Chapter 19

A two-dimensional mar ket model

Let B(t) = (By(t), B2(t)),0 < t < T, be atwo-dimensiona Brownian motion on (€2, 7, ). Let
F(t),0 <t < T, bethefiltration generated by B.

In what follows, all processes can depend on ¢ and w, but are adapted to F(¢),0 < ¢ < 7. To
simplify notation, we omit the arguments whenever there is no ambiguity.

Stocks:
dSy = Sy [y dt + o1 dBq],

dSQISQ H2 dt—|—p0’2 dB1—|— 1—p2 g9 dB2:|

Weassume o, > 0, 05 > 0, —1 < p < 1. Notethat

dS, dSy = S?o? dB, dB; = 015} dt,

dSy dSy = S3p*c3 dBy dBy + S3(1 — p*)o3 dBy dB;
= 0353 dt,

dSy dSy = S10153p05 dBy dBy = po10251.5; dt.

In other words,

e %L hasinstantaneousvariance o7,

e %2 hasinstantaneousvariance o3,

ds,

* =

and % have instantaneous covariance po .

ﬁ(t):exp{/otrdu}.

The market price of risk equations are

Accumulation factor:

o101 =1 —r
(MPR)
po2bh +1\/1 = p*ogly =y —r
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The solution to these equationsis

Olzlul_r
g1

9

o1(p2 — 1) — poa(p — 1)

o102/ 1 — p? '

0, =

provided —1 < p < 1.
Suppose —1 < p < 1. Then (MPR) has aunique solution (6, 6,); we define

Z(t) = exp{—/otol By — /Otoz B, — %/Ot(of +62) du},
P(A) = /A Z(T) dIP,  VAc F.
IP isthe unique risk-neutral measure. Define
N t
By (t) :/0 6, du + B (1),
Ba(t) = /Ot 6y du + By(t).
Then
s, = S, [r dt + o diél} :
dS; = S, [r dt + poy dBy + /1 — pzagdgg] .

We have changed the mean rates of return of the stock prices, but not the variances and covariances.
19.1 Hedgingwhen -1 < p <1

dX = Al dSl + AQ dSQ + T‘(X — A151 — AQSQ) dt

X 1
d(—) =—-dX -rXdt
5) =3 )
1 1
= BAl(dSl — T‘Sl dt) + BAQ(dSQ — T‘SQ dt)
1 ~ 1 ~ ~
= EAISIUl dB1 + EAQSQ [pUQ dB1 + 1- p20'2 dB2:| .
Let V be F(T')-measurable. Define the IP-martingale
Y({t)=IE [L‘}'(t)] 0<t<T
p(T) ’ -
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The Martingale Representation Corollary implies

t - t -
0 0
We have

d (ﬁ) - (%Alsm 4 %Azszpffz) 4B,

1 -
+ BAQSZV 1 — p?03 dBy,

dY = Y1 dél + Y2 dEQ

We solve the equations

1 1
5A15101 + B

1
BAZSQV L= p?oy =7

for the hedging portfolio (A1, Az). With thischoice of (A, A;) and setting

AgSepoy = 1

— vV
X(0)=Y(0) =B

wehave X (1) =Y (t), 0 <t < T, andin particular,
X(T)=V.

Every F(1")-measurable random variable can be hedged; the market is complete.

19.2 Hedgingwhen p =1

Thecase p = —1 isanalogous. Assumethat p = 1. Then

dSl = Sl[,ul dt + 01 dBl]
dSQ = SQ[,MQ dt + (] dBl]

The stocks are perfectly correlated.
The market price of risk equations are

o160y =p1—r (MPR)
o201 = pg — 1

The process 6, isfree. There are two cases:
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Casel: ¥ # #2—. Thereis no solution to (MPR), and consequently, there is no risk-neutral
measure ThIS ‘market admits arbitrage. Indeed

d (%) = %Al(dSl - T‘Sl dt) + %AQ(dSQ - T‘SQ dt)

1 1
= BAlSl[(,ul — T‘) dt—|— 01 dBl] —|— BAQSQ[(,UJQ — T‘) dt—|— (] dBl]
Suppose £5— > £2==. Set
1 1
A= —, Ay=-— .
! 01517 ? 025
Then
X 1 [pg—r 1 [pe—r
0(X) = L[ am] - [ an
B) Bl o 18l oy '
_l[#l—f‘ Mz—f‘]dt
B g1 02
Positive

Casell: 55— = . The market price of risk equations

o101 =1 — 1

o2t = pg — 1

have the solution

H1—T Ho — T
01: =
g1 g2

9

9, isfree; there are infinitely many risk-neutral measures. Let /P be one of them.

Hedging:
X 1 1
d (ﬁ) = BAlSl[(,ul - T‘) dt + g1 dBl] + BAQSQ[(,UJQ - T‘) dt + g9 dBl]
1 1
= BAlle'l[el dt + dBl] + BAQSQO—Q[Ol dt + dBl]

1 1 ~
= (BAISlUl + EAQSQO—Q) dB1

Notice that B, does not appear.

LetV bean F(T')-measurablerandom variable. If V' dependson B, then it can probably not
be hedged. For example, if
V = h(51(T), 5(T)),

and o, or o5 depend on B, then thereistrouble.
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More precisely, we define the IP-martingale

TV
V()= [m‘m)] L 0<t<T.
We can write
¢ t
Y (t) = Y (0) —I-/0 71 dBy -I-/0 V2 dBz,
S0

dY = Y1 dEl + Y2 dEQ
Toget d (%) to match dY’, we must have

7220.
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