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Model

e Under the objective probability measure P,
the S-dynamics are given by

n
dS;(t) = a;S;(t)dt + S;(t) > 04;dW;(2),
j=1
fori=1,...,n. Here W1,...,W, are inde-
pendent P-Wiener processes.

e The coefficients «; and o;; above are as-
sumed to be known constants.

e [ he volatility matrix

{oij}
O‘: O‘..
J)i5=1

IS nonsingular.



Compact Notation

dS;(t) = o;S;(t)dt + S;(t)o;dW (t)

_ W ()
W(t) = :

| Wa(t) |
o; = [o41, ..., 0]

dS(t) = D [S(t)] adt + D [S(t)] cdW ().

(zq1 O ... O ]
Dal=| 2 2 ?
0 0 ... zn |
e
o =
_an_




Main Problem

Find arbitrage free price for claim of the form

X = d(S7)

Assumption:
The price process is of the form

N[t, X] = F(t,5(t))
for some deterministic function

F:Ry xR"— R



Procedure
Take &, F' as given.

Form a self-financing portfolio, based on S1,...,5,, B
and F. (n+ 1 degrees of freedom)

Choose the portfolio weights such that the driving
Wiener processes are canceled in the portfolio (uses
up n degrees of freedom)

dV (t) = V(t)k(t)dt.

Use the remaining degree of freedom in order to
force the value dynamics to be of the form

dv(t) = (r+ B) V(t)dt,

where 3 is some fixed nonzero real number. “beat
the risk free asset”

This is possible if and only if a certain matrix is
nonsingular.

Absence of arbitrage possibilities implies that this
matrix has to be singular.

The singularity condition of the matrix leads to a
PDE for the pricing function F'.



Portfolio dynamics:

"o dS; dB
Yulgh+ur +uny| .

Derivative dynamics:

dV =V

dF:F-(Xth+F-JFdW,

where
1 n 1
ap(t) = = Ft+ZOé7;Sz'F¢+§tT{U D[S]FssD[S]o}
1
1 n
op(t) = FZSZFZO-Z
1

Insert dF/F, dS;/S; and dB/B in portfolio dy-
namics and use the relation

ugp =1 — (Z%"‘UF)
1



Value dynamcis:

av = V. Zui(ai—r)—l—uF(aF—r)—l—r] dt
1

n
-|— V. Zuiai—l—chfpl dV_V
1

Wipe out the noise by choosing weights as

n
Zuiai —|—uFO'F = 0.
1

Value dynamics:

av =V .

> ui(aj—r) +up(ap—r1) -I-"“] dt,
1

Now we try to “beat the bank” (by a factor 3)
by choosing the weights such that

Y ui(ey—r)+up(ap—7r)+r=r+0.
1



On matrix form we thus want to solve:
N
0

Absence of arbitrage = this system cannot be
solved for 3 #= 0.

a1 —T ... Opn—T QO —T

o7 ... op 0%

us
Up

T hus the coefficient matrix must be singular.

Proposition: Absence of arbitrage = There

exist constants A\q,..., An such that
n
o; —Tr = ZO‘Z])\J, i=1,...,n,
j=1
n
o —T = Z O‘Fj)\j,
j=1

Interpretation:

Aj = “market price of risk’” of type j
>\j = risk premium per unit volatility of type j

8



On matrix form

a—rl, = oA,

o —T = O‘F)\,
where

_>\1_ el

_An_ _1_

By assumption o is invertible so
A=oc 1[a—rly]
Pluging this into
O — T — O'F)\
and using
1

gives us

1
ap —r = f'[lela---,SnFn] [ — r1ly]
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Recall

1
ap —r = f'[lela---,SnFn] [ — r1ly]

Inserting ap gives us.

Proposition: Absence of arbitrage implies that
F' has to satisfy the PDE

Fy(t,s) 4+ D> rsiFi(t,s)
i=1

+ %t?“ {U*D[S]FSSD[S]U} —rF(t,s) =0,

F(T,s) D(s)
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RISk Neutral VValuation

Proposition: The pricing function F' is given
by

F(t,s) = e "TDEZ [& (S(T))]

-dynamics:

dS; = rS;dt + S;o;,dW, 1 =1,...,n.
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Alterntive formulation

Dynamics:
dS; = S;a;dt + S;o;,dW,;, 1=1,---,n.

Now both o; and «; are scalars.

- Wa(t) |
W(t) = :
| Wal(t)
Here W1, .--, W, are correlated Wiener processes,

with unit variance parameter, and covariance
structure

Cij = Cov [dWi, de} = pijdt,

1 p12 - pin

C=FE[dw daw* = |F21 1 g

| Pnl Pn2 - 1
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Pricing PDE

OF i OF
o toX i
1 O°F
+ 5%87;33'07:03'/0@@—7“1?:0,
F(T,s) = ®(s)

Risk neutral VValuation

F(t,s) = e "T=DEP [0(S(T))]

-dynamics:

dS; = rS;dt + S;o;dW;,

LLocal rate of return equals . Same covariance
structure under Q as under P,
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