Chapter 25

American Options

This and the following chapters form part of the course Sochastic Differential Equations for Fi-
nancell.

25.1 Preview of perpetual American put

dS=rSdt+o5SdB

Intrinsicvalue at timet : (K — S(¢))*.
Let L € [0, K] be given. Suppose we exercise the first time the stock priceis L or lower. We define
r, = min{t > 0; S(t) < L},
vp (7)) = Be LK — S(rp))t
K-z ifx <L,
{(K — LYEe ™= ife> L.

The plan isto comute vy, (z) and then maximize over L to find the optimal exercise price. We need
to know the distribution of 7.

25.2 First passage timesfor Brownian motion: first method

(Based on the reflection principle)
Let B beaBrownian motion under /P, let = > 0 be given, and define

T =min{t > 0; B(t) = z}.
T iscalled thefirst passagetime to =:. We compute the distribution of 7.
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Figure 25.1: Intrinsic value of perpetual American put

Define

M(t) = Jnax, B(u).

From thefirst section of Chapter 20 we have

2(2m —b 2m — b)?
P{Zw(t)Edm,B(t)Edb}:Lexp{—%}dmdb7 m > 0,b< m.

Therefore,

2t

b=m

P{M (1) Zw}:/oo/m Mexp{—w}dbdm

dm
b=—00

We make the change of variable =z = % intheintegral to get

_[" iex —i dz
N /Tt V 27 P 2 ‘
Now

T <= M(t) > =z,
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SO
)
Piredi} = 2 P{r <t} dt
P

= S P{M(1) > 2} dt

a [~ 2 22
= [%/M\ﬁﬁexp{—?}dzl dt
2 22| 0 [z
el )

T x? dt
= expl —— .
2wt P 2t

We aso have the Laplace transform formula

Fe o = / e~ IP{T € dt}
0
= e‘l’m, a> 0. (See Homework)

Reference: Karatzas and Shreve, Brownian Motion and Stochastic Calculus, pp 95-96.

25.3 Drift adjustment

Reference: Karatzas/Shreve, Brownian motion and Stochastic Calculus, pp 196-197.
For 0 < ¢ < oo, define

B(t) = 6t + B(1),
Z(t) = exp{—0B(t) —
= exp{—0B(t) +
Define

7 = min{t > O;E(t) =ua}.
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We fix afinite time T and change the probability measure “only up to 7. More specifically, with

T fixed, define

P(A) :/AZ(T) dP, A€ F(T).

Under P, the proc&sﬁ(t), 0 <t < T,isa(nondrifted) Brownian motion, so

P{7 € dt} = IP{r € dt}

T T
= ——expli——, dt, 0<t<T.
tv/2rt p{ Qt} =
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For 0 < ¢ < T we have

P{f’ < t} =F {1{7’@5}}
1
i< m]

(1<) exp{0B(T) — 1677}

-F :1{;375}% [exp{@E(T) — %OZT}‘]‘-(% A t)”

I
St

I
St

= I [L(s<ey exp{0B(7 A 1) — 0% (F A1)}
=F {1{;3,5} exp{fz — %027:}}
t —
= / exp{fz — 26°s}IP{7 € ds}
0
t g 22
= 0 — 1675 — — % d
0 s\/27rsexp{ rTave 28} N
b (z — 0s)?
= ——— ds.
/0 sV27s exp{ 2s } i

Therefore,

N x (z — 6t)?
P{7 € di} = 0Ty o<i<
(Fea= ~ exp{ - } <

Since T isarbitrary, thismust in fact be the correct formulafor al ¢ > 0.

25.4 Drift-adjusted Laplacetransform
Recall the Laplace transform formulafor
T =min{t > 0; B(t) = 2}

for nondrifted Brownian motion:

o g 22 o
Ee_mz/ expl —at — — pdt =€ F 2“, a>0,z>0.
0o 2wt p{

7 =min{t > 0;6t + B(t) = z},
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the Laplace transform is

i < g (z — 6t)?
E@ om':/ ex —ot — —— dt
o 1oent p{ “ 21 }

o) T $2
= exp{ —at — — + 20 — 10%t Y dt
/0 tv/ 27t p{ 2t 2
" 2

c0 [ 1,2 z
—e exps —(a+ 20t — — 3 di
/0 tV2mt p{ (ot 58") Qt}
— ex@—x\/2a+€27 a> 07 > 07

wherein the last step we have used the formulafor e~ with o replaced by o + £62.
If 7(w) < oo, then

lim e~ 7@ = 1;
oz\l/O

if 7(w) = oo, then e=27(«) =  for every a > 0, s0

lim e~ 7)) = q.

oz\l/O
Therefore,

lim e~ 7)) = lsce.
oz\l/O <
Letting )0 and using the Monotone Convergence Theorem in the Laplace transform formula

Ee—oﬁ' — ex@—x\/ 200462

9

we obtain _
P{f’ < OO} _ 61’6’—1’\/6’2 _ exé’—x|€|‘
If & > 0, then
P{7 < oo} =1.
If ¢ < 0, then

P{7 < o0} = ¥ < 1.

(Recall that = > 0).

25.5 First passage times. Second method

(Based on martingales)

Let o > 0 begiven. Then
Y (t) = exp{oB(t) — 307t}
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isamartingale, so Y (¢ A 7) isalso amartingale. We have
1=Y(0AT)
=FEY({tAT)
= Fexp{oB(tAnT) - %UQ(t AT)}.
= 751i>1r1r100 Fexp{oB(tAT) — %02 (tAT)}
We want to take the limit inside the expectation. Since
0 < exp{oB(tAT)—30*(tAT)} < €,
thisisjustified by the Bounded Convergence Theorem. Therefore,
1= Etlgnoo exp{oB(t AT) — Lo*(t A T)}.
There are two possibilities. For those w for which 7(w) < oo,
: O'x—lU2T
751i>1r1r100 exp{oB(t AT) —1o?(tAT)} =772,
For thosew for which 7(w) = oo,
751i>1r1r100 exp{oB(tAT) — io*(t AT)} < 751i>1r1r100 exp{oz — L1o%t} = 0.
Therefore,
1= Etlgnoo exp{oB(t A7) — 2o*(t A T)}

152
F Or—50°T1T
- € 2 1T<OO

152
:EeUx—zO' 7'7

Ox—

1 2 .
where we understand ¢?“~27° 7 to be zero if T = .

Let o = $0?, 00 = /2. We have again derived the Laplace transform formula
e~V e 0> 0,2 > 0,

for the first passage time for nondrifted Brownian motion.

25.6 Perpetual American put

dS=rSdt+oS dB
S(0) ==z
S(t) = wexp{(r — 1o*)t + oB(t)}
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Intrinsic value of the put at time¢: (K — S(¢))*.
Let . € [0, K] begiven. Definefor z > L,

77, = min{t > 0; S(¢) = L}
1 L
= min{t > 0; 6t + B(t) = —log —}
o "

1
= min{t > 0; —0t — B(t) = —log %}
o

Define
v, = (K = L)IFe "
6 1
:(K—L)exp{—;log%—;log%\/%—l—@?}
-2 L./ r+62
T\ OO
=(K-L)|— .
k-1)(7)
We compute the exponent
1 2
—g—l\/2r+02:—%+%——¢2r—l—(ﬁ—a/Q)
o o o o o
roo, 1 r?
:—§+§—;¢2r—l—ﬁ—r—l—02/4
roo, 1 [r?
ST\ gttt
r 1 r 2
__§+5_E\/<E+U/2)
r . 1/
= §+5_E<E+"/2)
2r
=
Therefore,
(2) (K —z), 0<z<L,
vp(x) =
TlE-n @ e

Thecurves (K — L) (%)_27’/(72 ,areall of theform C'a=2/7",

We want to choose the largest possible constant. The constant is

C=(K-LL¥,
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value

(K- L) (x/L)'2r/ g2

| K Sock price

Figure 25.2: Value of perpetual American put

value

B 2
Cl X 2r/ o

Stock price  x

Figure 25.3: Curves.
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and
aC 2r 2r 2r 4
L =-L07 + (K- L)L??
JL T 02( )
2r 2r 1
=107 |1+ S (K-L)=
-1+ S - nyg]
2r 2r 2r K
- [ (1 5+ 5
We solve
<1+ 27‘) 4 2r K _ 0
o2 o2 [
to get
_ 2rkK
T
Since0 < 2r < o2 + 2r, we have
0< L < K.

Solution to the perpetual American put pricing problem (see Fig. 25.4):

B (K - z), 0<a<L™
v(z) = (K — L7) (%)—27»/02 7 > L~
where
. 2rK
= o
Note that
vl(w):{_127 2 2 Pse<d
_0_72*([( _ L)*(L*)Zr/a p—2r/0 —17 x> L*.
We have
tim /(2) = 2L (K - L*)%
_ _QL (K— 2rkK ) o+ 2r
o2 c2+2r) 2rK
—_QL (02—|—2r—2r) o+ 2r
o2 o2+ 2r 2r
=-1
= lim o(z).

xTL*
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value

2
(K - L*)(X/L* )-ZF/O'

L K Sock price
Figure 25.4: Solution to perpetual American put.
25.7 Value of the perpetual American put

Set

2r 2rkK vy i
= — = = K.
T L a2 +2r v+1
If0<az< L*thenv(z) =K — 2. If L* <2 < oo, then
v(z)= (K - L") (L) a™" (7.2)
N—_——
c
— B [e—”(K . L*)+1{T<Oo}} : (7.2)
where
S(0) ==z (7.3)
T=min{t > 0; S(t) = L*}. (7.4)
If 0 <z < L* then
—rv(z) + rav’(z) + 30%2%0" (@) = —r(K —2)+ra(-1) = —rK.

If L* <2 < oo, then

—rv(z) + rav'(z) + 30%2%0" (2)
2

= Cl—ra™ —raya 771 = 1o 2y (—y = 1277

= Ca[—r —ry = 30°y(=y - 1)]

=C(=y—-1)z™" [r — 15° (2—2)]

= 0.

In other words, v solves the linear complementarity problem: (See Fig. 25.5).
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KA v

I~ K ¢

Figure 25.5: Linear complementarity

Fordlz € IR, 2 # L*,

122 1

rv—rav' — fotz*v" > 0, @
v> (K -2)t, (b)
One of theinequalities(a) or (b) isan equality. (©

The half-line [0, co) is divided into two regions:

¢ = {: v(a) > (K - 2)*),

S ={z; rv—rav’ — 1o%2%" > 0},

and L~ is the boundary between them. If the stock price isin €, the owner of the put should not
exercise (should “continue”). If the stock priceisin S or at L*, the owner of the put should exercise
(should “stop”).

25.8 Hedgingthe put

Let S(0) be given. Sell the put at time zero for v(.S(0)). Invest the money, holding A(¢) shares of
stock and consuming at rate C'(¢) at time¢. The value X (¢) of thisportfolio isgoverned by

dX (1) = A(t) dS(t) + r(X(t) — A@t)S(t)) dt — C(t) dt,
or equivalently,

d(e X (1) = —e "C(t) dt + e P A(t)oS(t) dB(t).
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The discounted value of the put satisfies

d (e7'o(S(1)) = e [=ro(S () + rSEV(SM) + o2 (" (S (1)) dt
+e eSS () (S(t)) dB(t)
= —rKe " spycrndt + oS ()0 (S (1)) dB(t).

We should set

C(t) = rK’l{S(t)<L*}7

A(t) = V' (S(1).
Remark 25.1 If S(t) < L*, then

v(S) =K - S(t), A(t) =v(S(t) = —1.

To hedge the put when S(¢) < L*, short one share of stock and hold K in the money market. As
long as the owner does not exercise, you can consume the interest from the money market position,
i.e,

C(t) = rKY]-{S(t)<L*}'

Properties of e=""v(5(¢)):
1. e7"v(S(t)) isasupermartingale (seeits differential above).
2. e7"o(S(t) > eT(K - S(t)T, 0<t< oo
3. e "w(S(t)) isthe smallest process with properties 1 and 2.
Explanation of property 3. Let Y be a supermartingale satisfying
Y(t)>e K -St)T, 0<t<co. (8.2)
Then property 3 saysthat
Y(t) > e "o(S(t), 0<t< oo. (8.2
We use (8.1) to prove (8.2) fort = 0, i.e,,
Y(0) > 0(5(0)). (8.3)

If ¢ is not zero, we can take ¢ to be the initial time and S (¢) to be the initial stock price, and then
adapt the argument below to prove property (8.2).
Proof of (8.3), assuming Y isa supermartingale satisfying (8.1):

Casel: S(0) < L*. We have
Y(0) > (K - S(0)* = u(5(0).

~—
(8.1)
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Casell: S(0) > L*: For T' > 0, we have
Y(0) > EY(rAT) (Stopped supermartingaleis a supermartingale)
> B Y (r AT)1(rcoy] . (SinceY > 0)

Now let T'— oo to get

Y(0)> lim Y (F AT Loy

> IF [Y(r)l{moo}} (Fatou’'s Lemma)

> e (K - S(T) 1<y (by81)
ol
=0(S(0)). (Seeeq. 7.2)

25.9 Perpetual American contingent claim

Intinsic value: A(S(t)).
Value of the American contingent claim:

v(x) = sup 7 [e7Th(S(7))],
where the supremum isover al stopping times.

Optimal exercise rule: Any stopping time + which attains the supremum.
Characterization of v:

1. e "'v(S(t)) isasupermartingale;
2. e " (S(t) > eT"h(S(t), 0<t< oo;

3. e "w(S(t)) isthe smallest process with properties 1 and 2.

25.10 Perpetual American call

o) = sup B [ (S(r) = )]

Theorem 10.63

v(z) =2 Va>0.
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Proof: For every t,

Lett—ootoget v(z) > =.
Now start with S(0) = 2 and define

Y(t) = e S ().
Then:
1. Y isasupermartingale (in fact, Y isamartingale);
22.Y() > e "(St) - K)T, 0<t< oo

Therefore, Y (0) > v(5(0)),i.e,
z > v(z).

Remark 25.2 No matter what = we choose,
)/ [6_”(5(7’)—[()"'] < IE" [6_”5(7')] <z o= v(x).

There isno optimal exercise time.

25.11 Put with expiration

Expirationtime: 7" > 0.
Intrinsicvalue: (K — S(¢))™.
Value of the put:

v(t, ) = (valueof theput at timet if S(t) = z)
= sup El’e_r(T_t)(K - S(NHt.
t<r<T

N——
7:stopping time

See Fig. 25.6. It can be shown that v, v, v, are continuous across the boundary, while v, has a
jump.

Let S(0) begiven. Then
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v> K —u v(l,2)=0, 2> K

—rv+ v+ rav, + %02902%95 =0

T

e

v=K-—u v(lz)=K -2z, 0<2<K
v =0, v, =—-1, v, =0
—rv+ v + rev, + %0'2$2Uxx =—rK

T

Figure 25.6: Value of put with expiration

1. e"tw(t,S(t), 0 <t <T,isasupermartingale;
2 (1, S(1) 2 (K = SW), 0<1<T;

3. e ""w(t, S(t)) isthe smallest process with properties 1 and 2.

25.12 American contingent claim with expiration

Expirationtime: 7" > 0.
Intrinsic value: 2 (S5(t)).
Value of the contingent claim:

v(t,z) = 75<su£)T F=eU00(5 (7).

Then

rU — Uy — TV — %szzvm >0,
v > h(z),
Atevery point (¢, z) € [0,7] x [0, c0), either (a) or (b) isan equality.

Characterization of v: Let .S(0) begiven. Then
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1. e "w(t,S(t)), 0<t<T,isasupermartingale;
2. e "ot S(t) > e "Th(S(1));
3. e "w(t, S(t)) isthe smallest process with properties 1 and 2.
The optimal exercisetimeis
7 =min{t 2 0; v(t, 5(t)) = h(S(1))}

If 7(w) = oo, then there isno optimal exercise time along the particular path w.



