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· Examples of Arbitrage

· Puts/Calls, European/American

· Other types of derivative securities

· Binomial model

· Black-Scholes Differential Equation

· European Call Formula ((!)

· Put-Call Parity

· American Calls

· Numerical Methods

· Example: Equity-Indexed Annuity
Example of Arbitrage

Unusual casino

Roulette: 1:1 odds bet red vs. Blue

(no 0 or 00)

New Gambler Special
1:2
red or blue will occur twice in a row somewhere



during the next 3 spins

2:1
red and blue will alternate during next 3 spins

Maximum bet $1,000,000

One time only offer.

Should I bet?

Which way?

How much?

Could this be a trick?

Expected Return of 

“New Gambler Special”
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win $1.50

bet $1
(








( 
win $1.50








(








(
LOSE









(








( 
win $1.50
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· win $1.50

Expected Return:



(6/8) $1.50 = $1.125

In the long run, if wheel is fair, we win on bet red/blue repeats.

· Should I mortgage house to bet $1M?

Can only bet once!

What if I lose?

What if wheel is unfair?

Hedging Your Bets

To guarantee $1.5M in the two “bad cases” after the 3rd spin

we need $750K in two dangerous cases after the 2nd spin.

To ensure that we have that, make $375K bet on $2nd spin.
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(No insurance bet needed
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Insurance bet pays $1.5M








(Bet $750K on blue
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Insurance bet pays $0
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Insurance bet pays $0








(Bet $750 on red
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Insurance bet pays $1.5M
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(No insurance bet needed
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Hedging Your Bets

Make side bets that yield $1.5M in the two “bad cases”.
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(No insurance bet needed
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(Bet $375K on red
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Insurance bet pays $1.5M








(Bet $750K on blue
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Insurance bet pays $0

$375K
(no insurance bet

available
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Insurance bet pays $0








(Bet $750 on red
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Insurance bet pays $1.5M





(Bet $375K on blue
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How “Insurance Fund” Helps

Expected return of $375K “insurance fund”

=  (2/8) $1.5M 

= $375K
Thus, does not increase earnings on average.
(In fact, total return is now 10.9% = 1.5M$/1.375M$ 

instead of 12.5% = (6/8)1.5M$/1M$.)

However, insurance fund decreases volatility.
A total profit of $1.5M - $1M - $375K = $125K is locked in
… even if casino cheats…

for p does not appear in our calculations.
Analogy

Roulette





Stock Market

Blue 






Stock goes up 

Red






Stock goes down
Betting on Blue



Long Stock
Betting on Red



Short Stock
Betting on Repeats


Derivative Security

Sure Thing




Arbitrage

Insurance Fund



Hedge

0/00






Commissions and other 









trading costs
Types of Derivative Securities

Basic Kinds of Options

Call

Buyer has right to buy 

1 share ABC price $K 

on exercise date T from the person for wrote the call.

Put

Buyer has right to sell 

1 share ABC at $K 

on exercise date T from the person who wrote the put.

T = maturity date, expiration date, exercise date

$K = strike price, exercise price.



(in the money, at the money, out of the money)

Examples:

· Company will need to buy oil at a later date

· Layaway purchase

(See option pay off chart)


· Farmer will harvest wheat (drawbacks)

· Avoid capital gains

Wall Street Journal

(p.  C18 5/5/98)
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--- Put ---
Option/Strike

Exp.
Vol.
Last

Vol.
Last
EKodak
70

May
287
  5 3/4

160
   1/8
76 3/16
70

Oct

23

  9 1/2

202
2 1/2
76 3/16
75

May
275
  2


52

   7/8
76 3/16
75

Jul

260
  4 1/4

50 

3
Echlin

40

Jun

780
12 3/8

---

---
51 9/16
40

Sep
200
12 3/4

---

---
51 9/16
50

May
61

  2 7/8

250
   1/4
:


:

:

:

:


:

:
More options





Option
Value
Discounted Value







Call
out$        in$
e-rT max(ST-K,0)





Put
in$       out$
e-rT max(K-ST,0)





Straddle = Call+Put

e-rT |ST-K|
Example: Elections





Forward Contract
= Call - Put

e-rT (ST-K)

Example: Elections





Barrier 

binary option 











payoff = 0 or fixed amount


Shout - buy at today’s low any day during exercise period 

(always in the money)

Exercise Date:
American Options - Can be exercised at any time prior to ex. date

European Option - Can be exercised only at exercise date

Bermuda Option - Multiple exercise dates

Futures Contract = like forward except seller specifies delivery date

Option on Option (put on put, put on call, call on put, call on call)

As you like it option = choose at T’ if option is a put or a call

Lookback option = call w/ $K = minimum price St  t([A,B]

Stock Tender Offer = option to swap stock ABC w/ XYZ

Average Strike Option = $K = average price St  t([A,B]

Mortgage with Prepayment Option
Interest Rate Cap = Buyer has adj. rate loan, seller pays buyers “excess” interest

Interest Rate = f(Oil)  (Bond issued by Standard Oil)

Temperature of Pacific Ocean = hedges insurance co.’s El Nino risk
Equity Indexed Annuities
Will return to this subject at end of talk…

See handout…




etc…

Binomial Model

Stock XYZ now @ $100/share.

Option expiration date April 1, 2000

Assume no dividends, no transaction costs

Price Now

Discounted Price at Expiration




Stock

Option


p

$120

$v

$100



1-p

$90

$w

Expected value of discounted option value 

= pv + (1-p)w

Do we need p to calculate present value of option?

Example:
At-the-money call

v = $20

w = $0

At-the-money put

v = $0

w = $10
Binomial Model Continued

Portfolio ( :
x shares of stock XYZ




+
$y in cash.
Discounted price: April 1, 2000

1 Share XYZ

Portfolio
 (


Option

$120



$120 x + $ y


$ v

$90



 $90 x + $ y


$ w
Now choose 
x = (v-w)/30





y = 4w - 3v

with the motivation that 
120 x + y = v





and 

90 x + y = w

Then ( will have same final value as 1 option.
( = Synthetic Option
Market value of option = value(() = $100x + y = (v+2w)/3

Proof by Arbitrage Argument:

Otherwise, buy ( and sell option (or visa versa) and lock in automatic profit.

Example: 
At-the-money put: 

v = $0, 
w = $10, 
so put is worth $6.67

Notes on Binomial Option Valuation:

· p is not needed to calculate value of option

· If p were known to be 1/3, then we could use p to calculate value of option and get the same result. 
Thus, market acts as if p = 1/3. 
However, the actual probability is not necessarily 1/3.

· “No arbitrage argument” shows there exists a unique rational price

· This price is the expected price under a certain distribution p

p is a Martingale. 
E(stock) = E(cash)

Price of option is independent of risk preferences

Geometric Binomial Model

Unrealistic to assume only two possible prices
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Log Price: 

% return more important than $ return

splits not fundamental

$0 boundary

Log Price



Price

 p
( Lt+(t = Lt + (((t
        p
( St+(t = St e+(((t
Lt=lnSt(





  St
(
1-p
( Lt+(t = Lt - (((t

1-p
( St+(t = St e-(((t
Choose p so that it is a Martingale

St er(t
= future value of cash



= “expected” value of stock (since Martingale)



= E(St+(t)



= p
St e+(((t + (1-p) St e-(((t

p (e+(((t - e-(((t ) = er(t - e-(((t

p (
1 + (((t + ½ (2(t + …
= 
 1 + r (t + …


1 - (((t + ½ (2(t + … ) 

-1 + (((t - ½ (2(t

2 p (((t = (((t + (r -  ½ (2 ) (t

p ( ½ +  (r -  ½ (2 ) ((t / 2( + o(((t)
Geometric Binomial Model

 Expected log return 

= E( ln( St+(t / St) )



= E( Lt+(t - Lt )



= p (((t + (1-p) (-(((t)



= (2p - 1) (((t 



= ( 2 [½ +  (r -  ½ (2 ) ((t / 2( ] - 1 ) (((t 

= (r -  ½ (2 ) (t 

Whereas expected return 

= E( St+(t/St - 1 )



= exp ( r (t ) - 1

ln(E( St+(t/St - 1 ) ) = r (t

Recall 
mean(log) < log(mean)

since
geometric mean < arithmetic mean

Equality hold iff ( = 0


i.e.

iff prices are predictable
Variance (Volatility)

var( Lt+(t | St ) = var( Lt+(t - Lt | St )

Let x = Lt+(t - Lt = ln( St+(t / St )





__
 _
var( Lt+(t | St ) = x2 - (x)2




__
x2 ( (2 (t

x2 = (2 (t

_
x = ( r - (2/2 ) (t + o((t)

var( Lt+(t | St ) = (2 (t - ( r - (2/2 )2 (t2 + o((t2)



= (2 (t + o((t)

Thus, E( Lt | S0 ) = ( r - (2/2 ) t + L0

Var( Lt | S0) = (2 t


Volatility = ( Var( Lt | S0) = (( t

as (t ( 0

St has log normal distribution with mean S0 exp(rt) 

Black-Scholes Analysis
St = current stock price (expressed in t=0 dollars)

(2 = variance

t = time


( St 
= St+(t - St



= St ( exp ( ((((t ) - 1 )


( ( ( St ((t


= ( St (zt
where today (zt is a random variable equal to (((t 

with appropriate probabilities. 

Let f be the (discounted) value

of some option (e.g. European call)

f = f( St, t )

To calculate (f we need Ito’s Lemma.

(Variant of the “chain rule” for use in stochastic differential equations.)
Ito’s Lemma

Stochastic Differential Equation:

(St = ( St (z


Ito’s Lemma:


(f(St, t) =   ( (f/(S ) (St





(unpredictable)




+ [ ((f/(t ) + ½ ((2f/(S2 ) (2 St2 ] (t
(predictable)

Consider the following portfolio:

( 
= 
-1 options


+
( (f/(S ) shares of stock

((St, t) = value of portfolio 


= -f(St, t) +  ( (f/(S ) St

(( = -(f +  ( (f/(S ) (S


= -[ ((f/(t ) + ½ ((2f/(S2 ) (2 St2 ] (t 


- ( (f/(S ) (S + ( (f/(S ) (S

Thus, ((St, t) satisfies the following deterministic differential equation: 

(( = -[ ((f/(t ) + ½ ((2f/(S2 ) (2 St2 ] (t
Black-Scholes Differential Eqn.

( 
= 
-1 options



+
( (f/(S ) shares of stock

(( = -[ ((f/(t ) + ½ ((2f/(S2 ) (2 St2 ] (t

Note that (( does not involve (z so it is completely determined

If (( ( 0, ( arbitrage opportunity

· If (( > 0, then sell options & buy stocks ( $

· If (( < 0, then buy options & sell stocks ( $

(assuming ( (f/(S ) > 0 )

Otherwise, (( = 0, so

((f/(t ) = -½ (2 St2 ((2f/(S2 ) 

This PDE is obeyed by many derivative securities.

Particular case is determined by boundary conditions.
Black-Scholes Formula

((f/(t ) = -½ (2 St2 ((2f/(S2 ) 

For a European call, we have the following boundary condition


f(ST, T) = max( ST - K, 0 )

where 


$K = discounted strike price


T   = expiration date

Unique solution

f(S0, 0) = S0 (( [ ln(S/K) + ½ (2 T ] / ( (T )



- K (( [ ln(S/K) - ½ (2 T ] / ( (T )
where ( = cumulative unit normal




((x) = (-(x exp(-u2/2) du / (((
( can be found in math table

Excel: ((x) = NORMDIST( x, 0, 1, TRUE)
Interest Rates

We suppose risk free rate was zero 

(or equivalently that all future prices were discounted)

If price are not discounted

r = risk free rate

Black-Scholes Differential Equation:
((f/(t ) + rS ((f/(S ) + ½ (2 St2 ((2f/(S2 ) = rf
so that for a European call:
f(S0, 0) = S0 (( [ ln(S/Ke-rT) + ½ (2 T ] / ( (T )



- Ke-rT (( [ ln(S/Ke-rT) - ½ (2 T ] / ( (T )
· Special Cases of Black-Scholes 

· S >> Ke-rT
(Option will surely be exercised)
f(S0, 0) 
= S0 (( +( ) - Ke-rT (( +( ) 



= S0 - Ke-rT 

· S << Ke-rT
(Option will not be exercised)

f(S0, 0) 
= S0 (( -( ) - Ke-rT (( -( ) 



= 0 - 0 = 0

· (2 T ( 0. 
(No uncertainty about final price stock)


Case 1. S > Ke-rT

[ ln(S/Ke-rT) ( ½ (2 T ] / ( (T  (  +(

so f ( S - Ke-rT


Case 1. S < Ke-rT

[ ln(S/Ke-rT) ( ½ (2 T ] / ( (T  (  -(

so f ( 0 - 0 = 0


Thus, f = max(0, S-Ke-rT )
· Black-Scholes Assumptions

· No dividends 
(otherwise adjust S for discounted value of divs.)

· Splits ok
(option contracts are written so as to be unaffected by split)

· Stock price movement is log normal
(in reality: excess kurtosis)

· Short selling ok 
(in reality: downtick rule, political constraints, …)

· Continuous trading ((t, (S)
(in reality in $1/16s &  at discrete times)

· Risk free rate r constant


(extensions exist)

· Volatility constant



(extensions exist)

· No arbitrage
(in reality, price discrepancies bounded by trading costs)

Examples

T = ½ year



S = $42

r = 10%/year


( = 20%/year

K = $40

Call = 42 ((0.7693) - 38.049 ((0.6278)


= $4.76

E(ST) = $44.14
Put-Call Parity

European Put:

· reapply Black-Scholes differential equation

· derive result for European call

Consider 2 portfolios:

(A = 1 European call


+ exp(-rT) K dollars cash invested t=0 at rate r

(B 
= 1 European put


+ 1 share of stock





call


cash
(A(ST, T) = max(ST-K, 0) + $K = max(ST, K)




put


stock

| |

(B(ST, T) = max(K-ST, 0) + ST  = max(ST, K)
No arbitrage means (A(S0, 0) = (B(S0, 0)  

Thus, 


c + exp(-rT) K = p + S0
where


c = call value


p = put value

Assuming no dividends, transaction costs, …

American Calls

Can be exercised early

Consider the following portfolio:

( 
= 1 American call


+ exp(-rT) K dollars cash invested t=0 at rate r


- 1 share of stock

Portfolio
Value if 
Cashed out now
Value if
Held to end


(
St - K 
+ exp(-rt) K
- St
max(ST-K,0) 
+ K - ST
= max(0,K- ST)


(
|V


0
0

( Not optimal to exercise early

(unless default risk or dividend)

( value(American call) = value(European call)

    


Suppose SPX = $1000 when annuity was purchased

Annuity guarantees no loss

Pays 80% of SPX return up to a maximum of 14%.

Is it a good deal?

     


Annuity =
exp(-rT) $1000 cash


+
0.8 at the money calls 

-
0.8 calls at $1,175

Assume T = 1 year, 

life of annuity



r = 5%/year

risk free rate

( = 20%/year
SPX volatility

Cash = exp(-rT) $1000 = $951.23

Long call = $800 (( [ ln(1) + ½ 0.22 ] / 0.2 )



- exp(-0.05) $800 (( [ ln(1) - ½ 0.22 ] / 0.2 )

=  $800 ( ((0.35 ) - exp(-0.05) (( 0.15 )

= $83.60

Short call = -$30.53

Total = $951.23 + $83.60 - $30.53 = $1004.30 > $1000.00

Good deal!

However, dividends…

and fine print…

 Imagine prices


are in “yen” 


(so that r 


disappears)








Yesterday


(zt = N(0,((t)





Extra term arises in stochastic integration
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