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Answers and partial solutions

1. Defining the process X by

dXt = µ(t,Xt)dt + σ(t,Xt)dWt,

the process Z by

Zt = e
∫ t

0
k(s,Xs)dsF (t,Xt),

and doing the usual calculations we obtain

F (t, x) = Et,x

[
e
∫ T

t
k(s,Xs)dsΦ(XT )

]

2. See the textbook, Chapter 6.

3. Se the textbook, chapter 12.

4. To start, we have

dp(t, T ) = µ(t, T )p(t, T )dt + p(t, T )γ(t, T )dWt,

under P , so under a martingale measure we must have

dp(t, T ) = rtp(t, T )dt + p(t, T )γ(t, T )dWt.

where r is the short rate. The price of the consol is given by

Ct =
∫ ∞

t
p(t, s)ds.

Using arguments like in HJM we obtain the C-dynamics

dCt = −p(t, t)dt +
∫ ∞

t
rtp(t, s)dtds +

∫ ∞

t
p(t, s)γ(t, s)dWtds
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We thus obtain

dCt = −p(t, t)dt +
(∫ ∞

t
rtp(t, s)ds

)
dt +

(∫ ∞

t
p(t, s)γ(t, s)ds

)
dWt

so
dCt = {Ctrt − 1} dt + σ(t)dWt

where
σ(t) =

∫ ∞

t
p(t, s)γ(t, s)ds.

5. By definition, since we are only holding the stock, we have

Vt = htSt.

We thus have
ht =

Vt

St

Supressing t we obtain the h-dynamics as

dh =
1
S

dV − V

S2
dS +

V

S3
(dS)2 − 1

S2
dV dS

=
1
S

dV − hS

S2
dS +

hS

S3
(dS)2 − 1

S2
dV dS

The self financing condition is

dVt = htdSt + htdDt = hS {(α + β)dt + (σ + γ)dW}

We thus obtain

dh = h(α + β)dt + h(σ + γ)dW

− h(αdt + σdW )
+ hσ2dt

− h(σ2 + σγ)dt

so, after simplification,

dht = ht(β − σγ)dt + htγdWt.

This is GBM, with solution

ht = e(β−σγ− 1
2
γ2)t+γWt .
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