Chapter 13

Brownian Motion

13.1 Symmetric Random Walk

Tossafair coin infinitely many times. Define

1 if w;=H,
-1 if w;=T.

Xjw) = {

MOIO

k
Mp=> X;,  k>1

i=1

13.2 TheLaw of Large Numbers

We will use the method of moment generating functionsto derive the Law of Large Numbers:

Theorem 2.38 (Law of Large Numbers:)

1
EMk—>0 almost surely, as  k—oc.
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Pr oof:

X]‘ (Def of Mk)

k
= H IF exp {%X]} (Independence of the X ;’s)

which implies,
_ 1 % 1 =%
log i (u) = klog (56k + g€ k)

Letz = -. Then

Jim log o (u) = lim

=0 x
Your _ Uo—us ]
= lim 2—2 (L’ Hopital’sRule)
r—0 eur 4 ie—ux

Therefore,

whichisthe m.g.f. for the constant O.

13.3 Central Limit Theorem
We use the method of moment generating functionsto prove the Central Limit Theorem.
Theorem 3.39 (Central Limit Theorem)

1
—M,— Sandardnormal,as k—co.

VEk

Pr oof:
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so that,

Sk

log i (u) = klog (%e% + e ) .

Letz = -. Then

lim 1 T (3e+ 3e7)
g g eel) = Jiny, =

‘ 1 Your _ Uo—uw
= lim 5 T 2 2
z—0 SEUT + Semur z—0 2z
U ur U, —ur
= lim 2° 2°
z—0 2x
ﬁeux _ ﬁe—ul’
= lim -2 2
z—0 2
_ 1U2.

Therefore,

. 12
kh—r>noo wk(U) =2 ’

whichisthe m.g.f. for astandard normal random variable.

13.4 Brownian Motion asa Limit of Random Walks
Let n be apositiveinteger. If ¢ > 0 isof theform % then set

B (t) = LMM — LMk
n

vn vn

If + > 0 isnot of theform £, then define B (¢) by linear interpol ation (See Fig. 13.1).

Here are some properties of B(190)(¢):

(L'Hopital’sRule)
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(L'Hopital’sRule)
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Kin (k+1)/n

Figure 13.1: Linear Interpolationto define B (t).

Propertiesof  B(1°0)(1) :

1 100
(100) (1} — , i
B(109) (1) m JZ:; X; (Approximately normal)
( ) 1 100
100 - —
1 100
var(BA9 (1)) = — 3 var(X;) = 1
100 =
Propertiesof ~ B(1°0)(2)
1 200
B0 9y = — > X (Approximately normal)
10 &
EB1%(2) =0
var(BU10)(2)) = 2

Also note that:

o BUO)(1) and BUO)(2) — B(190)(1) are independent.
o B(1%)(3) is acontinuousfunction of ¢.

To get Brownian motion, let n—oc in B (¢), ¢ > 0.

13.5 Brownian Motion

(Please refer to Oksendal, Chapter 2.)
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B(t) = B(tw)

A

o |
w W AR

(Q,F,P)
Figure 13.2: Continuous-time Brownian Motion.

A random variable B(t) (see Fig. 13.2) is caled a Brownian Motion if it satisfies the following
properties:

1. B(0) =0,

2. B(t) isacontinuousfunction of ¢;

3. B hasindependent, normally distributed increments: If

O=to<t) <tz <...<t,
and
Y1 = B(t1) — B(ty), Y2=B(ts) — B(t1), ... Y,=B(t,)— B(tn-1),
then

Y1, Ys, ..., Y, areindependent,
FEY;=0 Vj,
var(Y;) =t; —t;q V.

13.6 Covariance of Brownian Motion

Let 0 < s < ¢ begiven. Then B(s) and B(t) — B(s) are independent, so B(s) and B(t) =
(B(t) — B(s)) + B(s) arejointly normal. Moreover,
IEB(s) =0, var(B(s)) = s,
EB(t) =0, var(B(t)) = t,
EB(s)B(t) = IEB(s)[(B(t) = B(s)) + B(s)]
= EB(s)(B() - B(s)) + EB(s)

0 s
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Thusfor any s > 0,t > 0 (not necessarily s < t), we have

EB(s)B(t) = s At.

13.7 Finite-Dimensional Distributions of Brownian Motion

Let
O<ti <ty <... <y,

be given. Then
(B(t1), B(ta),...,B(t,))

isjointly normal with covariance matrix

EB%*(ty)  FB(t1)B(t2) ... IEB(t1)B(t,)
Co EB(ty)B(ty)  IEB*(ty) ... IEB(ty)B(t,)
]EB (tn)B(t 1) EB(tn)B(tQ) ......... 1EB2(tn) ..
[t t
_ |l 2 to
t1t2 ....... tn

13.8 Filtration generated by a Brownian Motion

{F(®) )20

Required properties:

e Foreacht, B(t) is F(t)-measurable,

e Foreacht andfort < t; < ty < --- < t,, the Brownian motion increments

B(t1) — B(t), B(tz) —B(t1), ..., B(tn)— B(tn-1)
areindependent of F(t).
Here isone way to construct 7 (¢). Firstfix t. Let s € [0,¢] and C' € B(IR) be given. Put the set
{B(s) e O} ={w: B(s,w) € C'}

in F(t). Do thisfor all possible numbers s € [0,¢] and C' € B(IR). Then put in every other set
required by the o-algebra properties.

This F(t) contains exactly the information learned by observing the Brownian motion upto time ¢.
{F(t)}+>0 iscalled thefiltration generated by the Brownian motion.



CHAPTER 13. Brownian Motion 145
13.9 Martingale Property

Theorem 9.40 Brownian motionisa martingale.

Proof: Let0 < s <t begiven. Then

E[B(t)|F(s)] = E[(B(t) — B(s)) + B(s)| 7 (s)]
= E[B(t) — B(s)] + B(s)
= B(s).
n
Theorem 9.41 Let € IR begiven. Then
Z(t) = exp {~0B(t) - 16°t}
isa martingale.
Proof: Let0 < s < ¢ be given. Then
E[Z(1)|F(s)] = IE [exp{—O(B(t) — B(s) + B(s)) — 30°((t — 5) + 5)} f(s)]
- B [Z(S) exp{—6(B(t) — B(s)) — 16%(t — 5)} }'(s)]
= Z(s)IF [exp{-0(B(t) — B(s)) — 16*(t — 5)}]
= Z(s) exp { 1(~0)* var(B(t) — B(s)) — 16%(t — )}
= 7Z(s).
n

13.10 TheLimit of a Binomial Modd

Consider the »’th Binomia model with the following parameters:

o u, =1+ % “Up” factor. (o > 0).

N
o =

s d-dy _ O/\mo_ 1
® Pn= upmdn ~ 20/Vm 2"
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Let i (H) denote the number of H inthefirst & tosses, and let £ (7") denote the number of 7" inthe
first k tosses. Then

ik (H) + 8 (T) = k,
fr(H) = 8x(T) = My,
whichimplies,
2e(H) = g(k + M)
2 (T) = 5k — My)

In the »n’th model, take » steps per unit time. Set S(()”) =1.Lett = % for some k, and let

1

(nt+Mn:) 5 (nt=My)
SM(1) = (1 + L) 2 (1 _ L) ? _
v vn

Under IP, the price process (™) is amartingale.
Theorem 10.42 Asn—oo, the distribution of S (") (¢) convergesto the distribution of
exp{oB(t) — 1o°t},

where B is a Brownian motion. Note that the correction — %a% is necessary in order to have a
martingale.

Proof: Recall that from the Taylor series we have

log(1+2) =2 — 1a% + O(2?),

SO
log S () = L(nt + My) log(1 + %) + L(nt — M) log(1 — %)
= nt (% log(1 4+ %) + Llog(1 - %))
+ My ($lox(1+ 7o)~ Llow(1 - )

As n—oo, the distribution of log S ") () approaches the distribution of ¢ B(t) — Lo n
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B(t) = B(tw)
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Figure 13.3: Continuous-time Brownian Motion, startingat = # 0.
13.11 Starting at Points Other Than 0

(The remaining sectionsin this chapter were taught Dec 7.)
For aBrownian motion B(¢) that starts at 0, we have:

P(B(0) = 0) = 1.

For a Brownian motion B(¢) that starts at =, denote the corresponding probability measure by P~
(See Fig. 13.3), and for such a Brownian motion we have:

P*(B(0)=2)=1.
Note that:

e If 2 #£ 0, then IP* putsall its probability on a completely different set from P,
e Thedistributionof B(t) under [P isthe same as the distribution of  + B(¢) under P.

13.12 Markov Property for Brownian Motion

We prove that

Theorem 12.43 Brownian motion has the Markov property.

Proof:
Lets >0, ¢ > 0begiven(SeeFig. 13.4).

E[h(B(s—H))‘}'(s)] = Eh(B(s+1) = Bls)+  Bls) )|F(s)

Independent of () F(s)-measurable
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Figure 13.4: Markov Property of Brownian Motion.

Use the Independence Lemma. Define

= IE |h(z+ B(t) )
N~
samedistribution as B(s + t) — B(s)
= E*h(B(t)).

Then

E [ (B +0)|F(s)] = a(B(2)
= EBGIn(B(1)).

In fact Brownian mation has the strong Markov property.

Example 13.1 (Strong Markov Property) SeeFig. 13.5. Fix > 0 and define
r=min{t >0; B() ==z}.

Then we have:

15+ 0) 7] = a5 = 050,
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Figure 13.5: Strong Markov Property of Brownian Motion.

13.13 Transition Density

Let p(t, x, y) be the probability that the Brownian motion changes value from z to y intime ¢, and
let 7 be defined asin the previous section.

1 _w=a)?
p(t,x,y):\/ﬁe ED
9(e) = E*h(B) = [ hw)p(t.a.9) dy.
I |n(B(s+ 0)|F(0)] = 9(B(s) = [ hwnte, Bs)) dy.

B [+ 0)|70)] = [ koo,

— 00

13.14 First Passage Time

Fix 2 > 0. Define
T=min{t > 0; B(t)==z}.

Fix 6 > 0. Then
102
exp {OB(t/\ T) — 507 (t A T)}

isamartingale, and

IE exp {OB(t/\ T) — 207 (t A T)} =1.
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We have

_lg2T .
. 142 _Je 2 if 7 < oo,
751i>1r1r100exp{—20 (t/\r)} = {0 (14.1)

if 7 = oo,
0 <exp{0B(tAT)—L16%(tAT)} < e
Let t— oo in (14.1), using the Bounded Convergence Theorem, to get

FE {exp{@x - %027}1{T<00}} =1.

Let 610 to get FElg .y =1,

P{r <0} =1,
Fexp{-16°r} = e 0", (14.2)
Let o = $62. We have the m.g.f.:
Fe=o™ = ¢~oV20 4 5. (14.3)
Differentiation of (14.3) w.r.t. « yields
—IE [re™®7] = ——Z_Oée_l’m
Letting o.).0, we obtain

Conclusion. Brownian motion reaches level = with probability 1. The expected time to reach level
x isinfinite.
We use the Reflection Principle below (see Fig. 13.6).

P{r <t, B(t) <z}=1IP{B(t) >z}
P{r <t} =IP{r <t,B(t) <a}+ IP{r <t,B(t) > z}
= IP{B(t) > 2} + IP{B(t) > «}
=2P{B(t) > z}

9 7 2
= e 2t
V27t Y
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shadow path

\Brownian motion

Figure 13.6: Reflection Principle in Brownian Motion.

Using the substitution = = &, d= = % we get

2 T 2
P{r <t} = E/e_sz.
%
Density:
i =dppr<ne St n
T A

which follows from the fact that if

then

Laplace transform formula:

Fe™o7 = /e_ath(t)dt = V20,
0



