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Answers and solutions
1. (i) Standard techniques gives us
T
F(tv :I") = Et,x [<1>(XT)] + Et,x l/ ]{T(S, Xs)d8‘|
¢

where

dXs = u(s, Xs)ds + o(s, Xs)dWs.

(ii) In this case the problem is to compute

F(t,z)=FE

T T
b [/t Xsds] :/t E, . [Xs]ds

dXs = aXgds + 0XdWs.

where

We easily obtain
E,, [Xs] = re(s1)

SO

T
- als—t) g — L plT—t) _
F(t,w)—x/t e ds—a{e 1}.

2. We use Sy as the numeraire and obtain
I (t; X) = S2(t) B2 [min {Z(T), 1}| F]

where i)
1
t) = So(t)

using a figure you easily see that

min{z,1} = z — max {z — 1,0},

which corresponds to a long position in the underlying Z and a short
position in a call with strike price K = 1.



Under Q% the drift of Z equals zero, and the Ito formula easily gives
us
dZ(t) = Z(t) {6dW — ydW |

where W and V' are Wiener under the relevant measure. We can thus
write

dZ(t) = Z(t)odW
where W is Q52 Wiener and

o =1/6%+~2
This corresponds to a world with zero short rate, so we obtain
(1 X) = S5(6) {Z(1) — elt, 2(1),1,0,0)} = S1(6)—Sa(t)elt (1), 1,,0)

with o as above.

(a)

O Inp(t,T)

f(t7T) = _O_T

(b)
T
o(t, T)dt = o(t,T) / o(t, s)ds
t

. If the T bond has the pricing function F7(t,r), so

p(t,T) = FT(t,r(t))
then by the assumptions we have

FT(t,r)= e (T=1)

Thus we have

F' o= rF7,
Fg = _(T_t)FTv
F.., = (T —t)?FT

Plugging this into the term structure equation
1
Fl + uFr + 50’2Fg; —rFT =0.

2



gives us, after simplification,
,U,(t, T) = (T - t)0'2 (t7 T)'

If this holds for all ¢ and 7', then since the lhs does not depend on T
we must have 0 = 0 and hence also ¢ = 0. Thus, the only short rate
model which gives us a flat term structure model is the degenerate
case when the short rate is constant and deterministic.

. (i) See the textbook, Chapter 26.
F(t,T) = EY[Y| 7]

(ii) Let Z; be the number of units of the risk free asset B (bank
account) and let X; be the number of units of the T-futures con-
tract. Then, since by definition all money is in the bank, we
have

Vi = ZBy.

Furthermore, the general self financing condition is

dV =" h'(dS" + dG")

where h is the absolute portfolio, S* is the spot price of the asset,
and G is the cumulative dividend process. In our case we have
two assets. For the risk free asset we have S = B and G = 0. For
the futures contract we have S = 0 and G = F. We thus have
the dynamics

dVy = ZydBy + X dFy

and since dB = rBdt we have
d‘/t = TZtBtdt + XtdFt

SO
dVy = rVidt + X dF;.

(iii) Our job is to find a value process V and a process X such that
dVy = rVidt + Xy dFy,

and
Vr = ®(Sr).



If V exists, then by general theory we should have V; = II(¢; ))
which would imply

‘/t — e—T(T—t)EQ [y| th] — e—T(T—t)th‘

Based on this, let us now define V' by V; = e "T=YF,. From Tto
we then have

AV = re "IV Edt + e " TDGE, = rVidt + e "D AE,

We have the correct dynamics and the boundary condition is
obviously satisfied so we are done. We can also identify X as

Xt = G_T(T_t).



