Chapter 5

Stopping Times and American Options

5.1 American Pricing

Let us first review the European pricing formula in a Markov model. Consider the Binomial
model with » periods. Let V,, = ¢(S,,) be the payoff of a derivative security. Define by backward
recursion:

va(2) = gla)
0(e) = i (us) + G (do))

Then v, (S) isthe value of the option at time &, and the hedging portfoliois given by

V1 (wSk) — vpg1 (diSk)
Ak (u — d)Sk 3 07 3 4 y T

Now consider an American option. Again a function ¢ is specified. In any period k, the holder
of the derivative security can “exercise” and receive payment ¢(.S;). Thus, the hedging portfolio
should create a wealth process which satisfies

Xk > g(Sk), Yk, amost surely.

Thisis because the value of the derivative security at time & isat least ¢(S ), and the wealth process
value at that time must equal the value of the derivative security.

American algorithm.

va(z) = g(2)

vp(z) = max{ !

1+r

(o (0) + o (ds), 9(a) |
Then v, (Sy) isthe value of the option at time k.
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Figure 5.1: Stock price and final value of an American put option with strike price 5.

Example5.1 SeeFig.5.1. Sy =4, u=2,d= %,r: %,f): j= %,n =2.Setvs(z) = g(z) = (b —x)*.
Then

Lo+11] (5—8)+}

g

v1(8) = max

5!
]
)

(S g ] OTI»-B

= 040

il

v1(2) = max

21+ 14] (5—2)+}
= max

= 3.00
vo(4) = max{% [£.(0.4)+ £.(3.0)], (5 — 4)"'}

= max{1.36,1}
= 1.36

Let us now construct the hedging portfolio for this option. Begin with initial wealth X ; = 1.36. Compute
A asfollows:

040 = v (Si(H))
= S (H)Ap+ (14 7)(Xo — AoSo)
= 8A¢+ 5(1 36 — 4A,)
= 3A¢+ 1.70 — Ay = —0.43
3.00 = v (S (T))
= 51 (T)Aq+ (1+ r)(Xo — ApSp)
= 2+ 5(1 36 — 4A,)
= —3A¢+1.70 => Ag = —0.43
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Using Ay = —0.43 resultsin

Xl(H) = 1)1(51 (H)) = 040, Xl(T) = Ul(Sl(T)) = 3.00

Now let us compute A; (Recall that S1(7T') = 2):

1 = 02(4)
= Sy (TH)A(T) + (1 + r)(X1(T) = A (T) S (T))

AN(T) + %(3 —2A4(T))
15AL(T) +3.75 = A (T) = —1.83

02(1)
= S(TT)A(T) + (1 4+ r)(X1(T) — A (T)5:(T))

e
Il

AT + 23— 2,(1))
—15A(T) +3.75 = A(T) = —0.16

We get different answers for A (T)! If we had X5 (T') = 2, the value of the European put, we would have
1=15A(T) 425 = A (T) = -1,

4=—15A(T) + 2.5 = A(T) = —1,

5.2 Valueof Portfolio Hedging an American Option

Xit1 = ApSpyr+ (14 7)(Xe — Cr — ApSk)
= (1 + T‘)Xk + Ak(SkH — (1 + T‘)Sk) — (1 + T‘)Ck

Here, ('}, isthe amount “consumed” at time k.

e The discounted value of the portfoliois a supermartingale.
e Thevaluesdtisfies X, > ¢(Sk),k=0,1,...,n.
e Thevaue processisthe smallest process with these properties.

When do you consume? If
B+ )~ D (Segn) | FR] < (14 1) " op(Sk),

or, equivalently,
1

E
(1—|—r

Vk41 (Sk4+1)|Fr) < vk (Sk)
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and the holder of the American option does not exercise, then the seller of the option can consume
to close the gap. By doing this, he can ensure that X, = v (Sk) for al k, where vy, is the value
defined by the American algorithm in Section 5.1.

In the previous example, v1 (S1 (1)) = 3, v2(S2(T'H)) = 1 and vg(S2(1T1")) = 4. Therefore,

1

IE
[1—|—r

v(S)|F)(T) = |51+ 54]
= 53]

vi(S1(T)) =

| Ot

Il
wdwm

so there isa gap of size 1. If the owner of the option does not exercise it a time one in the state
wy = T, thenthe seller can consume 1 at time 1. Thereafter, he usesthe usual hedging portfolio

Ukt1 (wSk) — vpg1(dSk)

Bk = (u—d)Sk

Inthe example, we have vy (S1(7")) = ¢(S1(1')). Itisoptimal for the owner of the American option
to exercise whenever itsvalue v, (S) agreeswithitsintrinsicvalue g (Sy).

Definition 5.1 (Stopping Time) Let (2, 7, P) be a probability space and let {F}7_, be afiltra-
tion. A stoppingtimeisarandomvariable T : Q—{0,1,2,...,n} U {occ} with the property that:

{weQr(w)=k} e Fr, VE=0,1,...,n,00.

Example5.2 Consider the binomial model withn = 2,S) = 4,u = 2,d = $,r = 1,

5 0j=q=1% Let
v, v1, v2 bethe value functions defined for the American put with strike price 5. Define

5 .

7(w) = min{k; vg(Sk) = (5 — Sk) T}

The stopping time 7 corresponds to “stopping the first time the value of the option agrees with itsintrinsic
value'. Itisan optimal exercise time. We note that

. 1 ifwe Ap
W= 9 iy € Ap

We verify that — isindeed a stopping time:

{wiTlw) =0} = ¢€Fy
fwitlw =1} = Arer
fwitlw) =2} = AmerFy

Example5.3 (A random timewhich isnot a stopping time) Inthe same binomial model asinthe previous
example, define
p(w) = min{k; Sy (w) = ma(w)},
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where my 2 ming< ;<2 S;. In other words, p stops when the stock price reaches its minimum value. This
random variableis given by

0 ifw EAH,
pw)y=¢ 1 ifw=TH,
2 fw=1T
We verify that p isnot a stopping time:
{w; plw) =0} A & Fo
{wiplw) =1} = {TH}¢ F,
{wirlw) =21 = {TT}eF:

5.3 Information up to a Stopping Time

Definition 5.2 Let 7 be astoppingtime. We say that aset A C 2 isdetermined by time 7 provided
that
ANn{w;T(w) =k} € Fy, Vk.

The collection of setsdetermined by 7 isa o-algebra, which we denote by F ..
Example5.4 Inthe binomial model considered earlier, let
7 = min{k; v (Sk) = (5 — Sk) T},

ifwe Ap

1
W) =9 9 ifwe Ay

Theset { HT'} isdetermined by time 7, but the set {7 H } is not. Indeed,

{HT}N{w;t(w) =0} = ¢ € Fy
{HTY{w;7(w) =1} = ¢&F,y
{HT}n{w;r(w) =2} = {HT}E€Fy

but
{THYN{w;r(w) =1}y ={TH} ¢ F;.
The atomsof F, are
{HT}, {HH}, Ap = {TH,TT}.
[ ]

Notation 5.1 (Value of Stochastic Processat a Stopping Time) If (2, F, ) isaprobability space,
{Fr}r_, isafiltrationunder F, { X} }}_, isastochastic process adapted to thisfiltration, and 7 is
a stopping time with respect to the same filtration, then X ; is an F .-measurable random variable
whosevalue at w isgiven by
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Theorem 3.17 (Optional Sampling) Supposethat { Yy, Fy}72, (or {Yx, Fr}i_,) isasubmartin-
gale. Let 7 and p be bounded stopping times, i.e., there isa honrandom number » such that

7 <mn, p<mn, almostsurely.

If 7 < p almost surely, then
Y, < IE(Y,|F,).

Taking expectations, weobtain 'Y, < I'Y,, andinparticular, Yy = IEYy < IEY,. It {Yy, Fr}72,
isasupermartingale, then 7 < p impliesY, > IE(Y,|F;).
If {Y%, Fr}72, isamartingale then 7 < pimpliesY, = I (Y,|F;).

Example5.5 Intheexample 5.4 considered earlier, we define p(w) = 2 foral w € Q. Under the risk-neutral
probability measure, the discounted stock price process (g)"“ Sk isamartingale. We compute

B[(2) sf]

Theatomsof F, ase {HH },{HT}, and Ar. Therefore,
~ | 74\?

FEl|l=-]) S

[(5) ’

~ | 7a\?

FEl|l=-]) S

[(5) ’

Sa(HH),

]—"T] (HH)

F. | (HT)

Sa(HT),

andforw € Arp,

]—"T] @ = 1 (g)zsz(m) Ty (%)ZSQ(TT)

= £ x256+ % x0.64
= 1.60

In every case we have gotten (see Fig. 5.2)

[

ﬂ] () = (g)““)sﬂw»
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/116/25) S)(HH) = 10.24

(4/5) S (H) = 6:40

\(16/25) S)(HT) = 2.56
% /(16/25) S,(TH) = 256

@s)§ (M = 1-6\
(16/25)S,(TT) = 0.64

Figure 5.2: Illustrating the optional sampling theorem.
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