Chapter 32

A two-factor model (Duffie & Kan)

Let us define:

Xi(t) = Interest rate at time 't
X,(t) = Yield at time ¢ on abond maturing at time ¢ + 7

Let X;(0) > 0, X2(0) > 0 begiven, and let X;(¢) and X (¢) be given by the coupled stochastic
differential equations

Xm(t) = (a11X1 (t) + angg(t) + bl) dt + Ul\/ﬁle(t) + ﬁQXQ(t) + dWl(t)7 (SDE].)
dXQ(t) = (angl(t) + a22X2(t> + bz) dt + O'Q\/ﬁle(t) + ﬁQXQ(t) + (p dWl(t) + 1- p2 dWQ(t))7
(SDE2)

where W, and W, are independent Brownian motions. To simplify notation, we define

Y (t) - biXa(t) + B2Xo () + a,
Wa(t) £ pWi(t) + /1 — p2Wa(t).

Then W5 isaBrownian motion with
dWi(t) dWs(t) = p dt,
and
dX, dX, = oY dt, dX;dX,=o03Y dt, dX;dX; = poio,Y dt.
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32.1 Non-negativity of Y/

dY = 31 dX; + 3, dX,
= (Bra11 X1 + PrareXo + Bi1b1) dt + (Pra01 X1 + Paage Xo + B2bs) dt

VY (Broy AWy + Bapoy AWy + Bar/1 — p2ay dWs)
= [(Bra11 + B2a21) X1 + (Brarz + Baagz) Xo] dt 4 (8101 + [2b2) dt

1
+ (8301 + 251 Baporos + B303) 24 /Y (1) dW4(1)
where

(Bro1 + Bapoa)Wi(t) + Ba/1 — ploaWa(t)

W4(t) - 2 <2 2 2
\/ﬁ1 o7+ 2031 32pc102 + ﬁzgz

is a Brownian motion. We shall choose the parameters so that:

Assumption 1: For some~y, fSiai + Baaz21 =B, Praiz + frazz = vf3.
Then
1
+ (Biot + 2B1B2po103 + Br03) 2VY dW;

1
= ’yY dt + (ﬁlbl + ﬁzbg — Oé’y) dt + ( %O’% + Qﬁlﬁszle + ﬁ%O’%)Q\/)_/ dW4
From our discussion of the CIR process, we recall that Y will stay strictly positive provided that:
Assumption 2. Y (0) = 51 X1(0) + 52X2(0) + a > 0,

and
Assumption 3 B1by + Baby — yao > L(Biot + 281 B2poios + B303).

Under Assumptions1,2, and 3,
Y(t) >0, 0<t< oo, dmostsurely,
and (SDE1) and (SDE2) make sense. These can be rewritten as

Xm(t) = (a11X1 (t) + angg(t) + bl) dt + O'ly/Y(t) dWl(t)7 (SDEI)
dXQ(t) = (a21X1 (t) + a22X2 (t) + bz) dt + O'Q\/Y(t) de(t) (SDEZ)
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32.2 Zero-coupon bond prices

Thevalueat timet < T of azero-coupon bond paying $1 attime T is

T
B(t,T) = IE [exp {—/ X, (u) du} ‘}'(t)] .
t
Since the pair (X1, X3) of processes is Markov, this is random only through a dependence on
X1(t), X2(t). Since the coefficientsin (SDE1) and (SDE2) do not depend on time, the bond price

dependson ¢ and 7" only through their difference - = 7' — t. Thus, thereisafunction B(z 1, 2, 7)
of the dummy variables zy, =, and 7, so that

B(X1(t), Xa(t), T — t) = IE [exp {— /tT X1 (u) du} ‘}'(t)] .
The usual tower property argument shows that
exp {— /Ot X1 () du} B(X1(t), Xa(t), T — 1)
isamartingale. We compute its stochastic differential and set the dt term equal to zero.
d (exp {— /Ot X1 () du} B(X1(t), Xa(t), T — t))
= exp {— /Ot X1 (u) du} [—XlB dt + B, dX1+ By, dX; — B, dt
44 Boysy dX) dX0 4 By X0 dXs 4 By, dX3 o]

= exp {— /Ot X1 (u) du} [(—XlB + (@11 X1 4+ a12X2 4 b1) By, + (a21 X1 + a2 X2 + b2) By, — B~

+ 101Y Byo, + po102Y By o, + %U%YBMM) dt

+ 01VY By, dWy + 0VY B, dwg]

The partia differential equation for B(z1, 22, 7) is
—961B—BT+(G119€1+G129€2+51)BQU1+(0219€1+a229€2+52)3x2+%U%(519€1+529€2+&)Bmx1
+ poroa(Brzy + Bexe + o) By oy + %U%(ﬁlﬂh + G222 + ) By, = 0. (PDE)
We seek a solution of the form
B(z1, 29, 7) = exp{—21C1(1) — 22C3(7) — A(7) },
vaidforal r > 0and al x, x5 satisfying

ﬁ1$1 + ﬁ2$2 +a> 0. (*)
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We must have
B(z1,22,0) =1, Vap,2, satisfying(*),
because = = 0 correspondsto ¢ = T'. Thisimpliesthe initial conditions
C1(0) = C5(0) = A(0) = 0. (o)
We want to find C (1), Ca(7), A(7) for 7 > 0. We have

(PDE) becomes
0= B(zy,22,7) [—xl + 21C(7) + 22C5(7) + A'(7) = (a1171 + a1222 + b1)C1(7)

— (az1z1 + az2x2 + b3)Co(7)
+ %U%(ﬁlﬂh + Baxg + 04)012(7') + poroa(Brixr + Bara + a)Cr(17)Co(T)

+ 305(Brey + B + 04)022(7')]
= z1B(21, 22, 7) [ — 14+ O (1) — a11C1(1) — az1Ca(7)
+ 301B1CH(T) + po1a2 i Ci(T)Ca(T) + 50351022(7)-
+ 22 B(x1, 22, 7) [CQ(T) — a12C1(7) — az2Co(7)

+ 3015207 (1) + po10252C1 (T)Ca(7) + £05682C5(7)

 Bla1, 20, 7) [A'(T) — bCr () — byCir(7)

+ 207aCH(7) + po102aCy (1) Co(T) 4+ $050C5(7)
We get three equations:
Clr) = 14 anCi (1) + anCy(r) — 3016:CH(7) — po10251C1(r)Ca(r) — $056:C3 (1),
D
Cy(1) = ar2Ci(7) + aneCa(T) = §015:CT (1) = pa12f2C1 (1) Ca(T) — §035:C5(1), ()

a
0

= b1C1(7) + b2C3(7) — $01aCi (1) — po1o2aCy (T)Ca(T) — 205aC3 (1), (3)
0
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We first solve (1) and (2) simultaneously numerically, and then integrate (3) to obtain the function
A(T).

32.3 Calibration

Let 7o > 0 be given. Thevalue at time¢ of abond maturing at time ¢ + ; is
B(Xl (t), X2(t)7 To) = exp{—X1 (t)Cl(To) — XQ(t)CQ(TO) — A(Tg)}

andtheyieldis

— L og BOX1 (1), Xa(t), 70) = — [X1(1)Ch (7o) + Xa(t)Ca(70) + A(70)].

To To

But we have set up the model so that X ;(¢) istheyield at time ¢ of abond maturing at timet + 7.
Thus

X(t) = T—lo (X1 (1)Ch (70) + Xa()Ca(70) + A(7o)].
This equation must hold for every value of X (¢) and X (¢), which impliesthat
Cy(10) =0, Cy(m0) =70, A(T) =0.
We must choose the parameters

aii, @12, 01 agi, ago,byy B, o, o1, p,09;

so that these three equations are satisfied.



