Chapter 12

Semi-Continuous M odels

12.1 Discrete-timeBrownian Motion

Let{Y;}7_, beacollectionof independent, standard normal random variables defined on (€2, 7, ),
where P is the market measure. As before we denote the column vector (Y7, ...,Y,)7 by Y. We
therefore have for any real colum vector u = (uy, ..., u,)?

T n n
EeuY:Eexp{Zu]‘Yj}:eXp{ %U?}
1

Jj=1 J

Define the discrete-time Brownian motion (See Fig. 12.1):
BO - 07

k
B, = Y Y, k=1,...,n
j=1
If weknow Yy, Ys, ..., Vi, thenweknow By, By, ..., Bx. Conversdly, if weknow By, Bs, ..., By,
thenweknow Y; = B,Ys = By — By, ..., Y, = By — Bj_1. Definethefiltration

fO = {¢7Q}7
.7:k = O'(YhYQ,...7Yk)IO'(B17B27...7Bk>,kIL...,n.

Theorem 1.34 {By}7_, isamartingale (under P).

Pr oof:

E[Biy|Fr] = IE[Yit1 + Bil|Fr
EYypi + By
= B;.
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Figure 12.1: Discrete-time Brownian motion.

Theorem 1.35 {B}}_, isaMarkov process.

Proof: Note that
IETh(Bry1)| Fr] = IE[h(Yiy1 + Br)| Fr]-

Use the Independence Lemma. Define

g(b) = IEh(Yiq1 +0) (y+b)e -3 dy.

==L

Then
IETh(Yiy1 + Be)|Fr] = 9(Bg),

which isafunction of B, aone.

12.2 The Stock Price Process

Given parameters:

e 1 € IR, themean rate of return.
e o > 0, thevolatility.
e Sy > 0, theinitial stock price.

The stock price processis then given by
Sk = Soexp{UBk—l— (e — %O‘z)k}7 k=0,...,n.

Note that
Skt1 = Spexp {UYk-I—l + (1 — %02)}7
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E[Sesi|Fa] = SuE[CYF1|F,].eh 37"
= Ske%UZ)e“_%UZ)
= "5,
Thus
1= log 7E[52—;|}-k] = log I/ [S;—:l fk] ,
and

var (108; SEH) = var (O‘Yk-l—l + (1 — %02)) = o2
k

12.3 Remainder of the Market

The other processesin the market are defined as follows.

Money market process:
My,=¢* k=0,1,...,n.

Portfolio process:

[ ] A(), Alv e 7An_17
e Each A} is F;-measurable.

Wealth process:

e X given, nonrandom.

Xpt1 = ApSpir + € (Xi — ApSk)
= Ap(Spy1 — € Sk) + " Xy,

e Each X, is F-measurable.

Discounted wealth process:

h - A Sk+1 _ Sk + Xi
Mk-l—l Mk.|_1 My, My

12.4 Risk-Neutral Measure

Definition 12.1 Let /P be a probability measure on (2, F), equivalent to the market measure P. If

A%—’Z}: isamartingale under /P, we say that IP is arisk-neutral measure.
=0
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Theorem 4.36 If IP is a risk-neutral measure, then every discounted wealth process {ﬁ—’;}n is

a martingale under P, regardless of the portfolio process used to generateit.

Pr oof:

7 | Xkt _ Sk+1 _i) Xi ]
= [Mk-H fk] = B [Ak (Mk-H My ) T, F
_ T Sk-|—1 Sk Xk
= (B3] - 2k ) +
. ¢
= i

12.5 Risk-Neutral Pricing

Let V., be the payoff at time n, and say it is 7, -measurable. Note that V,, may be path-dependent.
Hedging a short position:

Sell the simple European derivative security V.

Receive X, at timeO.

Construct a portfolio process Ay, . .. , A, which startswith Xy and endswith X,, = V..
If thereis a risk-neutral measure IP, then

P R
Xo= B3 = Egf-

Remark 12.1 Hedging in this *semi-continuous’ model is usually not possible because there are
not enough trading dates. This difficulty will disappear when we go to the fully continuous model.

12.6 Arbitrage

Definition 12.2 An arbitrageisaportfolio which startswith X = 0 and endswith X, satisfying
P(X,>0)=1, IP(X, >0)>0.

(P hereisthe market measure).

Theorem 6.37 (Fundamental Theorem of Asset Pricing: Easy part) Ifthereisarisk-neutral mea-
sure, then there isno arbitrage.
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Proof: Let IP bearisk-neutral measure, let X, = 0, and let X,, be the final wealth corresponding
to any portfolio process. Since {]\)2_2 }k_o isamartingale under P,

/)

=B =0, (6.1)
Suppose IP(X,, > 0) = 1. We have

P(X,>0)=1= P(X, <0)=0= P(X, <0)=0= IP(X, >0)=1.

(6.2)
(6.1) and (6.2) imply IP(X,, = 0) = 1. We have
P(X,=0)=1= P(X, >0)=0= P(X, >0)=0.

Thisisnot an arbitrage. n
12.7 Stalking the Risk-Neutral Measure
Recall that

e V1, Y,, ... Y, areindependent, standard normal random variables on some probability space

(Q, F,P).

e S, = Spexp {O‘Bk + (e — %02)16}.
[ ]
Sir1 = Soexp{o (Bt Vi) + (u— bo?)(k+ 1)}
= Spexp {O‘Yk_H + (p— %02)}.

Therefore,

Sk+1 _ S R
m—m-eXP{UYkH‘F(H—" 2‘7)}7

Skt1
Jp | 2+l
[Mk-H

]:k] = A%—’Z.E[exp{ayk+1}|fk]-exp{:u_r_%02}

= ]\%—kk-exp{%az},eXp{,u —r = %02}

P
p—r Dk
€ M

If & = r, the market measure isrisk neutral. If ;1 # r, we must seek further.
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Sk+1 Sk 12
Misr m-eXP{UYk—l—l‘F(N—"—QU )}
= A%—kk.exp{a(YkH + £5) - %02}
Sk

= Mk.exp{(ﬂ}kﬂ - %02},

where
Yip1 = Y + “U;r

The quantity = is denoted ¢ and is called the market price of risk.

We want a probability measure /P under which Y, . .. , Y,, are independent, standard normal ran-
dom variables. Then we would have
E M]—' = iﬁ{ex {0V }|]:} exp{—21o?}
Mk-l—l k = My P k+1 k| -€Xp B}
= A%—kk.exp{%az}.exp{—%az}
_ Sk
-

Cameron-Martin-Girsanov’'sldea: Definethe random variable

7 = exp [Zn:(—OYJ — %02)] .

i=1

Properties of 7:
o /> 0.
[ ]
- n
= —6Y;) +. ——4*
EZ IF exp {]Z::I( ])} exp{ 5 }
= exp{%@Q} .exp{—%@Q} =1.
Define

P(A):/ZdP YA € F.
A

Then IP(A) > 0 foral A € F and

PQ)=IEZ=1.

In other words, IP isa probability measure.
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We show that /P isa risk-neutral measure. For thi s, it suffices to show that
Y=Y, +6,....Y, =Y, +6

are independent, standard normal under P.
Verification:

e Y1,Y5, ..., Y, Independent, standard normal under P, and

n
= exp %u? .
J=1

IF exp [Z u;Y;

i=1

Y=Y, +6,....Y, =Y, +6.

Z > 0 dmost surely.

7 = exp [Ty (—0Y; — 567)]
ﬁ(A):/ ZdP VYA€ F,
A

EX = IE(X Z) for every random variable X .

Compute the moment generating function of (¥, ... ,Y,,) under IP:

= Fexp | Y u;(Y;+0)+> (—0Y; — %02)]
Li=1

F exp [Z u]f/j

J=1

n

71=1

= exp Z L(u; —0)?

= exp Z ((%u? —u;f + %02) + (u;0 — %02))]

_n
- | S0
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12.8 Pricinga European Call

Stock priceattimen is

Sn = Spexp {O‘Bn + (pn— %0'2)71}

= Spexp {UZY} + (p— %02)71}

i=1

= Spexp {UZ”:(Y] + M;T) —(p=rn+ (p— %UQ)TL}

— Soexp{UZYj + (r-— %UQ)n}.

i=1
Payoff at timen is (S, — K)T. Priceat time zerois

, . +
ﬁi(snz\}fﬁ = F [e"’” (Soexp {UZY/J + (r- %UQ)n} —~ K) ]

i=1

_ /_O:o o= (So exp {o‘b—|— (r— %g2)n} — I()+ \/2177_”

since -7, Y; isnormal with mean O, variance n, under IP.

b2
e 212 db

Thisisthe Black-Scholes price. It does not depend on .



