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Chapter 1

Review of distributions and statistics

For this course, we will value equity options in the risk neutral world where we have
dS=(r—q)Sdt+0oSdZ (1.1)

where the time is measured in years. One of the most important factors of this formulation is that the
risk free rate, the dividend yield, and the volatility are all constant. Whilst the risk free and the dividend
yield assumptions are not too problematic (in an equity derivative environment), the volatility assumption is
untenable. Volatility is certainly a function of time (this part is quite easy) but is also a function of how the
stock price evolves: so o = ¢(5,t), which is called the local volatility. Models of the volatility skew or smile are
thus crucial. The development of the theory has branched into local volatility models and stochastic volatility
models, with the latter now predominant theoretically but the former still in heavy use (although theoretically
inferior, they are computationally almost instantaneous, whereas stochastic volatility pricing almost always
reduces to Monte Carlo). The key evolution is Dupire [1994], Dupire [1997], Derman [1999], Derman and Kani
[1998], Heston [1993], Hull and White [1987], Fouque et al. [2000], Hagan et al. [2002]. In all cases, vanilla
options and the vanilla skew are used to calibrate the model, which is then used for pricing of exotic options.
But, for the rest of this course, we will assume that volatility is constant, or (at the worst) that it has a term
structure. Only in some specific instances will we allow volatility to be dependent on the strike or on the
evolution of spot, and we don’t allow for jumps in the stock price (the stock price is a diffusion).

1.1 Distributional facts

A basic statistical result we shall use repeatedly is that if the random variable Z has probability density function
f, and ¢ is a suitably defined function then

E[g(2)] = / £(5)g(s) ds (1.2)

where the integration is done over the domain of f. This allows us to work out E [Z] and E [Z 2] for example, by
putting g(s) = s and g(s) = s? respectively. This result is known as ‘the Law of the Unconscious Statistician’.



Now, note from statistics that if X =InW ~ ¢ (¥, %) ! then the relevant probability density functions are

fx(@) = V%exp [‘w—;j)}
fwl@) = —— p[_ﬂz—@)}

V2rTz

Of course the domain for fx is R while the domain for fy is (0,00).

(1.3)

(1.4)

In the risk neutral formulation above, by It6’s lemma

X :=1In <i%)> ~¢<(r—q— C’;) T,a%) (1.5)

Note now that S(T) = S(t)eX: a very useful representation for European derivatives. Let
2

mi:r—q:t% (1.6)

So X ~ ¢(m_7,027) and so the probability density function for X is

2
o) = e Eaaood (17)
and the probability distribution for S(T') is
f(z) = 7\/%; e {—é (e —In 50 = m‘ﬂ (1.8)
Now if InY ~ ¢(¥, %) then for k >0
E[Y*] = \/2171_72 /_O:o ek exp |:_%(a'}—2\11)2:| dx
= exp (kU + 1£°Y) (1.9)
which will be crucial in Chapter 10. Thus in the above risk neutral setting we have
E? [S(T)¥] = S(t)* exp ((k(r — q) + 1(k* — k)o?) 7) (1.10)
The first derivative of the cumulative normal
This is the closed form formula: / L e
N'(z) = me (1.11)
The second derivative of the cumulative normal
This is again, given by a closed form formula:
N"(z) = —zN'(x) (1.12)

1By this we mean that the mean is ¥ and the variance is X. This could apply to more than one dimension too, in which case
¥ would be the mean vector and ¥ the covariance matrix. Furthermore, in general we reserve the symbol o for the annualised
volatility, also known as the volatility measure, and do not use it as the standard deviation of some distribution.

I admit this is a change of notation for us, so there could be some residual errors in the notation in this document. I welcome
corrections.



The inverse of the cumulative normal

Given an input y, the Inverse Standard Normal Integral gives the value of = for which N(z) = y, where N ()
denotes the Cumulative Standard Normal Integral.
The Moro transform Moro [February 1995] to find this function is the most well known algorithm. Having the
ability to generate normally distributed variables from a (quasi) random uniform sample is clearly important
in work involving any Monte Carlo experiments, and the Moro transformation is fast and accurate to about
10 decimal places.
For another approach, we can use our existing cumulant function and any version of Newton’s method. As
pointed out in Acklam [2004], having a double precision function has some rather pleasant spin-offs. Given
a function that can compute the normal cumulative distribution function to double precision, the Moro ap-
proximation of the inverse normal cumulative distribution function can be refined to full machine precision,
by a fairly straightforward application of Newton’s method. In fact, higher degree methods such as Newton’s
second order method (sometimes called the Newton-Bailey method) or a third order method known as Halley’s
method will be the fastest, and are very amenable here, because the Gaussian function is so easily differentiated
over and over - see Acklam [2004] and Acklam [2002].
The Newton-Bailey method would be as follows:

flxn) —y

J(n) — Gl )

f@n) —y
(f@n)=y)znf' (z0)
f/(.’IIn)“F z 2f§/(wxn) L

_ flan) —y
" f'(wn) + %(f(xn) —Y)Tn

Earlier versions of excel had an absurd error in the NORMSINYV function: it would return impossible values for

Tn+1 = Tp —

= xnf

inputs within 0.0000003 of 1 or 0 respectively. Given that such values close to 0 or 1 on occasion are provided
by uniform random number generators, this approach is to be avoided. Also note that the random number
generator rand()/rnd() in excel/vba is absurd as it can (and does) return the value 0 and 1. This will cause
either your own inverse function, or NORMSINV, to fail.

1.2 Risk Neutral Probabilities

We can speed up and simplify the calculation of the risk-neutral probabilities in option premium formulae. As
usual in option pricing, we have

T = T-—1
ln%i%a%’
o\/T

where f denotes the forward level for spot-type options and the futures level for options involving futures.

dy =

Certain special cases apply, where the formula does not make sense in a pure sense, but can be made sense of
mathematically by taking limits. This occurs if any of forward/future, strike, term or volatility are zero. The
appropriate outcome in these cases (in the sense of a limit) is determined by testing:

e when the strike K is zero, d+ = oo which will give N(d+) =1 and N'(d+) =0,

e when f is zero, dx = —oo which will give N(dy) =0 and N'(d+) =0,



e when either term or volatility are zero, and f is greater than the strike, d1 = oo which will give N(dy) =1
and N'(d+) =0,

e when either term or volatility are zero, and f is less than the strike, d+ = —oo which will give N(dy) =0
and N'(d+) = 0.

1.3 Bivariate cumulative normal

The probability density function of the bivariate normal distribution is

¢2(Xa}/ap) =

(X2 - 2pXY+Y2)} (1.13)

1
exp
e
The cumulative bivariate normal distribution is the function
- —2pXY +Y?)

Ny (z, y, p) = 27”/1_7/ / exp{ e } dy dX (1.14)

Again, approximations are required. The most common algorithm is that of Drezner [1978], which appears in
both [Hull, 2002, Appendix 12C] and in [Haug, 1998, Appendix A.2], for example.
We have adapted one of the algorithms from Genz [2004], namely, the modification of the algorithm of Drezner

and Wesolowsky [1989]. This algorithm tests against the previous independent implementations, and it can be
verified using numerical integration that it is accurate to at least 14 decimal places.

Adaptation was needed because the algorithm calculated the complementary probability that X >z, Y >y
given the correlation coefficient. The algorithm has been adapted to return the more usual probability that
X<x, Y <y

Limiting cases are important for the bivariate cumulative normal. Note that in the sense of a limit

_ 0 if y<-—=x
No(@y,~1) = { N(@)+N(y) -1 if y>-—x (1.16)

We have that

) P — (X2~ 2pXY +Y?)
gl (b P) = 81‘27“/17/ / exp{ 2(1-p?) }deX

z? — 2pzY +Y?)

27r\/17/ exp{ 2(1—-p?)

— N'()N (%) (1.17)

and hence by the Fundamental Theorem of Calculus

/ N'(z < b 2) dzx = Ny(a, b, p)
V1-p?

by manipulating with the constants we get

| av

/aooN (K + Lz) N'(z) dz = N, (a, \/Li(—f— - \/L2L+ 1) (1.18)
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Figure 1.1: The bivariate normal pdf

It follows by completing the square from this that

@ 2 K+ AL —L
/ e N (K + Lz) N'(z) de = eT N, (a — A, i ) ) (1.19)
—o0 VI2+1 VIZ+1
1.4 Trivariate cumulative normal
The cumulative trivariate normal distribution is the function
1 T o xr3 1 , .
Ng(Il,IQ,Ig,E)W/OO [OC [mexp (7§XE X) dX3 dX2 Xm (120)
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Figure 1.2: The bivariate cumulative normal function, p = 50%

where ¥ is the correlation matrix between standardised (scaled) variables X, X5, X3, and | - | denotes deter-

1 p21 pa1
minant. Denote by N3(wz1, T2, T3, p21, p31, p32) the function N3(z1,72,73,%) where X = | po; 1 p3o
P31 p32 1

Again, approximations are required. Code for the trivariate cumulative normal is not generally available. There
are a few highly non-transparent publications, for example Schervish [1984], but this code is known to be faulty.
We have used the algorithm in Genz [2004]. This has required extensive modifications because the algorithms
are implemented in Fortran, using language properties which are not readily translated. The function in Genz
[2004] returns the complementary probability, again, we have modified to return the usual probability that
X; <z (i =1,2,3) given a correlation matrix. Again, it is claimed that this algorithm is double precision;
high accuracy (of our vb and c++ translations) has been verified by testing against Niederreiter quasi-Monte
Carlo integration (using the Matlab algorithm gsimvn.m, also at the website of Genz).

As before, one can show that

T3 _ . —
Ng(xl,xQ,xg,z):/ Nl(l')N2<x1 Prof To_ Past  Pua  Puspes )dm (1.21)

\/1_/’%3’ \/1_/’%37\/1_0%3\/1_033

Many of the issues surrounding developing robust code for these cumulative functions are discussed in West
[2005].



1.5 Exercises

1. Write vba code for the Newton-Bailey method of finding the cumnorm inverse function. Use the double
precision cumnorm function provided. Use ‘newx’ below as your first estimate, where ‘y’ is the input:

r = Sqr(-2 * Log(Min(y, 1 - y)))
newx = r - (2.515517 + 0.802853 * r + 0.010328 x r =~ 2) /

(1 +1.432788 * r + 0.189269 * r ~ 2 + 0.001308 * r ~ 3)
If y < 0.5 Then newx = -newx

2. Show that if S is subject to GBM with drift x4 and volatility o,

E[S(T)*] = S(t)* exp ((kp + & (k* — k)o?) (T — 1))

3. Formally verify (1.15) and (1.16).
4. Verify (1.17), (1.18) and (1.19).
5. Find the integral [°°--- in place of (1.18).

6. (exam 2004) Consider the bivariate normal cumulative function Na(z,y, p). Recall this is the probability
that X <x,Y < ywhere X and Y are normally distributed variables which are correlated with correlation
coefficient p. So

z Y
Nz(:v,ym):[ [ f(X,Y,p)dY dX

where f is the relevant probability density function. Let M (z,y, p) be the complementary probability
i.e. it is the probability that X > 2, Y > y. Also N(-) is the usual cumulative normal function. Prove
that

Na(z,y,p) = Ma(2,y,p) + N(z) + N(y) — 1

(Think before you dive in headfirst. Very simple, elegant proofs are possible.)

10



Chapter 2

Structures

Any piecewise linear payoff can be decomposed into some linear combination of (calls, puts,) asset or nothing
and cash or nothing options. Although there are theorems that deal with this, their notational complexity
conceals the fact that the procedure one needs to invoke is fairly routine. First, we will see some of the ideas

in play in typical option payoff profiles.

2.1 Spreads

A spread (vertical) has options at two strikes at the same expiry date on the same stock. The options are
either both calls or both puts, with one long and the other short.

A bull call spread is long the call at the lower strike and short the call at the higher strike.

A bear call spread is short the call at the lower strike and long the call at the higher strike.

A bull put spread is long the put at the lower strike and short the put at the higher strike.

A bear put spread is short the put at the lower strike and long the put at the higher strike.

2.2 Collars

Suppose we have a long position in stock. We might want to avoid massive losses in the event that the stock
price falls dramatically by buying an out the money put. Rather than paying for the put, we sell an out the
money call to the same counterparty. This structure is called a collar. To emphasise that there is no premium,
it is sometimes called a zero-cost collar.

Similarly if we have a short position in the stock we might go long an out the money call and short an out the
money put.

Such a zero-cost collar might be called a range forward, a cylinder or a tunnel.

2.3 Straddles and strangles

e A straddle is long 1 call and long 1 put at the same strike price and expiration and on the same stock.

11



e A strangle is long 1 call at a higher strike and long 1 put at a lower strike in the same expiration and on
the same stock.

Such long positions makes money if the stock price moves up or down well past the strike prices of the strangle.
Long straddles and strangles have limited risk but unlimited profit potential.

Such short positions makes money if the stock price stays at or about the strike(s). Short straddles and
strangles have unlimited risk and limited profit potential.

2.4 Butterflies and condors

e A butterfly is long a call at strike X7, short two calls at X5, and long a call at X3, with X3—Xo = Xo—X;.

e A condor (wingspread) has options at four strikes, with the same distance between the each wing strike
and the lower or higher of the body strikes. Thus, a call is long a call at strike X, short one call at X5,
short a call at X3, and long a call at X, with X; — X3 = Xo — X; and X3 > Xs.

The identical structure can be manufactured with puts instead of calls!

Spread Collar

15 15

10 10

g 5

1 0

-5 . . -a . .

0 10 20 30 1 10 20 30
Straddle Strangle

15 15

10 10

g 5

1] 0

-5 . . -5 . .

0 = 10 15 20 1] 10 20 30
Butterfly Condor

15 15

10 1 10

5 5

1 0

-5 . - - -4

0 10 20 30 40 1 10 20 30 40 50

Figure 2.1: The terminal payoff of some of the structures discussed here
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Chapter 3

Review of vanilla option pricing

3.1 Deriving the Black-Scholes formula

By the principle of risk-neutral valuation, the value of a European call option is
V=T EY [max(Se* — K,0)]

where X has the meaning of (1.5). We now calculate:

V = e "TE2 [max(Se® — K, 0)]

= 7 max(Se” — K,0) ex 1
\/27‘1’0’[/ pl 2

r—m_1\>
>1d$
o\/T
1 oo

2
e — (Se” — K) exp [ z \T}T) dx
T

V21a/T Jin & o

1 o0 a:—m T 2
e TS —— e” exp l—%

V21a/T Jin &
x—m 7' 2]

QU
8

—

—rT 1 >
—e"K— exp —5 dx

V2ray/T Jin &

Now, for the first integral, we complete the square:

(T —m_T 2 L x? = 2m_Tx + m2 73
T2 <a\ﬁ> -T2 o7
(2% = 2m_tx — 2z0*T + m27?
-2 o2r

22 — 2mytax +m? 72

1

2 02T
1 (:v—m+T)2—m272+m 72
2 P

= =3 <W>2 +(r—a)r

oVT

13



SO

1 e z—myr\’
V = e97S—— exp |—2 (+) dz
V2ro/T Jin & P [ 2 o\/T
[ DR e I (W>2 s
V2mo\/T In £ P13 o\T

= ¢ I"SN <m+T1nI§>_e—TTKN <m_7—1n[§>
o\T o\ T
= e YSN(dy)—e""KN(d-)

where the meaning of d and d_ will be established now.

The put formula follows by put-call parity, or by mimicking the argument.

3.2 Vanilla pricing methods for equity options

Note that in all cases

Vo= &EN(ndy) — KN(nd-)] (32)
dy = hl(f/i)\;?‘ﬂ_ (3.3)

where

e {ise "7 for an European Equity Option and for Standard Black, and 1 for SAFEX Black Futures Options
and SAFEX Black Forward Options.

e =1 for a call and n = —1 for a put,

o f = f = Sel"=97 is the forward value for an European Equity Option and for SAFEX Black Forward
Options, and f = F' is the futures value for Standard Black and SAFEX Black Futures Options.

3.3 A more general result

In full generality, we have the following result.

Lemma 3.3.1. Suppose we have a vanilla European call or put on a variable Y, strike K, where the terminal
value of Y is lognormally distributed, logY ~ ¢ (¥, 3). Then the option price is given by

1
V, = e Tn|e"T2¥N(ndy) — KN(nd-) (3.4)
U+ —logK
d = — 3.5
+ \/i ( )
¥ —log K
d. = ———— 3.6
VT (36)

Check that the Black-Scholes formula follows as a special case of this, and be able to prove this result. (It is
in the tutorial. Simply follow the scheme already seen for Black-Scholes.)

14



3.4 Implied volatility

For any of the 4 option types we will on occasion know all of the inputs except the volatility, and know the
premium, and require the volatility that, when input, will return the correct premium. Such a volatility is
known as the implied volatility. It can be found using the Newton-Rhapson method, although one has to be
careful, because an injudicious seed value will cause this method to not converge. In Manaster and Koehler
[1982], a seed value of the implied volatility is given which guarantees convergence.
The argument in Manaster and Koehler [1982] is unnecessarily complicated, and can easily be understood as
follows: premium as a function of volatility is an increasing function, bounded below by the intrinsic value and
above by the price of the underlying. It is initially convex up and subsequently convex down. Thus, choosing
the point of inflection as the seed value, guarantees convergence, no matter which way the iteration, which will
be monotone and quadratic in speed, will go. By simple calculus, one finds this point of inflection, for any of
the four methods, to be

2

g = -

; (37)

K

1f’

However, note that this method fails outright if the option is at the money forward.

An alternative to use the first estimate of Corrado and Miller [1996], modified to ensure valid computation.
This estimate is the root of a quadratic, but a naive application will run into the problem of having complex
roots. Thus, a first estimate which is always valid is:

L Ve |, =Ky | e =K (6 - K))?
a_ﬁ(f-i-K)ﬁV T a(O,(V 5 > - ) (3.8)

The code will then expand this point to an interval in which the root must lie, and then use Brent’s algorithm.

3.5 Calculation of forward parameters

Forward quantities are calculated as follows:

roTy —riTh
0;77,1T5) = ———— 3.9
’I"( s L1y 2) T2 — Tl ( )
@1 — qi'Th
0:77,15) = ——— 3.10
Q( y 41, 2) T2 — /1—11 ( )

2T, — 02T,
o011, 12) = \ | 22— (3.11)
2 — 41

where time is measured in years. Alternatively, for dividends, we may simply calculate the forward values or
the present value of the forward values. For the volatility, this is the at the money volatility. Inclusion of the
skew is always tricky and requires additional assumptions.

3.6 Exercises

1. Repeat the derivation of the Black-Scholes formula, this time for puts.

2. Prove Lemma 3.3.1.

15



3. Verify that, with the usual notation, f N’(d;) = K N’(dz). Torturous, long, solutions are problematic.
That does not mean leave out details!

4. (a) Make sure your cumnorm function is working. Approximately, on what domain does it return values
which are different from 0 or 17 Why is this not the whole real line?

(b) Write a d; and a dp function. Be sure to accommodate the special cases discussed in §1.2.

(c) Write a SAFEX Black option pricing function (inputs F, K, o, valuation date, expiry date and
style).

(d) Make sure that the function works for the special cases already discussed. This work should be done
by the d; functions, not by the option pricing functions.

(e) Draw graphs of the option values for varying spot/future and varying time to expiry.

(f) Extend to a Black-Scholes option pricing function (inputs S, r, ¢, K, o, valuation date, expiry date
and style).

5. (exam 2004) A supershare option entitles the holder to a payoff of %? if X; < S(T) < Xpg, and 0

otherwise. The price of a supershare option is given by
S —qT
V= X—e q [N(dl) _N(dQ)]

L
f
L

Create a option pricing calculator in excel, referring to a pricing function written in vba. The time input
will be in years i.e. don’t use dates. Draw a spot profile of the value of the derivative.

6. (exam 2004) The Standard Black call option pricing formula is

V=e"(FN(dy) — KN(d2))
A =e"""N(dy)
1

F=e""N'(d))=——=

¢ (d1) FoT

dio— In % + %027

127 o\ T

(a) Write code to price, and provide Greeks for, a call option using the Standard Black formula. The
last input of your list of inputs to the pricing formula will be an optional string parameter. The
default will be “p” (for premium). Have “d” (for delta) and “g” (for gamma) other possibilities.
Fix the strike, the volatility, the risk free rate, and the term (which will be in years i.e. don’t use
dates).

(b) For a range of futures prices, draw graphs (separate sheets for each) of the value, the delta, and the
gamma. On each of these above sheets, illustrate the effect of time on each profile by drawing the
graphs for 6 months, 1 month and 1 week to expiry.

7. (exam 2003) A chooser option is one that expires after term 75. After term 74 < 72, however, the holder
must decide if the option is a put or a call (European, with identical strikes X). Use put-call parity
to find the value (in terms of vanilla options) of this option at the inception of the product. As usual,
assume constant term structures of r, ¢ and o.
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8. (a) Write code to price, and provide Greeks for, a European call option using Black-Scholes. The last
input of your list of inputs to the pricing formula will be an optional string parameter. The default
will be ”p” (for premium). Have ”d” (for delta) and ”g” (for gamma) other possibilities.

(b) For a range of spot prices, draw graphs (separate sheets for each) of the value, the delta, and the
gamma.

(c) On each of the above sheets, draw several graphs, illustrating the effect of time on each profile i.e.
draw the graphs for 1 year to expiry, 6 months, 1 month, 1 week, etc.
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Chapter 4
Dividend yields and discrete dividends

Typically European equity options are priced using the Black-Scholes model Black and Scholes [1973] or that
model adjusted for dividends by calculating a continuous dividend yield. This has the effect of spreading the
dividend payment throughout the life of the option. This is most attractive where the option is on an index
(where the index is paying out several dividends, spread out through the period of optionality).

For American equity options with the underlying having no or several dividends, we may argue similarly. Here
the approximation of Barone-Adesi and Whaley Barone-Adesi and Whaley [1987] is popular, but we prefer the
method of Bjerksund and Stensland Bjerksund and Stensland [1993], Bjerksund and Stensland [2002] as it is
computationally far superior, and has been shown to be more accurate in long dated options.

Bjerksund and Stensland [2002] is a more recent improvement over Bjerksund and Stensland [1993].

Another standard approach (for the European case) is to reduce the stock value by the present value of
dividends (the escrowed dividend method), or to increase the strike by the future value of dividends. Both are
unsatisfactory approaches as they affect the stochastic process on the equity fairly significantly. See Frishling
[2002], Bos and Vandermark [2002], Haug et al. [2003].

In the case of only a few dividend payments on the underlying equity, the original approach above - calculating
a continuous dividend yield and using that in a closed form formula - is also no longer satisfactory, even
for European options. The dividends occur at one or a few discrete times, but we are spreading them out
throughout the life of the option by making this assumption, and this has a material effect on the stochastic
process for the stock price.

This comment also applies to the classic binomial tree approach for pricing American options developed in
Cox et al. [1979]. Use of a binomial tree necessitates that risk free rates are assumed constant, and that there
is a constant dividend yield, as described above. This will lead to the same severe problems as before. Note
that dividends cannot be made discrete in the tree approach because doing so will make the tree no longer
recombine, which is computationally a disaster.

Much theory has been developed to price (European) options under the assumption that the dividends are a
known proportion of the stock price on the dividend payment date. See Bjork [1998], for example. However,
to use this approach alone is academic fiction: companies and brokers think of, predict, and eventually declare
the reasonably short dated dividends in a currency unit. Furthermore, companies are very much loathe to
reduce the dividend amount year on year, as a significant proportion of stock holders hold the stock purely
for the purpose of receiving annuity revenue from the dividends (for example, retirees, who intend living on
the dividends, and leaving the stock to their inheritors) and may transfer their holding to another stock if
the dividend was decreased significantly (or even, was not keeping up with inflation). Thus, even if the stock
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price has decreased somewhat, the company will attempt to maintain dividend levels at more or less the same
currency level, at least for a while. Thus, the model that dividends are a known proportion of share price is
not practicable.

The most meaningful possibility is that the first few dividends are known or predicted in cash, whilst the
remaining dividends are predicted as a proportion of stock price. Our preferred approach is as follows: use
broker/analyst forecasts in the short and medium term, and then forecast percentage dividends in the long
term using the model of [West, 2009, §6.6]. Alternatively, if there are no broker forecasts (for a smaller stock,
or simply because we are operating under informational constraints) then all forecasts are percentage dividends
based on history.

In the case of an American call with one dividend, the formula of Roll, Geske, Whaley Roll [1977], Geske [1979a],
Whaley [1981] is well known (amongst practitioners) to be arbitragable (and not so well known amongst software
vendors, who often insist on offering this as the default model). Again, see Frishling [2002], Haug et al. [2003].
Furthermore, their approach does not allow for the pricing of American puts (as is well known, the pricing of
American puts is in general more difficult than the pricing of calls).

Thus, for European or American options with a few dividends, one should probably prefer to use a finite
difference scheme for pricing. This finite difference scheme easily accommodates the discrete jumps of dividends,
and both the cash and proportion formulation. One can use the finite difference approach for any number of
dividends if prepared to input them. As the number of dividends increases, the benefits of these approaches
are outweighed by the superior speed of using the continuous dividend yield proxy in the Black-Scholes or
Bjerksund-Stensland formula.

4.1 Pricing European options by Moment Matching

Let t =ty with dividends occurring on t1, ..., t, and T = t,,11. Now if we have a cash dividend D; on t; then
S (tz) = S (tifl) 6Xi — Dz
=5 (ti)Q =5 (ti,1)2 €2Xi —-2D;S (ti,1) eXi + l)z2

and so
E[S (t:)] = E[S (ti-1)] E [e™] = D;
E[S(t)"] =E[S(ti1)*| B[] - 2DiE[S (¢;-1)] B [¢¥] + D2,
Here X; = 1n (SS(S;))) and we know its distribution as in (1.5).

Otherwise, if we have a simple dividend yield d;, then
S (t;) =S (ti_1) e (1 —dy)
= S (t;)? =S (tie1)? ¥ (1 - d;)?

so that

E[S (t:)] =E[S (ti-1)] E [eX] (1 - dy)

E [5 (ti)ﬂ —E [5 (ti_l)ﬂ E [¢2%4] (1 — d;)?.
Here, in both cases, eXi = 6(7'_%02)”‘“’\/772 and 7; = t; — t;—1 and hence
E [eXi] =€

E [eQXi] _ 6(27'+‘72)T’i from (1.10).
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We then proceed by induction starting with E[S (tp)] = S and E [S (to)ﬂ = 52 until we reach E[S (t,41)] and

E {S (tnﬂ)ﬂ

Now assume that S is lognormally distributed at time T'. Clearly this assumption is not mathematically correct,
but is is known that the error is not severe unless the dividends are very large. If In.S ~ ¢(¥, ), where ¥ and
¥ are not known a priori, then from (1.9) we have

E[S] = e¥t3” (4.1)
E[S?] = 2V H2E (4.2)

Hence, given E[S] and E[S?], we can easily solve simultaneously for ¥ and . It follows in our application of
these facts that

_ L EZ[57]
¥ = In E(t@ [5]2 (4.3)
¥ = WmE?[S]-1¥ (4.4)

Now, V¥ is to be thought of as the volatility for the period. In other words, In S ~ ¢(¥,02(t, —t)) where o
is the annualised volatility measure, or ¥ = o2(t,, —t). Hence

) 1 EZ [S?]
- lm E? [5]21 (4.5)

where o denotes the appropriate volatility measure to use in a Black model option valuation. We use Lemma

3.3.1: easier to implement from existing models, one is using Black’s model with

e a futures spot of E2 [S],

a strike of K,

a volatility of ¢ as in (4.5),

e a risk free rate of r,,

a term of ¢, —t.

4.2 Calculation of the dividend yield

If dividend amounts Dy, Do, ..., D, are known or predicted (and, as has been discussed, n is sufficiently
large that the continuous dividend yield proxy is valid), then the following conversion is necessary. First, we
calculate the present value of all the dividends:

Q _ ZDief’l‘i(tift)/365 (46)
i=1

where t; are the payment dates of the dividends, t is the valuation date, and r; is the NACC risk free rate for
time ¢;. The summation is taken over all dividends whose LDR date is after valuation date ¢ and on or before
expiry date T. (In other words, the date criterion for inclusion and the discounting date are different.) Then

-1, 5-Q

=1
1a T . St

(4.7)
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is the relevant dividend yield. T is the expiry date of the option. See [West, 2009, Chapter 6]. Effectively, the

stock price is adjusted from S; to Sy — @Q = S;e™ 9", where 7 = %.
Alternatively suppose di, ds, ..., d, are simple dividend yields; again these are the dividend yields for div-

idends whose LDR dates lie in the period (¢,7]. Then the appropriate adjustment to the stock price is to
m

multiply the price by H(l —d;). Thus, the percentage dividend yield is
i=1

qp = —% Zln(l —d;) (4.8)

In this case, we proceed as follows: calculate the dividend yield ¢4 in (4.7) as if only the cash dividends were
going to be paid, and calculate the dividend yield ¢, in (4.8) as if only the percentage dividends were going to
be paid. Then

q=4qd+ qp (49)

is the appropriate dividend yield which takes into account both the cash and the percentage dividends. Note
that this formulation is invalid if the order of the cash and percentage forecasts are mixed, although we think
this scenario will be uncommon.
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Chapter 5

Binary options and rebates

5.1 European binaries (cash or nothing)

A binary/digital call pays off

1 if S(T)>K
V(T) = 5.1
(T) { 0 if S(T)<K (5-1)
and a binary put pays off
) 0 if S(T)>K
ViT) = { 1 if S(T) < K (5-2)

How do we value these? By the principle of risk neutral valuation, V (t) = e~""EZ [V (T")], which, for the call,

is

fe'e) 2
1 r—m_T
Vit) = e —— Tige= exp |—L | ——— dzx
®) V2ro/T /_oc {Sev> K} 5P [ ? ( oVT ) ]

p— 1 e . 1 (w—m7>2 i
- xp | =L (=T
V2ro/T Jin & P12 Tom

= e ""N(d-)

Similarly the put is worth

In general,

V(t) = e ""N(nd_) (5.3)

5.2 European asset or nothing
Now the payoff for the call is

= { o0 s
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and for the put is

0 if ST)>K
T) = )
V) { S(T) it S(T) <K (5:5)
Easily, the value this time is
V(t) = S(t)e” " N(ndy) (5.6)

Of course, the value of a European vanilla option easily decomposes into a combination of an asset or nothing
and a cash or nothing option.

5.3 Rebates

Now, what about variations on this situation? Suppose the life of the option is from 0 to T. We could consider

e A digital type payoff that pays off 1 if S(¢) ever reaches B, the payoff occurring at T - these don’t occur
in reality, but we will use them as building blocks for what follows (European digital option)

e A digital type payoff that pays off 1 if S(¢) ever reaches B, the payoff occurring at the first such ¢
(American digital option)

e A digital type payoff that pays off 1 if S(t) never reaches B, the payoff occurring at T' (no-hit rebate).

These are important building blocks for barrier options and can be called rebates: the option holder receives
a rebate as compensation for the fact that his barrier option has expired worthless. B is called the barrier. In
the first two cases, if the barrier is struck by the stock price, it triggers a new event, namely, the cancelation of
the position, which is what is called an out barrier option. The option holder immediately receives the rebate
as compensation for this cancelation. In the third case, the barrier had to have been struck for the triggering
of the option becoming live, which is what is called an in barrier option. If the barrier is never struck, the
option holder receives (on termination) the rebate as compensation.

These have been priced in Rubinstein and Reiner [1991].

5.3.1 Some theoretical considerations

1
0X()-50%t ig o Martingale.

Suppose X (t) is Brownian motion. Then for any 6 > 0 the stochastic exponential e
This is known as the Doléans-Dade exponential of the martingale 6X ().

The optional sampling theorem states that a stopped Martingale is again a Martingale. However, this theorem
requires that the stopped process is uniformly integrable. Consider a stopping time 7; we can consider the

OX (tAT)— 6% (tAT)

stopped process e . The exponential function is not uniformly integrable, so we need specific

properties of the stopping time to use the optional sampling theorem. IF we can apply the theorem THEN we

1 1
will be able to conclude that E [eex(mﬂﬁ%/\ﬂ =1 for all ¢ (in particular E [eaX(T)ﬁQT] =1).

5.3.2 European digital option

Wystup [2002].1

IThanks to Dangerous David Acott, Tom Wasabi McWalter and especially Hardy ‘From the Machine’ Hully for contributions
in this section.
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Let h(t), where 0 < t < T, denote the density of the first exit time ie. the first time ¢ for which S; = B. See
Figure 5.1. The required valuation is then V = =T j;)T h(t) dt.

We first need to find the function h(t), and then perform the integration. We first suppose that B > S; the
case where B < S is similar but has some subtle differences. We proceed cautiously!

Hitting time for Brownian motion without drift (hit is high)

We first establish the hitting time distribution for Brownian motion without drift.

The first hitting or stopping time is
T=1inf{X(t) =b
g 0{ (t) }

We suppose that b > 0. We can apply the optional sampling theorem to the stochastic integral because this
0X (tAT)— 0% (tAT)
2

stopped Brownian motion X (¢A7) is bounded from above (but not below), and so e is bounded
from above by €%, and below by 0.
1
Thus E [eebﬁ%} =1 for any 6 > 0.
Let pp be the hitting time distribution. Let £ denote the Laplace transformation. Then
Llilts) = [ e tmie) de
0
—E [e—s‘r}
—E |:67\/%b+\/gb737:|
_ eimbE [embfs'r:l
)
by putting # = /2s. Thus
py(t) = L7 e™ V2 (5.7)
b L b2

using [Abramowitz and Stegun, 1974, 29.3.82].

Hitting time for Brownian motion with drift (hit is high)

Now let the first hitting time be defined as inf;>o{at + X (¢) = b}. Here X is as before, the drift is o > 0, and
the hit level we seek is b > 0.

This time X} is the Brownian motion which is stopped when at + X (¢) first hits b. Again, X}, is bounded from
above by b (we use the fact that o > 0).

We have seen the idea already: E[e™*7] = E [e_ebwb_”} =e %R [eeb_”] =e % asE [e‘%_”] =1, for some
cute choice of 6.

This time,

0b — st = Olat + Xp(7)] — sT
=60Xy(1) — (s — )T
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and so we should choose s — fa = %92. Solving for 6 > 0 yields v/2s + a2 — a. Again let p;, be the hitting time
distribution. Then

oo
L[ps] () :/ e Stpy(t) dt
0
—E [efsr]
- F |:e(o¢—\/25+oz2)b+(\/28+a2—o¢)b—s7':|
_

a7\/25+a2)bE |:e(\/25+a27a)b757:|

_ e(a—\/2$+a2)b (59)

Thus
po(t) = £ LoV
— eabﬁ—l[e—\/23+a2b]

1

ab e 2at

t3/2\/% { bT

using the previous Laplace transform result and [Abramowitz and Stegun, 1974, 29.2.12].

Hitting time for the stock price (B > 5)

We are looking for the first 7 satisfying Se™-"tX(") = B so 7 is given by

inf{tZO:m_t—FX(t):llnB}
o o S

Making the substitution @ = ==, b= 11n £ > 0 we have the distribution of this hitting time in (5.10), which
we have agreed to name h(t): thus

195

2
ln InZ —m_t
h(t exp | -1 | —2—r 5.11
() = Ut3/2\/2ﬂ' P 2 ( oVt > ( )
Now, remember if at all possible what we are doing here: we have V = e™"7T fo t) dt. This is
2m _
B o2
Vo = e |(5) T M)+ Neem) (5.12)
+In2 —m_t
er(t) = —LB—— 5.13
=) B (513

25



1.5 T T

=01
T=0.2
=03
1 - —
narF -
n} 1 |
a 0.5 1 1.5
Figure 5.1: First exit time density
To show this, we establish in order the following identities:
2 B
e_(t)—ep(t) = —=In— 5.14
(1)~ ealt) = g (5.14)
2 _ 2 m-. B
67—€+_4?1n§ (515)
2m _
B\ =2
N'(e_) = N'(ey) (S) (5.16)
0 1
il - — 1
Sew(t) = ooexlt) (5.17)
e+(0) = Foo (5.18)
2m _
d (BY 72
ht) =25 N(eq(t)) — N(e(t)) (5.19)

What if B < S?

The differences appear already at the first stage! This time X, is bounded from below (but not above). The
Martingale we must consider is —v/25X;(t), and it then follows that E {e‘mb—sq = 1. It then follows that
Llp(b,t)] = eV2sb,

One generalises each calculation in turn with the appropriate care. The value of the option is

2m _

Vs =T <§) - N(—e+(T)) + N(e_(T)) (5.20)
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5.3.3 No hit rebate

Clearly the value of the no-hit rebate is given by e™"7 — V, because the sum of a hit rebate and a no-hit rebate
is cash. This is an example of in-out parity.

5.3.4 American digital options

Wystup [2002]. Now the payoff occurs as soon as the hit occurs, and the value is foT e "th(t) dt.
By first completing the square, and then following the same basic strategy as before, this value can be shown
to be

v=(5) T New@y+(5) T Noe) (5.21)

n_ =y/m% +20%r (5.22)

er(t)= —B "= (5.23)

5.4 Exercises
1. Verity (5.6).

2. (exam 2003) Suppose we have a power option of term 7. The payoff of this option is (S(T) — K)? if
S(T) > K, 0 otherwise. Price such an option, giving all details.

3. Derive the rebate valuation formula (one-hit) where the rebate is paid at the termination of the product.
Follow the scheme in the notes i.e. establish the formulae there, in the order they are given. In the last
step, do the integral by looking for relevant substitutions from the steps already performed.
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Chapter 6

Variance swaps

6.1 Contractual details

A long party in a variance swap will receive realised variance, and pay fixed. Realised variance is defined as

N 2
d S;
Y= NZ (m Si—l)

=1

where Sy, S1, ..., Sy are the stock prices on contractually specified days tg, t1, ..., tn, and d is the number
of contractually specified trade days in the year (so, 252 or 250 or suchlike).

The definition of log returns might or might not be adjusted for dividends.

Very often the payoff to a variance swap will be capped. The default seems to be at a cap level which
corresponds to 2.5K, where K is the strike in volatility terms. As such, these caps are irrelevant (worthless)
in the case of index variance swaps. They may have relevance in the pricing of single equity variance swaps.
Note that a position in a capped swap is the same as a position in a swap and a short position in a call.

Thus, we restrict attention to the the case where there is no cap.

6.2 The theoretical pricing model

Here we follow Demeterfi et al. [March 1999].

In a diffusion model, the realized variance for a given evolution of the stock price is the integral

T
Y= %/O o?(t) dt (6.1)

This is a good approximation to the contractually defined variance above.
The value of the pay fixed leg of the variance swap with volatility strike K is the expected present value of the
payoff in the risk-neutral world

V=e"TE?[S - K?] (6.2)

Here r is the risk-free rate for expiration T'. Also, let ¢ be the dividend yield.
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Then
% =(r—q)dt+o(t)dZ

dinS = (r—q—10%t)) dt +o(t)dZ

so taking differences and rearranging we get

o?(t) dt =2 (C? - d1n5>

Writing this in the integral form we have

e [Ty SO
/Oa(t)dt—Z N 21 500)

Now EQ [ fOT %] = (r — ¢)T - this is dynamically replicated by trading in futures - so the only problem is the
log contract. In fact the log contract can theoretically be replicated using a continuum of option positions.
Let S, be some fixed point. We decide what this means and what it should be in due course. Firstly, define
another exotic payoff f by

fsry = 2= 2 (6.3)
Thus
EQ (3] = %]EQ OT % —In ‘Z((g))
=2(r—q)— %EQ {m ?%;]
=2(r—q)— %IE@ {S(T;: S _ F(S(T)) +1n ng)}
C ol q) - % [S(o)euszw — 5 o [F(S(T))] + In s%))}
But now, we discover the remarkable
FS(T)) = /O ” % max(K — S(T),0) dK + /5 Oo % max(S(T) — K,0) dK (6.4)
and so
E2 [5]
S / R [ R K| - 2w g (69)

We thus replicate f by trading a continuum of puts with strikes from 0 to S, and a continuum of calls with
strikes from S, to co. The weight of the options in the continuum is proportional to % So, this clearly
motivates us to choose S* to be a point below which we prefer to use puts, and above which we prefer to use
calls for replication. In this we prefer to use out-the-money options at all times, because they are more liquid
than in-the-money options. So S, might be the liquid strike on the skew closest to the forward level of S, for
example.

This argument is not only valid in the Black-Scholes world. It is also valid in the local or stochastic (without
jumps) volatility world.
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6.3 Super-replication

The only difficulty is that to replicate we require a continuum of options. In reality of course this is impossible.
Thus we seek a super-replication strategy.
Of course it is the payoff of f that needs to be super-replicated, everything else can be done straightforwardly.
On the region [K1, K,,] we can super-replicate the payoff f with a portfolio of options: exactly those options
used to calculate the theoretical variance.

For the region [K,, K,,] we choose the following calls:

o [Ent1)-f(Kn) many calls struck at K, plus

Kny1—Kn
. Mﬁ?:jf:féfﬁ — f(lggj:f((ﬁjl’l) many calls stuck at K for j=n+1, ..., m—1.

This super-replicates in the region [K,,, K] and sub-replicates in the region [K,,,00). We choose in addition

° fl(K’m) _ f(Km)ff(Kmfl)

TR, many calls struck at K,,.

which improves things in the region [K,,c0). Note that super-replication in that region is impossible.

For the region [K7, K] we choose the following puts:

° W many puts struck at K, plus
° f(fig;)gj{(fj) — f(lﬁgj;f_(lfz“) many puts struck at K; for j=n—-1, ..., 2.

This super-replicates in the region [K7, K] and sub-replicates in the region [0, K;]. We choose in addition
o —fI(Ky)— % many puts struck at K.

which improves things in the region [0, K7]. Note that super-replication in that region is impossible.

6.4 Exercises

1. What is the price of an off-the-run variance swap i.e. one that has already started? Write it as a function
of history and the price of a just starting variance swap.

2. The notional of the variance swap is usually quoted in ‘vega notional’ Vy, where the vega notional and
the cash (variance) notional $, are related by $y = ¥&. Show that with this definition, if the realised
volatility is K + A, where A is small, then the payoff is approximately VyA.
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Chapter 7
Compound options

A compound option is an option in which the underlying is an option. Thus, there is a first exercise date, and
if exercised, a vanilla option is born, for a (necessarily subsequent) exercise date.

The following analysis is based on the work of Geske Geske [1979b] who investigated equity options and
hypothesised that an equity itself behaved like an option. Geske’s model used the assumptions of the Black-
Scholes model: constant volatility, constant interest rates, no dividend yield, no transaction costs etc. Logical
adjustments to Geske’s model allow the three term structures of volatility, interest rates and dividend yields
to be reflected in the premium.

T5 ~ maturity of underlying option.
T1 ~ maturity of compound option, 77 < T5.

t ~ wvaluation date of the compound option.

Ty = Th —Ti, in years.
71 = Ti —t, in years.
T = Th —1t, in years.

Ky ~ strike of underlying option.
Ki; ~ strike of compound option.
r ~ risk free rate
o ~ volatility
q ~ expected dividend yield
S; ~ spot of underlying stock at time t.

The value of S(7T7) that causes the value of the underlying option to equal K at time 77 is a key value - it is
a boundary value that will determine whether or not the compound option is exercised or allowed to lapse.

Rather we will perform the analysis in terms of returns. Let y be the draw from the normal distribution, so
the stock price at time T3 is S(y) as below. Let us perform the analysis for a call on a call. The other cases
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are all similar. Let BS(y) be the value of the underlying option at time 7; that corresponds to S(y). Thus

S(y) = Sem-mtovmy (7.1)
BS(y) = S(y)e 9 N(dy)— Kye "™N(d_) (7.2)
p In %Z) +miTo
+ = —J\/E
B ln%+m7ﬁ+mim+aﬁy
= e
In2 +m_7 +myr
_ Ko 1 +72 + Ey (73)
o\/T2 To
Let y. be such that BS(y.) = Kj. y. is found using Newton’s method, with
yo = 0
_ Bs(yn) — Kl
Yn+tl = Yn— 3555,

ZBS(Y)[yn

Then

Vo= e /°° BS(y) — K1]"N'(y) dy

=—00

o / T (BS(y) - K)N'(y) dy

Y=Yx

= g™ /oo (S(y)e 1™ N(dy) — Koe "™ N(d_) — K1)N'(y) dy

=Yx

= e*”ﬁSem*”e*‘m/ VTN (dy )N (y) dy (7.4)
Y=Y«
—e_TTlng_”z/ N(d_)N'(y) dy (7.5)
y=y.
o
—e "MK, N'(y) dy (7.6)
Y=y,

(7.4) follows from a careful application of (1.19), and (7.5) follows from a careful application of (1.18). Of
course (7.6) is trivial.

Let n = +£1 if the underlying option is a call/put and ¢ = +1 if the compound option is a call/put. Then the
value of the compound option is

V. = nSe 1" Ny <—77C(y*—a 1), ndy, € T;)
—rT 71
—nGK2e™"" Ny (—néy*, nd_, ¢ T>
—CK1e” " N(=nCys) (7.7)
In [% +m4T

7.1 Exercises

1. Find £-BS(y).
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2. Fill in the missing details in the notes for getting the final pricing formula for a compound call on call
option.

3. (exam 2003) Suppose we wish to price a compound call on call, where all of risk free, dividend yield and
volatility have a term structure. (There is however no skew structure to volatility.) Let the compound
option expire after time 7y (in years) with strike X; and let the relevant rates be 71, ¢; and ;. Let the
vanilla option expire after time 75 (in years) with strike X5 and let the relevant rates be 9, g2 and .

(a) What are the forward rates for the period from 71 to 72 in terms of the ordinary rates for 7 and
T2? Denote them henceforth as ry, ¢y and oy,
(b) Now price such an option, following the following hints which come from the notes:

e Let S(y) be the value of the underlying and BS(y) be the value of the underlying option at time

71 if the draw from the ¢(0,1) distribution has been y. Thus S(y) = .... and BS(y) = .......

e Let y, be such that BS(y.) = X;. . is found using Newton’s method, with .... (include the
differentiation).

e Then V = ...

For the final part, you may use without proof the following two facts

o K L
N (K +Lz)N'(z)de = N (04, , )
/a (K + La) N'(x) 2 (~o s

K+ AL L )
V21 VI H1

/ e N (K + Lz) N'(z) dx eATQNQ (—oz +A

4. (exam 2008) This question concerns pricing a complex chooser option. Such an option is valued today
to; at time t; the owner has to choose between owning
e A call with a maturity date tc and strike K¢
e A put with a maturity date tp and strike Kp.

Volatility, dividend yield, and the risk free rate are all constant.

(a) I can write the value of S(t1) as S(to)e* where z is a random sample from a normal distribution
with mean 0 and standard deviation 1. Complete the --- here.

(b) Hence write the value AT TIME t¢; of the call as a function BS®(z) and the value of the put as a
function BS”(z), being careful to distinguish between d§ for the call and d¥ for the put.

(¢) Explain why there will be a value of z, call it z*, where we will be indifferent to selecting the put
or the call. A diagram might be useful. Say how z* will be found, although you are not required to
give any details.

(d) Write down the value of the option in terms of integrals.

(e) How will these integrals be evaluated? What will the final answer look like? (You are NOT being
asked to perform the calculation - or even to write down any formulae.)
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Chapter 8

Basket Options

Suppose the assets have value weights w; in the basket, where Y "  w; = 1. Suppose we have a covariance
matrix ¥. The basket volatility is then vw'Sw. A European option on the basket can then be priced in the
usual way with this volatility.

These are the forward weights rather than the valuation date weights. The forward weights will be different
to the spot weights because the dividend yields / discrete dividends are different.

All analytic models make the assumption that the basket value is actually the geometric mean of the various
underlyings rather than the arithmetic mean. This methodology was first proposed in Gentle [1993]. In fact,
the above formulation of the basket volatility placed in the geometric Brownian motion framework is implicitly
making this assumption. (This is a non-trivial point - see [Musiela and Rutkowski, 1998, §9.9] for an excellent
discussion.) Academic and market research has shown however that the effect of this is not severe, especially
considering that this assumption has remarkable computational advantages over a lattice methodology such as
that of Rubinstein [1994] - this approach will choke on any basket which has many underlyings - even three
underlyings will make the calculation slow. An alternative is to work out the first few (even the first two)
moments of the arithmetic basket and then fit an analytically tractible distribution to these moments. We will
see this applied in the setting of Asian options. Of course, we could use this geometric basket price as a control
variate when doing Monte Carlo.

Here is the solution of Gentle [1993]. Suppose the option is on the basket >, W;S;, where as usual
Wi, Wa, ..., W, are the number of each of the shares in the basket. First note that

max (n (zj; WS (T) — K) 0)]

V(0)=e "E

=¢ ""E |max <77 (2”: w; S (T) — K*> 70)1 iwifi
i=1 i=1
where w; = %
L Wik
5:(m) = };
M s

Now % w;S7(T) is a weighted arithmetic average of numbers S} (T') with expectations all equal to 1. We
hope for a decent approximation of the arithmetic mean by taking the geometric mean, and controlling by the
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expected difference. Put

n

Y = [[(sr )™

=1

n

T 2

o = exp 3 E w;07;
j=1

and so InY ~ ¢ (ln «, \/w’Ewﬁ). Then

V(0) = e ""E |max (77 (i w; SH(T) — K*> ,0>] iwifi
L i=1 =1
= ¢ ""E | max (77 (Y + Zn:szz*(T) -Y - K*> ,0>] zn:Wifi
L i=1 i=1

~e "R :max (77 (Y T e K*) ,0)} Wi fi

= ¢ ""E [max (n (Y — K),0)] i Wi fi

where — K = 1 — qel/2w'=wr _ |+

Now, using Lemma 3.3.1 and after some tedious manipulations, we have
V(0) = ne” T[N (ndy) — KN (nd-)]

f~ _ Z Wifiael/2w'ZwT

i=1
K=K+ Z I/Vifi(ozel/zwlsz -1
i=1
ln%~ + %\/M/EU}QT
w'Xw/T

dy =
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Chapter 9
Rainbow options

A version of this chapter appears in Ouwehand and West [2006].

9.1 Definition of a Rainbow Option

Rainbow Options refer to all options whose payoff depends on more than one underlying risky asset; each asset

is referred to as a colour of the rainbow. Examples of these include:

e “Best of assets or cash” option, delivering the maximum of two risky assets and cash at expiry Stulz
[1982], Johnson [1987], Rubinstein [1991]

e “Call on max” option, giving the holder the right to purchase the maximum asset at the strike price at
expriry Stulz [1982], Johnson [1987]

e “Call on min” option, giving the holder the right to purchase the minimum asset at the strike price at
expiry Stulz [1982], Johnson [1987]

e “Put on max” option, giving the holder the right to sell the maximum of the risky assets at the strike
price at expiry, Margrabe [1978], Stulz [1982], Johnson [1987]

e “Put on min” option, giving the holder the right to sell the minimum of the risky assets at the strike at
expiry Stulz [1982], Johnson [1987]

e “Put 2 and call 1”7, an exchange option to put a predefined risky asset and call the other risky asset,
Margrabe [1978]. Thus, asset 1 is called with the ‘strike’ being asset 2.

Thus, the payoffs at expiry for rainbow European options are:

Best of assets or cash max(S;, Sa, ..., Su, K)

Call on max max(max(Sy, Sz, ..., S,) — K,0)
Call on min max(min(Sy, Sz, ..., S,) — K,0)
Put on max max(K —max(S1, So, ..., Sp),0)
Put on min max(K — min(Sy, Sz, ..., Sp),0)

Put 2 and Call 1 max(S; — S2,0)
To be true to history, we deal with the last case first.
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9.2 Notation and setting

Define the following variables:

e S; = Spot price of asset i,
e K = Strike price of the rainbow option,
e 0; = volatility of asset i,

e ¢; = dividend yield of asset i,
e p;; = correlation coefficient of return on assets 7 and j,
e r = the risk-free rate (NACC),
e 7 = the term to expiry of the rainbow option.
Our system for the asset dynamics will be
dS/S = (r —q)dt + AdW (9.1)

where the Brownian motions are independent. A is a square root of the covariance matrix ¥, that is AA’ = %
As such, A is not uniquely determined, but it would be typical to take A to be the Choleski decomposition
matrix of ¥ (that is, A is lower triangular). Under such a condition, A is uniquely determined.

Let the i** row of A be a,. We will say that g, is the volatility vector for asset S;. Note that if we were to

write things where S; had a single volatility o; then o7 = 3", a3}, so 0; = ||a,[|, where the norm is the usual
Euclidean norm. Also, the correlation between the returns of S; and S; is given by m
a,Ma;

9.3 Margrabe option valuation

Margrabe [1978] began by evaluating the option to exchange one asset for the other at expiry. This is justifiably
one of the most famous early option pricing papers. This is conceptually like a call on the asset we are going
to receive, but where the strike is itself stochastic, and is in fact the second asset. The payoff at expiry for this

European option is:
maX(Sl - SQ, 0),

which can be valued as:
VM = Sle_qlTN<d+) — Sge_qw—N(d,), (92)

where
In % + %O‘QT
o\T
£ o= Selr—a)T (9.4)

2 2
o1 + 05 —2poiog

Q
I

Margrabe derives this formula by developing and then solving a Black-Scholes type differential equation. But he
also gives another argument, which he credits to Stephen Ross, which with the hindsight of modern technology,
would be considered to be the most appropriate approach to the problem. Let asset 2 be the numeraire in the
market. In other words, asset 2 forms a new currency, and asset one costs g—; in that currency. The risk free
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rate in this market is go. Thus we have the option to buy asset one for a strike of 1. This has a Black-Scholes

price of
S1 _qr —gar
V = —e ®"N(dy)—e ®"N(d-)
Sa
S1
In == + (g2 — q1 £ 30°)7

d =
* o\T

where o is the volatility of g—; To get from a price in the new asset 2 currency to a price in the original
economy, we multiply by Ss: the ‘exchange rate’, which gives us (9.2).

So, what is 07 We show that (9.5) is the correct answer to this question in §9.4.

9.4 Change of numeraire

Suppose that X is a European—style derivative with expiry date T'. Since Harrison and Pliska [1981] it has been
known that if X can be perfectly hedged (i.e. if there is a self-financing portfolio of underlying instruments
which perfectly replicates the payoff of the derivative at expiry), then the time—¢ value of the derivative is given
by the following risk—neutral valuation formula:

X, = e "TOED (X7

where 7 is the riskless rate, and the symbol E? denotes the expectation at time ¢t under a risk—neutral measure
Q. A measure Q is said to be risk-neutral if all discounted asset prices S; = e~ %S, are martingales under the
measure Q, i.e. if the expected value of each S; at an earlier time u is its current value Sy,:

E2[S,] = S, whenever 0 <u <t

(Here we assume for the moment that S pays no dividends.)
Now let A; = e"t denote the bank account. Then the above can be rewritten as
Xt Xr - -
LA p ol fe. X, =E?[X
4, {AT] ¢ = B¢ [Xr]
Thus X, is a Q-martingale.
In an important paper, Geman et al. [1995] it was shown that there is “nothing special” about the bank
account: given an asset A, we can “discount” each underlying asset using A:
A S,
Sy = ="
Ay
Thus S is the “price” of S measured not in money, but in units of A. The asset A is referred to as a numéraire,
and might be a portfolio or a derivative — the only restriction is that its value Ay is strictly positive during
the time period under consideration.
It can be shown (cf. Geman et al. [1995]) that in the absence of arbitrage, and modulo some technical conditions,
there is for each numéraire A a measure Q with the property that each numéraire-deflated asset price process
St is a Q—martingale, i.e. A
EL[S,] = 8., whenever 0 <u <t

(Again, we assume that S pays no dividends.) We call Q the equivalent martingale measure (EMM) associated
with the numéraire A. It then follows easily that if a European—style derivative X can be perfectly hedged,
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then x
£, —EQXy]  andso X, — AED [AT]
T

Indeed, if V; is the value of a replicating portfolio, then (1) X; = V; by the law of one price, and (2) V, = %

is a Qfmartingale. Thus A A
X, =V =B [Vr] =B | Xy]
using the fact that Vr = X1 — by definition of “replicating portfolio”.
It follows that if N1, No are numéraires, with associated EMM’s Q1, Q2, then

mis? |

Indeed, both sides of the above equation are equal to the time—t price of the derivative.

To get slightly more technical, the EMM @ associated with numéraire A is obtained from the risk-neutral
measure Q via a Girsanov transformation (whose kernel is the volatility vector of the numéraire). In particular,
the volatility vectors of all assets are the same under both Q and Q

A minor modification of the above reasoning is necessary in case the assets pay dividends. Suppose that S is
a share with dividend yield ¢g. If we buy one share at time ¢ = 0, and if we reinvest the dividends in the share,
we will have €% shares at time ¢, with value S(t)e?. If A is the new numeéraire, with dividend yield §, then
it is the ratio

S(t)edt
A(t)edt
that is a Qfmartingale, and not the ratio %.
Suppose now that we have n assets Si, Sa, ..., S,, and that we model the asset dynamics using an n—

dimensional standard Brownian motion. If a; is the volatility vector of S;, then, under the risk-neutral
measure QQ, the dynamics of S; are given by

dgi =(r—q¢)dt+a; - dW

where ¢; is the dividend yield of S;, and W is an n—dimensional standard Q—-Brownian motion. When we work
with asset S; as numéraire, we will be interested in the dynamics of the asset ratio processes

Siyi(t) = 2;8

under the associated EMM Q;. Now by Ito’s formula the risk-neutral dynamics of S;/; are given by

Si/j

=(¢—a+ ||Qj||2 — g, ‘Qj) dt + (a; — a;) - dW

However, when we change to measure Q;, we know that Y (t) = S;/; (t)el?i—9)t is a Q; martingale. Applying
Ito’s formula again, we see that the risk—neutral dynamics of Y; are given by

ay

v = (lgll* = a; - a;) dt + (a; - ;) - dW

j
Since Y(¢) is a Q;—martingale, its drift under Q; is zero, and its volatility remains unchanged. Thus the

Qj—dynamics of Y (¢) are
dy j
v = (Qi_Qj)’dW
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where W7 is a standard n—dimensional Q;-Brownian motion. Applying Ito’s formula once again to S;/;(t) =
Y (t)e~ (@~ it follows easily that the Q;~dynamics of S; /(t) are given by

dS;/; ,
= (g~ ) dt + (@ — ay) - AW
Sif
Returning to §9.3, we have 6% = [|a; — a5 > = [|a;||® + [|las|* — 2pl|a;[||las|| = 0F + 03 — 2po102, as required.

9.5 For 2 assets: the results of Stulz

Stulz [1982] derives the value of what are now called two asset rainbow options. First the value of the call
on the minimum of the two assets is derived, by evaluating the (rather unpleasant) bivariate integral. Then
a min-max parity argument is invoked: having a two asset rainbow maximum call and the corresponding two
asset rainbow minimum call is just the same as having two vanilla calls on the two assets.

Finally put-call parity results are derived, enabling evaluation of the put on the minimum and the put on the
maximum. For the call on the minimum, the payoff at expiry can be expressed as max(min(S,S3) — K, 0).
The following is the result of Stulz [1982], improving the notation to be consistent with the generalisations
that will follow, adjusting for the typo, and including possible dividend yields.

Vi (t) = S1 (£)e™ 0T Ny(d?/*, dL, —015)
+ Sa(t)e™ =" Ny(d/?, d%, —021)
— Ke " Ny(d* ,d>, p) (9.6)
Uz‘Z/j =o0; + UJQ’ — 20§00 (9.7)
w5+ (-0t a0d,) 0
Ti/ivT
LS ak el )
di. = (9.9)
Ui\/’]i
0 — POy

i = 9.10
Qij i/ ( )

dy = (9.8)

If we long both a call on the max and a call on the min, then we can re-express this as long vanilla calls on
each of the underlyings. This we could call ‘min-max’ parity. So

Cmax T Cmin = €1 + C2 (911)

and we get ¢,.... Note that this trick is not available for n > 2. Thus the approach of Stulz will not generalise.
The payoff at expiry for a put on the minimum is:

max(K — min(S1, S2),0) = K — min(S1, S2) + max(min(S;, S2) — K, 0)
= K — 51 + max(S; — S2,0) + max(min(S;, S2) — K, 0).

and hence we have
Pmin = Keir‘r - Sleiql‘r + VM + Cmin (912)

For another approach we have a put-call parity:

Cmin(K) + Ke™™™ = pmin(K) + ¢min(0) (9.13)
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where the parentheses denote strike. ¢pmin(0) is the cost of the entitlement to the minimum priced of the two
assets at expiry. So, either side of (9.13) gives me the better at expiry of K and the minimum priced asset.
Now

lm N (21, z2, p) = N (22)

1 —>00
and so plugging into (9.6) we can value ¢pin(0). Comparing (9.12) and (9.13) we have a rather roundabout
way of deriving the result of Margrabe as a corollary of the results of Stulz.
The payoff at expiry for a put on the maximum is:
max (K — max(S1, S2),0) = K — max(S1, S2) + max(max(Si, S2) — K, 0)
= K —max(S; — 52,0) + 52 + max(max(Si, S2) — K, 0)

and hence we have

Pmax = Ke_” — VM + Sge_qu + Cmax (914)
As before, alternatively
Cmax(K) + Ke™"™ = Pmax + Cmax(0) (9.15)
and from (9.11) we have
CmaX(O) = S1e N7 4 She T — Cmin(o) (916)

9.6 The general case

In Johnson [1987] extensions of the results of Stulz [1982] are claimed to any number of underlyings. However,
the formulae in the paper are actually quite difficult to interpret without ambiguity: they are presented
inductively, and the formula (even for n = 3) is difficult to interpret with certainty. Moreover, the formulae are
not proved - only intuitions are provided - nor is any numerical work undertaken to provide some comfort in the
results. The arguments basically involve intuiting what the delta’s of the option in each of the n underlyings
should be, and extrapolating from there to the price. So one can say ‘bravo’ given that it is possible to actually
formally derive proofs for these many asset pricing formulae.

What we do is construct general Martingale-style arguments for all cases n > 2 which are in the style of the
proof first found by Margrabe and Ross.

Johnson’s results are stated for any number of assets. A rainbow option with n assets will require the n-variate
cumulative normal function for application of his formulae. As n increases, so the computational effort and
execution time for having such an approximation will increase dramatically. In West [2005] we have vb and
c++ code for n < 3 based upon the Fortran of Genz [2004], so here we apply this code to European rainbow
options with three stock underlyings, S7, S2 and S3. Code for n > 3 does not seem to be available (in any
language), at least in a form that would make the computational time better than direct Monte Carlo valuation
of the original option.

Using that code, for the case n = 3 we can compare Monte Carlo simulation to the prices in Johnson [1987];
see for example Figure 9.1.

9.6.1 Maximum payoffs

We will first price the derivative that has payoff max(Sy, Sa, ..., Sp), where the S; satisfy the usual properties.
In fact, this is notationally quite cumbersome, and all the ideas are encapsulated in any reasonably small value
of n, so we choose n = 4 (as we will see later, the fourth asset will be the strike).
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Figure 9.1: Monte Carlo for call on minimum on 3 assets. On the horizontal axis: number of experiments

in 1000’s, using independent Sobol sequences, on the vertical axis: price. The exact option value using the
formula presented here is 6.2273.

Firstly, the value of the derivative is the sum of the value of 4 other derivatives, the i*" of which pays S;(T)

it 5;(T) > S;(T) for j # i, and 0 otherwise. Let us value the first of these, the others will have similar values
just by cycling the coefficients.

We are considering the asset that pays S1(T) if S1(T) is the largest price. Now let S; be the numeraire asset
with associated martingale measure Q;. We see that the value of the derivative is

Vl(t) = Sl(t)e_qlT]E91 [1, 82/1(T> <1, Sg/l(T) <1, 54/1(T) < 1}
= S1(t)e™ T Qu[S21(T) < 1, S5 (T) <1, Sy (T) < 1]

= Sl(t)eiql‘r(@l [ln 52/1(T) <0, In 53/1(T) <0, In S4/1(T) < O] (917)
S5i(T)
where S; /;(T) = =
o S(T)
Let 0;/; = |la; — a;]|. We know that under Q; we have CISS—Y/“ = (¢j — qi)dt + (a; — a;) - dW7, so InS;;(T) ~
i/j

¢ (lnsi/j(t) + (¢ — ¢ — 307,;)7, Uz‘/jﬁ)-

Hence Q;[S;/;(T) <> 1] = N(5d"/?).

Note that d{’ = —d?/".

Also, the correlation between S; /1, (T') and S/ (T) is

(a; — ap) - (a; — ap)

la; — aglllla; — all

Pij,k =

2
;- @y — ;- Ay, — Ay - G + O

\/(%‘2 + cr,2c — 2q, 'Qk)(O'JZ + O’,% —2a; - ay)

2
PijOi0; — Pik0iOk — PkjOk0; + O

\/(U? +0j = 2pir0ioy) (07 + 0} — 2pjr0joy)

(9.18)
Hence Qi[InSy1(T) < 0, In S5/ (T) < 0, InSy/1(T) < 0] = Na(—d*/",—d**, —d*, Q) where Q1, Qa, O
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and Qg are 3 x 3 matrices; the simplest way to think of them is that they are initially 4 x 4 matrices, with
having p;; 1 in the (4,7)"" position, and then the k" row and k' column are removed.
Thus, the value of the derivative that pays off the largest asset is
Vo (t) = Sy (1) 0T Ng(—=d?', —d* —d*" Q1) + Sa(t)e 2T Ny(—d"/?, —d*?, —d*'?, Qy)

+ Sy(t)e BT Na(—d"/® —d*'®, —d*® Q3) + Su(t)e 4T Ny(—d™*, —d**, —d** Q)

= Sl(t)67q17N3(*d2_/17 —d*t, —d*, P23.15P24.1, P34,1)

+ 52(t)€7q27N3(—d1_/2’ —di/2, —di/z, P13,25 014,25 P34,2)

+ SS(t)e_q3TN3(—d1_/3, —d*? —q?, P12,3, P14,3, £24,3)

+ 54(t)€_q4TN3(—d1,/4, —d** —d, P12,4; P13,45 23,4) (9.19)

9.6.2 Best and worst of call options

Let us start with the case where the payoff is the best or worst of assets or cash. The payoff at expiry
is max(Sy, So, S3, K). If we consider this to be the best of four assets, where the fourth asset satisfies
S4(t) = Ke™ "™ and has zero volatility, then we recover the value of this option from §9.6.1. This fourth asset

not only has no volatility but also is independent of the other three assets.

Thus, ay =0, pija = pij, Oija = 0i = 044, At =d, dY = —d’.. Thus

Vinax (t) = S1 (t)efqlTNs(—dz/l, —d**, d, p2s1, p2a,1, p3a,1)

+ 52(t)€_q27N3(—d1_/27 —d*?, A2, p13,2, P14,2, P34,2)

+ Sg(t)e_Q3TN3(—d£/37 —d*?, A3, p12,3, p1a,3, p24,3)

+ Ke ""N3(—d-, —d*,—d> , p12, p13, p23) (9.20)
Now let us consider the rainbow call on the max option.
Recall, this has payoff max(max(Si, S2,S3) — K,0). Note that

max(max(Sy, Sz, 53) — K,0) = max(max(Sy, S2,53), K) — K
= max(Sl, SQ, 53, K) - K

and so

Vemax (1) = Sl(t)e_qlTNB(—dQ_/la —d?i/l, d, pas1, p2a,1, p3a,1)
+ Sz(t)€7q2TN3(*d1_/2, —d*?, d2, p13,2, P14,2, P34,2)
+ 53(t)€7q3TN3(*d1_/3, —d*?, d3, pr2,3, 14,3, P24,3)
— Ke "T[1 — N3(—dL,—d*,—d* , p12, p13, p23)] (9.21)

Finally, we have the rainbow call on the min option. (Recall, this has payoff max(min(S1, Ss,S3) — K,0).)
Because of the presence of both a maximum and minimum function, new ideas are needed. As before we first
value the derivative whose payoff is max(min(St, Sz, S3), S4).

If Sy is the worst performing asset, then the payoff is the second worst performing asset. For 1 < i < 3 the
value of this payoff can be found by using asset S; as the numeraire. For example, the value of the derivative
that pays Sy, if Sy is the worst and S; the second worst performing asset, is

Sy (t)e_q”Ns(dg/l, d*t, —d*?, P23,1, —P24,1, —P34,1)
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If Sy is not the worst performing asset, then the payoff is S;. Now the probability that S is the worst

performing asset is
1/4 2/4 3/4
NS(CL/ R i s P12,4, P13,4, P23,4)

and so the value of the derivative that pays Sy, if S4 is not the worst performing asset, is

Sy(t)e [l — NS(d£/47 4 dP, P12,4, P13,4; P23,4)]
Thus, the value of the derivative whose payoff is max(min(S7, S2, S3), S4) is
V(t) =5 (t)e_qlTN3(d2_/l,d?i/17 —di/l, P23,1, —P24,1, —P34,1)
+ Sg(t)e_Q2TN3(d£/2, d*?, —d*?, P13,2, —P14,2, —P34,2)
+ 53(t)€_q3TN3(d£/37 dz/ga —di/s» £12,3, —P14,3; —p24,3)
+ Sy (t)e” 171 — NS(d£/47 R P12.4, P13,4, P23,4))
Hence the derivative with payoff max(min(S7, Sa, S3), K) has value
V(t) =5 (t)e_Q1TN3(d3/17 d*, L, pas1, —p2a1, —p3a)
+ S (t)e_q2TN3(d£/27 d*"”, A2, p13,2, —p14,2, —P3a,2)
+ 53 (t)e_q3TN3(d£/3, &, d3, p1a,3, —p14,3, —P24,3)
+ Ke "T[1 = N3(dL,d>,d’, p12, p13, pa3)]
and the call on the minimum has value
Vewin(t) = S1(t)e™ " Ny(d*/*, d*/", dy, p23.1, —paa1, —P3aa)
+ Sa(t)e” " N3 (dl_/Q, diﬂ, d2, p13,2, —P1a,2, —P34,2)

+ 53(t)€_Q3TN3(d£/37 d*?, A3, p12,3, —p14,3, —p24,3)
— Ke ""N3(d',d>,d> , p12, p13, p23)

9.7 Finding the value of puts

This is easy, because put-call parity takes on a particularly useful role. It is always the case that

Vi(K) + Ke™'" = V,(K) + V.(0)

(9.22)

(9.23)

(9.24)

(9.25)

where the parentheses denotes strike. V' could be an option on the minimum, the maximum, or indeed any

ordinal of the basket. If we have a formula for V_(K), as established in one of the previous sections, then we
can evaluate V,(0) by taking a limit as K | 0, either formally (using facts of the manner Na(z, 00, p) = Ny (z)

and N3(z,y,00,%) = Na(z,y, psy)) or informally (by forcing our code to execute with a value of K which

is very close to, but not equal to, 0 - thus avoiding division by 0 problems but implicitly implementing the

above-mentioned fact). By rearranging, we have the put value.

9.8 Deltas of rainbow options

By inspecting (9.20) one might expect that

OViax

= efqlTNS(*dQ_/l, *dg_/l,di,pzs,l,P24,17P34,1)
051
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with similar results holding for % and 8g§;"‘, and indeed for the dual delta %.

Thus turns out to be true in this case, but to claim it as an ‘obvious fact” would be erroneous. For a proof one
must apply the rather deep homogeneity results of Reiss and Wystup [2001]. The argument of Johnson [1987]

is essentially an - almost surely unconscious - anticipatory application of these results: he intuits what % is
and then ‘reassembles’ V' using the result that V(xzy, x2, ..., x4) = Z?:l xq;g—;/i (this is Euler’s Homogeneous

Function Theorem).
Similar results hold for V, .., Vemin, Vomax a0d V-

9.9 Finding the Capital Guarantee on the ‘Best of Assets or Cash
Option’

We wish to determine the strike K of the ‘best of assets or cash’ option so that at inception the valuation of
the option is equal to K. Denoting the value of such an option as V(K) - implicitly fixing all other variables
besides the strike - we wish to solve V(K) = K.

To do so using Newton’s method is fortunately quite manageable, for the same reasoning that we have already
seen. As previously promised we have from (9.20) that

av —rT
K e "TNy(—d* , —d*, —d? , p12, p13, p23)

Hence the appropriate Newton method iteration is

V(K,) — K,

Kn+1 = Kn v
5k | K=K, — 1

(9.26)
and this is iterated to some desired level of accuracy. An alternative would be to iterate K, = V(K,,), our
differentiation shows that the function V is a contraction, and so this iteration will converge to the fixed point
V(K) = K by the contraction mapping theorem.

It is important to note that the process of finding the fair theoretical strike is not just a curiosity. In the first
place, it is attractive for the buyer of the option that they will get at least their premium back. (There is a
floor on the return of 0%.) Moreover, if K is this fair strike, the trader will strike the option at an K*, where
K* > K, in order to expect fat in the deal.

To see this, we can construct in a complete market a simple arbitrage strategy: imagine that the dealer sells
the client for K* an option struck at K*, and hedges this with the ‘fair’ dealer by paying K for an option
struck at K.' The difference K* — K is invested in a risk free account for the expiry date. Three cases then

arise:

e If max(S5y,52,53) < K then we owe K*. The fair trader pays K and we obtain K* — K from saving, and
profit from the time value of K* — K.

o If K < max(5S1,S2,S53) < K*, then the fair trader pays S say. We sell this, and obtain the balance to
K* from saving.

o If K* < max(St, S2,S3), then the fair trader pays S; say and we deliver this.

1The ‘fair’ dealer is the perfect hedger, whose replicating portfolio ends up with exactly the payoff.
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9.10 Pricing rainbow options in reality

The model that has been developed here lies within the classical Black-Scholes framework. As is well known,
the assumptions of that framework do not hold in reality; various stylised facts argue against that model. For
vanilla options, the model is adjusted by means of the skew - this skew exactly ensures that the price of the
option in the market is exactly captured by the model. Models which extract information from that skew and
of how that skew will evolve are of paramount importance in modern mathematical finance.

After a moment’s thought one will realise what a difficult task we are faced with in applying these skews
here. Let us start by being completely naive: we wish to mark our rainbow option to market by using the
skews of the various underlyings. Firstly, what strike do we use for the underlying? How does the strike of
the rainbow translate into an appropriate strike for an option on a single underlying? Secondly, suppose we
somehow resolved this problem, and for a traded option, wished to know its implied volatility? A familiar
problem arises: often the option will have two, sometimes even three different volatilities of one of the assets
which recover the price (all other inputs being fixed). To be more mathematical, the map from volatility to
price is not injective, so the concept of implied volatility is ill defined. See Figure 9.2.

0.2

0.15

0 o2

Figure 9.2: The price for a call on the minimum of two assets. S; =2, So =1, K =1, 7 =1, r = 10%,
p=—70%, 20% < o1 < 60%, o2 < 100%.

To see the sensitivity to the inputs, suppose to the setup in Figure 9.2 we add a third asset as elaborated in
Figure 9.3. Of course the general level of the value of the asset changes, but so does the entire geometry of the
price surface.

Another issue is that of the assumed correlation structure: again, correlation is difficult to measure; if there
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Figure 9.3: The price for a call on the minimum of three assets. As above, in addition S5 = 1, o3 = 30% fixed,
correlation structure p1o = —70%, p13 = 30%, p23 = —20%.

is implied data, then it will have a strike attached. Finally, the joint normality hypothesis of returns of prices
will typically be rejected.

A popular approach is to use skews from the vanilla market to infer the marginal distribution of returns for
each of the individual assets and then ‘glue them together’ by means of a copula function. Given a multivariate
distribution of returns, rainbow options can then be priced by Monte Carlo methods.

9.11 Exercises

1. Verify the decomposition for the two asset ‘put on the minimum’ rainbow in terms of the known pricing
formulae by using so-called ‘truth tables’. Hence write out in full the pricing formula for this product.

2. Use the Johnson approach for 2 colour call on min rainbow. Now check that the result of Stulz is
recovered.

3. As in the notes use the results to Stulz to derive the result of Margrabe.

4. What is put-call parity in the setting of rainbow options? Hence, explain how, if we have a formula for
call options, we can get the corresponding put price ‘for free’. Illustrate with the ‘put on the max’ case.

5. Find the requisite derivatives to do the Newton method iteration for the ‘best of assets or cash’ pricing
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formula for the case where there are two assets.
6. You will need to use the function bivarcumnorm from FMAlite.xla.

(a) In excel create named ranges for ¢1, g2, 01, 02, X, p, r and 7; but NOT for S; and Ss.

(b) Write vba code to price a call on the minimum of two assets. The inputs are all of the above
(including S; and Sy obviously). Make sure the code works, pointing your function to all of the
named ranges and to two other cells with the stock prices.

(¢) Create a table of prices, with a range of values of Sy in the rows and a range of values of Sy in the

columns.

(d) Draw a 3D graph of the prices.

7. (exam 2004) Recall that a call on the minimum of two assets has payoff
V(T) = max(min(W1.51(T), W2S2(T)) — X, 0)

The price of this option is

In {222 + (q1 — g2 — 50°)T  poy — oy

2 osier s
)

V(t) = WlsleiqlTNg (771 -+ 0'1\/;,

In Y15
+ WaSe 27N, (772 + agy/T, — 252

+ (2 — @1 — 3097 poy — o

o\T ’ o

- Xe_TTNQ (7717 72, p)
where familiar symbols have their usual meaning, and

g = D T+ - = god)r
0'1\/7'

g o= D > etk Ul el 1o )4
0'2\/’77'

o? = 0%4—0%—2;)0102

(a) Find the price for a derivative which pays the minimum of W151(T") and W5S2(T') at termination.

(b) By stating and proving put-call parity for minimum rainbow options, now find the price of a put on
the minimum of two assets.

(¢) Suppose I have a (cash settled) option which is a call on the minimum of the simple returns of two
assets. By writing down the payoff of this option, manipulate into the form given above i.e. find the
weights and strike in the above option pricing formula.
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Chapter 10
Asian options

(European) Asian or Average Options are options for which the payoff depends on an average of the price of
the underlying over some (contractually) specified time interval, or at some discrete times. In reality, only the
latter makes sense, and the discrete times could be a quasi-interval in the sense that they are closing prices
over a period, such as a month.

There are two fundamental categories of (European) Asian Options. Letting A be a weighted average of historic

prices of the underlying:
(a) an average price/rate option has payoff max(n(A — K),0); K is a contractually specified strike).
(b) an average strike options has payoff max(n(S(T") — A),0)

For standard Asian Options, all the weights in the weighted average are equal. We will only consider this case.

10.1 Geometric average Asian formula

10.1.1 Geometric Average Price Options

The Geometric Average is defined as

where the observation dates are ty, to, ..., ty.

There is also the notion of a continuous average over an interval of observation [¢t*, T], in which case the average

1 T
1 dt
exp | s /t og St

where [t*,T] is the interval of observation. However, this is just academic nonsense. Such an average does not

is given by

exist.

Lemma 10.1.1. IfU;,i =1, 2, ..., ¢is a finite set of independent normal random variables, U; ~ ¢(m;, s?),

then 7 , a;U; is a normal random variable, -7 | a;U; ~ ¢ (X0 aymy, > 1_; aZs?).

49



Suppose none of the observations have yet been made. Put S = Sy, t = t5. By the properties of standard
Brownian Motion, {log ( SS""

- is a set of independent random variables, with
i-1/Ji=1,2, ., n

Sk,
log(Sttl ) ~ (b(m_(o;ti_l,ti)(ti—ti_l),Uz(O;ti_l,ti)(ti—ti_l)) i:L 2, oy n
i—1

where
m_(0;ti—1,t;) = 7(05ti-1, ;) — q(0st,_1, ;) — $0°(0ti_1, ;)
Therefore, using the lemma,

log <g> = %ZlnSi ~InS
1=1

n

1 S;
=1= n—i+1)ln——

n ;( ) Si71

1< , 1< ,
~ (]5 <n Z(n — 1+ 1)m,(0, tifl,ti)(ti — tifl), ﬁ Z(’I’L — 1+ 1)20'2(0; tifl, tz)(tl — t11)>
i=1 =1
and so log A :~ ¢ (¥, %) where
1
U=InS+ ﬁ Z;(n —14 l)m_(O;ti_l,ti)(ti — ti—l)

1 & ,
¥ = ﬁ Z(?’L —1 4+ 1)20’2(0;751‘,1,%)(% — tifl)
=1

Thus from Lemma 3.3.1

1
V, = e p {e'l’+22N(77d+) — KN(nd_) (10.1)
U+Y—logK
d, — STz oeR (10.2)
VE
¥ —log K
. = — 8% (10.3)
VE
Suppose some observations at time indices 1, 2, ..., p have already been made. Let the first rate 0,41 actually

be denoted o (0;¢p41,t,) and likewise for the other variables i.e. they have a forward notation even though
they are spot variables. Then

log <g> = %Zlnsi —InS
1=1

n—p 1

n n—p

n P
E InS; —InS —|—1 E lnSi—glnS
n = n

i=p+1

1This is the crucial observation, seen as true by a diagram, and proved by induction.
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and so log A :~ ¢ (U, X) where

n

1< n—mp
v =— —1 1 — O'ti, ,ti ti—ti, - | Sl —InS
3 2 (DM Oty 0~ o) 4 Y S

n

1 .
3= ﬁ Z (’I’L—Z—l—1)20'2(0;ti_1,ti)(ti—ti_l)
i=p+1

and we finish as before.

10.1.2 Geometric Average Strike Options

Standard (European) Geometric Average Strike Options are in principle priced similarly, although it is quite
tricky, as we have to determine the joint distribution of S(7) and A.

10.2 Arithmetic average Asian formula

The payoff of an average price call is max{A — K, 0} and that of an average price put is max{K — A, 0}, where
K is the strike price and A is the observed average. A is calculated at a predetermined discrete set of dates, or
daily over a certain interval (which may, practically be seen as equivalent to continuous averaging). Of course,
the notion of continuous averaging is purely of academic interest.

We develop the following pricing models:

e A simple model for discrete averaging; averaging has not begun. We use the two moment model of
Turnbull and Wakeman [1991].

e The simple model for discrete averaging; averaging has begun. Generalisation is quite easy.

e The supposedly high precision model for discrete averaging; we use the four moment model of Turnbull
and Wakeman [1991].

10.2.1 Pricing by Moment Matching (TW2)

We follow almost the same process as in §4.1, so let’s first calculate the first two moments of the average.
Define the following variables:

t ~ valuation date,

n ~ number of asset price observations used in the averaging,
S; ~ asset price at time ¢;, {t; <ty <---<t¢, =T}
fi ~ forward price if ¢; > t; or the observed price S; if t; <t
o; ~ implied volatility for time t; > ¢; 0if t; <t
r; o~ risk-free rate of interest for time ¢; > ¢; 0if ¢t; <t

q; ~ expected dividend yield for time ¢t; > ¢; 0if t; <t
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Note that

1
A = =) 5 .
2.5 (10.4)
=1
1 n n
2 _
A2 = EZZS@ (10.5)
i=1 j=1
and so
1o I
Q — Q I —— @
ESlA] = E; E;SZ = n;E Zfz (10.6)
9 n j—1
Qrg21 — Q Qre2 Q
EP [A%] = nQZZE [S:S;] QZE [57] nzz EZ [S;S;]
i=1 j=1 j=1i=1
Consider E2 [SiS;], by the tower property for expectations, with ¢ < j we have (in this case t; < t;):
E2[5iS;] = E?|EY [Sis.]}
= E? S ED18y]]
— [52 (r(i.)—q m))(tfm}
— [ ] —a(i,3))(t;—t:)
= fifj ettt
where (4, j) refers to the forward rate from ¢; to t;. Hence:
n j—1
20y o2 (t,—
EZ [4%] = *ZfQ 7iltmt) 4 QijZfie'“‘ ! (10.7)
j=2  i=1

Now, as in §4.1, we assume that A is lognormally distributed at time t. To be explicit, we assume In A ~
¢ (V,%), and so

EP [47]
S =In ST (10.8)
¥ =InEP[A] - i% (10.9)

and now use Lemma 3.3.1.
Equivalently, and easier to implement from existing models, one is using Black’s model with

e a futures spot of E2 [A],
e a strike of K,

e a volatility of

e 4 risk free rate of r,,
e a term of ¢, — t.

It seems that it would be exceptionally challenging to work this model to use simple and cash dividends as in
§4.1, rather than the dividend yields we have here.
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10.2.2 Pricing Asian Forwards

The payoff of a long position in an Asian forward is A — K where A is the average and K is the strike. The
value is

V o= e YR [4 - K]
_ oralta—t) {Eg [A] - K} (10.10)

10.2.3 The ‘full precision’ model of Turnbull and Wakeman (TW4)

The first four cumulants of any distribution X are given by Weisstein [1999]

k(X)) = EX[X]=p (10.11)
ka(X) = EF[(X —p)’ (10.12)
ks(X) = EZ[(X—p)° (10.13)
ka(X) = EZ[(X - p)'] - 3r2(X)? (10.14)

Suppose A is the average, for which we desire the distribution. Let F' be another approximating distribution.

Then the Edgeworth series expansion is Turnbull and Wakeman [1991], Giamourides and Tamvakis [2002]
W = tw-aliell ol ol (10.15)
a = —qg—+—=—-=-——=—+——5+c¢ .
Y Py T a6 dy | 2ddyt VY
c; = Ki(A) — Hl(F) 1= 1, 2,3 (10.16)
ca = ka(A) — ka(F)+3c2 (10.17)

where a and f are the probability density functions for the distributions of A and F'.

We take the approximating distribution to be a lognormal distribution whose first two moments match those
of the average distribution. See [Giamourides and Tamvakis, 2002, pg 35]. (This will imply that ¢; = ¢o = 0.)
Thus, In F' ~ ¢(¥, X)), where ¥ and ¥ have their previous meaning.

The prices of average call options are

o [T cs d®f ¢y dif
~e /K(y_K)<f(y)_6dy3+24dy4)d

R P o0 C3 df Cq d2f
="e [/K (y_K)f(y)dy_Gclg/K+241(ig/2K] (10.18)
=Va+ e [=2 S Wi+ 51 W] (10.19)

where V5 is the value found using the TW2 approach. Likewise, or by put-call parity, the formula for average
put options is the same.

Note that
C3 = Iig(A) — Iig(F)
= EP [(A-p)?®] —E2 [(F - p)?]
= EP[4%] - EP[F?] (10.20)

2Using integration by parts.
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and

Cq4 = K4(A) — H4(F)
EP [(A— p)*] = 3k2(A)? — E [(F — u)*] + 3r2(F)?
= B [(A-p)'] —EE [(F-n?]
= EP [AY] —E? [F*] - 4ucs (10.21)

since there is the equalities between A and F' of all first and second order terms.
We calculate f’(y) and f”(y). For this, by straightforward calculus,

— ! _a(ny—9)?
, _ 1 lny — ¥
O e (10.29
. _ 1 Iny—W¥ i Iny — ¥ _ 1
) = = [+ 2 ) e 2 ) (10.20)

The final task is to calculate E2 [43], E2 [A1], E2 [F?], and E2 [F1]. The latter two tasks are straightforward
because
EE [F™] = exp (Um + 1¥m?) meN (10.25)

from (1.9).
Let EX[S(t;)] = E2 [S(t;—1)] E2 [R;]. In other words, R; is the price return over ¢; — t;_;. Note that

InR; ~ ¢ (m_(0;5ti—1,t:)(t; — ti1), 02 (05 ti—1, t;) (t; — ti—1)) (10.26)
and so by (1.9) we have
EZ [R"] = exp (m (r(0;t;i—1,t;) — q(0sti—1,t:)) (t; — ti1) + (m* —m)a?(0sti1,t:)(t — ti1))  (10.27)
for m € N and with exactly the same reasoning
EZ [S(t)™] = S()™ exp (m (r1 — q1) (01 — ) + 5(m® = m)o (1 — 1)) (10.28)

Let us define with backwards induction

L, = 1 (10.29)
Li = 1+4RiLin (10.30)
Then (by induction)
Lisi =1+ Riso+ RippRiss+-+ [[ By (10.31)
j=i+2

In particular,
n

Li=1+Ry+RoRs+ -+ [[ B

j=2

which shows that we have A = %S (t1)L1. Now, the events S(t1) and L are serial, and hence independent,

and so 1
Ef [A™] = ﬁE?" [S(t1)™ B L] (10.32)
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But also there is independence in the expression for L; (L;+1 and R;y; are serial, and hence independent) so

g = > ()88 [kl BR [2L] (1033

Jj=0

Thus we have reduced the task to determining E{ [L7].

This we achieve by reverse induction. Note that L,, =1 so E? [LM =1form=0,1, ..., 4. We then use
(10.33) to induct backwards in i, finding E® [L™] for m =0, 1, ..., 4, until we reach i = 1.

10.2.4 The case where some observations have already been made

Suppose t, < t < t,11, so we have observed asset prices at {ti,to, - ,t,}. Let S = % le S;. Let Ay
be the (unknown) average of the observations still to be made i.e. Ay applies to {tpy1,tpt+2,...,tn}. Since

A= M, we have that

A-K = w_}( (10.34)
n

- ”;p(AffK*) (10.35)

K+ = Yt g P g (10.36)

n—p n—p

which shows (as in Hull [2002]) that the option can now be seen as equivalent to -2 newly issued vanilla
options with a strike of K*.

This observation holds for either the 2 moment or 4 moment model, indeed, for any model whatsoever.

If pS > nK ie. K* <0 then the option is guaranteed to be exercised if a call, and is guaranteed to be worthless
if a put. The call can be valued as a type of forward, as in §10.2.2

Vo= et (E;@[A]—K) (10.37)

. ra(ta—t) P TP (O e
e . (Et [Af] K) (10.38)

10.2.5 The choice of model

The TW2 model performs satisfactorily under all conditions. The worst differences occur with exceptionally
high volatilities - with volatilities of 70% the error is of the order of 1%. Under other conditions error is
typically of the order of 0.1% to 0.5%.

The question arises as to whether one should, for additional accuracy, implement the TW4 model. To this
question the answer is an uncategorical no. For some input parameters this model is slightly more accurate.
But for many inputs, the model is grossly less accurate. In fact, for call options with a typical input set of the
nature that we have considered here, and volatilities of the order of 50% or greater, the inaccuracy is gross,
and exponential with increases in volatility.

The reason for this is that the function f(y) — %3337{ + 5—1%7 which is the approximation for a(y), is not a
true pdf. Although it integrates to 1, it is not everywhere positive. In fact, it will have oscillatory behaviour,
as is common for ‘Taylor-type’ partial sums.
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Figure 10.1: Price comparison under varying spot scenarios
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Figure 10.2: Price comparison under varying volatility scenarios: the TW4 model is invalid for high volatility
regimes

10.3 Exercises

1. Write a VBA function to price a just started Asian call option using the 2-moment method of Turnbull and
Wakemann. After preliminary calculations the function can call the Standard Black function previously
built in Chapter 3.

The function should be passed the spot, strike, style etc. and then also a vertical range of observation
dates, a vertical range of risk free rates, a vertical range of volatilities, and a vertical range of dividend
yields. The number of observations is variable, and is determined by the function as the length of the
vertical ranges (which you may assume the user is bright enough to make equal). You may assume the
expiry date is the last observation date.

2. Complete the calculation for finding E© [S;S5;].
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Chapter 11
Barrier options

A barrier option is an otherwise vanilla call or put option with a strike of K but with an extra parameter B,
the barrier: the option only comes into existence (is knocked in) or is terminated (is knocked out) if the spot
price crosses the barrier during the life of the option. Because there is a positive probability (in either case)
of worthlessness, these options are cheaper than the corresponding vanilla option, and hence possibly more
attractive to the speculator.

Even though very much path-dependent, closed form Black-Scholes type formulae for all the possible types of
vanilla barrier option were developed in Rubinstein and Reiner [1991] for a stock following geometric Brownian
motion and with the barrier continuously monitored. There are eight types: the barrier could be above or
below the initial value of S (up or down); the barrier could cause the birth or death of the vanilla option (in
or out) and the option could be a call or a put.

11.1 Closed form formulas: continual monitoring of the barrier

We develop the machinery necessary to price vanilla barrier options under the usual Black-Scholes assumptions.
The final step - the calculation of the option pricing formula using risk-neutral expectations - is quite fearsome,
so we only do it for one case.

The reflection principle

Suppose X is an arithmetic Brownian motion, define the running maximum and minimum by

My(X) :mgicX(s) (11.1)
my(X) :r;qgirth(s) (11.2)

Note that M;(X) > X (t) and m(X) < X(¢).

Suppose we have K < b. For every path that ends below K but previously reached b, there is another path
that goes above 2b — K: we simply reflect the path in a mirror at the level b. (Remember, it is arithmetic
Brownian motion, and there is no drift.) This is the reflection principle (easy to believe but hard to prove):

(11.3)

PX(t) < K, My(X) > b =P[X(t) >2b—K]:1—N<2b_K>

Vit
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An aside: hitting times

Recall that

TH(X) = inf{X (1) = b}

is the hitting or stopping time: the first time that the process X reached the level b. Suppose b > 0. If the
process never reaches b, then the hitting time is oo (no problem here as inf ) = 0o). Note that My (X) > b <
Ty(X) < t. We examine the probability of hitting by time ¢:

PTH(X) <t]|=P[Tp(X) <t, X(t) <b+P[TH(X) <t, X(t)>1]
=2P[T,(X) <t, X(t) >0
=2P[X(t) > b]

- (3)

This shows that we eventually hit a.s., although (perhaps paradoxically) one can show that the expected hitting
time is infinite. By differentiation, the pdf of T,(X) is given by p(b,t) = t3/2 N’ (\/> This recovers (5.7).

The joint distribution of the Brownian motion and its running maximum

Let the joint distribution be f(x,m). f(z,m) =0 for x > m. Now

oo X 1 oo z?
drdm =P = T2 d
/M [mf(x,m) x dm [X(t) < X, My (X) > M] \/2715/21\/[7)(6 2t dx

from (11.3).
First differentiate w.r.t. M '

—/_); e, M) dz = \/_T%exp (—(2M2_tX)2>

Now differentiate w.r.t. X:

= @M — X)2\ —202M — X)
22M — X) (2M — X)?
F6 a0 = SE T e <_2t) (11.4)

for X < M and M > 0, and 0 otherwise. This is [Shreve, 2004, Theorem 3.7.3].

The joint distribution where the Brownian motion has drift

Let X(t) be as before and let Y (t) = ot + X (¢), a Brownian motion with drift. We want to know what is the
joint density of ¥ and its maximum. As is well known, if we set Z(t) = exp (3a*t — aY (t)) and define a new

1Here we are using the Leibnitz rule, for differentiation of a definite integral with respect to a parameter Abramowitz and
Stegun [1974]:
(&) ( )

fW, ) dp=f($(8),8) — =

)d
&l W, £>—+/
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measure with Radon-Nikodym derivative %P, = Z(t) then Y is a driftless Brownian motion under Q. Then
PIY(t) <Y, My(Y) < M] =P [Ly())<vms,(v)<ry]
1
=Q mﬂ{y(t)<Y,Mt(Y)<M}
Y M
— 1.2
= / / exp (—§a t+ ay) fly,m)dm dy
—oo J0

Thus, the required pdf is

202M —Y) (2M — Y)?
_ _ 1.2 _ -7
g(Y, M) = exp (—3a°t + oY) NI exp ( 5

for Y < M and M > 0, and 0 otherwise. This is [Shreve, 2004, Theorem 7.2.1].

Aside II: hitting times of Brownian motion with drift

Now we have

P[My(Y) > M] =P [y, (v)>ar)]
=Q [ Z(t) {Mf(Y)>M}]
N /M /_ exp (-3t + ay) f(y,m)dy dm
=1= M-ot 2aM ﬂ
o () (222)

the last line being an exercise strictly for masochists, see [Shreve, 2004, Corollary 7.2.2] for example.

Note that differentiation w.r.t. ¢ gives us the density for the first hitting time. Thus the pdf of Tj/(Y") is given

by ffo,% N’ (%) This recovers (5.10).

Pricing a barrier option

We consider one special case: pricing an up and out call, with barrier B, strike K, with § < K < B.
We have In ( ) — = (r—ich)t+ (TX( ) where X (t) is driftless Brownian motion. Put a = 1 (r — 10?) and
Y(t) = at+X( ), 80 S(t) SesY

Note that S(t) = B < Y (t) = 11 g =b,and S(t) = K < Y (t) =

o

In % := k. Thus, the value of the option

=

is
V=e¢"E [(S(T) = K) L arp(v)y<b, kv (1)}

boopb 2
_ 2(2m —y) (2m —y)
_ rT o1 1.2
=e /k /y(Se”—K)exp(—Qa T—l—ay)i\/ﬂ 52 exp(— 5 dm dy

=T /b(Segy — K)exp (—3°T + ay) _ /b 2(2m — y) exp —M dm dy
k 2 V21132 ), 2T

m=b
—— | Texp | —————— dy
/2 T3/2 2T ey

S Ly PP Y e R 0

b
= eiTT/ (Se? — K) exp (—5a°T + ay)
k
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The rest is straightforward if irritating. There are 4 definite integrals, each integrating the exponent of a
quadratic with leading term —%. We complete the square and evaluate each to get

sy (2) e ()

e (2) (e ()
(3 T () (6 (2)
e (3 e () e ()

s+ (r+ 1o

o

where

d+(s)

11.2 Discrete approaches: discrete monitoring of the barrier

Discrete tree type models for barrier options have been in existence for some time, but have in general been
quite slow, because of the need to induct backwards through the tree, much like a tree model for an American
option. (Some arguments can be invoked to reduce this problem.) Moreover, the payoff can be arbitrarily
exotic.

However, the issue of when and how often we can hit the barrier is relevant. The price of a barrier option
found using a lattice is sensitively dependent on the location of the barrier within the lattice. Given a lattice
(a value of N), the price of a particular style of barrier option with a particular strike, will be the same for
the barrier being anywhere between two layers of nodes in the spatial dimension. Hull [2002] defines the inner
barrier as the layer formed by nodes on the inside of the true barrier and the outer barrier as the layer formed
by nodes just outside the true barrier. A binomial tree assumes the outer barrier to be the true barrier because
the barrier conditions are first used by these nodes. This causes option specification error where the option is
priced at a different barrier to the one specified by the contract.

Thus, approaches have been developed to ensure that the barrier coincides withe the outer barrier (or is just
to the right side of it). Boyle and Lau [1994] suggest using the standard binomial model of Cox et al. [1979]
but with the number of time steps equal to

i?0%(T —t)

(5

N@i) = (11.5)
for some choice of i. As Figure 11.1 shows, if the value of N is not chosen to be one of these N (i), it is better
to be under rather than over.

11.3 Adjustments for actual frequency of observation

In the real world, the question of whether or not a barrier option has gone in (and is now active) or gone out
(and is now worthless) is determined by discrete, daily, closes. This is for legal and technical reasons: it is
technically difficult to determine if in continuous time a barrier has been breached, and legally there will be a
question of whether or not this has actually happened, because of the problem of having to record tick index
data.
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Figure 11.1: Tree model misspecification versus the ‘true’ price

A first attempt would be to use a tree approach. A naive first guess is to have a tree with as many steps as
the number of business days to expiry. However, this allows the misspecification seen earlier. One can develop
models which deal with both of these issues. For example, one builds a tree with a large number of time steps,
but where that number is divisible by the number of business days to expiry, and checks the barrier only at the
end of each business day. The total number of time steps is chosen with regard to the Boyle and Lau [1994]
result. However, computational time obviously becomes an issue.

Note that if an option is subject to discrete observations with N observation points before expiry remaining,
then in principle the option price can be calculated exactly via N-variate cumulative normals. For N < 3 fast,
double precision algorithms are available West [2005], for N > 3 they are not, and any method of evaluating
the cumulative probabilities (numerical or quasi-random integration techniques) will be no quicker - in fact,
materially slower - than direct Monte Carlo evaluation of the original product.

The two most feasible approaches are now considered.

11.3.1 Adjusting continuous time formulae for the frequency of observation

In Broadie et al. [1997] the formulae of Rubinstein and Reiner [1991] are considered and a correction for the
discreteness is made. They price these options by applying a continuity correction to the barrier. This correction
shifts the barrier away from spot by a multiplicative factor of exp(+£c+/7T), where 7 is the time between
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monitoring (so typically one day) and 5 = 0.5826... is determined from the Riemann zeta function. More
formally, let the option which has N remaining equally distributed observations to be made have (unknown)
value Viy. Thus, the valuation date is ¢, the expiry date is T', and there are observations at ¢; fori =1, 2, ..., N
wheret =tg <t; <--- <ty =T, and t; — t;_1 = 7 is constant. Then

Vv (B) = Vio (BeP7VT) 40 (ﬁ) (11.6)

where + corresponds to an up/down option.

This approach is highly attractive, not least because it is of course very fast, however, the solution is not as
universally accurate as is often thought: it is quite inaccurate under many combinations of pricing inputs - in
particular if we are close to expiry, or if the spot is close to the barrier.

This approach was generalised to other discretely monitored path dependent options in Broadie et al. [1999].

11.3.2 Interpolation approaches

The attractive idea of Levy and Mantion [1997] is to find a price for the N-observations remaining option
via interpolation, between the known closed form formula (infinitely many observations remaining), and the
computed prices for a low number of observations remaining.

The known closed form price is denoted Voo. The Levy and Mantion [1997] ansatz is

Vn = Voo +aN"Y2 4 pN~? (11.7)

a type of second-order Taylor series expansion. The requirement in each case then is to determine a and b. We
have

Vi=Veo+a+bd (11.8)

Va :Vm+a\@+b% (11.9)

and so a and b are found using Cramer’s rule. V; and V5 are found as functions of univariates and bivariates
respectively. Nowadays one would extend the ansatz to use V3 as well.

As an example, let us take this approach (second order) for the up and out call as before.

For V4 we have payoff if S(T') € (K, B). This can be evaluated mechanically, or we note that this value is the
value of a call struck at K, less the value of a call struck at B, less a cash-or-nothing call struck at B.

For V,: now is time tg, observations occur at ¢; and to = T, the expiry. If S(¢1) < B and S(t2) < B then the
payoff is max(S(t2) — K, 0), 0 otherwise. Currently, the option is in i.e. S(ty) < B.

Let X7, X5 be the random ¢(0,1) normal variables that are the ‘stock return draws’ for the two periods. In
other words,

my=1r—q=x %02
S(ti) = S(ti—1)exp(m_7+0oV7X;) (1=1,2)

where 7 = t; — tg = ty — t1, measured in years. For there to be a payoff we require

In<2~—m_7
X, € (—oo, S(to)>
0'\/’7—

In<&E —2m_7 In<E~ —2m_~r
Xl +X2 c ( S(tO) S(to) )

o\T ’ o\T
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The crucial point is that because the returns are serial, they are independent, and so (X, X2) are distributed
bivariate normal with zero correlation. Thus, the value is

T B.’E2 — X1
‘/2 :e_ZTT/ / (S(to)GXp(Qm,T—i-O'\/;(Xl +X2)) —K)N/(Xl)N/<X2) dX2 Xm
—oo J Kz — X

B
In Sty — MET

+
€T pry
1 o\T
Y _
_— In (o) 2myT
Ty = —

G

which can be routinely evaluated explicitly using the bivariate cumulative normal function, to get
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Chapter 12
Forward starting options

A forward starting option is an option purchased today which will start at some date in the future with the
strike being a function of some growth factor. This growth factor we denote with «; typically a ~ 1 or

r(0;T1,T2)(T2—

a~xe T1) where T} is the forward start date, T5 is the termination date. Here we will assume that

there is no skew or forward skew in volatility.

12.1 Simplest cases

12.1.1 Constant spot

The simplest variation is the ‘constant spot’ one: here V(7T5) = max (77 (gg%gM — aM) ,0) where M is the

constant. Clearly
_ _ S(Ty)
V = e (B-tgQ {max< ( M —abM |,0
t n S(T])
e (M=) SBf(S = M, K = aM,r(0;T1, Ts), q(0; v, Ts), 0(0; 1, Ts), T1, Ta, 1)
e M= BS(S = M, K = oM, r(0; Ty, Ts), q(0; 1, Ts), 0(0; Ty, Ts), Ty, Tb, 1)

where SBf(S, K, r,q,0,t,T,n) is the SAFEX-Black forward price of an option with spot S, strike K, risk free
rate r, dividend yield ¢, volatility o, valuation date ¢, expiry date T, and style n (+1 for a call and -1 for a
put).

BS(-- ) is the similarly defined Black-Scholes formula. Here we have used the fact that

SBf(S, K, r,q,0,t,T,n) = e"T=YBS(S, K, r,q,0,t,T,n).

This option is called constant spot because at T} the option is on a spot asset worth M. M is fixed at inception;
it might be S(0), for example.

12.1.2 Standard forward starting options

The next, slightly more complicated version has payoff V(T%) = max(n(S(T2) — aS(T1)),0). Superficially it is
like the previous case with M = S(T}), but this is not a constant. The value of the option is, from risk neutral
valuation, clearly

V= e BTOER [V(Ty)]
= ¢ DEL [max(n(S(Ty) — aS(T})), 0)] (12.1)
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We make a key observation which allows us to proceed to deal with the ‘stochastic M’. The returns in the
period [¢, T3] and [T7, T3] are serial, hence independent. Thus

0 s (359 ) )

- et o (-0

_ 677‘2(7’2*75)6(7"1*Ql)(Tlft)S(t)E? max (77 (SE§2§ a) ,()):l
1

= e 2 emma)(Ti=t) §BR(S (1), K = aS(t), r(0; T1, Ts), q(0; Ty, Ts), o(0; Ty, Ty), T, Th, 1)
= St)e M=) BS(Spot = 1, K = a, 7(0; Ty, T3), q(0; T4, 1), 0:(0; Ty, Ty ), Ty, To, 1)

12.2 Additive (ordinary) cliquets

Very often a series of these options are traded; the i" element of the series is active in the interval [T}_q, T}]
where t =Ty < T} < --- < T,,. Each interval is called a tranche. The entire set of options is called a cliquet’
Very often a merchant bank will sell the following product to an asset manager: a cliquet of puts struck at
a = 1 (the floor), and buy from them a cliquet of calls struck at w = 1.20 (the cap), say. This might be
calculated to have net nil premium. Thus, the asset manager has bought a series of forward starting collars.
This ensures IN EACH TRANCHE that the asset manager’s portfolio is protected against a reduction in the
nominal value of their portfolio. In return, they give away the potential performance above a certain level.
The valuation of the cliquet(s) is simply a matter of carefully performing sums with the appropriate a’s/w’s,
forward rates, +’s, ’s, etc.

12.3 Multiplicative cliquets

Cliquet structures are very common. However, as is usually the case, there are common variations, particularly
in South Africa, one of which is clearly superior to the above product: the MULTIPLICATIVE variation,
rather than the ADDITIVE variation. The idea is to protect the portfolio against a fall throughout its life, not
just at each stage of its life. Suppose for illustration that an unprotected portfolio falls by 10% in each tranche
of a five tranche product. A cliquet of protective puts as above would give the option holder a payoff of 10%
in the first year, 9% in the second year, 8.1% in the third year, and so on. These cash payoffs are reinvested
elsewhere. In the alternative, the payoff is reinvested into the basket, and the protection level is restored for
the next tranche. Conversely, if the portfolio outperforms the cap, the asset manager liquidates a portion of
the basket down to the cap level and the protection level is continued at the cap level.

If « is the floor level and w is the cap level then the portfolio is guaranteed to terminate with value in [a", w™].
Furthermore, the burden of raising or reinvesting cash is removed from the asset manager.

Thus, the vanilla product is a cliquet of options against the spot. The above variation is a cliquet of options
against the basket, which may be discretely adjusted up or down at each reset date. Thus, although the spot
is subject to geometric Brownian motion, the basket is only subject to GBM in the interval (T;_1,T;), at each

reset, it may jump discontinuously.

LA French word for pawl. Lest that translation does not help, a pawl is (according to the Oxford English dictionary) ‘a pivoted
bar or lever whose free end engages with the teeth of a cogwheel or ratchet, allowing it to move or turn in one direction only’.
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Figure 12.1: The evolution of the market, the basket, and the protection ‘triangles’

We will discuss pricing not only at initiation but during the life of the product.

Define (with ~) and notice (with =) the following terms:

a ~ lower strike

w ~ upper strike
Bf ~ 1
B; ~ hypothetical/actual basket value immediately before the i'" resetting
B~ hypothetical /actual basket value immediately after the i*” resetting
So ~ initial spot
S; ~ spot at the termination of the " tranche
S~ current spot

a ~ current tranche

Si
5 = performance of the stock in the i*" tranche
i—1
Si
P, ~ max (a, min ( ,w))
Si—1
S.

B~ = Bt !

7 i—1 Sifl
B = BL,P,

These quantities are built inductively, either for known past data, or in the sense of expectations. We only
need to consider the case of expectations. In this, it is key to note that by the independence of serial market
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events, the expectation of serial market events is the product of their expectations. Thus

_ E2 [S;
E? [B;] = E[Bi,] O 5] [S[‘i_]l] (12.2)
Ef [Bf] = Ef[Bi,]EZ[P] (12.3)

Firstly the expected values of the S; are determined from the current spot S and risk free rates r; and dividend
yields g;. Thus, it all boils down to determining Eg [P;]. For this,

P; = max (oz,rnin (S;S'll,w>) = «a + max (S;S': - q, 0> — max <S’fi1 —w, 0> (12.4)

E? [P

:a—i—E? {max <SSi —04,0)] —E? [max (SSi —@0)]
i—1 i—1

=a+SBf(1,0,7(0;ti—1,t:),q(05t;_1,t;),0(05ti_1,t;), ti1, i, 1)
— SBf (1, w, (05 ti—1,t:),q(0: ti—1,t;:), 0 (03 51, t;), ti—1, tis 1) (12.5)

Hence

where SBI(S, K, r,q,0,t,T,n) is the SAFEX Black forward option price with spot S, strike K, risk free rate r,
dividend yield ¢, volatility o, valuation date ¢, expiry date T, and style n (41 for a call and -1 for a put).

The above calculation is for a tranche that is truly in the future. For the active tranche, we would have

E2 [P,] = a + SBf (SS a,7(te),q(ta), o (ta), t, ta, 1)

a—1
S
— SBf (,w, r(ta), q(ta), o(ta), t, ta, 1) (12.6)
Sa—l

To find the price, we require the sum of the present values of the expected payoffs at each tranche expiry. This

is given by

Vi) = Y e IR [Bf - By

= et w2 (5] - 5P [B/]] (12.7)

The summation is quite intuitive: at time ¢; the basket holder gives away the basket B; and receives the
basket B;" in its place.

Another variation is that the ‘basket corrections’ do not take place at the end of each tranche, rather, a single
correction take place at the end of the life of the product (the DEFERRED case, as opposed to the canonical
NON-DEFERRED case). In this case

(b S(tn)
V(t) = ¢ nltn t)Eg |:B;l_ - S(to):|
_ e_T"(t”_t)E(t@ [BT‘H — e~ n(tn—1) (12.8)

In these options, the nature of implied volatility is crucial. Even to have working models of the skew itself
can be a difficult exercise, see, for example, Hagan et al. [2002]. Not only is there a skew in volatility, but
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because there are forward starting options, there are forward starting skews. To obtain forward starting skews
is non-trivial.

A simple and commonly chosen option is as follows: assume that the forward skew for the period from 73 to
T5 is equal to the skew for term To — T3 (that is, for time ¢t + 75 — T3). Variations are possible: for example,
in the case of the SABR skew model, it might be assumed that the unobserved parameters of the skew are
constant, rather that the actual skew is constant. The forward atm volatility will be used.

In general, it can be shown that it is impossible to find a static hedge of the forward smile. With no way to lock
in this forward smile, the product is model-dependent, i.e, two models that fit the smile would not necessarily
give the same value for the product. So, it is important to check any given model’s forward smile behaviour.
See Quessette [2002].

12.4 Exercises

1. (exam 2004) In the course of pricing forward starting cliquet options, we developed pricing models that
depended entirely on the risk neutral expected ‘collared performance’, which in the i*” tranche is denoted

P;. Suppose an asset manager is prepared to participate in the performance of their basket of stocks in
S(ts)
S(tifl) ?

the following way: suppose 8 > « > « are constants. If z = then the collared performance will

r+a—yg if T <7

be P — « if 7<r<a
e x if a<xz<p
B it pg<z

Draw the graph of P;, and then write P; as a combination of factors which look like option payoffs. Hence
determine EZ [P)].

2. (exam 2005) Suppose an employer has a pension fund for its employees. The assets of the pension fund
are invested in a diverse basket of assets with a volatility of o and dividend yield of g. Volatility, dividend
yield, and the risk free rate are all constant.

The basket currently has value L. All future income from the assets will be immediately reinvested in
the basket as it is received.

The pension fund will now be closed, that is, there will be no more members added, and no more member
contributions received. The fund will now be allowed to ‘die out’: assume that withdrawals from the
pension fund are only made at the end of each year, and only because of death, and that it is estimated
(via actuarial considerations) that at the start of the i*" year there will be a proportion of p; members
still in the fund.

The employer has guaranteed the pension fund returns of « per annum: that is, if the assets do not
increase by a% in any year then the employer will inject cash into the scheme to that level. They have
undertaken to do this until the fund closes completely (until the last member dies).

Find the value of the obligation that the employer has.

3. (exam 2008) This question concerns a variation on the deferred forward starter product we have seen.
Suppose now is time tg, with annual anniversaries tq, to, ..., t,. All term structures are flat. For
avoidance of doubt, all the time periods t; — t;_1 are of equal length.

At the end of n years, a derivative will pay [[;_, p; — %, where p; = max (17 153 %) Find the value

of 8 that makes the product have 0 price.
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