CHAPTER 17

Diversification and Asset Allocation

Intuitively, we all know that diversification is important for managing
investment risk. But how exactly does diversification work, and how can we
be sure we have an efficiently diversified portfolio? Insightful answers can be

gleaned from the modern theory of diversification and asset allocation.

In this chapter, we examine the role of diversification and asset allocation in investing. Most
of us have a strong sense that diversification isimportant. After al, “Don’t put al your eggsin one
basket” is a bit of folk wisdom that seems to have stood the test of time quite well. Even so, the
importance of diversification has not always been well understood. For example, noted author and
market analyst Mark Twain recommended: “Put al your eggs in the one basket and—WATCH
THAT BASKET!” This chapter shows why this was probably not Twain's best piece of advice.!

Aswewill see, diversification hasaprofound effect on portfolio risk and return. Theroleand
impact of diversification were first formally explained in the early 1950's by financial pioneer Harry
Markowitz, who shared the 1986 Nobel Prize in Economicsfor hisinsights. The primary goa of this

chapter is to explain and explore the implications of Markowitz' s remarkable discovery.

! This quote has been attributed to both Mark Twain (The Tragedy of Pudd’ nhead
Wilson, 1894) and Andrew Carnegie (How to Succeed in Life, 1903).
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17.1 Expected Returns and Variances
In Chapter 1, we discussed how to calculate average returns and variances using historical
data. We now begin to discuss how to analyze returns and variances when the information we have

concerns future possible returns and their probabilities.

Expected Returns

We start with astraightforward case. Consider a period of time such asayear. We have two
stocks, say Netcap and Jmart. Netcap is expected to have areturn of 25 percent in the coming year;
Jmart is expected to have areturn of 20 percent during the same period.

In asituation such asthis, if all investors agreed on these expected return values, why would
anyone want to hold Jmart? After all, why invest in one stock when the expectation is that another
will do better? Clearly, the answer must depend on the different risks of the two investments. The
return on Netcap, although it is expected to be 25 percent, could turn out to be significantly higher
or lower. Similarly, Jmart’s realized return could be significantly higher or lower than expected.

For example, suppose the economy booms. In this case, we think Netcap will have a
70 percent return. But if the economy tanks and enters a recession, we think the return will be
-20 percent. In this case, we say that there are two states of the economy, which meansthat there are
two possible outcomes. This scenario is oversimplified of course, but it allows usto illustrate some
key ideas without alot of computational complexity.

Suppose we think boom and recession are equally likely to happen, that is, a 50-50 chance

of each outcome. Table 17.1 illustrates the basi ¢ information we have described and some additional
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information about Jnart. Notice that Jmart earns 30 percent if thereisarecession and 10 percent if

there is a boom.

Table 17.1 States of the Economy and Stock Returns

Security Returns
if State Occurs

State of Probability of State Netcap  Jmart

Economy of Economy

Recession .50 -20% 30%

Boom .50 70 10
1.00

Obvioudly, if you buy one of these stocks, say, Jmart, what you earn in any particular year
depends on what the economy does during that year. Suppose these probabilities stay the same
through time. If you hold Jmart for anumber of years, you' I earn 30 percent about half the time and
10 percent the other half. In this case, we say your expected return on Jmart, E(R;), is 20 percent:

E(R,) = .50 x 30% + .50 x 10% = 20%
In other words, you should expect to earn 20 percent from this stock, on average.

(marg. def. expected return Average return on arisky asset expected in the future.)

For Netcap, the probabilities are the same, but the possible returns are different. Herewelose
20 percent half thetime, and we gain 70 percent the other half. The expected return on Netcap, E(R,)
is thus 25 percent:

E(R,) = .50 x -20% + .50 x 70% = 25%

Table 17.2 illustrates these calcul ations.
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Table 17.2 Calculating Expected Returns

Netcap Jmart
1) ©) (4) ) (6)
State of Probability of Returnif Product Returnif Product
Economy Stateof Economy  State (2) x (3) State  (2) x (5)
Occurs Occurs

Recession -20% -.10 30% 15

Boom 70 .35 10 .05
1.00 E(R = 25% E(R) = 20%

In Chapter 1, we defined a risk premium as the difference between the returns on a risky

investment and a risk-free investment, and we calculated the historical risk premiums on some

different investments. Using our projected returns, we can calcul ate the projected or expected risk

premium as the difference between the expected return on arisky investment and the certain return

on arisk-free investment.

For example, suppose risk-freeinvestments are currently offering 8 percent. We will say that

the risk-free rate, which we label R;, is 8 percent. Given this, what is the projected risk premium on

Jmart? On Netcap? Since the expected return on Jmart, E(R,), is 20 percent, the projected risk

premium is

Risk premium

Expected return - Risk-free rate [17.1]
E(RJ) - Rr
20% - 8%

12%

Similarly, the risk premium on Netcap is 25% - 8% = 17%.

In general, the expected return on a security or other asset is smply equal to the sum of the

possible returns multiplied by their probabilities. So, if we have 100 possible returns, we would
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multiply each one by its probability and then add up the results. The sum would be the expected
return. Therisk premium would then be the difference between this expected return and the risk-free
rate.

Example 17.1 Unequal Probabilities. Look again at Tables 17.1 and 17.2. Suppose you thought a
boom would occur 20 percent of the time instead of 50 percent. What are the expected returns on
Netcap and Jmart in this case? If the risk-free rate is 10 percent, what are the risk premiums?

Thefirst thing to notice is that a recession must occur 80 percent of thetime (1 - .20 =.80)
since there are only two possibilities. With thisin mind, Jmart has a 30 percent return in 80 percent
of the years and a 10 percent return in 20 percent of the years. To calcul ate the expected return, we
just multiply the possibilities by the probabilities and add up the results:

E(R) = .80 x 30% + .20 x 10% = 26%

Table 17.3 summarizes the calculations for both stocks. Notice that the expected return on Netcap
IS -2 percent.

Table 17.3 Calculating Expected Returns
Netcap Jmart
1) (2) ©) (4) ) (6)
State of Probability of Returnif Product Returnif Product
Economy Stateof Economy  State (2) x (3) State (2) x (5)
Occurs Occurs

Recession 0.80 -20% -.16 30% 24

Boom 0.20 70 14 10 .02
1.00 E(R) = -2% E(R) = 26%

The risk premium for Jmart is 26% - 10% = 16% in this case. The risk premium for Netcap is
negative: -2% - 10% = -12%. Thisis alittle unusual, but, as we will see, it's not impossible.
Calculating the Variance

To calculate the variances of the returns on our two stocks, we first determine the squared
deviations from the expected return. We then multiply each possible squared deviation by its

probability. Next we add these up, and the result is the variance.
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Toillustrate, one of our stocks above, Jmart, has an expected return of 20 percent. Inagiven
year, the return will actually be either 30 percent or 10 percent. The possible deviations are thus
30%-20% = 10% or 10% - 20% = -10%. In this case, the varianceis

Variance = ¢% = .50 x (10%)? + .50 x (-10%)? = .01
The standard deviation is the square root of this:
Standard deviation = ¢ =v.01 = .10 = 10%

Table 17.4 summarizesthese cal cul ations and the expected return for both stocks. Notice that
Netcap has amuch larger variance. Netcap has the higher return, but Jmart has lessrisk. Y ou could
get a 70 percent return on your investment in Netcap, but you could also lose 20 percent. Notice that

an investment in Jmart will always pay at least 10 percent.

Table 17.4 Expected Returns and Variances

Netcap  Jmart

Expected return, E(R) 25% 20%
Variance, o° .2025 .0100
Standard deviation, o 45% 10%

Which of these stocks should you buy? We can't really say; it depends on your persona
preferences regarding risk and return. We can be reasonably sure, however, that some investors
would prefer one and some would prefer the other.

Y ou’ve probably noticed that the way we calculated expected returns and variances hereis
somewhat different from the way we did it in Chapter 1 (and, probably, different from the way you

learned it in “sadistics’). The reason isthat we were examining historical returnsin Chapter 1, so we
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estimated the average return and the variance based on some actual events. Here, we have projected
future returns and their associated probabilities, so thisisthe information with which we must work.
Example 17.2 More Unequal Probabilities. going back to Table 17.3 in Example 17.1, what are the

variances on our two stocks once we have unequal probabilities? What are the standard deviations?
We can summarize the needed calculations as follows:

(1) (2) 3 (4) )
State Probability of Return Deviation  Squared Product
of Economy State of from Expected Return (2) x (4)
Economy Return Deviation
Netcap
Recession .80 -20-(-.02) =-.18 0324 02592
Boom 20 70-(-.02) = .72 5184 .10368
o’y = 12960
Jmart
Recession .80 30-.26= .04 .0016 .00128
Boom 20 10-.26=-.16 0256 .00512
0%, = .00640

Based on these calculations, the standard deviation for Netcap is o, = v.1296 = 36%. The standard
deviation for Jmart is much smaller, o, =+.0064, or 8 percent.

CHECK THIS
17.1a How do we calculate the expected return on a security?

17.1b Inwords, how do we calculate the variance of an expected return?
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(marg. def. portfolio Group of assets such as stocks and bonds held by an investor.)
17.2 Portfolios

Thus far in this chapter, we have concentrated on individual assets considered separately.
However, most investorsactually hold aportfolio of assets. All we mean by thisisthat investorstend
to own more than just a single stock, bond, or other asset. Given that thisis so, portfolio return and
portfolio risk are of obviousrelevance. Accordingly, we now discuss portfolio expected returns and
variances.

(marg. def. portfolio weight Percentage of a portfolio’s total value invested in a
particular asset.)

Portfolio Weights

There are many equivalent ways of describing a portfolio. The most convenient approach is
to list the percentages of the total portfolio’s value that are invested in each portfolio asset. We call
these percentages the portfolio weights.

For example, if we have $50 in one asset and $150 in another, then our total portfolioisworth
$200. The percentage of our portfolio in the first asset is $50/$200 = .25. The percentage of our
portfolio in the second asset is $150/$200 = .75. Notice that the weights sum up to 1.00 since all of

our money is invested somewhere.?

2Some of it could be in cash, of course, but we would then just consider cash to be another
of the portfolio assets.
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Portfolio Expected Returns
Let’ s go back to Netcap and Jmart. You put half your money in each. The portfolio weights
are obvioudly .50 and .50. What is the pattern of returns on this portfolio? The expected return?
To answer these questions, suppose the economy actually entersarecession. Inthiscase, half
your money (the half in Netcap) loses 20 percent. The other half (the half in Jmart) gains 30 percent.
Y our portfolio return, R, in arecession will thus be:
R, = .50 x -20% + .50 x 30% = 5%
Table 17.5 summarizes the remaining cal culations. Notice that when a boom occurs, your portfolio
would return 40 percent:
R- = .50 x 70% + .50 x 10% = 40%

Asindicated in Table 17.5, the expected return on your portfolio, E(R;), is 22.5 percent.

Table 17.5 Expected Portfolio Return
(1) (2) 3 (4)
State of Probability of Portfolio Return if State Occurs Product
Economy State of (2) x (3)
Economy

Recession .50 50 x -20% + .50 x 30% = 5% 025
Boom .50 50 x 70% + .50 x 10% = 40% 200
E(R) = 22.5%

We can save ourselves some work by calculating the expected return more directly. Given

these portfolio weights, we could have reasoned that we expect half our money to earn 25 percent
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(the half in Netcap) and half of our money to earn 20 percent (the half in Jmart). Our portfolio

expected return is thus

E(R) =.50x E(R,) + .50 x E(R))

.50 x 25% + .50 x 20%
=225%
This is the same portfolio return that we calculated in Table 17.5.

This method of calculating the expected return on a portfolio works no matter how many
assets there are in the portfolio. Suppose we had n assetsin our portfolio, where n isany number at
all. If we let x stand for the percentage of our money in Asset i, then the expected return is

E(R)) =x; X E(R) + X, X E(R,)) +...+X,x E(R) [17.2]
This says that the expected return on a portfolio is a straightforward combination of the expected
returns on the assets in that portfolio. This seems somewhat obvious, but, as we will examine next,
the obvious approach is not aways the right one.

Example 17.3 More Unequal Probabilities. Suppose we had the following projections on three
stocks:

State of Probability of Returns

Economy State of Stock A Stock B Stock C
Economy

Boom .50 10% 15% 20%

Bust 50 8 4 0

We want to calculate portfolio expected returns in two cases. First, what would be the expected
return on a portfolio with equal amounts invested in each of the three stocks? Second, what would
be the expected return if half of the portfolio werein A, with the remainder equally divided between
B and C?
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From our earlier discussion, the expected returns on the individual stocks are

E(R,) =9.0%

E(R;) = 9.5%

E(R.) = 10.0%
Check these for practice. If aportfolio has equal investmentsin each asset, the portfolio weights are
al the same. Such aportfolio issaid to be equally weighted. Since there are three stocksin this case,
the weights are all equal to a. The portfolio expected return is thus

E(R,) =a x9.0% + a x 9.5% + a x 10.0% = 9.5%

In the second case, check that the portfolio expected return is 8.4%.

Portfolio Variance

From the preceding discussion, the expected return on a portfolio that contains equal
investments in Netcap and Jmart is 22.5 percent. What is the standard deviation of return on this
portfolio? Simple intuition might suggest that half of our money has a standard deviation of 45
percent, and the other half has a standard deviation of 10 percent. So the portfolio’s standard
deviation might be calculated as follows:

op = .50 x 45% + .50 x 10% = 27.5%

Unfortunately, this approach is completely incorrect!

Let's see what the standard deviation redlly is. Table 17.6 summarizes the relevant
calculations. Aswe see, the portfolio’ s variance is about .031, and its standard deviation is less than
we thought—it’sonly 17.5 percent. What isillustrated here is that the variance on a portfolio is not

generaly a smple combination of the variances of the assets in the portfolio.
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Table 17.6 Calculating Portfolio Variance
(1) (2 ©) (4) (%)
State of Probability of Portfolio Squared Deviation from Product
Economy State of Returnsif Expected Return (2) x (4)
Economy State Occurs

Recession .50 5% (.05 - .225)% = .030625 .0153125
Boom .50 40 (.40 - .225)% = .030625 .0153125
0% = .030625
op = .030625 = 17.5%

We canillustrate this point alittle more dramatically by considering adightly different set of
portfolio weights. Suppose we put 2/11 (about 18 percent) in Netcap and the other 9/11 (about 82
percent) in Jmart. If arecession occurs, this portfolio with have a return of

R> = 2/11 x -20% + 9/11 x 30% = 20.91%
If aboom occurs, this portfolio will have areturn of

R. = 2/11 x 70% + 9/11 x 10% = 20.91%
Notice that the return is the same no matter what happens. No further calculation is needed: This
portfolio has a zero variance and no risk!

Thisisanice bit of financia achemy. We take two quite risky assets and by mixing them just
right, we create a riskless portfolio. It seems very clear that combining assets into portfolios can
substantially ater the risks faced by an investor. Thisis acrucia observation, and we will begin to

explore itsimplications in the next section.?

3Earlier, we had arisk-free rate of 8 percent. Now we have, in effect, a 20.91 percent risk-
freerate. If this Situation actually existed, there would be a very profitable arbitrage opportunity!
In reality, we expect that all riskless investments would have the same return.



Diversification 13

Example 17.4 Portfolio Variance and Standard Deviations. In Example 17.3, what are the standard
deviations of the two portfolios?

To answer, we first have to calculate the portfolio returns in the two states. We will work
with the second portfolio, which has 50 percent in Stock A and 25 percent in each of Stocks B and
C. Therelevant calculations are summarized as follows:

State of Probability of Returns

Ecgsgmy Séagfn%fnﬁge Slock A Stock B Stock C_ Portfolio
Boom .50 10% 15% 20% 13.75%
Bust 50 8 4 0 5.00

The portfolio return when the economy boomsis calculated as
R, = .50 x 10% + .25 x 15% + .25 x 20% = 13.75%

Thereturn when the economy goes bust is cal cul ated the sameway. Check that it s5 percent and also
check that the expected return on the portfolio is 8.5 percent. The variance is thus

0%, = .40 x (.1375 - .085)% + .60 x (.05 - .085) = .0018375
The standard deviation is thus about 4.3 percent. For our equally weighted portfolio, redo these
calculations and check that the standard deviation is about 5.4 percent.
CHECK THIS
17.2a What is a portfolio weight?

17.2b How do we calculate the variance of an expected return?

17.3 Diversification and Portfolio Risk
Our discussion to this point has focused on some hypothetical securities. We've seen that
portfolio risks can, in principle, be quite different from the risks of the assets that make up the

portfolio. We now look more closely at the risk of an individual asset versus the risk of a portfolio
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of many different assets. Aswe did in Chapter 1, we will examine some stock market history to get

an idea of what happens with actual investmentsin U.S. capital markets.

The Effect of Diversification: Another Lesson from Market History

In Chapter 1, we saw that the standard deviation of the annual return on a portfolio of large
common stocks was about 20 percent per year. Does this mean that the standard deviation of the
annual return on atypical stock inthat group is about 20 percent? Asyou might suspect by now, the
answer is no. Thisis an extremely important observation.

To examine the relationship between portfolio size and portfolio risk, Table 17.7 illustrates
typica average annual standard deviations for equally weighted portfolios that contain different

numbers of randomly selected NY SE securities.

Table 17.7 about here

In column 2 of Table 17.7, we see that the standard deviation for a“portfolio” of one security
isjust under 50 percent per year at 49.24 percent. What this meansisthat if you randomly select a
single NY SE stock and put all your money into it, your standard deviation of return would typically
have been about 50 percent per year. Obviously, such a strategy has significant risk! If you wereto
randomly select two NY SE securities and put half your money in each, your average annual standard
deviation would have been about 37 percent.

The important thing to notice in Table 17.7 is that the standard deviation declines as the
number of securitiesisincreased. By the time we have 100 randomly chosen stocks (and 1 percent

invested in each), the portfolio’ s volatility has declined by 60 percent, from 50 percent per year to 20
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percent per year. With 500 securities, the standard deviation is 19.27 percent per year, sSimilar to the
20 percent per year we saw in Chapter 1 for large common stocks. The small difference exists

because the portfolio securities, portfolio weights, and the time periods covered are not identical.

The Principle of Diversification

Figure 17.1 illustrates the point we' ve been discussing. What we have plotted is the standard
deviation of the return versus the number of stocks in the portfolio. Notice in Figure 17.1 that the
benefit in terms of risk reduction from adding securities drops off as we add more and more. By the
time we have 10 securities, most of the diversification effect is already realized, and by the time we
get to 30 or so, there is very little remaining benefit. In other words, the benefit of further
diversification increases at a decreasing rate, so the “law of diminishing returns’ applies here as it

doesin so many other places.

Figure 17.1 about here

(marg. def. principle of diver sification Spreading an investment across anumber of
assets will eliminate some, but not al, of therisk.)

Figure 17.1 illustrates two key points. First, some of the riskiness associated with individua
assets can be eliminated by forming portfolios. The process of spreading an investment across assets
(and thereby forming a portfolio) is called diversification. The principle of diversification tells us
that spreading an investment across many assetswill eliminate some of therisk. Not surprisingly, risks

that can be eiminated by diversfication are called “diversifiable’ risks.
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The second point is equally important. There is a minimum level of risk that cannot be
eliminated by smply diversifying. Thisminimum|level islabeled“ nondiversifiablerisk” inFigure 17.1.
Taken together, these two points are another important lesson from financial market history:
Diversification reduces risk, but only up to a point. Put another way, some risk is diversifiable and

someis not.

CHECK THIS
17.3a What happensto the standard deviation of return for aportfolio if we increase the number of
securities in the portfolio?

17.3b What isthe principle of diversification?

17.4 Correlation and Diversification

WEe' ve seen that diversification is important. What we haven’t discussed is how to get the
most out of diversification. For example, in our previous section, weinvestigated what happensif we
samply spread our money evenly across randomly chosen stocks. We saw that significant risk
reduction resulted from this strategy, but you might wonder whether even larger gains could be
achieved by a more sophisticated approach. As we begin to examine that question here, the answer

isyes.
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(marg. def. correlation Thetendency of the returns on two assetsto movetogether.)

Why Diversification Works

Why diversification reduces portfolio risk as measured by the portfolio standard deviation is
important and worth exploring in some detail. The key concept is cor relation, which isthe extent to
which the returns on two assets move together. If the returns on two assets tend to move up and
down together, we say they are positively correlated. If they tend to movein opposite directions, we
say they are negatively correlated. If there is no particular relationship between the two assets, we
say they are uncorrelated.

The correlation coefficient, which we use to measure correlation, ranges from -1 to +1, and
we will denote the correlation between the returns on two assets, say A and B, as Corr(R,, Rg). The
Greek letter p (rho) is often used to designate correlation aswell. A correlation of +1 indicates that
thetwo assets have aperfect positive correlation. For example, supposethat whatever return Asset A
realizes, either up or down, Asset B does the same thing by exactly twice as much. In this case, they
are perfectly correlated because the movement on one is completely predictable from the movement
on the other. Notice, however, that perfect correlation does not necessarily mean they move by the
same amount.

A zero correlation means that the two assets are uncorrelated. If we know that one asset is
up, then we have no ideawhat the other oneislikely to do; there smply is no relation between them.
Perfect negative correlation (Corr(R,, R;) = -1) indicates that they aways move in opposite
directions. Figure 17.2 illustrates the three benchmark cases of perfect positive, perfect negative, and

zero correlation.

Figure 17.2 about here
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Diversification works because security returns are generally not perfectly correlated. We will
be more precise about the impact of correlation on portfolio risk in just a moment. For now, it is
useful to simply think about combining two assets into a portfolio. If the two assets are highly
correlated (the correlation is near +1), then they have a strong tendency to move up and down
together. Asaresult, they offer l[imited diversification benefit. For example, two stocksfrom the same
industry, say, General Motors and Ford, will tend to be relatively highly correlated since the
companies are in essentially the same business, and a portfolio of two such stocksis not likely to be
very diversified.

In contrast, if the two assets are negatively correlated, then they tend to move in opposite
directions, whenever one zigs, the other tends to zag. In such a case, there will be substantial
diversification benefit because variation in the return on one asset tends to be offset by variation in
the opposite direction from the other. In fact, if two assets have a perfect negative correlation
(Corr(R,, Rg) =-1) then it is possible to combine them such that all risk is eliminated. Looking back
at our example involving Jmart and Netcap in which we were able to eliminate all of the risk, what

we now see is that they must be perfectly negatively correlated.

Table 17.8 Annual Returnson Stocks A and B
Y ear Stock A Stock B Portfolio AB
1995 10% 15% 12.5%
1996 30 -10 10
1997 -10 25 75
1998 5 20 12.5
1999 10 15 12.5
Average returns 9% 13% 11%
Standard deviations ~ 14.3% 13.5% 2.2%




Diversfication 19

To further illustrate the impact of diversification on portfolio risk, suppose we observed the
actual annual returns on two stocks, A and B, for the years 1995 - 1999. We summarize these returns
in Table 17.8: In addition to actual returns on stocks A and B, we also calculated the returns on an
equally weighted portfolio of A and B. Welabel this portfolio as AB. In 1996, for example, Stock A
returned 10 percent and Stock B returned 15 percent. Since Portfolio AB is half invested in each, its
return for the year was

Y x 10% + Y2 x 15% = 12.5%
The returns for the other years are calculated similarly.

At the bottom of Table 17.8, we calculated the average returns and standard deviations on
the two stocks and the equally-weighted portfolio. These averages and standard deviations are
calculated just asthey were in Chapter 1 (check a couple just to refresh your memory). The impact
of diversificationisapparent. The two stocks have standard deviationsin the 13 percent to 14 percent
per year range, but the portfolio’ s volatility isonly 2.2 percent. In fact, if we compare the portfolio
to Stock B, it has a higher return (11 percent versus 9 percent) and much lessrisk.

Figure 17.3illustrates in more detail what is occurring with our example. Here we have three
bar graphs showing the year-by-year returns on Stocks A and B and Portfolio AB. Examining the
graphs, we see that in 1996, for example, Stock A earned 30 percent while Stock B lost 10 percent.
The following year, Stock B earned 25 percent while A lost 10 percent. These ups and downs tend
to cancel out in our portfolio, however, with the result that thereis much lessvariation in return from

year to year. In other words, the correlation between the returns on stocks A and B isrelatively low.

Figure 17.3 about here
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Calculating the correl ation between stocks A and B is not difficult, but it would require usto
digress a bit. Instead, we will explain the needed calculation in the next chapter where we build on

the principles developed here.

Calculating Portfolio Risk
WE' ve seen that correlation is an important determinant of portfolio risk. To further pursue
this issue, we need to know how to calculate portfolio variances directly. For a portfolio of two

assets, A and B, the variance of the return on the portfolio, o2, is given by Equation 17.3:

0?, = xAzoi + xéoé + 2X,X50,0,Corr(R,,R;) [17.3]

In this equation, x, and X are the percentages invested in assets A and B. Notice that x, + x; =1
(Why?).

Equation 17.3 looks a little involved, but its use is straightforward. For example, suppose
Stock A has a standard deviation of 40 percent per year and Stock B has a standard deviation of
60 percent per year. The correlation between them is.15. If you put half your money in each, what
isyour portfolio standard deviation?

To answer, we just plug the numbersin to Equation 17.3. Note that x, and x; are each equal

to .50, while o, and o5 are .40 and .60, respectively. Taking Corr(R,, R;) = .15, we have

0b = .5OPX.A07 + 50°x.607 + 2x.50x.50%.40%.60x.15

.25%.16 + .25%x.36 + .018
.148
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Thus, the portfolio variance is .148. As always, variances are not easy to interpret since they are

based on sguared returns, so we calculate the standard deviation by taking the square root:

o, = 148 = .3847 = 38.47%

Once again, we see the impact of diversification. This portfolio has a standard deviation of 38.47
percent, which islessthan either of the standard deviations on the two assetsthat are in the portfolio.

Example 17.5 Portfolio Varianceand Sandard Deviation. Intheexamplewejust examined, Stock A
has a standard deviation of 40 percent per year and Stock B has a standard deviation of 60 percent
per year. Suppose now that the correl ation between them is.35. Also suppose you put one-fourth of
your money in Stock A. What is your portfolio standard deviation?

If you put ¥ (or .25) in Stock A, you must have % (or .75) in Stock B, so x, = .25 and
Xg = .75. Making use of our portfolio variance equation (17.3), we have

0h = 252407 + .75°x.607 + 2x.25x.75x.40%.60%.35

.0625x%.16 + .5625x.36 + .0315
244

Thus the portfolio variance is .244. Taking the square root, we get

o, = 244 = 49396 ~ 49%

This portfolio has a standard deviation of 49 percent, which is between the individual standard
deviations. This shows that a portfolio’s standard deviation isn’t necessarily less than the individua
standard deviations.

Toillustratewhy correlationisanimportant, practical, real-world consideration, supposethat
asavery conservative, risk-averse investor, you decide to invest al of your money in abond mutua

fund. Based on your anaysis, you think thisfund has an expected return of 6 percent with a standard

deviation of 10 percent per year. A stock fund is available, however, with an expected return of 12
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percent, but the standard deviation of 15 percent is too high for your taste. Also, the correlation
between the returns on the two funds is about .10.

Isthe decision to invest 100 percent in the bond fund awise one, even for avery risk-averse
investor? Theanswer isno; infact, it isabad decision for any investor. To seewhy, Table 17.9 shows
expected returns and standard deviations available from different combinations of the two mutual
funds. In constructing the table, we begin with 100 percent in the stock fund and work our way down
to 100 percent in bond fund by reducing the percentage in the stock fund in increments of .05. These
calculations are al done just like our examples just above; you should check some (or all) of them

for practice.
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Table 17.9 Risk and Return with Stocks and Bonds
Portfolio Weights Expected Standard
Stocks Bonds Return Deviation

1.00 0.00 12.00% 15.00%
0.95 0.05 11.70 14.31
0.90 0.10 11.40 13.64
0.85 0.15 11.10 12.99
0.80 0.20 10.80 12.36
0.75 0.25 10.50 11.77
0.70 0.30 10.20 11.20
0.65 0.35 9.90 10.68
0.60 0.40 9.60 10.28
0.55 0.45 9.30 9.78
0.50 0.50 9.00 9.42
0.45 0.55 8.70 9.12
0.40 0.60 8.40 8.90
0.35 0.65 8.10 8.75
0.30 0.70 7.80 8.69
0.25 0.75 7.50 8.71
0.20 0.80 7.20 8.82
0.15 0.85 6.90 9.01
0.10 0.90 6.60 9.27
0.05 0.95 6.30 9.60
0.00 1.00 6.00 10.00

Beginning on the first row in Table 17.9, we have 100 percent in the stock fund, so our

expected return is 12 percent, and our standard deviation is 15 percent. As we begin to move out of

the stock fund and into the bond fund, we are not surprised to see both the expected return and the

standard deviation decline. However, what might be surprising to you is the fact that the standard

deviation falls only so far and then beginsto rise again. In other words, beyond a point, adding more

of the lower risk bond fund actually increases your risk!
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The best way to see what is going on isto plot the various combinations of expected returns
and standard deviations calculated in Table 17.9 asdo in Figure 17.4. We ssimply placed the standard
deviations from Table 17.9 on the horizontal axis and the corresponding expected returns on the

vertica axis.

Figure 17.4 about here

(marg. def. investment opportunity set Collection of possible risk-return
combinations available from portfolios of individual assets)

Examining the plot in Figure 17.4, we see that the various combinations of risk and return
availableadll fall onasmooth curve (infact, for the geometrically inclined, it sahyperbola). Thiscurve
is caled an investment opportunity set because it shows the possible combinations of risk and
return available from portfolios of these two assets. One important thing to notice isthat, aswe have
shown, there is a portfolio that has the smallest standard deviation (or variance - same thing) of all.
It is labeled “minimum variance portfolio” in Figure 17.4. What are (approximately) its expected
return and standard deviation?

Now we see clearly why a 100 percent bonds strategy is a poor one. With a 10 percent
standard deviation, the bond fund offers an expected return of 6 percent. However, Table 17.9 shows
us that a combination of about 60 percent stocks and 40 percent bonds has amost the same standard
deviation, but a return of about 9.6 percent. Comparing 9.6 percent to 6 percent, we see that this
portfolio has a return that is fully 60 percent greater (6% % 1.6 = 9.6%) with the same risk. Our

conclusion? Asset allocation matters.
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Given the apparent importance of asset allocation, it is not too surprising to learn that this
analysisisbecoming widespread in investment practice. The nearby Investment Updates box presents
an articlefrom Forbes discussing its use for mutual fund investors. Notice how closely the discussion

tracks our development.

Investment Update: Forbes Egg basket analysis

Going back to Figure 17.4, notice that any portfolio that plots below the minimum variance
portfolio is apoor choice because, no matter which one you pick, there is another portfolio with the
same risk and a much better return. In the jargon of finance, we say that these undesirable portfolios
are dominated and/or inefficient. Either way, we mean that given their level of risk, the expected
return isinadequate compared to some other portfolio of equivalent risk. A portfolio that offersthe
highest return for its level of risk is said to be an efficient portfolio. In Figure 17.4, the minimum
variance portfolio and all portfolios that plot above it are therefore efficient.

(marg. def. efficient portfolio A portfolio that offers the highest return for its level
of risk.)

Example 17.6 MorePortfolio Varianceand Sandard Deviation. Looking at Table 17.9, supposeyou
put 57.627 percent in the stock fund. What is your expected return? Y our standard deviation? How
does this compare with the bond fund?

If you put 57.627 percent in stocks, you must have 42.373 percent in bonds, so x, = .57627
and xg = .42373. Making use of our portfolio variance equation (17.3), we have

57627°x.15% + .42373%x.10%> + 2x.57627%.42373%.15%.10%.10

.332%x.0225 + .180x.01 + .0007325
= .01

2
Op

Thus the portfolio variance is .01, so the standard deviation is .1 or 10 percent. Check that the
expected return is 9.46 percent. Compared to the bond fund, the standard deviation is now identical,
but the expected return is almost 350 basis points higher.
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More on Correlation and the Risk-Return Trade-Off

Given the expected returns and standard deviations on the two assets, the shape of the
investment opportunity set in Figure 17.4 depends on the correlation. The lower the correlation, the
more bowed to the left the investment opportunity set will be. To illustrate, Figure 17.5 shows the
investment opportunity for correlations of -1, 0, and +1 for two stocks, A and B. Notice that Stock
A has an expected return of 12 percent and a standard deviation of 15 percent, while Stock B has an
expected return of 6 percent and a standard deviation of 10 percent. These are the same expected
returns and standard deviations we used to build Figure 17.4, and the calculations are all done the
same way, just the correlations are different. Notice aso that we use the symbol p to stand for the

correlation coefficient.

Figure 17.5 about here

In Figure 17.5, when the correlation is +1, the investment opportunity set is a straight line
connecting the two stocks, so, as expected, there is little or no diversification benefit. As the
correlation declines to zero, the bend to the left becomes pronounced. For correlations between +1
and zero, there would ssimply be a less pronounced bend.

Findly, as the correlation becomes negative, the bend becomes quite pronounced, and the
investment opportunity set actually becomestwo straight-line segments when the correlation hits-1.
Notice that the minimum variance portfolio has a zero variance in this case.

It is sometimes desirable to be able to calculate the percentage investments needed to create
the minimum variance portfolio. We will just state the result here, but a problem at the end of the

chapter asks you to show that the weight on Asset A in the minimum variance portfolio, x;, is
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o - oé - 0,0,Corr(R,,Ry) 7.4
A T :
oi + oé - 20,0,Corr(R,,Ry)

In Equation 17.4, we will take Asset A to be the one with the larger standard deviation. If the
standard deviations happened to be the same, then Asset A could be either

Example 17.7 Finding the Minimum Variance Portfolio Looking back at Table 17.9, what
combination of the stock fund and the bond fund has the lowest possible standard deviation? What
is the minimum possible standard deviation?

Recalling that the standard deviations for the stock fund and bond fund were .15 and .10 and
noting that the correlation was .1, we have

o 10% - .15%.10%.10

A 152 + .10° - 2x.15%.10%.10 [17.4]
= .288136
~ 28.8%

Thus the minimum variance portfolio has 28.8 percent in stocks and the balance, 71.2 percent, in
bonds. Plugging these into our formulafor portfolio variance, we have

0p = .288%x.157 + .712%%.107 + 2x.288x.712x.15x.10x.10
007551

The standard deviation is the square root of .007551, about 8.7 percent. Notice that, in Figure 17.5,
this is where the minimum occurs.

CHECK THIS
17.4a Fundamentally, why does diversification work?
17.4b If two stocks have positive correlation, what does this mean?

17.4c What is an efficient portfolio?
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17.5 The Markowitz Efficient Frontier

In the previous section, we looked closely at the risk-return possibilities available when we
consider combining two risky assets. Now we are | eft with an obvious question: What happens when
we consider combining three or more risky assets? Aswe will see, at least on a conceptual level, the

answer turns out to be a straightforward extension of our previous analysis.

Risk and Return with Multiple Assets

When we consider multiple assets, the formula for computing portfolio standard deviation
becomes cumbersome; indeed a great deal of calculation is required once we have much beyond two
assets. As aresult, although the required calculations are not difficult, they can be very tedious and
are best relegated to acomputer. We therefore will not delve into how to calcul ate portfolio standard
deviations when there are many assets.

Figure 17.6 shows the result of calculating the expected returns and portfolio standard
deviationswhen there are three assets. To illustrate the importance of asset allocation, we calcul ated
expected returns and standard deviations from portfolios composed of three key investment types:
U.S. stocks, foreign (non-U.S.) stocks, and U.S. bonds. These asset classes are not highly correlated
in general; we assume a zero correlation in al cases. The expected returns and standard deviations

are asfollows;
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Expected Returns  Standard Deviations

Foreign stocks 18% 35%
U.S. stocks 12 22
U.S. bonds 8 14

Figure 17.6 about here

In Figure 17.6, each point plotted is a possible risk-return combination. Comparing the result
with our two-asset case in Figure 17.4, we see that now not only do some assets plot below the
minimum variance portfolio on a smooth curve, but we also have portfolios plotting inside as well.
Only combinations that plot on the upper left-hand boundary are efficient; all the rest are inefficient.
This upper left-hand boundary is called the M ar kowitz efficient frontier, and it represents the set
of portfolios with the maximum return for a given standard deviation.

(marg. def. Markowitz efficient frontier The set of portfolios with the maximum
return for a given standard deviation.)

Once again, Figure 17.6 makesit clear that asset allocation matters. For example, a portfolio
of 100 percent U.S. stocksis highly inefficient. For the same standard deviation, there is a portfolio
with an expected return ailmost 400 basis points, or 4 percent, higher. Or, for the same expected
return, there is a portfolio with about half as much risk!

The analysis in this section can be extended to any number of assets or asset classes. In
principle, it ispossibleto compute efficient frontiers using thousands of assets. Asa practical matter,

however, this analysis is most widely used with a relatively small number of asset classes. For
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example, most investment banks maintain so-called model portfolios. These are smply recommended
asset alocation strategies typically involving three to six asset categories.

A primary reason that the Markowitz analysisis not usually extended to large collections of
individual assets has to do with data requirements. The inputs into the analysis are (1) expected
returns on all assets; (2) standard deviations on all assets; and (3) correlations between every pair of
assets. Moreover, these inputs have to be measured with some precision, or we just end up with a
garbage-in, garbage-out (GIGO) system.

Suppose we just look at 2,000 NY SE stocks. We need 2,000 expected returns and standard
deviations. This is aready a problem since returns on individua stocks cannot be predicted with
precision at al. To make matters worse, however, we need to know the correlation between every
pair of stocks. With 2,000 stocks, thereare 2,000 x 1,999/ 2 = 1,999,000, or ailmost 2 million unique
pairs!* Also, as with expected returns, correlations between individual stocks are very difficult to
predict accurately. We will return to thisissue in our next chapter, where we show that there may be

an extremely elegant way around the problem.

CHECK THIS
17.5a What isthe Markowitz efficient frontier?

17.5b WhyisMarkowitz portfolio analysismaost commonly used to make asset all ocation decisions?

“With 2,000 stocks, there are 2,000% = 4,000,000 possible pairs. Of these, 2,000 involve
pairing a stock with itself. Further, we recognize that the correlation between A and B is the same
asthe correlation between B and A, so we only need to actually calculate half of the remaining
3,998,000 correlations.
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17.6 Summary and Conclusions

In this chapter, we covered the basics of diversification and portfolio risk and return. From

this material we saw that:

1.

A portfolio’ sexpected return isasimplewei ghted combination of the expected returnson the
assets in the portfolio, but the standard deviation on a portfolio is not.

Diverdfication isavery important consideration. The principle of diversification tells usthat
spreading an investment across many assets can reduce some, but not all, of the risk. Based
on U.S. stock market history, for example, about 60 percent of the risk associated with
owning individual stocks can be eliminated by naive diversification.

Diversfication works because asset returns are not perfectly correlated. All elsethe same, the
lower the correlation, the greater is the gain from diversification.

When we consider the possible combinations of risk and return available from portfolios of
assets, we find that some are inefficient (or dominated), meaning that they offer too little
return for their risk.

Findly, for any group of assets, there is a set that is efficient. That set is known as the
Markowitz efficient frontier.

The most important thing to carry away from this chapter is an understanding of

diversification and why it works. Once you understand this, then the importance of asset allocation

follows immediately. Our story is not complete, however, because we have not considered one

important asset class: riskless assets. Thiswill be the first task in our next chapter.

Key Terms

expected return correlation

portfolio investment opportunity set
portfolio weight efficient portfolio

principle of diversification Markowitz efficient frontier
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Get Real!

This chapter explained diversification, a very important consideration for real-world
investors and money managers. The chapter also explore the famous Markowitz
efficient portfolio concept, which shows how (and why) asset allocation affects
portfolio risk and return.

Building adiversified portfolio is not atrivial task. Of course, as we discussed many
chapters ago, mutual funds provide one way for investors to build diversified
portfolios, but there are some significant caveats concerning mutual funds as a
diversification tool. First of al, investors sometimes assume a fund is diversified smply
because it holds arelatively large number of stocks. However, with the exception of
some index funds, most mutual funds will reflect a particular style of investing, either
explicity as stated in the fund’s objective or implicitly as favored by the fund manager.
For example, in the mid- to late 1990's, stocks as a whole did very well, but mutual
funds that concentrated on smaller stocks generally did not do well at all.

It is tempting to buy a number of mutual funds to ensure broad diversification, but
even this may not work. Within a given fund family, the same manager may actually be
responsible for multiple funds. In addition, managers within alarge fund family
frequently have similar views about the market and individual companies.

Thinking just about stocks for the moment, what does an investor need to consider to
build awell-diversified portfolio? At a minimum, such a portfolio probably needs to be
diversified across industries, with no undue concentrations in particular sectors of the
economy, it needs to be diversified by company size (small, midcap, and large), and it
needs to be diversified across “growth” (i.e., high P/E) and “value’ (low P/E) stocks.
Perhaps the most controversia diversification issue concerns international
diversification. The correlation between international stock exchanges is surprisingly
low, suggesting large benefits from diversifying globally.

Perhaps the most disconcerting fact about diversification isthat it leads to the
following paradox: A well-diversified portfolio will always be invested in something
that does not do well! Put differently, such a portfolio will amost always have both
winners and losers. In many ways, that’s the whole idea. Even <o, it requires alot of
financial discipline to stay diversified when some portion of your portfolio seemsto be
doing poorly. The payoff is that, over the long run, a well-diversified portfolio should
provide much steadier returns and be much less prone to abrupt changesin value.
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Chapter 17

Diversification and Asset Allocation
End of Chapter Questions and problems

Review Problems and Self-Test

Use the following table of states of the economy and stock returns to answer the review problems:

Security Returns
if State Occurs
State of Probability of State  Roten  Bradley
Economy of Economy
Bust 40 -10% 30%
Boom .60 40 10
1.00

1. Expected Returns Calculate the expected returns for Roten and Bradley.
2. Standard Deviations Calculate the standard deviations for Roten and Bradley.

3. Portfolio Expected Returns Calculate the expected return on a portfolio of 50 percent
Roten and 50 percent Bradley.

4, Portfolio Volatility Calculate the volatility of a portfolio of 50 percent Roten and 50
percent Bradley.
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Answers to Self-Test Problems

1. We calculate the expected return as follows:
Roten Bradley
1) (2 ©) (4) ©) (6)
State of Probability of State of Returnif Product Returnif Product
Economy Economy State (2) x (3) State  (2) x (5)
Occurs Occurs
Bust 40 -10% -.04 30% 12
Boom .60 40% 24 10% .06
E(R) = 20% E(R) = 18%
2. We calculate the standard deviation as follows:
1) 2 ©) (4) )
State Probability of State of Return Deviation Squar ed Product
of Economy Economy from Expected Return (2) x (4)
Return Deviation
Roten
Bust 40 -.30 .09 .036
Boom .60 .20 .04 024
o= .06
Bradley
Bust 40 12 0144 .00576
Boom .60 -.08 .0064 .00384
o’ = .0096

Taking sgquare roots, the standard deviations are 24.495 percent and 9.798 percent.

3. We cadl cul ate the expected return on a portfolio of 50 percent Roten and 50 percent Bradley

asfollows:
1) (2 ©) (4)
State of Probability of Portfolio Return if State Occurs Product
Economy State of the (2) x (3)
Economy
Bust 40 10% .04
Boom .60 25% A5
E(R) = 19%
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We calculate the volatility of a portfolio of 50 percent Roten and 50 percent Bradley as
follows:

(1) (2) 3 (4) )
State of Probability of Portfolio Squared Deviation from  Product
Economy State of Returnsif Expected Return (2) x (4)
Economy State Occurs
Bust 40 10 .0081 .00324
Boom .60 25 .0036 .00216
0% = .0054
op=  71.3485%
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Test Your 1Q (Investment Quotient)

1.

Diversification  Netcap has an expected return of 25 percent and Jmart has an expected
return of 20 percent. What is the likely investment decision for a risk-averse investor?

a invest al fundsin Netcap
b. invest al fundsin Jmart

C. do not invest any funds in Netcap and Jmart

d. invest funds partly in Netcap and partly in Jmart

Return Standard Deviation Netcap experiencesreturns of 5 percent or 45 percent, each
with an equal probability. What is the return standard deviation for Netcap?

a 30 percent
b. 25 percent
C. 20 percent
d. 10 percent

Return Standard Deviation  Jmart experiences returns of O percent, 25 percent, or 50
percent, each with aone-third probability. What is the approximate return standard deviation
for Jmart?

a 30 percent
b. 25 percent
C 20 percent
d 10 percent

Expected Return  An analyst estimates that a stock has the following return probabilities
and returns, depending on the state of the economy:

State of Economy Probability  Return

Good A 15%
Norma .6 13
Poor 3 7

What is the expected return of the stock? (1994 CFA Exam)

a 7.8 percent
b. 11.4 percent
c 11.7 percent
d 13.0 percent
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Risk Premium  Netcap has an expected return of 25 percent, Jmart has an expected return
of 20 percent, and therisk-freerateis’5 percent. Y ou invest half your fundsin Netcap and the
other half in Jmart. What is the risk premium for your portfolio?

a 20 percent
b. 17.5 percent
C. 15 percent
d. 12.5 percent

Return Standard Deviation Both Netcap and Jmart have the same return standard
deviation of 20 percent, and Netcap and Jmart returns have zero correlation. Y ou invest half
your funds in Netcap and the other half in Jmart. What is the return standard deviation for
your portfolio?

a 20 percent

b. 14.14 percent
C. 10 percent

d. 0 percent

Return Standard Deviation Both Netcap and Jmart have the same return standard
deviation of 20 percent, and Netcap and Jmart returns have a correlation of +1. You invest
half your funds in Netcap and the other half in Jmart. What is the return standard deviation
for your portfolio?

a 20 percent

b. 14.14 percent
C. 10 percent

d. 0 percent

Return Standard Deviation Both Netcap and Jmart have the same return standard
deviation of 20 percent, and Netcap and Jmart returns have a correlation of -1. Y ou invest
half your funds in Netcap and the other half in Jmart. What is the return standard deviation
for your portfolio?

a 20 percent

b. 14.14 percent
C. 10 percent

d. 0 percent
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0.

10.

11.

12.

Minimum Variance Portfolio  Both Netcap and Jmart have the same return standard
deviation of 20 percent, and Netcap and Jmart returns have zero correlation. What is the
minimum attainable return variance for a portfolio of Netcap and Jmart?

a 20 percent

b. 14.14 percent
C. 10 percent

d. 0 percent

Minimum Variance Portfolio  Both Netcap and Jmart have the same return standard
deviation of 20 percent, and Netcap and Jmart returns have a correlation of -1. What is the
minimum attainable return variance for a portfolio of Netcap and Jmart?

a 20 percent

b. 14.14 percent
C. 10 percent

d. 0 percent

Minimum Variance Portfolio  Stocks A, B, and C each have the same expected return
and standard deviation. Thefollowing showsthe correl ations between returnson these stocks.

Stock A Stock B Stock C
Stock A +1.0
Stock B +0.9 +1.0
Stock C +0.1 -0.4 +1.0

Given these correlations, which of the following portfolios constructed from these stocks
would have the lowest risk? (1994 CFA Exam)

a equally invested in stocks A and B
b. equally invested in stocks A and C
C equally invested in stocks B and C
d totally invested in stock C

Markowitz Efficient Frontier  Which of thefollowing portfolios cannot lie on the efficient
frontier as described by Markowitz? (1994 CFA Exam)

Portfolio Expected Return Standard Deviation

a W 9% 21%
b X 5 7
c Y 15 36
d Z 12 15
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Questions and Problems

Core Questions

1. Expected Returns  Use the following information on states of the economy and stock
returns to calculate the expected return for Dingaling Telephone:

State of Probability of Security Return
Economy State of Economy if State Occurs
Recession .20 -10%
Normal .50 20%
Boom .30 30%
1.00
2. Standard Deviations Using theinformation inthe previous question, cal culate the standard

deviation of return.

3. Expected Returnsand Deviations Repeat Questions 1 and 2 assuming that all three states
areequally likely.

Use the following information on states of the economy and stock returnsto answer Questions4 - 7.

Security Returns
if State Occurs

State of Probability of State Roall Ross
Economy of Economy

Bust 0.30 -10% 40%
Boom 0.70 50 10

1.00
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4. Expected Returns  Calculate the expected returns for Roll and Ross by filling in the
following:
Rall Ross
(1) (2) 3 (4) ) (6)
State of Probability of  Return if State Product Return if State Product
Economy _State of Economy Occurs (2) x (3) Occurs (2) x (5)
E(R) = E(R) =
5. Standard Deviations Calculate the standard deviations for Roll and Ross by filling in the
following:
(1) (2) 3 (4) )
State Probability of Return Deviation from Squar ed Product
of Economy State of Expected Return Return (2) x (4)
Economy Deviation
Roll
02 =
Ross
02 =
6. Portfolio Expected Returns Calculate the expected return on a portfolio of 40 percent

Roll and 60 percent Ross by filling in the following:

(1) (2) ©) (4)
State of Probability of Portfolio Return if State Occurs Product
the State of the (2) x (3)
Economy Economy

E(Ry) =
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7. PortfolioVolatility Calculatethevolatility of aportfolio of 70 percent Roll and 30 percent
Ross by filling in the following:
(1) (2) 3 (4) )
State of Probability of Portfolio Squar ed Deviation from Product
Economy State of Returnsif State Expected Return (2) x (4)
Economy Occurs
02P —
Op =
8. Diverdfication and Market History Based on market history, what is the average annual
standard deviation of return for asingle, randomly chosen stock? What is the average annual
standard deviation for an equally weighted portfolio of many stocks?
9. Interpreting Correlations If the returns on two stocks are highly correlated, what does
this mean? If they have no correlation? If they are negatively correlated?
10. Efficient Portfolios What is an efficient portfolio?
11. Portfolio Returnsand Volatilities  Fill in the missing information in the following table.

Assume that Portfolio AB is 40 percent invested in Stock A.

Annual Returns
Y ear Stock A Stock B Portfolio AB
1995 15% 55%
1996 35 -40
1997 -15 45
1998 20 0
1999 0 10
Average returns
Standard deviations
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I ntermediate Questions

12. Portfolio Returnsand Volatilities Given thefollowinginformation, calcul ate the expected
return and standard deviation for a portfolio that has 40 percent invested in Stock A,

30 percent in Stock B, and the balance in Stock C.

State of Probability of Returns
Economy State of Stock A Stock B Stock C
Economy
Boom 40 15% 18% 20%
Bust .60 5 0 -5

13.  Portfolio Variance Use the following information to calculate the expected return and
standard deviation of a portfolio that is 40 percent invested in Kuipers and 60 percent

invested in SuCo:

Kuipers  SuCo
Expected return, E(R) 30% 26%
Standard deviation, o 65 45
Correlation .30

14. Mor e Portfolio Variance

15. Minimum Variance Portfolio In Problem 13, what are the expected return and standard

deviation on the minimum variance portfolio?

In the previous question, what is the standard deviation if the
correlation is +1? 0? -1? As the correlation declines from +1 to -1 here, what do you see
happening to portfolio volatility? Why?
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Asset Allocation Fill in the missing information assuming a correlation of -.10.

Portfolio Weights Expected Standard
Stocks Bonds Return Deviation

1.00 14% 20%

0.80

0.60

0.40

0.20

0.00 5% 8%

Expected Returns True or fase: If the two stocks have the same expected return of
12 percent, then any portfolio of the two stocks will also have an expected return of
12 percent.

Portfolio Volatility True or false: If the two stocks have the same standard deviation of
45 percent, then any portfolio of the two stocks will aso have a standard deviation of
45 percent.

Portfolio Variance Suppose two assets have perfect positive correlation. Show that the
standard deviation on a portfolio of the two assetsis simply

0, =Xy X 05 T Xg X 0p
(Hint: Look at the expression for the variance of a two-asset portfolio. If the correlation is

+1, the expression is a perfect square.)

Portfolio Variance Suppose two assets have perfect negative correlation. Show that the
standard deviation on a portfolio of the two assetsis simply

0p = % (X4 X 0p - X5 X 0p)
(Hint: See previous problem.)
Portfolio Variance Using the result in Problem 20, show that whenever two assets have
perfect negative correlation it is possible to find a portfolio with a zero standard deviation.

What are the portfolio weights? (Hint: let x be the percentage in the first asset and (1 - X) be
the percentage in the second. Set the standard deviation to zero and solve for x).

Portfolio Variance  Suppose two assets have zero correlation and the same standard
deviation. What is true about the minimum variance portfolio?
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23. Portfolio Variance Derive our expression in the chapter for the portfolio weight in the
minimum variance portfolio. (Danger! Calculusrequired!) (Hint: let x bethe percentageinthe
first asset and (1 - X) the percentage in the second. Take the derivative with respect to x and
Set it to zero. Solve for X).
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Chapter 17
Diversification and Asset Allocation
Answers and solutions

Answersto Multiple Choice Questions

1. D
2. C
3. C
4, B
5. B
6. B
1. A
8. D
9. B
10. D
11. C
12. A

Answersto Questions and Problems

Core Questions

1.  .2x(-10)+.5x (.20) +.3 x (.30) = 17%

2. 2% (-10-.17)> + 5% (.20-.17)* +.3 x (.30 - .17)*> =.01159; taking the square root, o
= 10.7657%.

3. (U3) x (-.10) + (1/3) x (.20) + (U3) x (.30) = 13.333 .. . %

(1/3) x (-.10 - .17)% + (1/3) x (.20 - .17)?> + (1/3) x (.30 - .17)®> =.01111 ... ; taking the
square root, o = 10.5409%.
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4.

Calculating Expected Returns
Roll Ross
(1) (2) ©) (4) ) (6)
State of Probability of Returnif Product Return if Product
Economy State of Economy State  (2) x (3) State  (2) x (5)
Occurs Occurs
Bust .30 -10% -.03 40% 12
Boom .70 50% .35 10% .07
E(R) = 32% E(R) = 19%
(1) (2) ©) (4) )
State Probability Return Deviation Squared Product
of Economy of State of from Expected Return (2) x (4)
Economy Return Deviation
Roll
Bust .30 -42 1764 .05292
Boom .70 18 0324 .02268
o= .0756
Ross
Bust .30 21 0441 01323
Boom .70 -.09 .0081 .00567
o’ = .0189

Taking square roots, the standard deviations are 27.4955% and 13.7477%.

Expected Portfolio Return

(1) (2) 3 (4)
State of Probability of Portfolio Return if State Occurs Product
Economy State of (2) x(3)
Economy
Bust .30 20% .06
Boom .70 26% 182
E(R) = 24.2%
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10.

11.

Calculating Portfolio Variance
1) (2 ©) (4) )
State of Probability of Portfolio Squared Deviation from Product
Economy State of Returns if Expected Return (2) x (4)
Economy State Occurs

Bust .30 .05 .053361 .016008
Boom .70 .38 .009801 .006861
0% = .022869
op= 15.1225%

Based on market history, the average annual standard deviation of return for single, randomly
chosen stock is about 50 percent. The average annual standard deviation for an equally-
weighted portfolio of many stocks is about 20 percent, or 60 percent less.

If the returns on two stocks are highly correlated, they have a strong tendency to move up
and down together. If they have no correlation, thereisno particular connection between the
two. If they are negatively correlated, they tend to move in opposite directions.

An efficient portfolio is one that has the highest return for its level of risk.
Notice that we have historical information here, so we calculate the sample average and

sample standard deviation (using n - 1) just like we did in Chapter 1. Notice also that the
portfolio has less risk than either asset.

Annual Returns on Stocks A and B
Y ear Stock A Stock B Portfolio AB
1995 15% 55% 39%
1996 35 -40 -10
1997 -15 45 21
1998 20 0 8
1999 0 10 6
Avg returns 11% 14% 12.8%
Std deviations  19.17% 37.98% 18.32%
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I ntermediate Questions

12.  Portfolio Returns and Volatilities. Given the following information, calculate the expected
return and standard deviation for portfolio that has40 percent invested in Stock A, 30 percent
in Stock B, and the balance in Stock C.

State of Probability Returns
Economy  of State of  —o o B Stock C | Portolio

Economy
Boom 40 15% 18% 20% 17.4%
Bust .60 5 0 -5 5%

E(R.) = .4 x (.174) + .6 x (.005) = 7.26%

0% = .4x(174-.0726)* + .6 x (.005 - .0726)? = .006855; taking the square root, o, =

8.2793%.
13.  E(R,) =.4x(.30)+.6x (.26) = 27.6%
0% = .4 x 65+ .6°x.45°+2x .4%x.6x.65x .45 x .3=.18626; o, = 42.73%.
14. 0% = .4 x65+.6°x.45°+2x .4x.6x.65x.45x 1=.2809; o, = 53%.
2, = x 65°+.6°x 457+ 2 x 4% .6x.65x .45 x 0 =.1405; ¢, = 37.48%.
L =% 65+ .6°%x.45°+2x 4% .6x.65x .45 x (-1) =.0001; op = 1%.

15. (452 - .65 x .45 x .3)/(.452 + 652 - 2 x .65 x .45 x .3) = .255
E(R,) =.255x (.30) +.745 x (.26) = 27.02%
02, =.255x B5%+ 7452 x .45 + 2 x .255 x 745 x .65 x .45 x .3 = .1732; o, = 41.6%.

16.
Risk and Return with Socks and Bonds

Portfolio Weights Expected Standard

Stocks Bonds Return Deviation
1.00 0.00 14% 20%
0.80 0.20 12.2% 15.92%
0.60 0.40 10.4% 12.11%
0.40 0.60 8.6% 8.91%
0.20 0.80 6.8% 7.2%
0.00 1.00 5% 8%
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True.
Fase

Look at 0,”:

p2 = (Xa X 0 + Xg X 0g)°
=X,2 X 0,7+ XgZ X 0% + 2 X X, X Xg X 0, X 0z X 1, which is precisaly the expression
for the variance on atwo-asset portfolio when the correlation is +1.

o

Look at 0,”:

°p2 = (Xa X 0p - Xg X 0g)°

=X 2 X 0,2+ XgZ X 057+ 2 X X, X X5 X 0, X 05 X (-1), which is precisaly the expression
for the variance on atwo-asset portfolio when the correlation is -1.

From the previous question, with a correlation of -1:

p
Set this to equal zeroand solve for x to get:

0=xXo0,-(1-X%Xog

X = ag/ (05 + o)

Thisis the weight on the first asset.

If two assets have zero correlation and the same standard deviation, then evaluating the

genera expression for the minimum variance portfolio showsthat x = %%; in other words, an
equally-weighted portfolio is minimum variance.
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23. Let p stand for the correlation, then:

2

oy 2 2 2 2
p = XS X 0p "+ X" X 0p" + 2 X Xy X Xg X 04 X 0 X p

(0}
=X X 02+ (1-X? X052+ 2% XX (1-X) X0, XogXp
Take the derivative with respect to x and set equal to zero:
2
ds .
dx

Solve for x to get the expression in the text.

= 2xs °a- 2(1- X)S%g+ 25,8 - 4xs ,S4f =0



Table 17.7 Portfolio standard deviations

3
2) Ratio ot( lzorlfolio
Standard deviations of ) Average Standard Standard Deviation to
. Number of Stocks Deviation of Annual Standard Deviation
annual portfolio returns in Portfolio Portfolio Returns of a Single Stock
1 49.24% 1.00
2 37.36 0.76
4 29.69 0.60
6 26.64 0.54
8 24.98 0.51
10 23.93 0.49
20 21.68 0.44
30 20.87 0.42
40 20.46 0.42
50 20.20 0.41
100 19.69 0.40
200 19.42 0.39
300 19.34 0.39
400 19.29 0.39
500 19.27 0.39
1,000 19.21 0.39

These figures are from Table | in Meir Statman, “IHow Many Stocks Make a Diversified Portfolio?” Journal
aof Financial and Quantitative Analysis 22 (September 1987), pp. 353—-64. They were derived from E. J. El-
ton and M. I. Gruber, “Risk Reduction and Portfolio Size: An Analytic Solution,” Journal of Business 50
(October 1977), pp. 41537,

Figure 17.1 Portfolio diversification
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Figure 17.2 Correlations

The graphs on the left-hand side of the figure plot the separate returns on the two securities through time,

Each point on the graphs on the right-hand side represents the returns for both A and B over a particular
Examples of different time period.

correlation coefficients

Perfect positive correlation
Corr (Ry, Rg)=1

Returns
1
+
0 2
_ A
B
Time

Both the return on Security A and the return on
Security B are higher than average at the same
time. Both the return on Security A and the
return on Security B are lower than average at
the same time,

Perfect negative correlation
Corr (R4, Rg)=~1

Returns
+ B
0
_ A
Time

Security A has a higher-than-average return
when Security B has a lower-than-average
return, and vice versa.

Zero correlation
Corr (R4, Rg)=0

Returns
B
+
0
_ A
Time

The return on Security A is completely
unrelated to the return on Security B.



Figure 17.3 Impact of Diversification
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Figure 17.4

Risk and Return with Stocks and Bonds
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Figure 17.5
Risk and Return with Two Assets
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Figure 17.6 Globally efficient portfolio

20 ° e ®
[ ¢ *
18 - , e
[
16 - e o °® * . .
14 ¢ o °
[ J [ J
12 7 . ° [ ] . ° [ J
@ [ J .
10 | s'.:. . U.S. bonds & foreign stocks
[ X ]
g | ‘s, o’ V\ U.S. stocks & bonds
“S o
6 .‘-:“. e . U.S. & foreign stocks
4 7 [ ] ° . . [ ] .Q‘ ‘. . .
[ ) ° . [ J ° 0. ° .
[ J [ ] [ J
2 - ° e L, °
[_J [ J [ ]
0 \ T T “““ T T ° e “ e
0 10 20 30 40 50

Portfolio standard deviation (%)



Investment Update (5/6/96)

Egg basket analysis

What's the best way to diversify
your fund portfolio? Some new software
from Value Line helps you find out.

By Thomas Easton

DrversIFy. Don’t put all your eggs in
one basket, We have all heard the
wisdom, but few of us heed it in
picking mutual funds. People who
own the Fidelity Contrafund, say,
may branch out to Fidelity Growth
& Income with their next fund pur-
chase, thinking thev’re diversifying.
They aren’t.

In the statistical scheme of things,
these are two peas in a pod. They
may both prove to be good funds,
but the likelihood is that in 2 month
when one goes up, the other will,
too, and when one goes down, so
will the other.

So, too, with almost any pair of
big-company stock funds—Fidelity
Magellan and Vanguard Index 500,
Fidelity Destiny I and Vanguard
Windsor. They tend to track pretty
closely. You don’t accomplish a lot
by dividing your eggs between those
two baskets. You might as well put
all your money in the one blue-chip
fund you like the most.

So, too, any two long-term do-
mestic bond funds are likely to match
each other’s ups and downs pretty
well, even if they have seemingly dif-
ferent objectives—one junk bonds
and the other Ginnie Mae, one a
Treasury bond fund and the other a
corporate fund.

Surprisingly, most bond funds
have in recent years become similar
to most stock funds in the general
timing of their up and down move-
ments. Look at what has happened
on Wall Street recently. Last year
interest rates went down, sending
bond funds up and stock funds with
‘them. In early April the process
reversed. They crashed in unison.

If you want true diversity, therefore,
make sure you spread your money
among funds that do not move in
lockstep with each other. The Benham

132

Treasury Note Fund and the Lexing-
ton Strategic Silver Fund are one such
pair. When inflation perks up, so, most
of the time, do silver prices and inter-
est rates. That makes the T note fund

do badly and the Silver fund do well. -

The reverse is also true.

Heartland Value Fund and MFs
World Governments-A bond fund are
another intriguing pair. When one
zigs, the other zags. These two funds
are not mirror opposites, to be
sure, but they really do travel on

different wavelengths.

Here’s yet another pair of funds
that tend to veer off in different
directions: GaMm International Fund
and Vanguard GNma Fund.

How did we find these diversifica-
tons? With a computer. We fed it
monthly returns since 1986 for 560
funds and asked it to calculate, for
each pair, what statisticians call the
correlation coefficient. That’s a mea-
sure of how closely two data series
track each other.

Forbes ® May 6, 1996
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If you want to apply correlation
analysis to your fund portfolio, try
Fund Analyzer, recently out from
Value Line. You feed the program
two or more fund names. It tells you
the risk and return of each fund over
the past ten years, as well as the risk
and return of a blend (see graphs).

The Value Line software assumes
that you, like any warm-blooded
investor, want two things from your
portfolio: high return and low risk.
Alas, you usually have to trade one of
these objectives off against the other.
A stock fund will have high risk
(high volatility) and a high expected
return. A short-term bond fund will
be low on both scores. A 50/50
blend will be in the middle on both
measures.

You don’t need a fancy computer
program to tell you how large a posi-
tion you need in the short bond fund
to blend with your stock fund. It’s a
matter of taste for risk. The short
fund, being less vulnerable to interest
rate changes, is the less voladle. So
throw enough of it into your mix to
enable you to sleep well at night. You
can do that in your head or on the
back of an old charge slip.

But that won’t give you true
diversity. For that you need funds
that have a low degree of correlation
with each other. Then diversification
really pays. The return of a 50/50
blend lies right on the midpoint of
the two funds’ returns, bur their
combined risk level is a bit lower
than an average of the two funds’
risk levels.

Look at the Heartland Value /MFs
World pair in the lower-right graph.
The returns for the funds over the
past ten years have averaged 14.3%
and 11.8%, respectively. A blend
would have earned you 13%, right in
the middle. But the risk of the blend
is below the average of the two
funds’ risk measures.

This, graphically, is what you gain
by not putting all your eggs in one
basket.

The Value Line software cannot,
at present, take a given fund and
search through its database for funds
that have low correlations with that
fund. For now, you have to hunt and
peck for a good combination. But
Value Line says it will offer the
searching feature in a later version of

Forbes ® May 6, 1996

Risk and reward
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Balancing Funds. Start with upper left and go clockwise. FidelityContrafund +
Fidelity Growth & income: Two eggs, one basket. Less return, less risk.

Gain from diversification? Zilch. Fidelity Magellan + Fidelity Ginnie Mae:

Just a small gain from diversification. Heartland Value + MFS World
Governments-A: Give up some return, but see the risk dramatically decline.
Lexington Strategic Siiver + Benham Treasury Note: Dramatic diversification.

When one wiggles, the other waggles.
] .

the software.

The software, with data for 5,000
funds, costs $295; it’s $149 for an
editon covering 1,900 no- and low-
load funds.

Morningstar, the fund rating com-
pany, says it’s working on a similar
fund  diversification  package.
Ibbotson Associates publishes a year-
book providing data on optimal
groups of asset categories such as
precious metals and large-capitaliza-

tion stocks, but not individual funds.

If you are going to use this soft-
ware, understand its limits. It can
give you a pretty good idea of which
funds tend to move in lockstep and
which ones don’t. But it can’t tell
you which funds are going to go up
the most.

So don’t add Twenticth Century
Ultra to your portfolio just because
it went up a lot in the past. Add it if
it complements another fund. W
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