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 Loose ends
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Volatilities for F and UAL really are higher for last 4 years




( 44% and 53%  vs. 34% and 45%;  statistically significant )



The WAOptimize program and website



Email notes?  ( 2+ MB )



How Mean-Variance Optimization is used




(“implied views”)



“Expected growth of price” vs. “Growth of expected price”

(4)
Teaching a financial mathematics class (Alan Durfee)

(5)
Option Valuation: Black-Scholes formula, etc.

(6)  Evaluation forms

Implied Views

We introduced Mean-Variance Opimization as a procedure for computing optimal portfolios:
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We can also turn the calculation around:


Growth Rate of Expected Price:






( + (1/2) (2
Expected Growth Rate of Price:






(
1.  Option Valuation


a.  What is an option?


b.  Why?


c.  Traded Options (Wall Street Journal)

2.  “Royal Road” to the Black-Scholes Formula


a.  Prepare:  understand  
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b.  Prepare:  get rid of  r


c.  Prepare:  two unrealistic assumptions


d.  Prepare:  story about royalties on Gulf-of-Mexico oil wells


e.  Derive and understand Black-Scholes formula in one easy step

3.  Without assuming risk-neutrality


a.  Hedging and roulette


b.  Two-branch model and replicating portfolios


c.  Binomial tree


d.  Equivalent martingales (“fake probabilities”)


e.  Models in which the theory fails

Prepare:  Understanding  
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If   X   has a standard normal distribution, then its density function is
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and its distribution function is
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Therefore, if  X  is standard normal:
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If  X  is any normal random variable, with mean  m  and standard deviation  s,  then 
[image: image8.wmf]Xm

s

-

  is standard normal.  So, 
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If  Y  is lognormal with “underlying” parameters  m  and  s,  then


X = ln(Y) is normal with these parameters, and
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Prepare:  BANISH  r

r = risk-free interest rate, so that the market is willing to trade


1 dollar now for 
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  dollars at time  T.

Imagine a foreign currency (say, yen) that appreciates at exactly r with respect to the dollar, so that 1 yen at time T is worth  
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  dollars at time T.  Then the risk-free rate in yen is zero.

Let’s do all our theory in terms of yen.

This is equivalent to assuming the special case  r = 0.  But, we don’t really lose generality, because we can always translate back to dollars at any stage.

Prepare:  Royalties in the Gulf of Mexico

Royalties on certain deep-water tracts in the Gulf of Mexico are paid to the U.S. Government only if the oil price for the calendar year exceeds a certain threshold,  k.

We would like to have a formula like this (for some future year):
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That’s wrong, because the royalty itself depends on the price:


Royalty = (Oil Price) (Quantity Produced) (12.5% rate).

So,  if   Y   is the random variable representing price in the future year,


we want to know E(Y*)  where 
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We’ll abbreviate this as
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Theorem:  If  Y  has a lognormal density with underlying parameters


m and s,  then
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More generally, for  y ( 0, 
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Proof (for n=1):  The density function for a lognormal density with underlying parameters  m  and  s  is
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Therefore
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(now substitute  
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same density function!
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So we have this corrected formula:
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when the future price is lognormal, where  s  is the its underlying standard deviation.  We can think of the last factor as an “adjusted probability” — adjusted for the bias caused by the dependence of the royalty on the price.

Two Assumptions

1.  COMMON KNOWLEDGE.  All market participants agree on the standard model, and on its parameters  (  and  (2.



L(T) is normal, with mean  L0 + (T   and std. deviation  
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S(T) is lognormal, with mean  
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2.  RISK NEUTRALITY.  The market values an investment according to its expected value—or more particularly, the expectation of its future value, discounted to present.   (Discounting doesn’t matter to us, since we’re still assuming  r = 0.)



Value of call option = E( S(T) – k  if  S(T) ( k )



Value of share equals expected future value => S0 = E( S(T) ),

  therefore  
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Derivation of Black-Scholes Formula

Value of call option:



V 
=  E( S(T) – k  if  S(T) ( k )




=  E( S(T)  if  S(T) ( k )             –    E( k   if  S(T) ( k )




=  E( S(T) )  P( S(T) (  
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Now,  E(S(T))  is just S0.  Also,  S(T)  is lognormal with parameters


s = 
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  and  m = L0 + (T =  L0 – 
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which simplifies to
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.

The only dollar amount in this formula that refers to a future time is the strike price, k.  So, in order to allow  r  to be non-zero, we only need


to replace  k  with  ke–rT:
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.

And that’s the Black-Scholes formula.

Limitations:

(  Not everybody agrees on the expected future growth rates of all stocks.

(  Some people are risk averse, and so do not value options (or anything else) according to expected value.

So, we still need the full Black-Scholes theory.

((k)





k





Variances,


 covariances





Expected returns (ri)
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Optimal portfolio





y = eln y





Your actual portfolio





Variances,


 covariances





Expected returns (ri) that would make your portfolio optimal





algebra in the exponent
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