqyroyhv wkh h{huflvlqj/ ru �nloolqj� ri dq rswlrq � wkh rswlrq wr surgxfwlylw|
lqyhvw dw dq| wlph lq wkh ixwxuh1 Rqh jlyhv xs wkh srvvlelolw| ri zdlwlqj iru qhz lqirupdwlrq wkdw
pljkw d�hfw wkh ghvludelolw| ru wlplqj ri wkh h{shqglwxuh> rqh fdqqrw glvlqyhvw vkrxog pdunhw
frqglwlrqv fkdqjh dgyhuvho|1 Wklv orvw rswlrq ydoxh pxvw eh lqfoxghg dv sduw ri wkh frvw ri wkh
lqyhvwphqw1�

Lq wklv fdvh/ wkh luuhyhuvleoh lqyhvwphqw sureohp frxog eh ylhz dv d shushwxho rswlrq sureohp1 Ohw Y eh wkh
Qhw Suhvhqw Ydoxh1 Wkh dxwkruv vxssrvh wkdw Y iroorzv d jhrphwulf eurzqldq prwlrq1�

gY +w, @ �Y +w, gw. �Y +w, gZ +w,
Y +w3, @ Y3

+8<,

Ohw F +Y , eh wkh ydoxh ri wkh �up*v rswlrq wr lqyhvw1 Zh fdq vkrz wkdw lw vdwlv�hv wkh iroorzlqj vhw ri
frqglwlrqv ;AA?

AA=

4
5�

5Y 5FY Y . +u � �,Y FY � uF @ 3
F +3, @ 3
F +Y B, @ Y B � L

FY +Y B, @ 4

+93,

47Zh frxog dovr xvh wklv dujxphqw iru frpsxwlqj iruzdug udwhv 8 E�c6� ' 3 �
6

*?
�
� fE�n6�
�fE��

�
dqg s E�� ' 8 E� c6� '

3
Y *?�fE�n6�

Y �
1

48 vhh wkh h{dpsoh 6 sdjh 537 ri Jrxuod| dqg PfNhh ^4<::`1
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Iljxuh 9= Frqyhujhqfh ri wkh qxphulfdo vroxwlrq

Wklv HGS htxdwlrq lv mxvw wkh vdph dv lq wkh shushwxdo rswlrq fdvh jlyhq hduolhu zlwk rqh vwdwh yduldeoh1
Wkh erxqgdu| frqglwlrq uh hfwv wkh lqyhvwphqw uxoh1 Zh lqyhvw li Y B A Y A L zlwk L wkh lqlwldo frvw ri wkh
surmhfw/ dqg/ iru Y @ Y B/ zh h{huflvh wkh rswlrq1 Wkh rswlrq ydoxh lv wkhq htxdo wr wkh sd|r� ri wkh rswlrq
+Y B � L,.1 Wkh dxwkruv vkrz dovr wkdw wkh qrq0duelwudjh frqglwlrq lpsrvhv dqrwkhu erxqgdu| frqglwlrq/
zhoo0nqrzq dv wkh vprrwk0sdvwlqj frqglwlrq FY +Y B, @ 41

Ohw vhh krz zh fdq vroyh wklv sureohp1 Vxssrvh wkdw zh nqrz wkh ydoxh Y B1 Wkhq/ wkh hoolswlf sureohp
+93, lv htxlydohqw wr wklv iroorzlqj sduderolf sureohp=;AAA?

AAA=

4
5�

5Y 5F
+w,
Y Y +w> Y , . +u � �,Y F

+w,
Y +w> Y , @ F

+w,
w +w> Y , . uF+w, +w> Y ,

F+w, +w>3, @ 3
F+w, +w> Y B, @ Y B � L

F
+w,
w +w> Y , @ 3

+94,

Zh fdq dsso| Krsvfrwfk phwkrgv wr vroyh wklv sureohp +94, e| lqwldol}lqj F+w, +3> Y , zlwk lqlwldo hvwlpdwhv

dqg e| vwrsslqj wkh dojrulwkp zkhq wkh frqglwlrq F
+w,
w +w> Y , @ 3 lv vdwlv�hg1 Ohw xv frqvlghu wkh h{dpsoh

ri Gl{lw dqg S|qglfn ^4<<7`/ sdjh 4861 Wkh sdudphwhu ydoxhv duh

u � �

3137 3137 3153

L lv vhw wr 4 dqg Y B lv htxdo wr 51 Wkh �jxuh 9 vkrzv wkh frqyhujhqfh ri wkh qxphulfdo vroxwlrq wr wkh h{dfw
vroxwlrq1 Qrwh wkdw zh kdyh wdnhq xqlirup udqgrp qxpehuv iru wkh lqlwldo hvwlpdwh ri wkh vroxwlrq ydoxhv1

Wklv sureohp +93,/ hyhq li lw lv dq hoolswlf sureohp/ suhvhqwv gl!fxowlhv krzhyhu ehfdxvh ri wkh vshfl�f
erxqgdu| frqglwlrqv1 Lq idfw/ zh grq*w nqrz wkh rswlpdo uxoh Y B1 Lq zkdw iroorzv/ zh vxjjhvw d phwkrg wr
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vroyh wklv sureohp1 Frqvlghu d voljkw| gl�huhqw yhuvlrq ri wkh suhylrxv sureohp
;?
=

4
5
�5Y 5FY Y . +u � �,Y FY � uF @ 3

F +3, @ 3
F +Y ., @ Y . � L

+95,

Qrz/ zh pd| glvfryhu Y B xvlqj d julg vhdufk1 Zh nqrz wkdw Y B A L1 Vr/ zh frxog vroyh wkh sureohp +95,
vxffhvvlyho| iru gl�huhqw ydoxhv ri Y . dqg �qg wkh ydoxh ri Y . wkdw yhul�hv wkh vprrwk0sdvwlqj frqglwlrq
FY +Y ., @ 41 Zh xvh 54 glvfuhwlvdwlrq srlqwv iru Y dqg n @ 3=4 dqg rewdlq wkh iroorzlqj uhvxowv iru
Y . @ i4 = 3=4 = 6j

Y . C F
C Y

��
Y@Y .

4 031338
111
418 3197:9

419 31:589

41: 31:<<7

41; 31;9<8

41< 31<547

513 31<:66

514 4134:5

515 413945

516 413<;4

517 414689

518 4149:4
111
613 415<::

Zh fdq qrz jxhvv wkdw Y B 5 ^5=3>5=4`1 Iru Y . @ i5 = 3=34 = 5=4j/ zh kdyh

Y . C F
C Y

��
Y@Y .

5134 31<:96

5135 31<;48

5136 31<;8;

5137 31<<3:

5138 31<<:4

5139 31<<<4

513: 413384

513; 4133;8

513< 413483

Li zh vwrs wkh julg vhdfk qrz/ zh rewdlq wkh vroxwlrq Y B @ 5=391 Wklv qxphulfdo vroxwlrq lv lq idfw yhu| forvh
wr wkh h{dfw vroxwlrq1 Wr rewdlq pruh dffxudf|/ zh kdyh wr lqfuhdvh wkh qxpehu ri glvfuhwlvdwlrq srlqwv iru
Y 1 Ri frxuvh/ zh frxog dovr dsso| wkh julg vhdufk phwkrg xvlqj wkh iroorzlqj sureohp

;?
=

4
5�

5Y 5FY Y . +u � �,Y FY � uF @ 3
F +3, @ 3
FY +Y ., @ 4

+96,

dqg �qg wkh ydoxh ri Y . vxfk wkdw F +Y ., @ Y . � L 1 Lq wklv fdvh/ zh �qg wkdw wkh rswlpdo ydoxh lv
Y B @ 5=3:1
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Y . Y . � L F +Y .,

5134 4134 4136;

5135 4135 41375

5136 4136 4137;

5137 4137 41386

5138 4138 41388

5139 4139 41398

513: 413: 4139:

513; 413; 413:8

513< 413< 413;4

Krsvfrwfk phwkrgv frxog dovr eh xvhg wr �qg qxphulfdo vroxwlrqv iru wkhvh w|sh ri prghov zlwk dowhuqdwlyh
vwrfkdvwlf surfhvvhv1 Iru h{dpsoh/ Gl{lw dqg Slqg|fn vxssrvh wkdw Y iroorzv wkh phdq0uhyhuwlqj surfhvv

gY +w, @ �
�
�Y � Y +w,

�
Y +w, gw. �Y +w, gZ +w, +97,

Lq wklv fdvh/ wkh vroxwlrq lv yhu| frpsolfdwhg1 Lw lv jlyhq e| d frq xhqw k|shujhrphwulf ixqfwlrq dqg zh qhhg
wr ghwhuplqh vrph sdudphwhuv qxphulfdoo| +vhh Gl{lw dqg Slqg|fn ^4<<7`/ sdjh 496,1 Zh kdyh vroyhg wklv
sureohp zlwk Krsvfrwfk phwkrgv iru L @ 4 zlwk

u � � �Y �

3137 3137 314 418 3153

Zh kdyh dovr frqvlghuhg dqrwkhu phdq0uhyhuwlqj surfhvv iru zklfk zh eholhyh zh fdq qrw �qg d v|perolf
vroxwlrq

gY +w, @ �
�
�Y � Y +w,

�
Y +w, gw. �

s
Y +w, gZ +w, +98,

Zh �qg wkh iroorzlqj fulwlfdo ydoxhv iru Y B= 419; iru wkh �uvw surfhvv dqg 418;8 iru wkh vhfrqg surfhvv1 Wkh
vroxwlrq ri F +Y , lv uhsruwhg rq wkh �jxuh : zklfk fdq eh frpsduhg zlwk �jxuh 8145 ri Gl{lw dqg Slqg|fn1

Zh duh dovr whpswhg wr ghyhors wzr0vwdwh yduldeoh prghov iru wkh luuhyhuvlelolw| sureohp1 Vxssrvh wkdw
zh lqwurgxfh dqrwkhu vwdwh yduldeoh \ +w, lq wkh prgho1 Lq wklv fdvh/ zh frxog vxssrvh wkdw wkh fulwlfdo ydoxh
Y B zloo ghshqg rq wkh vwdwh ri \ 1 Vr/ iru hdfk ydoxh ri \ / wkh ydoxh ri Y B zloo fkdqjh dqg wklv lv wkh
uhdvrq zk| zh fdq qrw xvh wkh dojrulwkpv suhvhqwhg khuh wr vroyh wkh luuhyhuvlelolw| sureohp zlwk wzr vwdwh
yduldeohv/ ehfdxvh wkh erxqgdu| frqglwlrqv duh gh�qhg iru �{hg ydoxhv/ dqg fdq qrw vxssruw gl�huhqw ydoxhv1
Wkhvh frqvlghudwlrqv vkrz fohduo| wkdw zh kdyh wr eh fduhixo zkhq zh hpsor| Krsvfrwfk phwkrgv wr vroyh
hoolswlf sureohpv lq �qdqfh1

7 Frqfoxvlrq

Lq wklv sdshu/ zh kdyh sxw iruzdug wkh xvh ri Krsvfrwfk phwkrgv lq rughu wr vroyh d odujh fodvv ri Sduwldo
Gl�huhqwldo Htxdwlrq sureohpv lq �qdqfh1 Zh kdyh h{whqghg wkh zrun ri Jrxuod| lq wzr gluhfwlrqv1 Iluvw/
zh kdyh frqvlghuhg d pruh jhqhudo sureohp wkdw fdq eh ylhzhg dv d Ih|qpdq0Ndf uhsuhvhqwdwlrq sureohp1
Vhfrqgo|/ zh kdyh vkrzq krz wr wdnh erxqgdu| frqglwlrqv lqwr dffrxqw/ dqg hvshfldoo| krz wr pl{ Glulfkohw
dqg Qhxpdqq frqglwlrqv1

Zh kdyh dovr ghprqvwudwhg wkh dojrulwkp lq vhyhudo lpsruwdqw dsssolfdwlrqv lq �qdqfh1 Zh kdyh frqvlg0
huhg rswlrq sulflqj zlwk vwrfkdvwlf yrodwlolw|/ whup vwuxfwxuh prghoolqj zlwk wzr vwdwh yduldeohv dqg hoolswlf
sureohpv1 Lq idfw/ wkh Krsvfrwfk phwkrg frxog eh xvhg wr vroyh dq| jhqhudo wzr0vwdwh yduldeoh �qdqfldo
prgho1

Lw zrxog eh lqwhuhvwlqj wr lpsuryh wkh dojrulwkp iru wkh fdvh zkhuh zh kdyh qr nqrzohgjh derxw erxqgdu|
frqglwlrqv1 D srvvleoh dssurdfk zrxog eh wr ghyhors d suhglfwlrq0fruuhfwlrq phwkrg1 Wkh lghd lv wkh
iroorzlqj1 Zh frxog xvh wkh qxphulfdo vroxwlrq ixp>p 9P � 4j wr suhglfw +iru h{dpsoh e| lqwhusrodwlrq,

59



Iljxuh := D Gl{lw dqg Slqg|fn h{dpsoh

wkh erxqgdu| ixqfwlrqv iru p @P 1 Wkhq/ zh frxog �qg wkh vroxwlrq xP iurp htxdwlrq +<,1 Zh frxog wkhq

xvh wkhvh ydoxhv xP iru wkh uhjlrq
�

7 wr lpsuryh wkh erxqgdu| ixqfwlrqv1 Ilqdoo|/ vroyh htxdwlrq +<, zlwk
wkhvh qhz ydoxhv1 Zh ohdyh wklv ghyhorsphqw iru d odwhu sdshu1
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E Jdxvv lpsohphqwdwlrq

SGH5G lv d Jdxvv lpsohphqwdwlrq ri Krsvfrwfk phwkrgv ghvfulehg lq wklv sdshu1 Wkh oleudu| dqg lwv pdqxdo
+Urqfdool dqg Nxuslho ^4<<;`, frxog eh grzqordghg dw wkh iroorzlqj xuo=

kwws=22zzz1flw|1df1xn2fxev2ihuf2wklhuu|2sgh5g1kwpo
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