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Abstract

This paper presents some new estimates of the UK real and nominal yield
curves. These estimates are derived using a spline-based technique put
forward by Waggoner (1997), modified for the UK government bond
markets. At the short end of the nominal yield curve, additional data are
included from the GC repo market. Estimates of thereal yield curve are
derived from the prices of index-linked gilts within a modified version of
the framework put forward by Evans (1998). It isfound that the new yield
curves outperform existing methods on a number of criteriathat are
designed to examine the suitability of estimates for the purpose of assessing
monetary conditions. In particular, the estimates are found to be smooth
across maturity while having sufficient flexibility to describe the shape of
the curve at shorter maturities where expectations are relatively precise.
The curves are also robust to small errorsin the data.



1 | ntr oduction

In this paper, we present some new estimates of the UK real and nominal
yield curves, for the purpose of assessing monetary conditions. These
estimates differ from those presented in previous studies in a number of
ways. Firg, theyield curves are estimated using a method put forward by
Waggoner (1997) for the United States, adapted by usfor the UK
government bond market. Second, data from the generalised collateral
(GC) repo market are used to provide improved estimates of the nominal
yield curve at shorter maturities. Third, estimates of thereal yield curve are
extracted from the prices of index-linked gilts within a modified version of
the framework suggested by Evans (1998).

Before describing each of these developmentsin detail, it isworth briefly
reviewing the main problems involved in extracting useful information from
the prices of conventional and index-linked gilts. The most basic type of
information we areinterested in estimating is the implied forward rates of
interest at various horizons. These are important in their own right asthey
reflect, albeit imperfectly, the market’ s expectations about the future path of
interest rates. They also provide the building-blocks for calculating other
term structure variables, such as zero-coupon yields, aswell as enabling
comparisons between the returns on government bonds and other assets, for
example, the credit spread embodied in the prices of corporate bonds.

Implied forward rates of interest are defined as the marginal rates of return
that investors require in order to hold bonds of different maturities. The set
of ‘ingtantaneous forward rates, f(m), are related to the price, B(t), of a
t-maturity zero-coupon bond by:®

B(t) = expg of (m)dmt'j 1
& o a

Equation (1) shows that to measure these forward rates directly from the
market requires a set of observable zero-coupon bond prices across a

@ We focus on instantaneous forward rates of interest as these can be used to derive forward
rates and yields between any two maturities of interest. For example, the s-period forward rate
t+s
at somepoint t inthe futureisgivenby ¢ t,t +s)= (\)f (m)dm.
t
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continuum of maturities (the ‘ discount function’). But in practice, the
discount function is not directly observable — we only observe the prices of
coupon-bearing bonds.® We can, however, write the price of each
observable bond in terms of this discount function. So letting ¢; denote the
cash flow due on the bond at timet; and n refer to the number of such
payments outstanding, we express the price of the bond, P(¢ t;, i=1,...n),
as.

P(ci,ti,i:L...,n):én_ciB(ti) 2)

i=1

Together with equation (1), this shows that thereisa direct relationship
between the bond prices we observe and the instantaneous forward rates we
want to measure. Moreover, equation (2) can be defined for cash flows
denominated in either real or nominal terms, with the forward rates
identified accordingly.

Theidentification of real and nominal forward curves viathisrelationship
means overcoming three sets of problems. These are:

Both conventional and index-linked bonds are issued for only afinite
set of maturities. We therefore need a method of disentangling the
cash flows on the bond and ‘filling in the gaps' to give a continuous
curve.

Thereal value of cash flows on index-linked bondsis not known with
certainty. Hence, to etimate the real yield curve we need a method
for approximating the value of these cash flows.

For both the real and nominal yield curves, thereisalack of data at
shorter maturities. Forward rates along this portion of the curve
cannot therefore be identified.

@ |n fact, zero-coupon gilts have existed since the introduction of the strips market in
December 1997. These separate the two components of a coupon-bearing gilt to givea
principal strip with maturity equal to its redemption date and a series of coupon strips related to
each payment date. The market in stripsis, however, still small relative to coupon-bearing
gilts, with thin trading. We therefore do not use strips prices to estimate the yield curve.
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Methods for addressing the first of these problems have been available for
more than 30 years, and these have been used in the Bank of England to
estimate the nominal yield curve. For the past five years, in common with
many other central banks, we have used the estimation method proposed by
Svensson (1994, 1995). Thisis a parametric method, with the entire
forward curve characterised by a single set of parameters representing the
long-run leve of interest rates, the dope of the curve and humpsin the
curve. Other competing models in the literature include the more
parsimonious functional form of Nelson and Siegel (1987), and the
spline-based methods of McCulloch (1971, 1975) and Fisher, Nychka and
Zervos (1995).

Estimation of the real yield curve is a more recent innovation, made
possible by the introduction of index-linked bonds in the United Kingdom
in 1981. Asnoted above, additional problems arise because the value of the
cash flows on these bonds is not known with certainty — thisis because they
areindexed only imperfectly to the price level. We therefore haveto use
information from the nominal yield curve to extract the real risk-free rates
of interest embodied in their prices. Until now the Bank of England has
been using an iterative technique devel oped by Deacon and Derry (1994) in
which the real yield curve is described by a restricted version of Svensson’s
model.

For maturities of less than two years, estimates of both the real and nominal
yield curves have not been thought reliable, and as a result have not been
used by the Bank’s Monetary Policy Committee, nor published in the
Inflation Report or Quarterly Bulletin. Thisis mainly because there are few
gilts at the short end (with termsto maturity of two years or less), where
expectations may be relatively precise, and where the curve may be
expected to have quite alot of curvature. Thisisa particular problem with
theindex-linked gilt market in which there are relatively few observations
across the entire curve.

In this paper, we reassess each of these problemsin turn. In thefirst case,
experience has led usto question whether the Svensson technique we
currently use provides the best estimate of the ‘true’ yield curve, even at the
longer maturities. We therefore examine four alternative methods of
estimation, according to the following criteria



(1) Smoothness— the technique should give relatively smooth forward
curves, rather than trying to fit every data point, sincetheaimisto
supply a market expectation for monetary policy purposes, rather than
aprecise pricing of all bondsin the market. Nonetheless, subject to
the former, a better fit to the data would be preferred.

(2) Hexihility — the technique should be sufficiently flexible to capture
movements in the underlying term structure. Moreflexibility islikely
to be needed at shorter maturities (where expectations are better
informed and more subject to revision as news reaches the market)
than at the longer end.

(3) Stahility — estimates of the yield curve at any particular maturity
should be stable in the sense that small changesin the data at one
maturity (such as at the long end) do not have a disproportionate effect
on forward rates at other maturities.

Theam isto find theyield curve model that will provide us with the most
reliable and useful estimates, not only on any particular day, but also over
time. Based on these criteria, we find that a technique devel oped by
Waggoner (1997), but modified for the United Kingdom, outperforms the
competing methods.

Having chosen this as our basic model, we then turn our focus to the short
end of the yield curve, where there isalack of data in both the conventional
and index-linked gilt markets. The challenge isto investigate whether there
are alternative sources of data that can feasibly be included to help fill the
gaps. Inthe case of thereal yield curve, thereisvery little we can do —
index-linked gilts are the only direct source of real interest rate data, at least
in the United Kingdom. For nominal yields, however, we find that data
from the GC repo market can be used to supplement the dataset at the short
end of the conventional gilt market.

Finally, we re-examine estimates of the real yield curve in two ways. Firgt,
we use a modified version of the Waggoner technique to fit a curveto
index-linked gilt prices. Second, we improve on the iterative technique
used to extract real rates of interest from these prices, within the framework
suggested by Evans (1998). This also leads to improved measures of the
inflation term structure (ITS), which is the difference between thereal and
nominal yield curves.
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Therest of the paper is structured asfollows. In Section 2 we st out the

four methods of yield curve estimation that form the basis of our

comparison. In Section 3 we describe the results of our comparison based
on the set of criteria outlined previoudy. Section 4 introduces the use of
GC repo rates to improve estimates at the short end of the curve, and
Section 5 illustrates how the Waggoner-based curve can be adapted to
estimate real and inflation term structures from the prices of index-linked
bonds, specifically within the framework put forward by Evans (1998).

Finally, Section 6 concludes.

2 M odel selection and overview

We invedtigate four alternative methods for estimating the term structure.
Two of these are parametric: Nelson and Siegd (1987) hereafter NS, and
Svensson (1994, 1995) hereafter SV; and two are based on cubic splines.
Fisher, Nychka and Zervos (1995) hereafter FNZ, and a modified version of
Waggoner’ s variable roughness penalty modd (1997) hereafter VRP. An
overview of these models, highlighting the main differences between them
isgivenin Table A.

Table A: Overview of the four models

Parametric models

Spline-based models

Property sV | NS FNZ VRP
Nature of Forward rate is single function defined at Forward rate is piecewise cubic polynomial with
forward rate all maturities segmentsjoined at knot points
curve
No. of 6 4 Approx. 14 depending on number of bonds
parameters
Objective Minimise residual Minimise residual Minimise residual sum Minimise residual sum of
function sum of squares sum of squares of squares plus squares plus roughness
roughness penalty penalty
Pre-specified None None Number of knot points Number of knot points,
parameters smoothing function
Constraints Long-run Long-run None None
asymptote asymptote

Notice that the only property all these models have in common isthat
forward rates are modelled as a function of a set of underlying parameters.
The models then differ in terms of the way in which thisfunction is

specified and the criterion used to derive optimal estimates of the
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parameters. These differences, which are discussed further below, are
particularly important in understanding the trade-off between the flexibility
of the functional form, and the way in which the resulting yield curve
edtimates are made to be smooth across maturity.

2.1 Parametric models

Parametric models offer a conceptually simple and parsimonious
description of the term structure of interest rates. Smooth yield curve
estimates are ensured by modelling the instantaneous forward rate curve as
afunction, f(mb), of arelatively small vector of parameters, b. The degree
of flexibility of the curveisthen largely determined by the number of
parametersto be estimated. Of the two curves we estimate, the least
flexibleisthe NS model. In this case, forward rates are defined as:

3

f(m,B)=

m 9+ b M exp & mo
AT T
s0 that there are four parametersto be estimated, b=(bg,b1,b,,t1). These
parameters can be interpreted as being related to the long-run leve of
interest rates, the short rate, the dope of the yield curve and a hump in the
curve. The SV model then extends this parameter set to

b=(bo,b1,b2,b3,t 1,t5), where the additional parameters can be interpreted as
allowing an additional hump in the curve. Forward rates are now given by:

mo (4)
2 ﬂ

+b, —expg _+b —expgt

tlﬂ

Asnoted in Table A, both models are constrained to converge to a constant
level. Therationalefor thisconstraint is based on the assumption that
forward rates reflect expectations about future short interest rates, or
equivalently that the unbiased expectations hypothesis holds. It then seems
implausible that agents will perceive a different path for the future short rate
in 30 years time compared with, say, 25 years. Hence, we should expect to
see congtant expectations and forward rates at the long end.

To egtimate the two yield curves, the functional forms can be used via
equations (1) and (2) to derive a fitted value for each bond price, given the
set of underlying parameters. The parameters are then estimated to
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minimi se an objective function that compares these fitted values with
observations from the gilt market. A variety of objective functionsis
availableto us, we chooseto minimise:

iPi_Pi(b)‘ (5)

where P, is the observed price of thei™ bond, D; is its modified duration and
Pi(b) isthefitted price. Thisisapproximately equal to minimising the sum
of squared yidd residuals (although it is much quicker to calculate) and so
impliesroughly equal yield errors, irrespective of maturity.

2.2 Sline-based models

The spline-based techniques model forward rates as a piecewise cubic
polynomial, with the segments joined at so-called knot points. The
coefficients of theindividual polynomials are restricted so that both the
curve and itsfirst derivative are continuous at all maturities. Typically, this
resultsin 14 parameters (two more than the number of knot points) that
have to be estimated.® This approach allows for a much higher degree of
flexibility than either of the two parametric models, and accounts for the
principal advantage of spline-based techniques over parametric methods.
Specifically, theindividual curve segments can move almost independently
of each other (subject to the continuity constraints), so that separate regions
of the curve are less affected by movementsin nearby areas. Thisisin
contrast to the parametric forms for which a change in the data at any one
point can affect the entire curve, as estimates at any maturity are a function
of all the parameters to be estimated.

© To ensure numerical stability, we choose to represent the splines using basis functions,
which means that the estimated parameters cannot be related in a simple manner to the
coefficients of the polynomials — see the appendix for details.
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Chart 1: Svensson method ver sus cubic spline®

(i) Original set of data points

(i) Change of single data point

0 5 10 15 20 25 30

@ The data used in this example are purely illustrative chosen at random, and hence the curves
should not beinterpreted asyield curves.

Thisisclearly illustrated in Chart 1, which shows a smple non-linear least
sguares regression to an arbitrary set of data points, using both the Svensson
functional form and a cubic spline® When a single data point is changed at
the long end, the Svensson curve changes dramatically, particularly at the

® Thisisamuch simpler problem than estimating term structures from coupon bond prices,
but illustrates the point more clearly. The spline has been chosen to have the same number of
degrees of freedom as the Svensson curve.
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short end, whereas the spline moves only dightly to accommodate the new
data, and only at thelong end. Thisis because the cubic splineis much
more flexible than the parametric functional form, and hence is better able
to accommaodate different patternsin the data.

The downside of this result isthat an unconstrained spline, such as the one
used in Chart 1, would be far too flexible to generate yield curves
appropriate for monetary policy purposes. To achieve the required degree
of smoothing, we therefore modify the objective function, asin the FNZ and
VRP models. Aswith the parametric models, the main objectiveisto
choose the parameters so as to minimise the difference between actual and
fitted values, as described by Xp in equation (5). But to control the trade-off
between goodness-of-fit (flexibility) and the smoothness of the curve, a
roughness penalty is also included to penalise excessive curvature
(measured by the square of the second derivative) of the forward curve.

The size of this penalty is determined by a ‘ smoothness parameter’, | ((m),
so that the modified objective function is.®

XS=XP+T‘jI(m)[f(ﬂ(m)]2dm (6)

The two methods differ according to how the value of the smoothing
parameter, | ((m), is chosen and how it varies across maturity. FNZ assume
that the smoothing parameter isinvariant to maturity but variable over time,
sothat | ((m)= I ;. They then use a procedure known as generalised
cross-validation to choose | ; on adaily basis. Inthe VRP model, on the
other hand, the smoothing parameter is allowed to vary across maturity, but
is chosen to be congtant over time, hencel (m)=1 (m). In thiscase, asnoted
in Table A, the smoothing function | (m), has to be pre-chosen.

Waggoner chose a three-tiered step function for his smoothing parameter,
with steps at one and ten years to maturity. Thiswas based on the natural

® Note that this modified objective function represents the major difference between the
spline-based techniques considered in this paper and earlier methods such as McCulloch
(1971,1975). In these models, the objective function was specified in a similar way to those
for the parametric form, that is without a roughness penalty. The degree of smoothing in the
yield curve estimates was then determined by the number and positioning of the knot points.
As described in the next section, these factors are less of a concern for the two methods
considered in this paper as smoothing is guaranteed, at least to some extent, via the roughness
penalty described in the main text.
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segmentation of the US market into bills, notes and bonds, with the three
levels chosen roughly to maximise the out-of-sample goodness-of-fit of the
model. Unfortunately, the UK market cannot be naturally divided in the
sameway. Hence, to use Waggoner’ s step function approach would have
meant choosing five parameters (two for the maturities at which therewasa
step in the function, and three for the step levels). We choseingtead to
define | (m) as a continuous function of only three parameters.® Following
Waggoner, the main criterion for choosing these parameters was to
maximise the out-of-sampl e goodness-of-fit averaged over our sample
period. However, it was found that many combinations of these parameters
gave smilar goodness-of-fit measures. We therefore opted for the set of
parameters that corresponded to the highest level of smoothing among these
combinations. Theresulting function is plotted alongside Waggoner’ s step
function in Chart 2. Note that we would not necessarily expect the levelsto
be the same (although they are close), since the smoothing functions are
optimised for different markets.

Chart 2: Smoothing functions used by Waggoner (US market) and this
paper (UK market)

| (m)
100,000

10,000 1 B

1,000

100 1

109

T Our curve

— Waggoner

0.1

0.01
0 5 10 15 20 25

Maturity (years)

© In particular, we specify the following function: logl (m) = L - (L - S)exp(-nVn), where L, S
and mare the three parameters to be estimated.
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For both FNZ and VRP models, we also have to choose the placement of
theknot points. In principle, this can have a very influential effect on the
resulting yield curve estimates; in particular, when thereis no roughness
penalty, more knot pointsimply aless smooth curve with a greater
in-sample goodness-of-fit. Thus the choice of knot pointsin this case
determines the trade-off between the goodness-of-fit of the curve and the
smoothness of the estimates. But when, asin the two spline-based models
considered in this paper, excess curvature in the curve is penalised, the
choice of knot pointsis significantly less crucial. However, in choosing
their placement, we should clearly aim to ensure that there are sufficient
knot pointsto allow the curve to reflect the underlying data.

TableB: Sensitivity of VRP forward ratesto the number of knot points

Basis points 2 year 10 year 20 year
Average difference from knots at maturity of every third bond

Knots at maturity of every bond 0.01 -0.03 0.08
Knots at maturity of every sixth bond 0.07 -0.04 158
Max. absolute difference from knots at maturity of every third bond

Knots at maturity of every bond 0.38 0.22 0.29
Knots at maturity of every sixth bond 0.99 0.60 7.06

FNZ found that placing knots at the maturity of roughly every third bond
gave the same results as placing a knot at the maturity of every bond, but
took considerably less computational time. We adopt asimilar rule. Asthe
resultsin Table B show for the VRP method, increasing the number of knot
pointsto every bond would have a negligible effect on the instantaneous
forward rate curve. Halving the number of knot points, however, produces
dightly different results, particularly at thelong end. In fact, the long end
of the curve is always higher than our ‘ default case’, suggesting that it is
insufficiently flexible to capture any downward dope at longer maturities.
By placing a knot at the maturity of every third bond we ensure that the
degree of smoothing is determined by the roughness penalty, and not the
number of knot points.

Intuitively, there are a number of reasonsto suspect that the Waggoner
curve will provide us with more reliable estimates of theyield curve. Fird,
by constraining the smoothing parameter to be maturity-invariant, the FNZ
curve assumes that there is the same degree of curvature along the length of
the term structure. But there are strong reasons to believe that thisis not the
case. In particular, investors are likely to be more informed about the
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precise path of the term structure at shorter and medium-term maturities
(when interest rates are determined by monetary policy and business cycle
conditions) than at longer maturities. Thusthe curve may be too giff at the
short end and/or too flexible at thelong end. Furthermore, by allowing the
smoothing parameter to vary over time, FNZ estimates may be unstablein
the sense that changes are driven not only by the underlying data, but also
by movements in this parameter.

3 Estimation and results

We estimated each of the four curves over the sample period from 1 May
1996 to 31 December 1998.” In this section, we compare the results of this
estimation in two ways. We begin by examining how well each method
appearsto fit the data, focusing in particular on the trade-off between the
smoothness of the yield curve estimates and their ability to fit the data. We
then provide a rigorous assessment of the stability of the estimates by
looking at the condition numbers associated with each method, as suggested
by Waggoner (1996).

31 Smoothness and flexibility

In the previous section, we described how there was likely to be a trade-off
between the flexibility of the four yield curve models and the way in which
estimates were made to be smooth across maturity. In this section, we
attempt to make these ideas more concrete by assessing how well each
method captures the shape of the underlying term structure and fits the data.
Wedo thisin two ways: first, we examine statistics for the goodness-of-fit
of the four methods; and second, we compare the shape of the estimated
curves with data from the strips market.

AsBliss (1997) notes, the appropriate measure of goodness-of-fit isan
out-of-sample statistic. Each method will produce a high in-sample fit, but
this may not be indicative of the underlying term structure. The important
test isto see whether or not the estimated curve can accurately price a bond
which has not been used to estimate the curve. Bliss calculates an

™ The beginning of the sample period is chosen to coincide with changes to the taxation of
coupon and capital gainsincome from gilts. These changes effectively eliminated the
distortion which had previously existed as a result of the differential treatment of the two types
of income. See Anderson et al (1994) for further detail.
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out-of-sample statistic by fitting the curves using alternative bonds and then
examining the residual s relating to the bonds that were not used in the
estimation. Thisapproach, however, isunsuitable for the United Kingdom
since we have arelatively small number of securitiesin the set of data used
to estimate the curve (typically 30-40). Hence, we adopt instead an
approach known as ‘leave one out cross-validation’ (Davison and Hinkley
(1997)). Thisinvolves estimating the curves many times, leaving out a
different bond on each occasion. The cross-validation statistic is then the
average absolute residual of the bonds omitted from thefit. Theresultsare
presented in Table C.

Table C: Out-of-sample goodness of fit statistics (£)

Mean Std dev
sV 0.090 0.024
NS 0.101 0.025
VRP 0.088 0.024
FNZ 0.116 0.043

We see that the average price errors are small for all methods (between 9
and 11 pence), although the NS and FNZ curves both have a dightly worse
fit than the Svensson method. Thefit of the VRP and Svensson curvesis
almogt identical, with the former appearing to perform dightly better. On
the basis of these statistics, therefore, we would be indifferent between the
Svensson and VRP methods.®

But now consider the shape of the yield curves. In theory, we should be
able to obtain a direct reading on the ‘true’ shape of the underlying term
structure using observations from the strips market. Chart 3 compares each
of the estimated curves with the yields on strips on a day chosen at random,
21 July 1998.

@ We should note, of course, that out-of-sample goodness-of-fit was actually used asa
criterion for choosing the optimal smoothing parametersin the case of the VRP curve. Hence,
we would expect it to do well in thistest. However, it isworth noting that when we calcul ated
the optimal smoothing parameters over a variety of different sample periods we found them to
be very stable. We would therefore not expect to observe significantly different results were
we to conduct an entirely out-of-sample test for the VRP method, ie by choosing the smoothing
parameters on the basis of data not used to calculate the test tatisticsin Table C.
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Chart 3: Comparison of all methods with strips prices (21 July 1998)

Per cent

0 5 10 15 20 25 30
Maturity (yr)

The gtrips' yields clearly indicate a downward-d oping term structure at the
long end. And this shapeis captured by both of the spline-based models.
As noted previoudy, however, both the Nelson and Siegel and Svensson
functional forms are constrained to lieflat at longer maturities— hence there
is some divergence between these estimates and the strips prices
themselves. In the context of our earlier discussion, one interpretation of
thisresult isthat, assuming that expectations about future interest rates do
converge at longer maturities, the unbiased expectations hypothesis does not
hold. In other words, strips' prices are determined by factors other than just
expectations about future interest rates. Candidate explanationsinclude the
presence of risk premia and convexity terms (see, for example, Brown and
Schaefer (2000)).

Of course, the strips may be mispriced (although, note that since the strips
are not included in the dataset for estimation, thiswould not explain how
the two spline-based methods match their shape). Direct evidence from the
gilt market (in the form of redemption yields), however, suggeststhat a
downward-doping yield curve may be judtified, at least over the maturity
range that we consider. Moreover, it appears that forcing the long end of
the curve to converge to a constant level can produce a significant amount
of instability in the estimated yield curve. Thisisshown in Chart 4, where
we plot the redemption yields on the ten-year benchmark bond and the
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longest-maturity bond (with maturity of 29 years), together with 20-year
zero-coupon yield estimates derived using Svensson.

Chart 4: Time series of redemption yields at the long end

Per cent
r 55

152

""" 5.75% 2009
—* 6% 2028
~ Svensson 20-year

r 4.9

4.6

r43

1999

Thisillugtrates the fact that, as the observed bond yields have diverged
more and more, the yield curve estimates have been increasingly unstable.
We attribute thisto the parameterised nature of the Svensson curve.
Egtimates at all maturitiesrely on a single set of parameters, of which oneis
the long-run level, determined largely by the yield on the longest bond. But
the increasing divergence of the two redemption yield series (the series
marked 5.75% 2009 and 6% 2028 in Chart 4) suggests that the leve of this
asymptoteis not well-defined, at least in this maturity range. Asaresult,
the asymptote itself islikely to be unstable. Furthermore, aswe saw in
Chart 1, this volatility may be transmitted into estimates of the entire yield
curve. Thusit appearsthat the cost of the Svensson curve providing a good
fit to the underlying datais alossin stability of the curve.

32 Sability of the curves

Thisidea of instability is discussed more formally by Waggoner (1996). He

assesses the gtahility of the yield curve in the light of small price changesin

the underlying bond data. The ideaisthat, assuming bond prices are

measured with error, the curves should be stable in the sense that changesin
21



this measurement error do not have a significant influence on our estimates.
An obvious source of measurement error isthe fact that prices are quoted in
integer multiples of the ‘tick size'.® This meansthat there will generally be
an error of up to plus or minus half atick between the observed price and
that implied by the underlying term structure. Asaresult, avery small
change in the term structure could be reflected by a change in the observed
bond price of up to half atick. Werefer to an estimation method as being
stableif the effect of these changes on the resulting yield curve is small.

Waggoner quantifies this notion of stability by computing what is known as
acondition number. This‘measures the sengitivity of the output of a
processto a change in one of itsinputs. Suppose, for example, that for a
particular yield curve mode (or ‘process'), when the set of bond prices (the
‘input’) changes by 2%, the zero-coupon yield curve (the ‘ output’) varies by
20%. We say that this process has a condition number of ten, this being the
ratio of the output variation to the change in input. We areinterested here
in processes (we use the notation G(x)) which, from a discrete vector of
bond prices (x), compute a continuous yield or forward rate curve (g(m;x),
where mis maturity).

To formalise the notion of a change in the vector of bond prices, x, we need
to specify anorm over these prices. This effectively measuresthe ‘size’ of
the vector. We use the standard Euclidean norm such that if x=(Xg,%p, ..., Xn)
isour vector of bond prices, then the norm is defined as.

X7 @)

Qo

Xl =y
i=1

Similarly, we need to describe the size of the process, G(x). In this case, the
standard Euclidean norm is not available, asthe outputs are curves that are
continuous rather than discrete. Instead, we define two different norms
(from an infinite family). Thefirst, the average norm (or LY) is given by:

1

ls (o, = I Olo (s x)|ds (8)

© On 1 November 1998 the gilt tick size was changed from £(1/32) to £0.01. Since our sample
runsfrom 1 May 1996 to 31 December 1998, we use the larger value for thisanalysis.
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and the second, the max (or L¥) norm, is defined by:
160l = max o (s %)) 9

where [m, M] defines the maturity range of interest. Condition numbers
relating to each of these norms are then defined respectively as.

|G (x + €)- G(x),/lIe(x), (10)
CN?(G,x)=
©)= an T K]
and
[6(x + ¢)- (), /Je ), a1
CN ¢ (G, x)=
©x)= ap el /I,

In equations (10) and (11), the parameter g represents the maximum
perturbation, which we set to be equal to half thetick size. The‘sup’
operator indicates that we take the largest value of the percentage changein
theyield curve over all possible perturbations (e).

Table D: Zero-coupon yield curve condition numbers

CN; CNy
SV NS VRP Nz SV NS VRP FNZ
Median 50 23 19 16 68.3 16.8 382 10.3
90th percentile 278 54 32 31 524 55.2 836 286
95th percentile 37.7 6.9 36 39 996 79.7 95.9 353
Maximum 116 102 6.4 62.1 51100 27900 173 309

TableE: Forward curve condition numbers

CN; CNy
SV NS VRP Nz SV NS VRP FNZ
Median 144 50 37 35 811 181 373 11.7
90th percentile 101 135 58 6.7 554 62.2 827 280
95th percentile 126 199 6.6 85 964 920 95.0 348
Maximum 419 170 114 144 58300 27800 173 496
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Table D and Table E present summary statistics for the distribution of CN®
for each type of norm and for the two types of curve: zero-coupon yield
and ingtantaneous forward rate. The figures are calculated asfollows. On
each day, the set of bond pricesis perturbed by a vector of random numbers
within therange[-g d. For each model and for each type of curve and
norm, the sengitivity of the estimates to these perturbations are calcul ated.
Thisis repeated seven times, and the condition number for that particular
model is given by the maximum of these sensitivities. Thisisrepeated on a
daily basis. Thus, given that there are 676 days in the sample, the figures
reported for each specification (model, curve and norm) are based on 4,732
simulations.®®

To interpret the absolute levels of the condition numbers note that the
average percentage change in the norm of the input bond prices was
0.0082% (with arange of 0.0060% to 0.0102%). Hence, a condition
number of 120 roughly corresponds to a 1% change in the output level
while a condition number of 600 corresponds approximately to a 5% change
inoutput. Sinceinterest rates averaged around 7% during the sample
period, it follows that these numbers (120 and 600) correspond to shifts of 7
and 35 basis points respectively in the estimated term structure. Hence, we
can broadly characterise condition numbers of lessthan 120 or so as
indicating a stable process, and condition numbers of greater than about 600
as characterising an unstable process.

On this measure the VRP method is stable irrespective of the norm used to
calculate the change in the estimated term structure. Moreover, it ismore
stable than all the other methods. We can also compute condition numbers
for segments of the maturity spectrum. Table F gives results on these
segments for the L* norm calculated for the forward curve. This confirms
that the VRP method is stable across the entire maturity spectrum. All of
the other methods can occasionally exhibit substantially larger distortions
(as shown by the maxima of the condition number distributions) for the
same input perturbation.

9 Note that, to ensure comparability, identical perturbed prices are used asinput for each
method on any particular day.
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TableF: CNj condition numbers (forward curve) by maturity segment

Range SV NS VRP FNZ
0-2years Median 215 6.6 11.3 49
Maximum 775 825 494 168
2 -5years Median 10.8 45 34 37
Maximum 192 170 185 149
5-10years Median 94 36 21 27
Maximum 339 115 101 182
10 - 20 years Median 15.3 51 27 33
Maximum 644 272 9.7 180

33 Summary

To summarise, we have conducted a number of tests, based on the criteria
set out in Section 1. A gtriking feature of these testsisthat no one aloneis
conclusive, thus demonstrating the potential trade-off which exists between
the three properties we have chosen to focus on: smoothness, flexibility and
gability. The NS model, for example, appears to be much more stable than
the Svensson technique. But, aswe saw in Section 3.1, thisis at the cost of
alower goodness-of-fit. At the same time, we know that the spline-based
method of FNZ is better able to capture the shape of the underlying term
structure, as measured by strips, but again its out-of-sampl e goodness-of-fit
isworse than that of Svensson.

In all cases, the VRP curve appears to perform well. 1t isby far the most
stable approach, defined on the basis of our condition numbers, and is able
to capture the shape of the underlying term structure, as measured by strips.
The curves are also smooth across maturity, while providing out-of-sample
goodness-of-fit results that are at least as good as each of the other
competing methods. The least stable method appears to be the Svensson
curve. Aswe have seen, one explanation for thisresult isthat, whileit is
fairly flexible, the fact that it is constrained to lie flat at the long end means
that it isin some way inherently unstable, at least when this constraint is not
satisfied by the underlying data.

Intuitively, it isunlikely that these resultswill change when we include
additional data at the short end, or apply smilar criteria to estimates of the
real yield curve from index-linked gilts. Problems highlighted with the
Svensson curve, for example, appear to be related to the parametric nature
of the functional form and the constraint applied at the long end, rather than

25




to specific problemsin fitting data from the conventional gilt market. For
completeness, however, we compare our VRP estimates in what follows
with results derived using the Svensson method.

4 I mproving estimates of the short end of theyield
curve

In this section, we focus on the short end of the yield curve. As mentioned
in the introduction, we expect the short end of the yield curve to exhibit the
greatest amount of structure — expectations of the future path of interest
rates are better informed at shorter maturities, and are more likely to
respond to short-term news. This can be confirmed by considering the
forward curve derived, for example, from the price of short sterling futures
contracts. Y et at the short end of the yield curve, there are relatively few
gilts— in relation to the expected structure in the shape of the curve, the
sampling frequency istoo low. The question iswhether or not there are
alternative sources of data that we can use to supplement observations from
the conventional gilt market at these maturities.

41 Choice of additional data

By using gilt pricesto estimate the yield curve we aim to measure the
risk-free (or default-free) term structure of interest rates. Thus, although
thereis awide range of short-term instruments traded in the UK money
market, their prices are not consistent with gilt prices asthey generally
include a credit risk premium. Asaresult, yield curves estimated using
assets of mixed credit rating would be internally inconsistent. Even for
Libor (where the participating banks al have high credit rating), this
premium can be substantial (about 25-40 basis points for three-month
Libor). Moreover, since the premium islikely to be both time-varying and
a function of maturity, we cannot smply subtract a constant value to obtain
therisk-freerate.

The requirement that data used for estimating the yield curve are (virtually)
default-free leaves us with a choice of two possible instruments: treasury
bills (T-bills) and general collateral (GC) repo rates. Treasury billsare
short-term zero-coupon bonds that are issued by the government, and
therefore have the same risk-free nature as gilts. The T-bill discount rateis,
however, generally accepted as being unrepresentative of the underlying
‘fundamental’ rate determined by expectations. Thisis because commercial
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banks use T-bills for cash management purposes, and their prices are largely
determined by the banks' liquidity requirements.

A GC repo agreement is equivalent to a secured loan, and thus the credit
risk is much lower than on unsecured Libor. In addition, therepois
marked-to-market on a daily basis, thereby limiting the exposure of either
party to large movesin the value of the collateral. Therisk premiumis
further reduced since the collateral comprises gilts or similar instruments,
for which there isvirtually no chance that the issuer will default during the
term of the repo. GC repo therefore provides us with the only widely
traded, virtually riskless instrument.

The maturities of GC repo contracts range from overnight to aslong as one
year. The shortest rates are quite volatile, however, and the longer rates are
traded too infrequently for their pricesto be considered reliable. Hence we
use one-week, two-week, one-month, two-month, three-month and
six-month repo ratesin our estimation. Since the repo rate is determined by
the difference between the sale and re-purchase prices of the collateral,
there is no traded asset whose priceis a direct reflection of therate. We
therefore create synthetic zero-coupon bonds whose maturity and yield
match the corresponding repo rate, and for which the terminal cash flow is
£100, so that repo rates are given exactly the same weight in the estimation
as a short-dated gilt.

Asaresult of adding in the extra data, we found it necessary to place knot
points at the maturity of every security included in the estimation process,
rather than every third, as discussed above. The additional structure implied
by the repo rates could not otherwise be captured reliably; with fewer knot
points the effective stiffness of the curve was being controlled by the
distribution of the knot points, and not, as required, wholly by the roughness

penalty.
4.2 Results of incorporating GC repo rates

The effect of including GC repo rates can be seen most clearly by focusing
onasingleday. Chart 5 showsthe short end of the zero-coupon yield curve
on arandomly chosen day estimated using both Svensson and VRP
methods, with and without the inclusion of GC repo rates. Clearly, without
the GC repo rates, the initial upward dope of the yield curve was being
missed by both techniques. But we also see that the VRP method is better

27



ableto capture the ‘true’ shape of the curve. In particular note that the
Svensson curve is significantly altered by the inclusion of GC repo rates at
maturities of around one year, although the longest repo rate has atime to
maturity of only six months.

Chart 5: Short end of zer o-coupon yield curve on 19 June 1998
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Indeed, the Svensson estimates of the forward curve are significantly altered
even at maturities of 20 years or more (see Chart 6). In contrast, VRP
edtimates of the one-year forward rate are very smilar with and without
repo rates, and at two years and longer areindistinguishable. Thisis
important asit indicates that, even if thereis reason to doubt the reliability
of the GC repo data, or if these are not available,™ we can ill have
confidencein the VRP estimates at longer maturities. Once again this
difference between the methods is a consequence of the relative behaviour
of spline and parametric curvesillugtrated in Section 2.2 — estimates using
parametric methods can be significantly changed across the whole curve by
small alterationsto the data in one small region of the curve.

9 For example, the repo market effectively ceased trading for a couple of weeks around the
end of 1999.
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Chart 6: Differencesin 20-year instantaneous forward rates, estimated
using SV and VRP, with and without GC repo rates
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To ensure that including GC repo rates had no detrimental effect on the
performance of the VRP method, we repeated the tests described in the
previous section. First, we re-estimated condition numbers, treating the
repo rates as bonds to be perturbed in the same manner as gilts.*? We found
that the inclusion of repo rates does not in any way impair the performance
of the method on this measure: the curve remains stable irrespective of the
norm, curve type (forward or yield) or maturity segment. We then
re-calculated the out-of-sample goodness-of-fit of the VRP estimates. a
comparison of results, with and without the inclusion of the GC repo data, is
givenin Table G. This shows that the out-of-sample goodness-of-fit is
actually improved substantially when repo rates are included. Intuitively,
thisis because the greatly reduced maturity spacing at the short end means
that the ability of the fitted curve to move when a repo rate is omitted from
the fit (and thus give a poor out-of-sample fit) is curtailed by the reduced
distance to the neighbouring rates.

2 Although market participants can in principle specify any value for repo rates, in practice
the minimum separation between observed repo ratesis 0.005%. Thisisequivalent to the
‘tick’ sizefor bonds. Thus we perturb each repo rate by a random amount drawn from a
random distribution, centred on zero and with a half-width of 0.0025%. This perturbed rateis
then converted to a perturbed price for the estimation procedure. In thisway, the repo rates are
treated in an identical fashion to the gilt prices.
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Table G: VRP out-of-sample goodness-of-fit (£)

Mean Standard deviation
Gilt only 0.088 0.024
With GC repo data 0.014 0.006
5 Estimating the real and implied inflation term

Structures

In this section, we focus on the particular problems associated with
estimating the real yield curve and term structure of inflation expectations,
using the prices of both conventional and index-linked gilts (1Gs). If
payments from | Gs were perfectly indexed, and hence were fixed in real
terms, we could estimate the real term structure in much the same way as
we derive the nominal yield curve. But in practice, |G cash flows are
indexed to the level of the retail price index prevailing eight months
previoudy. This meansthat coupon payments from IGsthat occur within
the next eight months are known exactly in nominal terms, but are uncertain
inreal terms. The price of the bond is, therefore, a complicated function of
both real and nominal interest rates, and hence, in addition to a curve-fitting
methodol ogy, we need a theoretical framework to enable us to disentangle
thereal yied from the prices of both conventional and index-linked gilts.

Until recently, the Bank of England used a method proposed by Deacon and
Derry (1994), referred to asthe ‘inflation term structure’ or ITSmodd. To
implement this technique, an initial assumption is made about market
expectations of futureinflation. Using this assumption, areal forward rate
curve isthen fitted to the prices of the index-linked gilts®® By comparing
thereal forward rates with a nominal interest rate curve (derived from the
prices of conventional gilts using the Svensson method described above), a
revised estimate of the inflation term structure can be derived,® which in
turnis used to re-estimate the real forward curve. Thisprocessis repeated
until the real forward rate curve converges.

@9 |n practice, a very simple parametric form is used to fit the forward curve, namely
f(m)=bo+biexp(-m/t). Thisisbasically atruncated version of the Svensson functional form,
using only the first two terms (constant and exponential decay). Theidea of using asimpler
functional formisto prevent overfitting given the small number of I1Gs.
@9 We implicitly assume that there is no inflation risk premium so that nominal forward rates
equal the sum of real rates and inflation expectations.
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The aim in this section isto describe a new approach to estimating the real
yield curve and inflation term structure. We have already seen the
advantages offered by a spline-based technique over parametric approaches.
Recent work by Evans (1998) has further provided us with a more elegant
and trangparent framework for dealing with the indexation lag. The method
described below incorporates both of these advances, together with some
modificationsto Evans approach necessary to allow usto estimate the real
and inflation term structures on a daily basis.

51 Evans theoretical framework

Evans main innovation was to make the relationship between |G prices,

real yields and nominal interest rates explicit by introducing the notion of an
index-linked discount function. To understand this concept, we first need to
develop some notation. In particular, let M, denote the nominal stochastic
discount factor or pricing kernel. Thisis defined so that the current value,
V,, of afuture nominal cash flow, Vi, payable at timet+h, is given by:

Vi = Et[Mt+th+h] (12)

Now let Q,(h) denote the timet price of a nominal zero-coupon bond,
paying acertain £1 at timet+h. According to equation (12), thisis given
by:

Q(h)=EM,.1] (13)

Similarly the nominal price of areal (perfectly indexed) bond which pays
£(Pu/Py) at timet+h, where P, isthe general pricelevd, isgiven by:

(14)

) é
QI (h): EIgM t+h

But, as discussed above, |Gs are not perfectly indexed — cash flows are
linked to the price level with alag of length . Hence, we also define the
price of a zero-coupon index-linked bond as:

N é ¥
Q' (h)=E &M, iy (15)
é Poa
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Given these definitions, it is reasonably straightforward to show that there is
a unique relationship between the yields on the three types of bond:

nominal, real and index-linked (see Evans (1998) for further details).
Denoting these by vy, y and y* respectively:

yf():—yt [hyt(h) ty,(t )]+ t), (16)

wheret =h-I, and g(t) isarisk premium term, which we assume in what
followsto be equal to zero. Thisassumption is supported by Evanswho
found that the risk premium term contributed only approximately 1.5 basis
points to the annualised real yield.

All that remainsto do is to describe the relationship between the theoretical
index-linked zero-coupon bonds and the prices of |1Gs that we observein
practice. So let Q%*(H) denotethetimet price of an IG, maturing at time H,
and paying an annual (real) coupon rate of c. Assuming that itspriceis
equal to the present discounted value of its future cash flows, we can write:
. (o P
F(H)=58 A2 ()

LA A+ () @D

>0
il

“U|-o
Qox

+ 8
2

Here A(h) isan indicator function, which is equal to oneif a cash flow
occurs at time h, and zero otherwise. Coupon payments are indexed from a
base price level, P;, which is set when the bond isissued. Note that the
nominal values of cash flows occurring within the next eight months (the
indexation lag) are known, and are therefore discounted at the nominal rate.

52 Two modifications

In his paper, Evans estimated the zero-coupon nominal and index-linked
yield curves from the prices of conventional and index-linked gilts
respectively, and then used equation (16) to back out the real yield curve.
But by implementing this approach he implicitly assumed that the current
price level isknown at all timeswhile, in practice, thisis never the case.™

% Evans did some tests using a ‘ certainty equivalent’ value of the price level, which he
estimated as an additional parameter. He found, using end-of-month data, that thiswas an
unnecessary refinement. We wish to estimate the curves on a daily basis, however, which
means we have to take the publication schedule of the RPI into account.
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Theretail pricesindex (RPI), to which IGs are indexed, is published
monthly, and the data indicate the level of the index on the last day of the
month. This creates two problems:

Since the data are published with an approximate two-week delay, the
current price level, Py, is never known with certainty at any timet.

Cash flows are indexed to the level of the RPI prevailing eight months
previoudy. But months are not equal in length; moreover, whether a
cash flow isdue on 1 November or 30 November, say, it will be
uplifted with reference to the same RPI value (that prevailing the
previous March). Thusthe indexation lag, |, does not have a constant
value.

Both of these problems are best illustrated with actual examples. In the first
case, suppose that t corresponds to 29 February 2000. The priceleve P is
not known; the latest RPI value available correspondsto 31 January 2000.
Moreover, thisremainsthe latest value until mid-March 2000. Hence, if we
let t1 denote the date of the latest RPI value (in this case 31 January 2000),
then there can be up to around six weeks between t and t1. To account for
this, we re-define the index-linked discount factor with respect to the latest
known RPI value, such that:

I:)t+h»l
P

t1

(18)

Q: (h) =E gM t+h
e

O\

Denoting the yield on thisbond by ¥, (h) , equation (16) then becomes:

4 0=05:0)- - )+ PR IRITSE)

In thisway we have made explicit the fact that we need to know Py, and
although we il have to make an assumption about its value, we can now
see exactly how that assumption impacts on our estimated yields. One
simple approach is to base the current price level, P, on the latest available
value, Py, increasing it by the current annual rate of inflation, such that:
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P,- P
P =[1+(t- )P ,]P, where Pu:w (20)

t1- lyear

The second problem ismore subtle. In deriving the relationships above, we
have denoted the date on which a cash flow occurs as t+h, and the date to
which the cash flow isindexed ast+t, so that the indexation lag isI=h-t.
Now consider a specific example. Suppose today is 24 August 1999, and
also that there is a coupon payment due from a specific |G on 15 November
2001. Thisimpliesthat h equals 814 days. The cash flow will be uplifted
with reference to the March 2001 RPI figure, giving at of 585 daysand
therefore an indexation lag, |, of 229 days. If we now consider the
subsequent cash flow of the IG, due six months later on 15 March 2002, we
find that itsindexation lag is 227 days. And in general, each cash flow of
every |G will have a unique indexation lag.

Asadirect consequence, we are unableto fit an index-linked curve and then
back out areal curvein the same way as Evans. Ingtead, wefit a VRP
spline directly to thereal curve, and then use equation (19), together with a
separately estimated nominal curve, to calculate the index-linked discount
factors applicable to each individual cash flow. A fitted price for each IG
can then be calculated using a modified version of equation (17) which
takesinto account the new definition of the index-linked discount factor:

28 A (1) +-2Q(H) @D

This, however, raises a further issue. Suppose today’s (settlement) dateis
1 September 1999, which means that (because of the publication delay) the
latest RPI value corresponds to July 1999. Now consider a cash flow from
an |G which isdue on 24 April 2000, and which will be indexed to the
August 1999 value of the RPI. This cash flow isnot known in nhominal
terms, and thus we need to calculate its index-linked discount factor. This
cannot be done, however, because the corresponding value of t isequal to
-1, and hence Q(t) is undefined.

To resolve this problem, note that if t <0 then, in the same way that we
assume we know the market’ s assumption for P, we can equally well
consider Py.; to be known, and given by:
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Rﬂ = [1+ (t +t - tl)P tl]Ptl (22)

Hence, we can modify our definition of the index-linked zero-coupon bond
as.

R
=)

t

Q (h) =Q,(h) if t<0 (23)

In thisway, we are able to calculate the present value of any index-linked
cash flow, and thus fitted prices for all I1Gs.

53 Sability of the estimated real curve

In Section 3.2 we saw that the VRP method offers significant advantages
over parametric techniquesin terms of the stability of nominal yield curve
edimates. The gtability of thereal curve is more complex asit will be
affected by movementsin both conventional and index-linked gilts.
Moreover, sincein equation (19) t appearsin the denominator of the
right-hand side, the estimates of thereal curve will become increasingly
senditive to curve estimation errors at shorter maturities. In this section, we
examine this sensitivity in purely theoretical terms using the condition
number framework described previoudly.

The aim isto determine the shortest maturity for which the real yield curve
is stable with respect to small changesin the underlying index-linked and
nominal term structures. A small change in the estimated nominal yield,
Dyi(x), can be written to a first-order approximation as:

oy, () ‘f;;(()) )

Similar relationships hold for the index-linked and real yields. Now
consider a small perturbation to the price of index-linked gilts, such that
y: (h) ® Y, (h)+Dy; (h) . Keeping nominal yields fixed, it follows from
equation (19) that thereisa changein thereal yield curve of:

35



vy - DO (h
oy; )= =22 () @
tQ; (h)
The effect of a small perturbation to the nominal curve, meanwhile, will

depend on whether this occurs at a maturity of h or t, in which case the
effect on the real yield curve will be given by respectively:

oy )= Egt((;‘)) or Dyl )%(f)) @

Realigtically, both index-linked and conventional giltswill be subject to
errors at the sametime. We can summarise the effect this has on the
estimated real yield by defining a condition number as previoudy. In
particular, using the L* norm, we define this condition number as.®®

1 ¢pQ'(h), bo(h), DQf)!
vt)gdr () teh takly 1 27)
éQ: (h), ba(h), D)t i)

u

gar) o) Q) g

=

CN =

This describes the sum of percentage changesto thereal curve arising from
three possible changesin its underlying components. the index-linked yield
at maturity h, and nominal yields at maturitiesof hand t.

18 Note that thisis equation (10) with G(x+€)-G(x) representing changes to the real yield
curve arising from perturbations to the index-linked curve (asin equation (25)) or in the
nominal curve, with the associated changes described in (26).
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To assess Whether the technique is stable we need to determine a threshold,
or critical value, for the condition number, CNi;, below which the curveis
felt to be stable. Recall that thetick size used in the gilt market (both
conventional and index-linked) is£(1/32), for a notional redemption
payment of £100.4” In the spirit of the condition number analysiswe
performed earlier, we require the method to be stable to perturbations of
lessthan or equal to half of thetick size, since bond prices inevitably have
errors of this magnitude. Suppose then that we want to regtrict the response
of thereal yield curve to perturbations of this magnitude to 1% (eg from 3%
to 3.03%). Focusing on the short end (where prices of both nominal and
index-linked zero-coupon bond prices are approximately unity) thisimplies
acritical condition number of:®

c a2
CN_. » 110 » 64 (28)

it , -
o ar107?

Similarly, if we require the curve to shift by only 0.5%, then we have the
more stringent case, CNii=32. For the method to be considered stable we
then require CN< CN;, which from equation (27) implies:

f>_ T (29)
CN crit yt (t )

For illugtration, if we assumethat the real yield curve isa constant 3%, and
take CN= 64, then we conclude that the method is only stable for t greater
than approximately half a year.

In practice, we assure stability at the short end of the curve by omitting 1Gs
from the estimation with less than 16 months to maturity, corresponding to
at of around 8 months. In fact, as Chart 7 shows for the period May 1996

9 0On 1 November 1998, gilt prices changed from being quoted in multiples of £(1/32) to
£0.01 ticks. Thisreduced the pricing error, and hence the sensitivity of the curve to the
non-continuous price distribution. In the analysis presented here, this reduces the minimum
value of t for which the curve is stable, and thus we could extend the estimated curve to shorter
maturities. We continue, however, to truncate the curve at the higher value to provide a
continuous time series.
8 Equation (28) is derived by definition of the condition number — equations (10) and (11) —
replacing the change in the yield curve with 1” 10 and a change in one of the underlying bond
price components of (1/64) 10, where thisis the proportion of half the tick size attributed to a
bond with face value of £1.
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to February 2000, this congtraint is rarely binding. Over the sample period,
the only time that there was an index-linked gilt with maturity greater than
8 months (so that at least one cash flow is unknown in nominal terms) but
less than 16 months was between January 1997 and August 1997.

Chart 7: Maturity spectrum of index-linked gilts
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Chart 7 also has strong implications for how we interpret our real yield
curveresults. Estimates at maturities less than the shortest available gilt
must be treated with caution, asthe curveis not well-defined in such a
region. Unfortunately there are no alternative index-linked assets which we
could incorporate into the estimation procedure as we did for the nominal
curve. Inthefollowing discussion we consider only the portion of the real
curve for which there is data.

54 Comparison of new approach with the I TS technique

In this section, we compare our new estimates with those using the ITS
technique, across the criteria used previoudy for the nominal yield curve.
We find that estimates of the real yield curve using the two methods track
each other quite closely, with the largest differences at the long end where
the ITS curveis congtrained to lie flat. Inflation forwards differ more
markedly, reflecting differences in the nominal curve estimates. For
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example, the fact that the Svensson model is unable to capture any
downward dope in the nominal yield curve means that the 20-year ITS
inflation forward estimates always lie above the rates estimated using the
VRP approach. It isalso worth noting that the volatility of the ITS inflation
forward ratesis considerably greater than that of the VRP estimates (see
TableH). Sincethe contrast isnot so striking when we consider real
forward rates, we conclude that much of thisinstability again arises from
the nominal estimation method.

TableH: Volatility of real and inflation forward rates®

Volatility of instantaneous forward rates (%)
3-year 10-year 20-year
VRP real 32 26 21
ITSreal 34 25 25
VRP inflation 58 50 58
ITSinflation 6.3 99 16.6

@ Measured as the standard deviation of daily changesin the level.

As before, we measure the stability of the estimates more formally by
calculating the condition numbers associated with small perturbationsin the
underlying price. But note that we only perturb the prices of the
index-linked bonds, keeping the respective nominal curvesfixed. Thisis
because in these tests we wish to isolate the rel ative performance of a spline
or parametric function fitted to the real forward rate. Nonetheless, in
practice measurement errors clearly affect both conventional and
index-linked bonds. And since we know the I TS nominal curve (Svensson)
isless gtable than the VRP nominal curve, then if we were to perturb all
bond prices, we expect the I TS condition numbers to increase more than the
VRP numbers.

To interpret the condition numbers in absolute terms, note that the average
fractional change in the bond prices was 0.0050%; hence a condition
number of 200 corresponds to a 1% changein the level of thereal rate (for
example from 3.00% to 3.03%). Thisishigher than the critical threshold of
120 used to assess the nominal curves since the average price of an IG is
higher than that of a conventional bond, but the tick sizeisthe same.
Similarly, a condition number of 1,000 correspondsto a 5% shift in the
output curve. Loosely, we can say that a condition number of below 200
implies that the curveis stable.
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Tablel: Forward curve condition numbers

Average norm Maximum norm
ITS VRP ITS VRP
Median 6.5 76 55.7 36.8
90th percentile 210 134 732 773
95th percentile 532 155 3320 89.0
Maximum 733 252 525000 141

Table | shows summary statistics for the distribution of condition numbers

calculated for the forward curve using the two methods across all maturities.

This shows clearly that the VRP method outperformsthe I TS estimates.

Moreover, estimates derived using the VRP method are always stable using

the calculation guide outlined above. A similar story isfound comparing
the goodness-of-fit of the two sets of estimates, in Table Jbelow. This

shows that the VRP method not only fits the data better than the ITS

technique, but also the quality of thefit isless variable from day to day.

Table J: Out-of-sample goodness-of-fit statistics

Mean Std dev
ITS 0.78 0.71
VRP 0.55 0.54
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6 Conclusions

We have presented a new method for estimating the term structure of
interest rates based on cubic smoothing splines. The important innovation
of thismodd, initially suggested by Waggoner, isthat the degree of
smoothing applied to the curveis afunction of maturity. Specifically, we
allow the curve to be more flexible at the short end, where we expect the
yield curveto exhibit the greatest amount of curvature, than at the long end,
where expectations are likely to be constant.

In a detailed comparison with other widely used techniques, we find that the
new VRP method outperforms the commonly used Svensson, Nelson and
Siegel, and Fisher, Nychka and Zervos models on all our criteria, which are
based on the suitability of the resulting yield curves for monetary policy
purposes. By including GC repo rates (which are effectively riskless), we
can significantly improve the VRP estimates of the short end of the curve.
We cannot use the same procedure to improve Svensson estimates, since the
parametric nature of thistechnique meansthat rates at the very long end are
also affected. We have also combined the VRP technique with an enhanced
version of the framework introduced by Evans (1998) to allow usto
estimate real and inflation term structures from the price of index-linked
bonds. Again the new method significantly outperformsthe I TS technique
used previoudy.
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Appendix: Smoothing cubic spline models

A generic splineisa piecewise polynomial, ieacurve constructed from
individual polynomial segments, joined at * knot points . By construction,
both the curve and itsfirst derivative are continuous at all points. This
places constraints on the coefficients of theindividual polynomial segments.
Concentrating on cubic functions (which result inacubic  spline), the
continuity constraints mean that every cubic spline can bewritteninthe
form,

N-1
S(x)=ax® +bx® +gx+d + @ h;|x- k|’
i=1

for some constants, a, 3, g, d, h;j, where k;, i=[0,N] isthe set of knot points.

Although thisisthe simplest expression for acubic spline, it is numerically
unstable,*® and so instead we prefer to represent our  splinesasalinear
combination of cubic B- splines. Thisisacompletely general
transformation — any spline can be written as such a combination of
B-splines of the appropriate order — which curesthe numerical problems.
B-splines of order n are most smply represented by the following
recurrence rel ation:

___X- k\ ki+n - X
Bi,n(x) = K-k Bi,n—l(x)+ Ko - ko Bi+1,n-1(x)

with By 1(X)=1 ij ki £ x <Kkj+1 and zero otherwise. For more details see
Lancaster and Salkauskas (1986).

) Computers have only finite accuracy, and the cal culation of a spline using this expression
typically involve the subtraction of very large, smilar numbers, resulting in (potentialy) large
errors.
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