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Introduction

In the good old days, bond valuation was relatively simple.  Not only did interest rates exhibit little day-to-day volatility, but in the long run they inevitably drifted up, rather than down.  Thus the ubiquitous call option on long-term corporate bonds hardly ever required the attention of the financial manager. Those days are gone. 

Today, investors face volatile interest rates, a historically steep yield curve, and complex bond structures with one or more embedded options.  The framework used to value bonds in a relatively stable interest rate environment is inappropriate for valuing bonds today. This article sets forth a general model that can be used to value any bond in any interest rate environment.

The value of any bond is the present value of its expected cash flows.  This sounds simple: Determine the cash flows and then discount those cash flows at an appropriate rate.  In practice, it’s not so simple for two reasons. First, holding aside the possibility of default, it is not easy to determine the cash flows for bonds with embedded options. The exercise of options embedded in a bond depends on the future course of interest rates and therefore the cash flow is a priori uncertain.  The issuer of a callable bond can alter the cash flows to the investor by calling the bond, while the investor in a put able bond can alter the cash flows by putting the bond.  The future course of interest rates determines when and if the party granted the option is likely to alter the cash flows.

Bond is a debt investment, with which the investor loans money to an entity (company or government) that borrows the funds for a defined period of time at a specified interest rate

Different types of Bonds

Government Bonds

In general, fixed income securities are classified according to the length of time before maturity. These are the three main categories:

Bills - debt securities maturing in less than one year.
Notes - debt securities maturing in one to ten years.
Bonds - debt securities maturing in more than ten years.

Marketable securities from the U.S. Government--known collectively as Treasuries--follow this guideline and are issued as Treasury bonds, Treasury notes, and Treasury bills (T-bills). Technically speaking, T-bills aren't bonds because of their short maturity.

All debt issued by U.S. is regarded as extremely safe, as is the debt of any stable country. The debt of many developing countries, however, does carry substantial risk. Just like companies, countries can default on payments.

Municipal Bonds
Municipal bonds are the next progression in terms of risk. Cities don't go bankrupt that often, but it can happen. The major advantage to "munis" is that the returns are free from federal tax. Local governments also sometimes make its debt non-taxable for residents, making some municipal bonds completely tax free. Because of the tax savings the yield is usually lower than that of a taxable bond. Depending on your personal situation munis can be a great investment on an after-tax basis.

Corporate Bonds
A company can issue bonds just like it can issue stock. Large corporations have a lot of flexibility as to how much debt they can issue: the limit is whatever the market will bear. Generally a short-term corporate bond is less than five years; intermediate is five to twelve years, and long term is over twelve years. 

Corporate bonds are characterized by higher yields because there is a higher risk of a company defaulting than a government. The upside is they can also be the most rewarding fixed-income investments because of the risk the investor must take on. The company's credit quality is very important: the higher the quality, the lower the interest rate the investor receives. These 'Bonds' are sold and traded on the Open Market, just like any other stock, security, or bank instrument.

It is often very advantageous for a company to sell off their "Debt."

Other variations are convertible bonds, which the holder can convert into stock, and callable bonds, which allow the company to redeem an issue prior to maturity.

Zero Coupon Bonds
This is a type of bond that makes no coupon payments but instead is issued at a considerable discount to par value. For example, a zero coupon bond with a $1000 par value and ten years to maturity might be trading at $600. So today you pay $600 for a bond that will be worth $1000 in ten years. 

Theory Of  Bonds

By rule of common law the bond is also more formal in its execution. The bond in its old common-law form, require a seal and had to be witnessed in the same manner as a deed or other formal conveyance of property, and though assignable was not negotiable. A bond differs from an investment note only in the time which it has to run before maturity.  Ordinarily the deviding line is five years; if the term of the funded debt exceeds this period, the issue is called bonds; if within this period, notes.
A bond differs from a share of stock in that the former is a contract to pay a certain sum of money with definite stipulations as to amount and maturity of interest payments, maturity of principal, and other recitals as to the rights of the holder in case of default, sinking fund provisions, etc. A stock contains no promise to repay the purchase price or any amount whatsoever. The shareholder is an owner; a bondholder is a creditor. The bondholder has a claim against the assets and earnings of a corporation prior to that of the stockholder, and while the bondholder is an investor, the stockholder speculates on the success of the enterprise. The former's claim is a definite contractual one; the latter's claim is contingent upon earnings. Now days there are numerous classifications of bonds.

The following classifications have been selected as the most important and useful:

Character of obligor

-Civil bonds.  Examples: government bonds, state bonds, municipal bonds.
-Corporation bonds.  Examples:  railroad bonds, public utility bonds, industrial bonds.

Purpose of issue 

Examples:  equipment bonds, improvement bonds, school bonds, terminal bonds, refunding bonds, adjustment bonds.

Character of security

Unsecured:  Examples:  civil bonds, corporate debentures.
Secured:
-Personal security.  Examples:  endorsed bonds, guaranteed bonds.
-Lien security.  Examples:  first mortgage bonds, general mortgage bonds, consolidated mortgage bonds, collateral trust bonds, chattel mortgage bonds.

Terms of payment of principal 

Examples:  straight maturity bonds, callable bonds, perpetual bonds, sinking fund bonds, serial bonds.

Terms of payment of interest

-Fixed interest as a fixed charge.
-Contingent interest (payable if earned, in income bonds).
-Zero-interest bonds (such bonds pay no interest, but provide accretion of discount by being issued at discount but by paying full principal of bond at maturity).  The Internal Revenue Service, however, as of 1982 ruled that the zero-interest bondholder must pay income tax each year on the effective annual yield, a negative tax impact.

Evidence of ownership and transfer 

Examples:  coupon bonds, registered bonds, registered coupon bonds.

Bonds may also be classified according to tax exemption, convertibility, eligibility for investment by savings banks, insurance companies and trust funds, eligibility for securing government deposits, etc.

Other classification methods for bonds are been classified as domestic or foreign bonds, the latter including Eurobonds and bonds payable as to principal and/or interest in specified choice of foreign currency as well as currency of the country of issuance.
Specific kinds of bonds are described under separate titles, e.g. adjustment bonds, bearer bonds, collateral trust bonds, debenture bonds, extended bond, first mortgage bonds, general mortgage bonds.

Corporate bonds are usually issued in denominations of $1,000.  The amount shown on the bond is the face value, maturity value, or principal of the bond.  Bond prices are usually quoted as a percentage of face value. 

The nominal or coupon interest rate on a bond is the rate the issuer agrees to pay and is also shown on the bond or in the bond agreement.  Interest payments, usually made semiannually, are based on the face value of the bond and not on the issuance price.  The effective or market interest rate is the nominal rate adjusted for the premium or discount on the purchase and indicates the actual yield on the bond.  Bonds that have a single-fixed maturity date are term bonds.  Serial bonds provide for the repayment of principal in a series of periodic installments.

Bonds may be sold by the issuing company directly to investors or to an investment banker who markets the bonds.  The investment banker might underwrite the issue, which guarantees the issuer a specific amount, or sell the bonds on a commission (best efforts basis for the issuer).

The price of bonds can be determined either by a mathematical computation or from a Bond Values Table. When mathematics is used, the price of a bond can be computed using present value table.  

The price of a bond is the present value at the effective rate of a series of interest payments and the present value of the maturity value of the bond.

To determine the price of a $1,000 four-year bond having a 7% nominal interest rate with interest payable semiannual purchased to yield 6%, use the following procedure:


Present value of maturity value at effective rate (3%) for 8 periods:
$1,000 x .7894909   [1/(1+r)n] present value of 1at 3% for periods     = $789.41

Present value of an annuity of 8 interest receipts of $35 each at effective interest rate of 3%: 
$35 x 7.01969  [PV =  C [ (1/r) – 1/r(1 +r)T ]]present value of an annuity of 1 at 3% for 8 periods    = $245.69

Price of the bond:                 $1,035.10

Examples with MATLAB

Treasury Bills

Treasury bills are short-term (usually six months) securities sold by the United States Treasury. Sales of these securities are frequent, usually weekly. From time to time, the Treasury also offers longer duration securities called Treasury notes and Treasury bonds. 

A Treasury bill is a discount security. At the time of sale, a percentage discount is applied to the face value. At maturity, the holder redeems the bill for full face value. The basis for interest accrual is actual/360. Under this system, interest accrues on the actual number of elapsed days between purchase and maturity, and each year contains 360 days. These assumptions result in a slight increase in the actual discount applied to the notional.

Computing Treasury Bill Price and Yield 

The Fixed-Income Toolbox in MATLAB provides a suite of functions for computing price and yield on Treasury bills. These functions are shown below.

	Function
	Purpose

	tbilldisc2yield
	Convert discount rate to yield.

	tbillprice
	Price Treasury bill given its yield or discount rate.

	tbillrepo
	Break-even discount of repurchase agreement.

	tbillyield
	Yield and discount of Treasury bill given its price.

	tbillyield2disc
	Convert yield to discount rate.

	tbillval01
	The value of one basis point given the characteristics of the Treasury bill, as represented by its settlement and maturity dates. You can relate the basis point to discount, money-market, or bond-equivalent yield.


	


For all functions with yield in the computation, you can specify yield as money-market or bond-equivalent yield. The functions all assume a face value of $100 for each Treasury bill.

Example 1. Given a Treasury bill with these characteristics, compute the price of the Treasury bill using the bond-equivalent yield as input.

Rate = 0.045;

Settle = '01-Oct-02';

Maturity = '31-Mar-03';

Type = 2;

Price = tbillprice(Rate, Settle, Maturity, Type)

Price =

   97.8172

Example 2. Use tbillprice to price a portfolio of Treasury bills.

Rate = [0.045; 0.046];

Settle = {'02-Jan-02'; '01-Mar-02'};

Maturity = {'30-June-02'; '30-June-02'};

Type = [2 3];

Price = tbillprice(Rate, Settle, Maturity, Type)

Price =

   97.8408

   98.4980

	Rate
	Bond-equivalent yield, money-market yield, or discount rate in decimal.

	Settle 
	Settlement date. Settle must be earlier than or equal to Maturity.

	Maturity
	Maturity date. 

	Type
	(Optional) Yield type. 1 = money market (default). 2 = bond-equivalent. 3 = discount rate.


Treasury Bill Yields

[MMYield, BEYield, Discount] = tbillyield(Price, Settle, Maturity) computes the yield of U.S. Treasury bills given Price, Settle, and Maturity. The U.S. Treasury bill basis is actual/360.

All outputs are NTBILLS-by-1 vectors.

MMYield is the money-market yield of the Treasury bills.

BEYield is the bond equivalent yield of the Treasury bills.

Discount is the discount rate (annual) of the Treasury bills.

Given a Treasury bill with these characteristics, compute the money-market and bond-equivalent yields and the discount rate.

Price = 98.75;

Settle = '01-Oct-02';

Maturity = '31-Mar-03';

[MMYield, BEYield, Discount] = tbillyield(Price, Settle,... 

Maturity)

MMYield =

    0.0252

BEYield =

    0.0255

Discount =

    0.0249

Zero-Coupon Bonds

A zero-coupon bond is a corporate, Treasury, or municipal debt instrument that pays no periodic interest. Typically, the bond is redeemed at maturity for its full face value. It will be a security issued at a discount from its face value, or it may be a coupon bond stripped of its coupons and repackaged as a zero-coupon bond. 

The Fixed Income Toolbox provides functions for valuing zero-coupon debt instruments. These functions supplement existing coupon bond functions such as bndprice and bndyield that are available in the Financial Toolbox.

[Price, AccruedInt] = bndprice(Yield, CouponRate, Settle, Maturity, Period, Basis, EndMonthRule, IssueDate, FirstCouponDate, LastCouponDate, StartDate, Face) given bonds with SIA date parameters and semiannual yields to maturity, returns the clean prices and accrued interest due.

Price is the clean price of the bond (current price without accrued interest).

AccruedInt is the accrued interest payable at settlement.

Price and Yield are related by the formula

Price + Accrued_Interest = sum(Cash_Flow*(1+Yield/2)^(-Time))

where the sum is over the bonds' cash flows and corresponding times in units of semiannual coupon periods.

Example1. Price a treasury bond at three different yield values. 

Yield = [0.04; 0.05; 0.06]; 

CouponRate = 0.05; 

Settle = '20-Jan-1997'; 

Maturity = '15-Jun-2002'; 

Period = 2; 

Basis = 0; 

[Price, AccruedInt] = bndprice(Yield, CouponRate, Settle,... 

Maturity, Period, Basis)

Price =

  104.8106

   99.9951

   95.4384

AccruedInt =

  0.4945

  0.4945

  0.4945

Measuring Zero-Coupon Bond Function Quality

Zero-coupon function quality is measured by how consistent the results are with coupon-bearing bonds. Because the zero's yield is essentially bond-equivalent, comparisons with coupon-bearing bonds are possible. 

In the textbook case, where time t is measured continuously and the rate r is continuously compounded, the value of a zero bond is simply the principal multiplied by  e-r*t. In reality, the rate quoted is very seldom continuous and the basis can be variable, requiring a more consistent approach to meet the stricter demands of accurate pricing.
The following two examples show how the zero functions are consistent with supported coupon bond functions. 

Pricing Treasury Notes

A Treasury note can be considered to be a package of zeros. The toolbox functions that price zeros require a coupon bond equivalent yield. That yield can originate from any type of coupon paying bond, with any periodic payment, or any accrual basis. The next example shows the use of the toolbox to price a Treasury note and compares the calculated price with the actual price quotation for that day.

Settle = datenum('02-03-2003');

MaturityCpn = datenum('05-15-2009');

Period = 2;

Basis = 0;

% Quoted yield.

QYield = 0.03342;

% Quoted price.

QPriceACT = 112.127;

CouponRate = 0.055;

Extract the cash flow and compute price from the sum of zeros discounted.

[CFlows, CDates] = cfamounts(CouponRate, Settle, MaturityCpn, ... 

Period, Basis);

MaturityofZeros = CDates;

Compute the price of the coupon bond identically as a collection of zeros by multiplying the discount factors to the corresponding cash flows.

PriceofZeros = CFlows * zeroprice(QYield, Settle, ... 

MaturityofZeros, Period, Basis)/100;

The following table shows the intermediate calculations.               
	Cash Flows 
	Discount Factors
	Discounted Cash Flows

	-1.2155
	1.0000
	-1.2155

	2.7500
	0.9908
	2.7246

	2.7500
	0.9745
	2.6799

	2.7500
	0.9585
	2.6359

	2.7500
	0.9427
	2.5925

	2.7500
	0.9272
	2.5499

	2.7500
	0.9120
	2.5080

	2.7500
	0.8970
	2.4668

	2.7500
	0.8823
	2.4263

	2.7500
	0.8678
	2.3864

	2.7500
	0.8535
	2.3472

	2.7500
	0.8395
	2.3086

	2.7500
	0.8257
	2.2706

	102.7500
	0.8121
	83.4451

	
	                                       Total
	112.1263


	


Compare the quoted price and the calculated price based on zeros.

[QPriceACT PriceofZeros]

ans =

112.1270 112.1263

This example shows that zeroprice can satisfactorily price a Treasury note, a semiannual actual/actual basis bond, as if it were a composed of a series of zero coupon bonds.

Corporate Bonds 

You can similarly price a corporate bond, for which there is no corresponding zero coupon bond, as opposed to a Treasury note, for which corresponding zeros exist. You can create a synthetic zero-coupon bond and arrive at the quoted coupon-bond price when you later sum the zeros.

Settle = datenum('02-05-2003');

MaturityCpn = datenum('01-14-2009');

Period = 2;

Basis = 1;

% Quoted yield.

QYield = 0.05974;

% Quoted price.

QPrice30 = 99.382;

CouponRate = 0.05850;

Extract cash flow and compute price from the sum of zeros.

[CFlows, CDates] = cfamounts(CouponRate, Settle, MaturityCpn, ... 

Period, Basis);

Maturity = CDates;

Compute the price of the coupon bond identically as a collection of zeros by multiplying the discount factors to the corresponding cash flows.

Price30 = CFlows * zeroprice(QYield, Settle, Maturity, Period, ... 

Basis)/100;

Compare quoted price and calculated price based on zeros.

[QPrice30 Price30]

ans =

99.3820   99.3828

As a test of fidelity, intentionally giving the wrong basis, say actual/actual (Basis = 0) instead of 30/360, gives a price of 99.3972. Such a systematic error, if recurring in a more complex pricing routine, quickly adds up to large in accuracies.

In summary, the zero functions in MATLAB facilitate extraction of present value from virtually any fixed-coupon instrument, up to any period in time.

Example1.

Today is January 14, 2004. There are two different bonds available on the market Treasury Notes and Corporate Bonds. We are going to find the weights for a bond portfolio with duration 4 years and convexities from 100 to 160 with step 0.1.

Solution:

settle='14-Jan-2004';

maturities = ['15-Mar-2009'

              '01-Jan-2009'];

couponRates = [0.055; 0.05850];

yields = [0.03342; 0.05974];

Compute durations and convexities:

durations = bnddury(yields,...

                    couponRates,...

                    settle,...

                    maturities);

bond_convexities = bndconvy(yields,...

                       couponRates,...

                       settle,...

                       maturities);

portfolio_convexities=(100:0.1:160);

Then we are computing the weights for portfolio:

A = [durations'

     bond_convexities'

     1 1 ];

b = [4*ones(size(portfolio_convexities))

     portfolio_convexities

     1*ones(size(portfolio_convexities))];

WEIGHTS = A\b;

Then we show the results by plotting the graph:

plot(portfolio_convexities,WEIGHTS(1,:),':',...

    portfolio_convexities,WEIGHTS(2,:),'-');

plottool=[min(portfolio_convexities),max(portfolio_convexities)];

title('Weights for bond portfolios');

legend('Y1 Treasury Notes','Y2 Corporate Bonds')

xlabel('Convexities of bonds','FontSize',12)

ylabel('Weights of bonds','FontSize',12)
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Arguments

PSA= Public Securities Association 

SIA= Securities Industry Association

	CouponRate
	Decimal number indicating the annual percentage rate used to determine the coupons payable on a bond.

	Settle
	Settlement date. A vector of serial date numbers or date strings. Settle must be earlier than or equal to Maturity.

	Maturity 
	Maturity date. A vector of serial date numbers or date strings.

	Period
	(Optional) Coupons per year of the bond. A vector of integers. Allowed values are 0, 1, 2, 3, 4, 6, and 12. Default = 2.

	Basis

	(Optional) Output day-count basis for annualizing the output zero rates. 0 = actual/actual (default), 1 = 30/360, 2 = actual/360 (default), 3 = actual/365, 4 = 30/360 (PSA compliant), 5 = 30/360 (ISDA compliant), 6 = 30/360 (European), 7 = actual/365 (Japanese).


	
	

	EndMonthRule
	(Optional) End-of-month rule. A vector. This rule applies only when Maturity is an end-of-month date for a month having 30 or fewer days. 0 = ignore rule, meaning that a bond's coupon payment date is always the same numerical day of the month. 1 = set rule on (default), meaning that a bond's coupon payment date is always the last actual day of the month.

	IssueDate
	(Optional) Date when a bond was issued. 

	FirstCouponDate
	(Optional) Date when a bond makes its first coupon payment. When FirstCouponDate and LastCouponDate are both specified, FirstCouponDate takes precedence in determining the coupon payment structure. 

	LastCouponDate
	(Optional) Last coupon date of a bond prior to the maturity date. In the absence of a specified FirstCouponDate, a specified LastCouponDate determines the coupon structure of the bond. The coupon structure of a bond is truncated at the LastCouponDate regardless of where it falls and will be followed only by the bond's maturity cash flow date.

	StartDate
	(Future implementation; optional) Date when a bond actually starts (the date from which a bond's cash flows can be considered). To make an instrument forward-starting, specify this date as a future date. If StartDate is not explicitly specified, the effective start date is the settlement date.

	Face
	(Optional) Face or par value. Default = 100.


Required arguments must be number of bonds (NUMBONDS) by 1 or 1-by-NUMBONDS conforming vectors or scalars. Optional arguments must be either NUMBONDS-by-1 or 1-by-NUMBONDS conforming vectors, scalars, or empty matrices.

[CFlowAmounts, CFlowDates, TFactors, CFlowFlags] = cfamounts(CouponRate, Settle, Maturity, Period, Basis, EndMonthRule, IssueDate, FirstCouponDate, LastCouponDate, StartDate, Face) returns matrices of cash flow amounts, cash flow dates, time factors, and cash flow flags for a portfolio of NUMBONDS fixed income securities. The elements contained in the cash flow matrix, time factor matrix, and cash flow flag matrix correspond to the cash flow dates for each security. The first element of each row in the cash flow matrix is the accrued interest payable on each bond. This is zero in the case of all zero coupon bonds. This function determines all cash flows and time mappings for a bond whether or not the coupon structure contains odd first or last periods. 

CFlowAmounts is the cash flow matrix of a portfolio of bonds. Each row represents the cash flow vector of a single bond. Each element in a column represents a specific cash flow for that bond.

CFlowDates is the cash flow date matrix of a portfolio of bonds. Each row represents a single bond in the portfolio. Each element in a column represents a cash flow date of that bond.

TFactors is the matrix of time factors for a portfolio of bonds. Each row corresponds to the vector of time factors for each bond. Each element in a column corresponds to the specific time factor associated with each cash flow of a bond. Time factors are useful in determining the present value of a stream of cash flows. The term "time factor" refers to the exponent TF in the discounting equation

PV = CF / (1 + z/2)TF

where:

	PV 
	present value of a cash flow

	CF 
	the cash flow amount

	z  
	the risk-adjusted annualized rate or yield corresponding to given cash flow. The yield is quoted on a semiannual basis.

	TF 
	time factor for a given cash flow. Time is measured in semiannual periods from the settlement date to the cash flow date.


CFlowFlags is the matrix of cash flow flags for a portfolio of bonds. Each row corresponds to the vector of cash flow flags for each bond. Each element in a column corresponds to the specific flag associated with each cash flow of a bond. Flags identify the type of each cash flow (e.g., nominal coupon cash flow, front or end partial or "stub" coupon, maturity cash flow).

 Bond Basics: Conclusion  


· Buying a bond means you are lending out your money. 

· Bonds are also called fixed-income securities because the cash flow from them is fixed. 

· Stocks are equity; bonds are debt. 

· The key reason for purchasing bonds is to diversify your portfolio. 

· Issuers of bonds are governments and corporations. 

· A bond is characterized by its face value, coupon rate, maturity, and issuer. 

· Yield is the rate of return you get on a bond. 

· When price goes up, yield goes down and vice versa. 

· When interest rates rise, the price of bonds in the market falls and vice versa. 

· Bills, notes, and bonds are all fixed-income securities classified by maturity. 

· Government bonds are the safest, followed by municipal bonds, and then corporate bonds. 

· Bonds are not risk free. It's always possible--especially for corporate bonds--for the borrower to default on the debt payments. 

· High risk/high yield bonds are known as junk bonds. 

· You can purchase most bonds through a brokerage or bank. If you are a U.S. citizen you can buy through TreasuryDirect

· Brokers often don't charge a commission to buy bonds but instead markup the price
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