Chapter 17

Girsanov’s theorem and the risk-neutral
measure

(Please see Oksendal, 4th ed., pp 145-151.)

Theorem 0.52 (Girsanov, One-dimensionallLet B(¢),0 < ¢ < T, be a Brownian motion on
a probability space (2, F,P). Let F(¢),0 < ¢t < T, be the accompanying filtration, and let
6(t),0 <t < T, bea processadapted to thisfiltration. For 0 < ¢ < 7', define

B(t) = /Ot 6(u) du+ B(t),

2(t) = exp{—/OtH(u) dB(u) - %/Ot 62 (u) du},
and define a new probability measure by
P(A) = /AZ(T) dP, VA€ F.
Under /P, the process B(t),0 < ¢t < T', isa Brownian motion.

Caveat: This theorem requires a technical condition on the size &f
T
IF exp %/ 0% (u) du p < oo,
0

We make the following remarks:

everything is OK.

Z(t) is a matingale. In fact,

dZ(t) = —0(t)Z(t) dB(t) + 10°(¢) Z(t) dB(t) dB(t) — 16 (t) Z(t) dt
= —0(t)Z(1) dB(1).
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IP is a probability measure. SinceZ(0) = 1, we havelE Z(t) = 1 for everyt > 0. In particular
P(Q) = / Z(T) dP = EZ(T) = 1,
Q

soPisa probability measure.

I interms of I, Let I/ denote expectation undé?. If X is a random variable, then
FEZ=IE[Z(T)X].
To see this, consider first the cake= 1 4, whereA € F. We have
EX = P(A) = /AZ(T) dIP = /QZ(T)lA dIP = IE[Z(T)X].

Now use Williams’ “standard machine”.

P and IP. The intuition behind the formula
P(A) = /A Z(T)dlP  VAeF

is that we want to have N
P(w) = Z(T,0) P(w),

but sincelP(w) = 0 andP(w) = 0, this doesn’t really tell us anything useful abdgt Thus,
we consider subsets 6, rather than individual elements Of

Distribution of B(T). If 4 is constant, then
2(T) = exp {-0B(T) - 16°T}
B(T) = 0T + B(T).

Under/P, B(T) is normal with mean 0 and varian@g soB(T') is normal with meadT and

variancel . 5
b— 0T ~
exp{—g} db.

P(B(T) € db) =

1
VorT 2T

Removal of Drift from B(T'). The change of measure froffi to IP removes the drift fronB (7).
To see this, we compute

EB(T) = E[Z(T)(#T + B(T))]

B[z
IE [exp {~0B(T) — 10*T} (07 + B(T))]

B 1 00 12 b2
= \/W 3 (0T—|—b)exp{ 0b — 560°T} exp{ o db
(b+06T)>
—— > db
m L6+ { o7

0 2
(y =0T +b) / Y exp { L } dy (Substitutey = 67T + b)

\/ 27T
=0.
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We can also see thﬁE(T) = 0 by arguing directly from the density formula

P{E(t) € dl;} = \/;T_Texp{—%} db.

Because
Z(T) = exp{—6B(T) — $6°T}
= exp{—0(B(T) - 0T) — 10°T}
= exp{—0B(T) + 16°T},
we have

P{B(T) € dby = P{B(T) € db} exp {05+ 16°T}

1 b—01) - .
- expl -2 gh 4 o2\ b,
2T { 2T 2

1 b2 i
= exps —— .
2T P 2T

Under IP, B(T) is normal withmean zero and variancé’. Under P, B(T') is normal with
mean §7" and variancd’.

Means change, variances don'tWhen we use the Girsanov Theorem to change the probability
measure, means change but variances do not. Martingales may be destroyed or created.
\olatilities, quadratic variations and cross variations are unaffected. Check:

dB dB = (8(t) dt + dB(t))? = dB.dB = dL.

17.1 Conditional expectations undedP

Lemma 1.53 Let 0 < ¢ < 7. If X isF(¢t)-measurable, then

EX = E[X.Z(1)].

Proof:
EX = E[X.Z(T)] = E[ E[X.Z(T)|F(1)]]
= F[X E[Z(T)|F®)]]
= IF[X.Z(t)]

because’ (t),0 < t < T, is a martingale undef. ]
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Lemma 1.54 (Baye’s Rule)lf X is F(t)-measurableand 0 < s < ¢ < T, then

E[X|F(s)] = ﬁE[XZ(t)U'(s)]. (1.1)

Proof: It is clear that%E[XZ(t)U‘(s)] is F(s)-measurable. We check the partial averaging
property. ForA € F(s), we have

/ —JE (X Z(0)|F(s)] dP = T |14 IE[X Z(1)|F(5)]

Z(s)
= I [1AIE[X Z(t)|F(s)]] (Lemma 1.53)
= W [IF[1AXZ(t)|F(s)]] (Taking in what is known)
= E[14XZ(1)]
= E[1,X]  (Lemma 1.53 again)
= /A X dP.

Although we have proved Lemmas 1.53 and 1.54, we have not proved Girsanov's Theorem. We
will not prove it completely, but here is the beginning of the proof.

Lemma 1.55 Using the notation of Girsanov's Theorem, we have the martingale property

FE[B(t)|F(s)] = B(s), 0<s<t<T.

Proof: We first check thaB(t) Z(t) is a martingale undelP. Recall

dB(t) = 0(t) dt + dB(1),
dZ(t) = —0(t) Z(t) dB(t).
Therefore,
d(BZ)=B dZ+ % dB+ dB dZ
=—B0Z dB+ Z0 dt + Z dB — 0Z dt
= (-B8Z + 7) dB.

Next we use Bayes' Rule. FOr< s <t < T,

EB(0)|F(5)) = 5 B0 Z()| 7()
1

= J B 2(s)

Z(s)
= B(s).
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Definition 17.1 (Equivalent measures)Two measures on the same probability space which have
the same measure-zero sets are said mbieval ent.

The probability measure#” and IP of the Girsanov Theorem are equivalent. Recall tiats
defined by

P(A) = /Z(T) iP, AeF.

If IP(A) =0, thenf, Z(T) dIP = 0. BecauseZ(T") > 0 for everyw, we can invert the definition
of /P to obtain

P(A):/A%dﬁ, AeF.

If IP(A) =0, then/, % dIP = 0.

17.2 Risk-neutral measure

As usual we are given thBrownian motion: B(t),0 < t < T', with filtration 7 (¢),0 < t < T,
defined on a probability spa¢€, 7, I’). We can then define the following.

Stock price:
dS(t) = p(t)S(t) dt + o(t)S(t) dB(t).

The processeg(t) ando(t) are adapted to the filtration. The stock price model is completely
general, subject only to the condition that the paths of the process are continuous.

Interest rate: r(¢),0 < ¢ < T. The process(t) is adapted.

Wealth of an agent, starting withX (0) = 2. We can write the wealth process differential in
several ways:

AX(1) = A@)dS{t)  +r(t)[X () — A@)S(H)] dt
Capital gains from Stock Interest earnings
= ()X (1) dt + A@)[dS(t) — rS(t) di]
= ()X (1) dt + A(t) (u(t) — r(£)) S(t) dt + A(t)o(t)S(t) dB(t)

Risk premium

_ X @ d+Aanemse | MU= g ase

Market price of risk#(t)
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Discounted processes:

Notation:
_ efotr(u) du 1 — fotr(u) du
. 1Ly _ r(t)

The discounted formulas are

0 (35) = S rs 0 dt + s

0/ = B
_ ﬁ [((t) — r(£)S(t) dt + o (t)S(t) dB(t)]
= e DSW P di +dB()
(0 _ S(t)
a (T) = Al d (ﬁ(t))

Then

t(55) = Sisesio ab)

By~ B
XN _AQ@) =
d <W) S o WS B,

Under P, E ; and X(( )) are martingales.

Definition 17.2 (Risk-neutral measure) A risk-neutral measure (sometimes called anartingale
measure) is any probability measure, equivalent to the market meagtrevhich makes all dis-
counted asset prices martingales.
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For the market model considered here,
P(A) = / Z(T) dIP, A€ F,
A

where

Z(t) :exp{—/OtO(u) dB(u) - %/Otom) du},

is the unique risk-neutral measure. Note that beca(ge= %, we must assume that?) #
0.

Risk-neutral valuation. Consider a contingent claim paying &i{7’)-measurable random variable
V attimeT'.

Example 17.1
vV =(S(T) - K)*, European call
V =(K-5(T)t, European put
e "
V= —/ Su)du—K| | Asian call
r 0

If there is a hedging portfolio, i.e., a processt), 0 < ¢ < T', whose corresponding wealth process

satisfiesX (7') = V, then v
X(0)= I [W] .

This is becauségi(f)2 is a martingale undef, so

X(O)_%[X(T)]_%[ v ]

p(T)

XO=F5) = 30

5(0)



