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ABSTRACT. The purpose of this paper is to study stochastic control problems
with constraints on multiple time periods. The Bellman principle of optimality
is the core of this study and will be used to derive subproblems which are of a
standard stochastic control nature with constraints at the end time. A general
Linear Quadratic (LQ) control problem with constraints on multiple time periods
will also be solved.

As an application the paper deals with the financial problem of finding an
optimal portfolio for an investment strategy where different risk levels are given
during different periods of the investment horizon. This will be formulated as a
mean-variance control problem with variance constraints on the given periods of
time. Finally a closed form solution will be derived from the theory of LQ control.
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NOTATIONS

defined to be...

n-dimensional real Euclidean space.

set of all n x m matrices.

set of all n x n symmetric matrices.

trace of the square matrix A.

transpose of the vector or matrix x.

inner product of a Hilbert space.

the set of all continuous funtions f : [s,7] — R™.

the set of all Lebesgue measurable funtions f : [s,7] — R"

such that fsT | f(t) P dt < .

the set of all essentially bounded measurable funtions
f:ls,T)— R™

probability space.

filtration.

filtered probability space.

expectation of the random variable X.

conditional expectation of the random variable X given G.
variance of the random variable X.

the set of all {F}i>o-adapted R"-valued processes X (-)

such that E{ 7 | X () |7 dt} < oc.

the set of bounded R"-valued F-measurable random variables.

the set of all {F};>o-adapted processes u : [s,T] — U.
the set of stochastic weak admissible controls.



1. INTRODUCTION AND PRELIMINARIES

The purpose of this paper is to solve a version of the trajectory planning problem
subject to dynamics with a diffusion process. It is based on the works done by
[3] where optimal trajectory trajectory planning under a multiplicative stochastic
uncertainty is studied and [6] where the continuous time mean-variance portfolio
selection problem is formulated and solved using LQ techniques.

The solution to our problem is derived by the Bellman optimal principle. The
Bellman principle states that for any point on an optimal trajectory, the remaining
trajectory is optimal for the corresponding problem initiated at that point [1]. This
is the corner stone of dynamic programming, a technique developed by R. Bellman in
the early 50’s. This principle allows us to build up solutions by processing backwards
in time which leads to a partial differential equation (PDE) called the Hamilton-
Bellman-Jacobi (HJB) equation.

A consequence of this principle is that an optimal control problem can be solved
recursively with terminal evolution which is often known. More precisely, suppose
uy is a control variable whose value is to be chosen at time t. Since this principle is
instrumental in solving the problem at hand, we give a self-contained presentation
here. For an easier exposition of the idea we illustrate it in discrete time.

1.1. Short Introduction to Dynamics Programing. Let U;_; = (ug, uy,...,u;_1)
denote the partial sequence of controls (or decisions) taken over the first ¢ stages.
Suppose the cost up to the time horizon N is given by

C = G(UN_l) = G(Uo, U, - - ,U,N_l).
Then the principle of optimality is expressed as follows. Define the function

G(t,Ut_l) = inf G(UN_l).

Ut Ut+1,5-, UN -1
Then these obey the recursion

G(t, Ut—l) == lnfG(t + ].7 Ut) s t < N,

with terminal value G(Un_1, N) = G(Un_1).

Note that the control variable u; is chosen on the basis of knowing U;_; (which de-
termines everything else). But a more economical representation of the past history
is often sufficient.

For example, we may not need to know the entire path that has been followed up
to time ¢, but only the place to which it has taken us. The idea of a state variable
x € R” is that its value at t, x;, is computed from known quantities and obeys a
dynamical equation

Ti41 = f(t, fﬂt,Ut)
1



where f : R**m+l 5 R"  We wish to minimize a cost function of the form, or

cost-to-go function
N—

c= Z c(t, xg, uy) + en(xy)

t=

—_

by choice of controls {ug,...,uy_1}. To use the optimality principle, we define the
cost from ¢ onwards as
N-1
(1.1) Cs = Z c(t, zy,up) + en(xy)
t=s
and the minimal cost from time s onwards as an optimization over {u,...,uy_1}

conditional on 3, = x

V(s,x) = inf ¢,

Usy-o UN—1

which is the minimal future cost from time ¢ onwards, given the state x at t. The
V (t,z) satisfies

(1.2) V(t,z) = igf[c(t,x,u) +V(t+ 1, f(t,z,u))], t <N,

with V/(N,z) = ex(x), * = x;. Note that the minimizing v in (1.2) is the optimal
control u(t, z) and values of o, ...,x; 1 are irrelevant.

The optimality equation (1.2) is also called dynamic programming (DP) equa-
tion or Bellman equation. The DP equation defines an optimal control problem in
what is called feedback (or closed loop form) with u; = u(t, z). This is in contrast to
the open loop formulation in which {us,...,uy_1} are to be determined all at once
at time 0. A policy (or strategy) is a rule for choosing the value of the control vari-
able under all possible circumstances as a function of the perceived circumstances.
Thus dynamic programming has the following properties:

e The optimal w, is a function only of z; and ¢, i.e. u; = u(t, x;).

e The DP equation yields the optimal wu; in closed loop form. It is optimal
what ever the past control policy may have been.

e The DP equation is a backward recursion in time (from which we get the
optimum at N — 1 then N — 2, and so on). The later policy is decided first.

This is, in fact, much like the phylosophy ” Life must be lived forward and under-
stood backwards ” (Kierkegaard).

For our purpose of stochastic optimal control, we shall briefly describe the DP
approach in a stochastic setting. Let X; = (zo,...,z;) and U; = (uo, . .., u;) denote
the x and u histories at . As above, state structure is defined by a dynamical
system, that is, the evolution of the process is described by x, having value z; at
time ¢, with the following properties.

e Markov Dynamics:

P(xtﬂ | Xy, Ut) = P($t+1 ’ xtaut)-
2



e Decomposable cost: The cost function given by (1.1).
These assumptions define the state structures.
For the moment we also require for simple exposition.
e Perfect State Observation:
The current value of the state is observable. That is known at the time at
which u; must be chosen. So, letting W, denote the observed history at time
t, we assume Wy(X;, Up_q).
Note that ¢ is determined by Wy, so we might write ¢ = ¢(Wy). These assumptions
define what is known as a discrete-time Markov decision process. As above the cost
from time ¢ onwards given by (1.1). Denote the minimal expected cost for the time
invariant problem from time ¢ onwards by

V(VVt) = infEﬂ[Ct | Wt]

where 7 denotes a policy, i.e. a rule for choosing the controls ug,...,uy_1. We
assert the following theorem.

Theorem 1. V(W) is a function of x¢ and t alone, say V (t,x;). It obeys the DP
equation

(1.3) V(t,z¢) = inf{c(t, v, ur) + B[V (t + 1, 2051) | 1, we) }

and V(N,zy) = cn(xy). Moreover, a minimizing value of u; in (1.3) (which is also
only a function of x; and t) is optimal.

Proof: The value of V(W) is cy(zn), so the asserted reduction of V' is valid at
time N. Assume it is valid at time t + 1. The DP equation is then

(14) V(Wt) = lilf{c<t, Ty, Ut) + ]E[V(t + ]., $t+1 | Xt7 Ut]}

But by assumption the right hand side of (1.4) reduces to the rigth hand side of
(1.3). All assertions then follow. O

Now we turn to the DP equation for controlled diffusion process. The description
here is for a scalar process, which will be extended to vector case later in the paper.

The Wiener process W; is a scalar process for which W, = 0, the increments in
W over disjoint time intervals are independent and W, is normally distributed with
zero mean and variance t. (W is often called Brownian motion). This specification
is internally consistent since

Wt - th + (Wt - th)

and for 0 < t; < t the two terms on the right hand side are independent normal
variable of zero mean and with variance t; and t — t; respectively. If W is the
increment of W in a time interval of length ¢, then

E[§W] =0, E[(§W)?] = ét
3



where the expectation is conditional on the past of the process. Note that since

oW o -1
El(—;)1=0(t"") — o0
the formal derivative e = %—Vf(continuous time ”"white noise”) does not exist in a

mean-square sense, but expectations such as

Bl( [ altje)ar?) = BI( [ ataw ()] = [ (0
make sense if the integral is convergent.
Now consider a stochastic differential equation
dz = a(z,u)ot + g(z,u)oW
which we formally write as
& =a(x,u) + g(z,u)e.
This, as a Markov process, has an infinitesimal generator with action

¢(x(t + 0t)) — o(x(t))
ot

1
Ap(x) = (Sltir\r%) E[ | z(t) = z,u(t) = u] = ¢.a+ §¢>mg2.

The DP equation is thus

(1.5) igf[c +Vi+ Via+ %gQY/}m] =0.
1.2. Main contribution to Stochastic Optimal Control. We shall in this paper
apply DP to stochastic optimal control problems with multiple point constraint.
Assume the time interval I = [to, ty] is divided into tg < t; < --- < ty, where ¢; are
constrained points. For each interval I, = [tx_1, tx] we can formulate an optimization
problem which can be solved either by DP or by Pontryagin’s maximum principle.
The key idea for dealing with the intervals is to use dynamic programming, see
[3]. That is, we first solve an optimal control problem on Iy_; with terminal value
from Iy, and so on. In other words, we solve the optimal control problem at hand
by solving N suboptimal problems backwards in time intervals. The object in our
current paper are stochastic dynamical systems where some technical treatments
are required. These treatments are based on standard stochastic optimal control
techniques, presented e.g. in [8].

The idea of solving subproblems can heuristically be depicted by supposing that
a control problem is subject to constraints on n different points of the time interval
on which it is defined. By a subproblem we mean the control problem defined on
the interval of time between each constraint. Hence each subproblem can be solved
using traditional methods of stochastic controls.

It turns out that the trajectory planning with stochastic dynamics studied in this
paper is a suitable model in a financial application. We assume an investor is able
to trade in continuous time and wishes to find an investment strategy that enables

him/her to specify different risk levels at different times of the investment horizon.
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If the investor measures his/her risk level by the variance of the portfolio then the
investor optimal trading strategy will be the solution of the mean-variance portfolio
selection problem with variance constraints on different times.

H. Markowitz [2] studied the mean-variance portfolio optimization problem in a
single period. It awarded him the Nobel prize in economy 1997. It has become a
basis for mathematical finance. The mean-variance portfolio problem that will be
studied in this paper has some differences from the original Markowitz problem.
First, the possibility of continuous trading is assumed instead of one period trading.
Second, the portfolios in this formulation are not relatively weighted and a riskless
asset must be included in the strategy.

Since we assume continuous time trading the natural mathematical description
for the portfolio dynamics are continuous semimartingales. This means that the
market will be represented by a diffusion model. More specifically the diffusion that
will be used is linear and can be derived from the Black-Scholes model consisting
of one riskless asset and an arbitrary number of risky assets. The riskless asset is
normally thought of as a bank account while the risky assets are stocks.

From [6] we see that the mean-variance portfolio selection problem can be formu-
lated as a stochastic LQ control problem. Here we demonstrate how the risk con-
straints on the different time periods can be represented by simply adding variance
constraints to the formulation. Consequently the solution of the financial problem
can be derived in a straight forward way from the LQ multi period constraint frame-
work which in turn is derived from the general stochastic control theory with multi
period constraints developed in the paper.

The rest of the paper is organized as follows. We give some very brief mathemat-
ical preliminaries essential for the development of the theory. Basically the dynamic
programming principle for stochastic controls will be described and some fundamen-
tal results are stated. Then the problem formulation for trajectory planning with
diffusion process is given and the solution of the mathematical problem is described.
Finally we turn to the financial problem.

2. MATHEMATICAL PRELIMINARIES

In this section we give a short review of stochastic control theory that will be used
in the sequel.

2.1. General Stochastic Control by dynamic programming.

There are two versions of the stochastic control problem called the strong and weak
formulations. In the strong formulation there is a given filtered probability space
(Q, F,{Fi}+>0,P) where {F;}i>0 is a filtration generated by an m-dimensional stan-
dard Brownian motion W (t) that satisfies the usual conditions of right continuity
and completeness. Let the dynamics of the problem be continuous {F;}-adapted,
right continuous with left limits (also known as RCLL or CADLAG in french) and

strictly positive semimartingales represented by the nonlinear stochastic differential
5



equations

(2.1)

{ dz(t) = b(t,z(t),u(t))dt + o(t,z(t),u(t))dW(t) te€][0,T]
x(0) =x

along with the cost function
(2.2) J(u(-)) = E{/O f(r2(7),u(r))dr + h(I(T))}

and the space of controls:
U[s, T] = {u(-) : [0,T] — U | u(-) is measurable and {F;},;>o-adapted}
where f(,2(-),u()) € Lk(s, TiR) , h(z(T)) € Lk, (% R) and u() € Uls, ).

Mainly the task of the strong problem can be formulated as:
Problem 1. Minimize (2.2) subject to (2.1) over U[0,T].

Definition 1. We call (z(t),u(t)) an optimal pair if the trajectory T(t) given by the
control u(t) solves Problem 1.

For the weak formulation the filtered probability space (2, F, {F; }+>0, P) can vary
along with the Brownian motion W(t) that generates the filtration {F;};>0. This
formulation gives a useful model that is applied in the solution of the strong formu-
lation when using the dynamic programming approach.

More precisely, if z(+) is state trajectory starting from x at time 0 in a probability
space (£, F,P) along with a filtration {F;};>0 then for any ¢t > 0, z(t) is a random
variable in (Q, F,P) rather than a deterministic point in R"”. However, a feasible
control u(+) is {F; };-adapeted, i.e. at any time instant ¢ the control knows about all
the relevant information of the system up to time t (as specified by {F;};) and in
particular about z(t).

This implies that x(¢) is actually not uncertain for the control at time ¢. That
is, (t) is almost surely deterministic under a different probability space P(- | F).
Thus the above idea requires us to vary the probability space as well in order to
apply dynamic programming. It is the reason we use the weak formulation of the
stochastic contorl as an auxiliary formulation. For T" > 0, a metric space U, and
any (s,y) € [0,7] x R™ consider the state equation

{ da:<(8 = b(t, z(t),u(t))dt + o(t, z(t),u(t))dW (t) te€[s,T]

along with the cost functional
J(s,y,u(+)) = E{/o f(r x(7),u(r))dr + h(x(T))}

We fix s € [0,7] and define the weak feasible control space U"[s, T] as all 5-tuples
(Q,F,P,W(-),u(-)) satisfying
6



e (2, F,P) is complete.

e W(-) is an m-dimensional Brownian motion on (€2, F,P) over [0,7] (with
W(0) =0 as.), Ff = o{W(r): s <r <t} augmented by all the P-null sets
in F.

e u:[0,T] x Q— U is an F-adapted process on (2, F,P).

e under u(-), for any y € R™ the dynamics above admits a unique solution x(-)
on (Q,F, {Fi}iss, P).

o f(-,x(-),u(-)) € Lp(0,T;R") and h(z(T)) € Lp, (€;R") are defined on the
given filtered probability space (€2, F,{Fi}i>s, P) associated with the given
5-tuple.

The notation u(-) € U"[s, T] will be used instead of (2, F,P, W (-),u(-)) € U"[s, T
if no confusion exists. Note also that we restrict {F;}i>s to be generated by the
Brownian motion above.

Problem 2. For given (s,y) € [0, T|xR" find a 5-tuple u(-) = (Q, F,P,W(-),u(-)) €
U"[s,T] such that

J(s,y;a(r)) = inf - J(s,y5u()).

u(-)eU™[s,T)

Further assumptions must be made in order to ensure both the solvability and
the uniqueness of solution to the dynamics above, and the well-definedness of cost
functional.

(S1) (U,d) is a polish space (a separable metric space) and 7' > 0.
(S2) There exists a constant L > 0 such that

| o(t,z,u) — o(t,z,u) | <L|x—2z]| ,Vtel0,T,z,z e RueclU
| o(t,0,u) | <L , (tu) €[0,T) xU

where the function ¢(t, x,u) is either of the uniformly continuous functions

b(t,z,u),o(t,z,u), f(t,x,u), h(zx).

Note that the existence of weak solutions does not imply the existence of strong so-
lutions and weak uniqueness does not imply pathwise uniqueness not strong unique-
ness. Relations between the strong and weak solutions is that strong existence and
uniqueness are equivalent to weak existence and pathwise uniqueness which imply
weak uniqueness.

The following lemma will be used quite frequently in the derivation of subproblems
defined on time intervals related to the constraints. Basically what the lemma says

is how the cost function is defined on any time between the start and end. Notice
7



that the expectation changes to a conditional expectation over the filtration from s
to § where § € [s,T].

Lemma 1. Let (s,y) € [0,T) x R™ and (Q, F,P,W(-),u(-)) € U”[s,T]. Then, for
any § € [s,T) and F§-measurable random variable &,

(23)  J(5,&(w)sul) :E{ﬁ [ a(7ss,y,u(), u(r))dr + h(z(T; 5,€, u(-))) | 7‘"5}(w) » P—asw.

As pointed out earlier an essential concept in dynamic programming is the value
function which can be viewed as the optimal cost, and is defined as:

(24) { V(Svy> £ infu(~)6M“’[s,T] J(s,y,u()), v <S7y) S [OuT) X Rn’
VI(T,y) = h(y), VyeR™

The stochastic version of Bellman’s principle of optimality is stated below. It’s
proof together with all of the other proofs of this section can be found in [§].

Theorem 2 (Bellman’s Principle of optimality). Let (S1) and (S2) hold. Then for
v (s,y) €10, T] x R",

(25) V(sy)= inf E{ /5f(m:(ns,y,u(-»,u(r))dwv<§,x<§;s,y,u<->>>},

u(-) €U [s,T]
VO<s<s<T.

This equation is the DP equation in vector case. The following theorem will be used
extensively in the proofs of the multiperiod constraint results.

Theorem 3. Let (S1) and (S2) hold. If (Z(-),u(-)) is optimal for Problem 2, then

(2.6)  V(t,i(t)) :E{/t F(r,2(r), a(r))dr + h(E(T)) | f:}, P-a.s, t € [s,T).

Hence dynamic programming solves the original control problem by solving the
DP equation, a PDE also called the Hamilton-Jacobi-Bellman equation. The solu-
tion of the HJB is the value function defined above. From this solution both the
optimal control and trajectory can be found. For historical comments on this equa-
tion see e.g.[8].

In order to gain some insight of the above theorem, we proceed a heuristic deriva-
tion of the HJB equations.

Heuristics 1 (Intuitive view on the derivation of the HJB equation).
Suppose we are in the end time of an optimal trajectory, then by taking an infini-
tesimal step backwards in time Bellman’s principle tells that we would still be on the
optimal trajectory. Defining this end point by
V(T,z(T)) = J(T, 2(T),u(T)),
8



assuming differentiability of V' and using the taylor formula, an infinitesimal step
back in time would place us on

V(T —0,z(T = 9)) = J(T = 6,2(T —0),u(-)) = f(t,z(t),u(t)) + V(T,z(T)).
A simple change of variables t =T — § results in

V(t,2(t)) = f(t,2(t), u(t)) +V (t+6, 2(¢+0)) = nf{ f (£, 2(t), u(-))+V (¢4, 2(140)) }.

Now we come to the crucial part, since x(t) is a diffusion we can use the infinitesimal
generator to find a better expression for V(t+9,z(t+0)). From the study of Markov
processes in the introduction it is clear that the infinitesimal generator A can be

defined by:

E® {f(x(tJrh))—f(x(t))}
Af(a(t)) =l

— 3, bt 2(t), u(t)) 0, £ 2(t)) + 5 2215 O (£, 2 (1), u(t) Osa, f (2(1))
So remembering that we are in a heuristic context we can write
V(t+6,z(t+0)) =VI(t,zt)+0oV(tzt)+ AV (L, z(t)).
This means that

V(t3(0) = mf{f(t,2(8), u() + V(L 2(1) + AV (,3() + AV (¢, 2(2)}

Consequently we arrive at the HJB partial differential equation:

{ OV (t,x(t)) +inf {AV(t,z(t)) + f(t,x(t),u(-))} =0 , t€[0,T),
V(T z(T)) = h(x(T)).

The following proposition states the HJB in a formal way.

Proposition 1 (Hamilton-Jacobi-Bellman PDE). Let (S1) and (S2) hold. Then
Ve CY2([0,T] x R™),continuously differentiable on t and twice continuously differ-
entiable on x, is a solution to the following terminal value problem:

(2.7) —0w +sup,cpy G(t, z,u, —0,v, —0,20) =0 , (t,z) € [0,T) x R",
. v |t:T: h(l’) y T E Rn’

where
(2.8) G(t,z,u,p, P) = %tr(a'(t,x,u)Pa(t,x,u)) + (p,b(t,x,u)) — f(t,z,u)),
YV (t,x,u,p) € [0,T] x R" x U x R".
Note that
G(t, z,u, —0,v, —0p2v) = —AV (t,x(t)) — f(t,x(t), u(-))
where P € §™.



2.2. Linear Quadratic Control.
Consider now the linear stochastic differential equation

(2.9) { dxx((g - LA(t)x(t) + B(tyu(t)]dt + o(t)u(t)dW (t) € [s,T]

along with the quadratic cost function
(2.10) J(s,y;u(-) = IE{/ %[x'(t)Q(t)m(t) +u' () R(t)u(t)]dt + %m'(T)P:E(T) +2'(T)g + r}

where 0 < s < T, A(-) € L>®(s,T;R"™™), B(-),0(-) € L®(s, T;R™™), Q(-) €
L>(s,T;8™) , R(-) € L*>®(s,T;8™), P S", g € R" and 7 € R.
The formulation of the LQ control problem is:

Problem 3. Minimize (2.10) subject to (2.9).

Using dynamic programming we derive the Hamilton-Jacobi-Bellman equation

(2.11) { 0 =0V +X,[(Ax + Bu)ide, V] + 1 3, (4'0)ij0a,2,V + (' Qu + u/Ru)
' V(T,z(T)) = 2/ (T)Pa(T) + 2/ (T)g + 7.

It can be proved that the solution is

(2.12) V(t,2(0) = 5o (1) P(0)(t) + 2/ ()g(0) + r(0).

By substitution of (2.12) into (2.11) the optimal control is found to be
(2.13) at) = —K(t)~'B'(t)(P()z(t) + g(t))

where K (t) = o(t)P(t)o’(t) + R(t). We see that the Hamilton-Jacobi-Bellman equa-
tion becomes
0= Zla'Pr+a'g+i+a'APr+a’A'g—a2'PBK 'B'Pr—22'P"BK'B'g— ¢ BK 'Bg
+1(a’P'BK 'oPo’K 'B'Px +22'P'BK 'oPd’ K 'B'g+ ¢ BK 'oPd’K™' + B'g)
+i@'Mz+a2'PPBK'"NK 'B'Px+22'PPBK'NK 'B'g+ ¢ BK 'NK 'B'yg),

where ¢ has been suppressed from all terms for notational convenience. A solution
to this equation can be found by solving the following ordinary differential equations
matrix:

P(t) )P(1) + P(O)A(1) — P'(t ) (DK (t ) B'(t)P(t) +Q(t) =0 , P(T) =P,
(2.14) Et) Jg(t) - P'()B (t)K( )T'B (t)g(t) = ;
t t ;

(T)
) )B(H)K ()" B'()g(t) = 0 (T)

The first equation is called the (stochastic) Riccati equation. since we now have
the optimal control @(-) substituting it into the dynamics (2.9) yields the optimal
dynamics

+ A
+ At
—Lg/(

3 Q

B'()(P(t)Z(t) + g())) o (t)dW (1), te s, T,

{ dz(t) = [A(t)z(t) — B@)(K ()" B'(t)(P(t)z(t) + g(t)))]dt
(2.15) -t t



The main result is that if the Riccati equation has a solution then there is an optimal
solution. In the derivation above, it only required the inverse of K(t), V ¢ € [s, 1.
Nevertheless, the constraint K > 0 is needed for the original L(Q problem to have
an optimal control, see details in [8]. Local solvability of Riccati equations is always
true if K > 0 for all . However it is not very useful. In case @) > 0, P >0 we can
prove that there is a unique solution to the Riccati equation over [0, 7] assuming
some regularity on parameters R, o. It should also be noted that the solvability of
the Riccati equation P(t) in general remains an open question. Theory of Riccati
equations is itself an importnat issue. Even though P(t) might have a solution the
chances of having an analytic expression are pretty slim so the use of a numerical
method can be applied in a straight forward manner. An example of such a method
is the backward Euler method. In case of one dimensional state we are able to give a
close form solution which is the case in our financial application since we can indeed
find an analytic solution to its corresponding Riccati equation.

3. TRAJECTORY PLANNING WITH DIFFUSION PROCESS

3.1. Problem formulation.
Given the same setting as above let the dynamics be

da(t) = bt o(t), u(t))dt + o (t, 2(t), u(t) AW () ¢ € [0,T]
(3.1) z(s) =y
E{ck(x(tk+1)) ‘ ftsk} = apy1 € R? ke {1, 2,..,N — 1}

where 0 < s =ty <+ <ty <tpi1---<ty=T.

We formulate the main problem of this paper by
Problem 4. Minimize (2.2) subject to (3.1) over U[0,T].

The main difference between Problem 1 and Problem 4 are the constraints
E{Ck(l’(thrl)) ‘ ftsk} = Ofy1-

Note that each ¢(+) is a given function, meaning that if

cx(a) = (a — E{a})®

then the constraints are variance constraints.
Explicitly we wish to solve the problem

i ) =B [t utr)ar + he(r) |
subject to (3.1).

In the spirit of both the LQ and the general multiperiod constraint problem suitable
11



for dynamics programming it is natural to define the L(Q multiperiod constraint
problem in the following way. Given the dynamics

dz(t) =[A@)z(t) + B{t)u(t)]dt + o(t)u(t)dW(t) te€[0,T]
(3.2) z(s) =y
E{Ckx(tk+1) | ftsk} = ar+1 €RP ke {0,1,2,..,N}

where 0 < s =ty < -+ <tp <tpy1---<ty=T.
Then the LQ control with multiperid constraints is

Problem 5. Minimize (2.10) subject to (3.2) over U"[s,T).

Explicitly we wish to solve the problem
'l 1
oaitten ") E{/ 2 [$'<t>@<t>$<t>+u’<t>R(t)u(t)]dt+§w’<T>Px<T>+x'<T>g+f}
u(-)eU™ s, s
subject to (3.2).

3.2. Solutions to trajectory planning problems. Control problems with bound-
ary constraints are defined in this paper as control problems with an additional
constraint on the terminal time. So given the dynamics

de(t) = b(t, 2(t), u(t))dt + o(t, (1), u(t) AW (t) t € [s,T]
(3.3) z(s) =y

E{c(m(T))} = ar
the optimization problem is

Problem 6. Minimize (2.2) subject to (3.3) over U"[s,T].

From standard optimization theory we know that by using a lagrange multiplier A
on problem 6 we can lift up the constraints into the cost function so (2.2) takes the
form

T
(34)  J(s,yiu():A) = E{/ f(ry2(7), u(r))dr + h(x(T)) + N(c(2(T)) — aT)}
and the dynamics (3.3) take the form of (2.1). So Problem 6 is transformed into

Problem 7. Minimize over u(-) and maximize over X € RP (3.4) subject to (2.1)
over U"[s, T.

Let A be such that sup, J(s,y;u(-); A) is found and define the value function by:

(3.5) { Vis,y) = infy()eppefs T J(s,y;u(-); 5\) Y (s,9) €[0,T) x R
' V(T,y) = h(y)+ N(c(y) —ar) Yy € R™.
12



Definition 2. The triple (z(-), @(-), \) is called optimal if it is a solution to Problem
7.

The following corollary to the Bellman principle theorem is simple but essential
for the multiperiod constraint theory.

Corollary 1. Let (S1) and (S2) hold. If ((-),u(-),\) is optimal for Problem 7,
then
(3 6)

7(t)) = {/ f(r,z(7), u(r))dr+h(z(T))+N (c(z(T))—ar) |]-"f}, P-a.s, t € [s,T]
Proof: Let h(Z(T); \) £ h(z(T)) + N (c(Z(T)) — ar). Then the cost function is

(s, ul-): {/ £ 2(7), ul(r))dr + hz (T);X)}

Hence the corollary follows from theorem 3. [
Finally we see that the Hamilton-Jacobi-Bellman equation for the boundary con-
straint problem becomes

{ —0w +sup,cy G(t, z,u, —0,v, —0,20) =0 , (t,z) € [0,T) x R"

(3.7) 0 lier= h(z) + X (c(z) — ar) reRm

We now turn to the discussion of the main results in this paper. Defining a control
for each subinterval [ty, t;41] by

up(t) 2 ut) , t € [te, trrr).

Notice that the interval [ty,tx,1) is half open, the reason for this is best explained
by considering what happens at the terminal time 7. At T there is no decision to
be made, but at time T"— §, when § > 0, there is. Hence, decisions are made during
the time interval [0,77). Since we consider ., as the terminal time of interval
[tr, ter1] the last decision taken during this interval is really taken during the half
open interval [ty, tg11), i.e. u(tgr1) is the first decision of the interval [t;i1,tx42] and
not the last of [tg, txi1].
Assume

(52)

| d(t, x,up) — d(t, T, ug) | <L|x—2| ,VtE I tg,thr1), 2,2 €Ru, €U
| Qb(t,O,Uk) | <L ) (t,Uk;) S [tk‘7tk+1) xU

hold (instead of (S2)). The only difference from the theory already studied is the
definition of the time interval.
The main idea is to apply dynamic programming on the intervals [tg, tx41], k& =

0,1,..., N — 1. To solve the problem, let us define the cost-to-go functions, for any
13



€ [tk, T]

Ji (b, y, u( =E ft (1, 2(7; 2(7, tg, y, u(+))), w(r))dT + h(z(T; ty, y, u())) | ffk}

BN (50 £ (r), u(r))dr + b <T;tk,x,u<->>>|f;}

and the minimal cost-to-go function

(3.8) Vi(te, y) = u(')eiul}ﬂf[tk’T] i (te, y, u(-))
subject to
( dwgt; = b(t, (1), u(t))dt + o(t, x(t),u(t))dW(t) ¢ € [t tir1]
(ly) =Y
c(z(T)) | FH tm = Q41
In(T,y) = h(y)
\ i=k,k+1,...,N—1.

Now we shall derive the dynamic programming recursion. Note that

Je(te, z,u(+)) =E ft yu(r))dr + h(z(T5 ty, y,ul+))) | ka}
=E t:““ flryx(r),u(r))dr
V[ flra(r)ur))dr + (Tt () | 7 |15}
= E{ (7)), u(T) AT+ Tt (b, (e o 2,u())sul) | ftsk}-
Next we state as a proposition the dynamic programming recursion

Proposition 2. The optimal cost-to-go functions satisfies the recursion

th41
Vk(tk,l‘k) = inf E{/ o f(T7x(T;tkvxk7u('))7u(T))dT + Vk+1(tk+17x(tk+1;tk7xlwu('))) | ]::k}
u(-) €U [tg,T] th
Proof: Clearly the first iteration

Voi(tv-1, @) = infuoyeympy T]E{ft (1, 2(7; to, xo, u(-));u(+)), u(r))dr

+Vn(tn, o(ty;ty-1, z,u(v))) | Fiy 1}
14



holds by the definition of the value function. Note that Vn(tn, x(tn_1;tn_1, T, u(-)) =
h(z(T)). Further more the second iteration

tn

VN*Q(tN*% :IZ') = lnf (euU*tny—2,T] E{ tN:; f(T7$(T;t07 Lo, u())a u())a u<7—))d7-

‘I‘VN—l(tN—lax(tN—l;tN—anau('))) | tN 2}

holds by the Bellman Principle of optimality. By induction the proposition follows.
O

By this proposition, we can solve N optimal control problem of type Problem
6 on the intervals [ty,tx.1],k = 0,1,..., N — 1. Thus the solutions of Problem 4
can be found by solving the minimal cost-to-go function backwards in time periods
[tnv—1,T), [tn—2,tN_1],- -, [to, t1]. Note that the solutions Problem 6 can be found by
Lagrange relaxation. We shall show later how to find an explicit Lagrange multiplier
for a special type of optimal control problem, LQ control.

3.3. Solutions of the Linear Quadratic Control problem.
Consider now the linear system with a terminal constraint

dz(t) = [A@t)z(t) + B)u()dt + o(t)u(t)dW(t) t e [s,T]
(3.9) z(s) =y

Bfan)} = ar

we wish to

Problem 8. Minimize (2.10) subject to (3.9).

Lagrange relaxation gives a cost function of the form
J(s,y;u() =
1 1 .
E{/ §[I'(t)Q(t)x(t) +u' () R(t)u(t)]dt + EIE/(T)PiE(T) +a'(T)g+ 7+ XN (Cx(T) — aT)}.
This is equal to
(3.10)  J(s,y;u(-) =

E{/S %[:U'(t)Q(t)m(t) +u' () R(t)u(t))dt + %JZ‘/(T)PI(T) + 2 (T)(§+C'\) + 7 — )\'ozT}.

Now problem 8 can be reformulated as
Problem 9. Minimize u(-) and Mazimize A on (2.10) subject to (2.9).

Our aim is to find a closed form solution to this problem. The equations (2.14)
become

P()I—A’(t) (t) = P()A ()+P'() (WK () "'B'()P(t) - M(t) , P(T)=P
(3.11) g(t) = —A'(t)g(t) + P'(t) B(t)K(t) " B'(t)g(t) » 9(T) =g+ C'A
7(t) = 39'(OBOK(H) ™ B (t)g(t) » 7(T) =7 —arA

15



and notice that ¢(t) is a linear homogeneous ordinary differential equation so we can
use its state-transition matrix to express both ¢(t) and r(¢) as:

g(t) =0 (T,t)g(T) =d'(T,t)(g+C'\) =D(T,t)g+ ®'(T,t)C'\
r(t) =7 —alA— f; g'(T)B(T)K(T)—IB'(T)g(T)dT
=7 —ap — ft <I>(T, 7)B(T)K (7)™ B'(1)®' (T, 7)g(T)dr
=7 —ap\ — g j; 7)B(T)K (1)~ 'B'(1)®'(T, 7)d7]9(T)
U(T,t) = 2ft T,7)B ( ) (1) 'B/(7)®' (T, 7)dr

r(t) =7 —apd—3g AT ()
=7 —ap\ — (g+C’) U(T,t)(g+ C'N).

Note that the state-transition matrix is given by the expression
(T, t) = oli (A()9(s)=P'(s)B(s)K (s) "' B'(s))ds
Inserting these into the value function (2.12) which is equal to the value function
of this problem we get
1
(312) V(s,2(s)) = 5a'(s)P(s)a(s) +2'(s)®' (T, 5)(g + C'X)

1
+ 7 —alp — 5(@ + C'N)U(T, s)(g+ C'N).

Now we can optimize A from (3.12)
0 = 05 (2 ()0 (T, )C'A — oy A — §'U(T, $)C/A — %A’C\D(T,s)O’A)
= CP(T, s)x(s) —ar — CU(T, s)§ — §(C\IJ(T, 5)C" 4+ CV'(T, s)C" )\

to get the a suitable A for the lagrange relaxation

(3.13) A= (CY(T,s)C") " HC(®(T, s)y — U(T, s)§) — ar).

The optimal control derived from 2.13 in terms of \ is

(3.14) u(t) = —K@#) 'B'{)[P(t)x(t)+
(T, 1)(§ + C'(CU(T, $)C") " (C(B(T, s)y — U(T, 5)§) — ar))
meaning that we now have an optimal control for a problem defined on a time

interval where both end points are subject to constraints. In conclusion, we state
above discussion as a theorem.

Theorem 4. The optimal control for Problem 8 is given by (3.14). O
16



In case of multiperiod constraints, we apply the above theorem on each [t, t41].
Just as before we find the Riccati equations:

Pi(t) = —A'(t)Pe(t) — Pu(t)A(t) + PL(t)B(t)Ki(t) ' B'(t)Pu(t) — M(t) , Pu(Tk) = Py
gir(t) = —A'(t)gr(t) + PL(t)B(t)Ki(t) " B'(t)gi(t) s gu(T) = g + Cri
() = 395 () BO) Kk (1) B’ (t) gk (t) s i(Th) = 7 — o Ae
where R
Pr = Popi(tir1) 5 9k = Gy (teg1) 5 T = Thga (Teg)
if £ # n and

A

P,=P ,g,=¢g,r,="7.

The optimal A\ from the value function is
(3.15) Ae = (Cr¥ Ty, 1) Cr) ™ (Cr( (T, t) T () — W (Th, i) Gi) — i)

and the optimal control depending on A is
(3.16) (1) = —Ku(t) B (O[P(t)7(t)+
' (Ti, t) (G + C(Co ¥ (Tr, te) Cr) ™ (Cr( @ (T, )T () — V(T ti) Gie) — )]

When solving a problem with multiperiod constraints one is to insert the optimal
control ug(+) into the dynamics (2.9) during the time interval [ty,tx1]. When the
trajectory has passed this interval into the next [tri1,%rio] simply use the next
control ug,1(-) and the trajectory will keep its optimality property.

4. FINANCIAL PRELIMINARIES

4.1. Market Model.

Let M denote a financial market consisting of n + 1 assets that are traded continu-
ously. The first of these is a riskless asset called a bond whose price process has the
following equation

dB(t) = a(t)B(t)dt
@ { B0~ a3

where a(t) can be interpreted as the interest rate of the bond.
The remaining n assest are subject ro risk, we shall call them stocks and model asset
1 with the linear stochastic differential equation

) {(4R0) = RO T O 0]
Fi(s) =pi

M’s uncertainty is modelled by the independent components of a n-dimentional

Brownian motion W (t) meaning that the market that we are dealing with is com-

plete. This gives the coefficient o;;(t) of (4.2) the financial interpretation of the
17



instantaneous intensity with which the Brownian motion influences the stock. The
coefficient p;(t) becomes then the expected rate of return of the stock.

Some assumptions made on the coefficients a(t), wu(t) and o(t) are that o(t) be
invertible V¢, that they should be {F;};>o-adapted and satisfy the condition

/ (I a®) [+ 11 @) I+ 1T o(@) |[*)dt < o0, a.

These assumption preclude anticipation of the future and allow for dependence on
the past of the driving brownian motion.

Let z(t) denote the wealth of a portfolio consisting of n stocks and the bond at
time ¢. Call this the wealth-process and model it with

2(t) = uo(t) B(t) + Z ui(t)Pi(t)

where u;(t) are the number of the ith asset held in the portfolio. In differential form
this is equal to

de(t) =la(t)x(t) + b(t)u(t)]dt + ' (t)o(t)dW (t) t e [s,T]
(4.3)
x(s) =y
where b(t) = 1/(t) — a(t) and y is the initial capital invested in the portfolio.
It should me noted that the portfolios must always be held by small investors, by
this we mean that the decisions he/she makes will not influence the market.

4.2. Portfolio Optimization.

The mean-variance portfolio optimization problem can be stated as a multi-objective
optimization problem with two criteria in conflict as show in [6]. From a control
theoretic perspective we can denote the multi-objective cost function

(4.4) (Ji(s,y5u(:), Ja(s,ysu(-)) = (=E{z(T)}, V{z(T)})

and formulate the mean-variance portfolio selection problem as
Problem 10 (Mean-Variance Optimization). Minimize (4.4) subject to (4.3).

Using the auxiliary method from [6] it can be shown that the solution of the
following problem is equal to the solution of problem 10. Let the cost function be

(4.5) J(s,ysu(-) = B{fx(T)* — na(T)}

and
Problem 11 (LQ Mean-Variance Optimization). Minimize (4.5) subject to (4.3).

With the following variable substitutions A(t) = a(t) , B(t) = b(t) = V/(t) — a(t),
C=1,f(t)=0,M(t)=N(t)=7r=0, P=pu=24and § = —n we see that (4.5) is
a special case of (2.10). So we proceed in the normal fashion and derive the solution

18



from LQ control theory.

From (2.14) the riccati equations to this problem become
P(t) = (p(t) = 2a(t))P(t) ,P(T)=p
o) = (plt) — ald)g(t) o(T) = —n
) = o) % (1) =0

where p(t) = b(t)(o(t)o’(t))"*¥'(t). Since they are homogeneous linear ordinary
differential equations we can solve them and get

P(t) = pe= i (p(r)—2a(m)dr
g(t) = —ne~ I (e(—a(m)dr,

Substitution of P(t) and ¢(t) into (2.13) gives us the optimal control:

at) = —(o(t)o' ()70 (6)(2(t) + &)
h(t 2 % = _le— ]tT a(r)dr
v &1

(4.6) a(t) = —(o(t)o’ (£) "V () (Z(t) — e 20,

Lets proceed now with the derivation of the efficiet frontier for the mean-variance
problem 11. The wealth process (4.3) under the optimal control (4.6) follows the
equation

dz(t) = [< (1) - plt)) <t>+w<t>efffa<s>ds1dt

(4.7) +b(t) _(t) Hye i s — 3 (t))|dWW;
z(s) = .
Moreover, using the Ito’s formula on z(t)* gives
dz(t)’ = {( alt) = p(t))2(t)? + 7 2p(t)e 21 I )dy
(4.8) 23 (1)b(t)o (1) (ye I 9% — 3(1))]dW;

Taking the expectation of both (4.7) and (4.8) results in the nonhomogeneous
linear ordinary differential equations

dE{z(1)} = [(a(t) — p())E{z()} + yp(t)e I )] dt
(49) { Ez(s) = y )



and

(4.10) {dE{W}: [(2a(t) = p(t)ELE(1)*} +42p(t)e 20 <0y

Solving these we get

where
K A ol (al®)=p(t)dt
6 LA _ e—fSTp(t)dt
A o, a(t)—p(t))dt
E{z(T)} —
(4.11) , - B} = ry

By finding an expression of v we have now completed the solution of problem 11.

The interseting property of 7 is that it remains constant over the whole investment
horizon. We also notice that the only arbitrary components that v depends on are
the initial wealth y and the terminal expected wealth E{z(T)}.
The well known equality V{z(T)} = E{z(T)?*} — E{z(T)}? is crucial for the formu-
lation of the main financial problem studied in this paper. The following calculation
gives us the possibility of expressing the variance of the wealth process in forms of
an expected value combined with the given parameters y, a(t) and p(t).

V{z(T)} = E{z(T)*} — E{z(T)}*
= B(1 = B)y* = 26Byy + (6 — K)o

= [ p(t)dt

(& s T

_ - - _ [ a(t)dty2
7 e} —yel )

1— €f9T p(t)dt

6_ /ST p(t)dt

(4.12) E{z(T)} = yels “®dt 4 \/ V{Z(T)}.

5. FINANCIAL PROBLEM FORMULATION

Consider a small investor with an initial amount of money which he/she wishes to
invest on the market. After specifying an investment horizon say, that the he/she

wants to specify different risk levels on the portfolio during different period.
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An example could be a pension plan where the capital is invested on the market.
One idea could be to minimize the risk as the person gets older. One way to do
so is to give different risk levels for each five year period of the persons life after a
certain age. Say that during the ages 50-55 the risk level should be 5 while during
the ages 55-60 the risk level should be 4 and so on.

Another example could be a company that has much of its capital invested on
the market. Suppose that the share holders are very concerned with the companies
budget. Then the company might want to minimize its risk exposure a number of
times before the yearly report is due.

If the investor measures the risk exposure of his/her portfilio with the variance
this problem can be formulated in the following way. Given the wealth process of
the portfolio

dz(t) =la(t)x(t) +b(t)u(t)|dt + ' (t)o(t)dW (t) te s, T]
(5.1) z(s) =y
V{I(Tk)} =3 ke {1,2,..,71,}
O<s=t1 < - <tp <tpp1---<ty=T.
Problem 12. Minimize (4.5) subject to (5.1).

Note that the constraints V{xz(7})} = ¥} can be reformulated using (4.12) to
E{x(Ty)} = o) giving us the usual LQ multiconstraint form.

5.1. Financial Solutions.

5.1.1. Boundary Constraints.
The following results will be stated in a very short and simple manner since they
are derived directly from the LQ boundary constraint theory. Let the dynamics be
the same as in the previous section with an additional constraint at the end point
de(t) = [a(t)x(t) + b(t)u(t)]dt + ' (t)o(t)dW (t) t € [s,T]
(5.2) z(s) =y
E{JT(T)} = QT
and let the problem be
Problem 13. Minimize (4.5) subject to (5.2).

We derive the riccati equations from (3.11)

P(t) = (p(t) —2a(t))P(t) ,P(T)=p
9(t) = (p(t) —a(t))g(t) . g(T)=Xr—1
rt) = %p<t>gp(2) ,7(T) = = Aar.
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The solutions to these equations are
Pt) = pe )i (e(r)—2a(m)dr
g(t) = A —n)e(T1)
r(t) = —Xap — (3%
where
O(T,t) = e~ Ji (ln)=alm)dr

U(T, 1) = /t p<7>¢(%’:))2d7.

From (3.13) the optimal A becomes
O(T,s)y — ar

(s

(5.3) A=

and finally we arrive at the optimal control

(5.4) a(t) = —(o(t)o' (£) 1 (1) (z(t) — ye i adry,

The ~ in this last equation can be computed using the expression from (4.11).
Notice that both the s from the initial and boundary constraint problem are equal.
This is natural since the contextual interpretion of both problem is the same.

5.1.2. Multiperiod Constraints.

We have now arrived at the final and main result from a financial perspective of this
paper. Fortunately all of the necessery calculation have been done in the previous
sections. So the only thing we need to keep in mind is that we have to separate
the time intervals on which the constraints are defined and simply apply the results

from boundary constraint section.
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For each period t € [ty, T}] we have:

Riccati Equations:

Bi(t) = (p(t) — 2a(t))Pi(t) , Pu(Ty) = By
ge(t) = (p(t) — ag ))ar(t) agk(Tk) = 0k + i

gk (t)

0 1k(Th) = T — gy

in(t) = 3p(t)4

“U

where
Py = Prv1(tet1) Gk = i1 (te1) 5Tk = T (Eis1)

if £ # n and )
Po=u,g,=-n,7=0.
Solutions to the riccati equations:

Pi(t) = Bue I M) —20(mdr

Ge(t) = (G + Np)e~ Ji o —atar

where
B(Ty, t4) = e~ I (PL7)=a()d

wgmw:/ﬂmﬁg%%w

12

The optimal A\
N (I)(Tk, tk)x(tk) — O R
(5:5) g U(Th, 1) T

and there by we obtain the optimal control
Uy (t) = —(o(t)o’(t)) 10 (t) (z(t
(1) = ~(o(0)e' () WO + 5

2 ol
Pi(t)
_ Gk -f Ak ook
Py
_ 2Tk, t)2(te) — a1k a(ryar
\IJ(Tk,tk)Pk
o (T t)alh) —
T U(Th, 1) By

e
—~

=
S
—~
~+
~—
>
—~

(5.6) a(t) = —(o(t)0" (1) "W (1) (2(t) — que” 4"
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From the efficient frontier of the initial wealth portfolio optimization section we
derive 7 from (4.11)

. e — /‘ikl'(tk)
(5.7) L

where

Ky, & el (aO=p(0)de

By L1 _ e ftik P(t)dt.

Hence we have arrived at an analytic expression for the portfolio controls of each
period.

5.2. An example. Lets consider an example where an investor decides he/she
wants to invest on two assets. The first asset is a bond with a nominal anual interest
rate of 1 percent. The second asset is a stock with a nominal appreciation rate of 12
percent and a standard deviation of 15 percent. The investor seeks an investment
strategy consisting of both assets where he/she is able to specify three different risk
levels. The first,second and third risk levels have standard deviations of 500,100,10
percent respectively. These risk levels are absurdly aggressive but give a good illus-
tration of the interpolation of the portfolio with the different risklevels. The figure
shows the expected trajectory of the portfolio through the different riskleves in 2000
simulations.

45r

When the initial capital is 1 million dollars the investor needs to invest 21.95
million on the stock for the first risk level, meaning that the investor needs to short
the bond for an amount of 20.95 million and invest on the stock. For the second

and third risk levels the investor needs to rebalance his portfolio so that 9.82 and
24



3.1 million dollars respectively are invested on the stock.

6. CONCLUSION

This paper studies stochastic optimal control problems with multiperiod con-
straints from a dynamic programming perspective. First the general problem is
formulated, investigated and some results on the separation into subproblems us-
ing lagrange multipliers are presented. Then, a linear quadratic formulation of the
general case is solved by deriving an explicit and analytic expression for the control
based on a pair of ordinary differential equations called the Riccati equations.

A financial portfolio optimization problem with different risk levels for their re-
spective time periods is formulated and solved using the results of the linear qua-
dratic case in this paper. The solution is analytic and is based on a pair of simple
and completely solvable linear and homogeneous ordinary differential equations.

Finally an example is presented where an investor seeks the optimal trading strat-
egy of investing capital on both a bond and a stock. In this example the investor
also wants be able to specify different risklevels for different time periods. A figure
representing the expected trajectory of the investors portfolio is shown, giving some
what of an intuitive feeling of the results presented in this paper.
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