1. Probability spaces, Random Variables and Stochas-
tic Processes

(2, F , P)—a probability space
(): a given set
F: a family of subsets of {2 with the following prop-
erties:
(a) 9 € F
(b)) Ac F=A=Q\AeF
(C) Ay, Ay - EF?UAZEF
P: a function F — [0, 1] such that
(a) P(6) = 0, P(Q) = 1
(b) if Ay, Ag,--- € Fand A;NA; = ¢ fori # j,
then P(UA;) = > P(A))
i=1 i=1

F is an o-algebra on 2 and A € F is an event.
P(A) = the probability that the event A occurs.



U a family of subsets of ()

o) = N{V,Vis o — algebra on QU C V}
= the o — algebra generated by U

Example.

U = the collection of all open subsets of R™
B = o(U) = Borel g-algebra on R®
The elements B € B are called Borel sets.
Y : QO — R"™ is F-measurable if
Y HO)={weR]|Y(w) e} F

for all open sets O C R™

X :Q — R"™: any function.

o(X) = the o — algebra generated by X
— (X(B)|BeB)

A random variable X is an F-measurable function

X: 00— R™



The distribution of X = py(B) = P(XY(B))
/QX(w)P(dw) = /RZC,LLX<dX) = The expectation of
X =FKEX)

{ X her :a stochastic process

T an index set

X;: random variable

t — Xy(w): a sample path of {X;}
(w € Q0 = a experiment or a particle)

. Independence ,Conditional Expectation and Martin-
gales

{A;}ics is independent if
k
P{AilﬂAhﬂ---ﬂAik} = I P(A@j)
j=1

for all 4; € Tand i; # 4; for j # 1
{A}ier ,A; C F | is independent if

k
P{A;, NA,N---NA,} =TI P(A;)
j=1

VAZ'].E.AZ‘]. ,Z'j#ilfOI’j#l
{X,}ier is independent if {o(X;) }ier is independent.



(2, F , P)-a probability space.

X: a random variable , F|X| < oo

G: a sub o-algebra of F

Y = FE[X|G] = the conditional expectation of X
given G if

(a) Y is G-measuable .
(b) E(Y14) = E(X14),YAEG

Fxercise

Let (§2, F, P) be a probability space and let
X : Q — R be arandom variable with E[| X || < oo.
If G C F is a finite o-algebra , then there exists a

partition {1 = Lnj (3; such that G consists of () and
i=1
unions of some (or all) of Gy, -+, G,

(a) Explain why FE[X|G](w) is constant on each G
(b) Assume that P(G;) > 0. Show that
|, XdP

E[X|Gl(w) = IZD(Gz') for w e G

(¢c) Suppose X assumes only finitely many values
ai,---,a,. Then from elementary probability



theory we know that
EX|G] = kX_jl apP(X = a;|G;)

Compare with (b) and verify that
FIX|Gi| = FIX|G|(w) w € G

Thus we may regard the conditional expectation as
a (substantial) generalization of the conditional ex-
pectation in elementary probability theory.

{Fi}i>0 = a filtration = a family of sub o-algebra
such that F, C Fifor 0<s<t¢

{ M, }4>0 18 a martingale if

(a) M; e F,, and E’./\/lt’ < oo V>0

(b) E(M|Fs) =M;Vs <t

{X:}>0: a stochastic process
ftIO'{XS,OSSSt}

F; = the o-algebra generated by F; and N,
where NV = {A € F |P(A) =0}

= the natural filtration of the process { X }i>0



3. Brownian motion

A real-valued stochastic process W; is called a Brow-
nian motion if

(a) W() =0
(b) For P-a.s. w, t — Wi(w) is continuous
(¢) W has independent , normally distributed incre-
ments
1. OnO§t0<t1<t2<---<tn,
th th — Wt()) th — th R th — th—l
are independent
ii. For0 < s <t, Wy—W,~ N(0,t—s) where

N (p, 0?) denote the normal distribution with

mean g and variance o>

Transition probability

ly—a|?

Pz,y) = (2\) 2e 2

Finite dimensional distribution

P(th c Fi,WyeFy---W, € £,

- /F1><---><Fn 1, (0, 21) Fiy—ty (@1, @) - - Br—t, 1 (Tn-1,Tn)
dridxs - - - dx,,



Fxercise

Show that
E(e™M) = e M Y AER
and '
E(W/*) = ;th’f

for all positive integer k

4. Quadratic variation of Brownian motion

A = a partition of [S, T]
= {S=ty<ti<ta<---<t,=T}
Aty = tpg — te
AW = Wy, — W,
|A]| = maz Aty

k



n—1

E{[Y (AWy)* = (T = S)I"}

k=0
= E{[Z%(AWQQ — A4’}
_ g E{[(AW,)? — At}

= SBEOWY - (A
k=0

n—1
As Al — 0, X (AWR)? — T — S in L*(P)
k=0

Theorem

The Brownian paths are a.s. of infinte total varia-
tion on any interval.

Fxercise

Write down a detail proof of the above theorem.



5. Ito Integrals
(2, F , P)-a probability space
W = (W;)¢>p—a Brownian motion

(Ft)eo : the natural Filtration of W.

FElementary Process (or simple process).

f@@zz;ﬂwﬂ.

tj7tj+1

()
where S =ty <t; <tg--- <t,=1T,
ej € Fi; and B(ef) < o0
T
[ ftwdWi(w) = [, faw
n—1
= 5 @) Ve () — Wy )]

The Ito integral.

fEV[S T)={f:[5,T]xQ — R|f adapted and
t@ (t,w)dt] < oo}



fn : a sequence of elementary process such that

B |f(tw) = fult,w)Pdt] — 0

asn — 0

[ Ftw)dWi(w) = T [ f.(t,w)dWi(w)
(limit in Ly(P) )

( By Ito's isometry , we have

E( [} falt,w)dWi(w) = [ fult,w)dWi(w)P)
= E(| [ (fult,w) - fm(t,w))th( )2
= B(f; falt,w) — fult,w)|dt)
( The Ito isometry )

/S (t,w)dW,;(w))?

= Elf; /(t,w)d
for all f € V[S,T]

10



Ezample

1 1
[ WdW, = W2 — _t
2 2
Put
fn(87 UJ) — % Wt]’(w) [t tﬁ—l)(t)
Then

E(fy IWalw) = fuls w)lds)
= LB, ﬂ“\W( ) = Wiy (w)|ds)

- Z/?H s —t;)ds

= *Z( 1= 1) — 0as Al — 0

Therefore
[waw = lim_[' f.dW = [, W, (W,

|A|—0

~W,)

j+1

Write

AW; =Wy, — Wi,
and

AWF = W7 — W

11



Then
AW? = W2 — W}

J Lit1 j
= (Wi, — Wi )2+ 2W, (Wi, — W)
= (AW;)? +2W, AW,
Hence

J J

23 W, AW, = X AW - S(AW)? = WE-S(AW)?
J J

Since

S(AW)? — ¢ in L*(P) as ||Al| — 0

J

the result follows

Fxercise.

Prove that
(a)
[ sdW, = tW, — [ W,ds

(b)

[ W2dw, = ;Wf — [ W,ds

12



T heorem.

Let f € V[0, T]

Then there exists a t-continuous version of

/0 f(s,w)dWs(w) 0<t<T.

(i.e. there exists a continuous stochastic process J;
on (2, F, P) such that P[J; = /0 faw] =1
forall 0 <t <T)

Moreover the process M; = /0 s,w)dWs(w) is
Fi-martingale

(le. EMy|F)=Msasforall0 <s<t<T)
Remark.

We are able to define the stochastic integral
(/Ot fsdW)o<t<T as soon as /OT(fs)st < oo Pas. It

is crucial to notice that in this case ( /Ot fsdWs)o<t<T
is not necessarily a martingale.

13



6. [to's Formula

(Itos Formula - Simplest case)
If f: R — R has a continuous second derivative |

then f(W;) = +A W) dW,+ A f'(Wy)ds .
Example

Consider the function f(z) = z?
By Ito's formula , we have

wfzzzﬁwqmg+;gmm
= 2 [ W,dW, +1

Assume F' € C*(R) F' = f,and F(0) = 0,
then we have

A W)dW, = F(W,) —A W,)ds

(Itos Formula with Space and Time Variable)
For any function f € CY*(R* x R) , we have the
representation

F(EWe) = F(0,00+ [ L (s, W)dWt [ (s, W,)ds

1752
+202x(SW>d

14



{X:}o<t<r is an Itos process if it can be written as
Xy =Xo+ [ ads+ [ bdW, 0<t<T

where

o Xy is F, — measurable.

o {a;}o<i<r and {b; }o<t<p are adapted process.

o /OT |as|*ds < oo P-a.s.

o /OT b,*ds < oo P-a.s.
(We write dX = a dt+b dW for the Ito's process X))

(The General Ito formula)

If feCYR" xR), then we have

F(t.X0) = £(0,0)+ [ % (s, X,)ds+ [

of
i (s, X )dX,

ox

1
+5 Ot 322(5 X, )b*(s,w)ds

(Ito Formula in differential form)

df = %dt + %LdX, + ;ng b2dt

(As before , dt-dt = dt-dW; = 0 and dWy-dW; = dt)

15



FExample (Black — Scholes model)

Find the solutions {S; }>q of
dS; = ,LLStdt + aS dW; with SO =x9 >0

We try to solve the equation by hunting for a solution
of the from S; = f(t, W)
By Ito's formula |, we see

1
dSy = (fi + Qfx:c)dt + fodW;

2
where f; = at e = af and f,, = —f

J}

Consider the two equation :

flt2) = filto) + 5 funlt )
of(t,x) = f.(t, )

(
(
Solving o = J} gives
f(t, l’) _ eazv—l—g(t)
Plugging into the first one gives

(t,2) = o+ 04

16



Fxercise

(a) Use Itos formula to check that the process

1,2
S, = ZL’QG(’M 507 )+ Wy

satisfies the SDE
Sy = xp + ./Ot 1S, du + /Ot oS dW,

(b) Use Ito's formula to prove that
1
3
(Integration by parts formula)

[ W2W, = WP — [ Wds

X = a:0+/0ta(s,w)ds+/0t b(s,w)dW,
Yi = go+ [y als,w)ds + [) Bls,w)dW,

— X,Y, = x0y0+/0t XSdYSJr/Ot VidX,+ < X, Y >,

with
< XY >= /Ot b(s,w)B(s,w)ds

(dX = XdY +YdX+ < XY >)

17



Proof By Ito's formula

(Xi + Y0)? = (Xo + Yp)2 +2 [ (X, + Ys)d(X, + Y,)

+/O s,w) + B(s,w))*ds

X} = X7+ 2/0t XdXs + /Ot b*(s,w)ds
P = Yi+ 2/Ot Y,dY; —|—/Ot 3 (s,w)ds

The equality follow by substracting equations 2 and
3 from the first one .

FExample (Ornstein — Uhlenbeck Process)

dXt = —CXtdt+O'th
X() = Xy

Consider Z;, = X,e Integration by parts yields
dZt = €Ctht + ceCtXtdt—F < X, GCt >
Since < X, e >;= 0 , it follows

dZt = O'GCtth

18



Thus
/
e X, = xg+ O'/O e“dW,
l.e.

X, =x0e "+ 0 /Ot e =) qw,

Fxercise

Consider the Ornstein—U hlenbeck Process { X;}1>o.
Prove that
(a) E(X;) = mpe™ @
1_6—26t
(b) Var(X;) = UQT
(¢) X; is a normal random variable
)

(d

Remark

The process { X; }>o is Gaussian.

In finance , the Ornstein — Uhlenbeck process was
used by O.A.Vasicek in one of the first stochastic
models for interest rates.

19



. Stochastic Differential Equations

(2, F, P) : a Probability space
W = {W;};>p : Brownian motion
{Fi}i>o : the natural filtration of W

Consider the stochastic differential equation
X, = Xo+ [ b(s, X,)ds + [ o(s, X,)dW,
(or in differential form
dX; = b(t, Xy)dt + o(t, Xy)dW, )

We say an {F;} -adapted process {X;}i>¢ is a solu-
tion of the above SDE if
(a) For any ¢ > 0 , the integrals /Ot b(s, Xs)ds and
/Ota(s, X)dW exist.
(b) For any t > 0,
X, = Xo+ [ b(s, X,)ds+ [} o(s, X,)dW, P-as.

20



Theorem (Existence and Uniqueness)

If b and o are continuous functions and if there exists
a constant K such that
o b(t,x)—b(t,y)|+|o(t,z)—o(t,y)| < K|z —y|
o [b(t,z)+|o(t,z)] < K(1+ |x|)
then for any T" > 0, the SDE admits an unique solution

in the interval [0, T].
Moreover |, the solution {X;}o<;<7 satisfies

E( sup |X;|*) < oo

0<t<T
FExercise (The Vasicek model)

Solve the SDE
dX; = (—aX; + B)dt + odW,

where Xo = ¢ and a > 0.
and verify that the solution can be written as

__—ot 5 ot t s
Xi=e <$0+a(6 —1)+0/Oe dWs)

Show that X; converges in distribution

21



ast — o0 , and find the limiting distribution. Find
the convariance Cov( Xy, Xy)

. The Black — Scholes model

Bond model : dB; = r3,dt
Stock model : dS; = uSidt + o SydW;

h(S7) = the contingent claim at time T

Ezxample

h(St) = (Sr— K)* (European call option)
h(St) = (K — S7)" (European put option)

Problem :
What is the time 0 value of the contingent claim?

replicating the contingent claim

a; = the number of units of stock that we hold at
time t

b; = the number of units of the bond at time t

Vi = a1 Sy + b3

= the total value of the portfolio at time t

22



Self — financing condition

Vi =Vo+ [ audS, + [ buds,
l.e.
d‘/;j = CLtdSt + btdﬁt

terminal replication condition : V; = h(St)
Assumption :

Vi = f(t,S;) for an appropriately smooth function f
Then

df = d‘/t = atdSt + btdﬁt
= at(,uStdt + O'Stth) + b{f’ﬂtdt
{at,uSt + bﬁ“ﬁt}dt + CLtO'Stth

1
df = fi(t,Sy)dt + f.(t,S:)dS: + Qfxx(ta Si)dS:dS;

= LA S0 + et S)0°ST 4 lt, SO Yt

‘|‘fg; (t, St)O'Stth

23



Coeflient Matching
CLtO'St = fx<t, St)O'St
1
aruSy + bir By = fi(t, Sy) + Qfxx(ta St>0'25152 + fult, Sp) Sy

then
ay = f:l:(ta St)

and

1 1
by = T{ft(t, St) + 2fx:v(t: St)UQStQ}
’

f(t,S) = aSe+ b5y
— fx(ta St)St + 7“1t{ft<t7 St) -+ ;fwx(t, St)O'QStQ}ﬁt

Black — Scholes PDE :

fi(t,x) = —;021:2]”3;93(15, x) —rxf.(t,x)+rf(t x)

with its terminal boundary condition f(7T,z) = h(x)
forallz € R

24



Fxercise

Consider the stock and bond model given by
dSt = ,Lb(t, St)dt + O'(t, St)th

and

dﬁt = ’I“(t, St)ﬁtdt

(a) Show that arbitrage price at time t of a European
option with terminal time T and payout h(Sr) is
given by f(t,St) where f is the solution of the
terminal value problem :

f(tx) = —;02(15, D) fanlt. @) — 1t )2 folt 1)

+r(t,x)f(t, x)
f(T,x) = h(x).

(b) Find a; and b; for the self - financing portfolio
a:St + by B that replicates h(St).

25



9. The Black — Scholes formula

Consider the terminal-value problem

w(t, z) = So?(t, @) (t, x) — r(t, z)zu,(t, )
+r(t, x)u(t, z)
uw(T,z) = h(x)

Feynman — Kac Formula

T t,.x
u(t.z) = E |h(ximye b T Xi)ds

where X5 is the solution of the SDE
dX"" =r(s, X' X" ds+o(s, X\)dW,, Vs>t
and

X" =x

The Black — Scholes formula for call option

hz) = (v —K)"
Xt,:c _ xe(r—%UQ)(s—t)—i-a(Ws—Wt)

S

Hence

26



u(t,z) = E [6—T(T—t){xe(r—%ch)(T—t)%—a(WT—Wt) _K}+]

1,2 ]
= FE [xe 20°0+0V09 _ e 7’9]

O0=T—t, g~ N(0,1)

Set
2
logz + (r+ %)0
dy = 9K UE@ )0 nd dy=dy — ovE
Then
_ 602 .,
ult,z) = B |(ze™"5 — Ke )|y .20
00 oV _00? —rf _%
— /_dQ(xe = — Ke )e\/gdy
2
— /_dzo(xe—a\/éy—% — Ke_re)e\/%dy
= =N(d) — Ke "' N(dy)
where



10.

Fxercise

Using identical notations and through similar calcu-
lations , show that the price of the put is

u(t,z) = Ke "N (dy) — N (—d,)

Remark

In practice two methods are used to evaluate o: the
historical method , the implied method.

Risk - neutral valuation

Theorem (Girsanov)

{0;}o<i<7 : an adapted process satisfying
/OT 0%ds < oo
and such that the process {Z; }o<i<r defined by
t L
Zy = e:vp{—/o 0, dWs — 2/0 0%ds}

is a martingale.

28



Then
WtEWt—|—/Ot95dS, OStST

is a standard Brownian motion under the probability
P given by

P(A) = [, ZrdP YA€ F .

Remark

(a) A sufficient condition for {Z; }o<t<r to be a mar-
tingale is

E

1
ea:p{Q/OT dis}] < 0

(b) Zr = EZ”; — the density of P. relative to P

In this case , we say P is absolutely continuous
with respect to P and denoted by P < P. In
fact P and P are equivalent.

Fxercise

(a) Assume {H;}o<i<r is adapted and /OT Hds <
oo P-as.
Set

X, = /Ot H.dW, + /0Zf Hi0,ds (under P)

29



and

Y, = /Ot H,dW, (under f))

Prove that X; =Y, a.s.
(b) If X is F; - measurable | show that

E(X) = E X Z)]

and

- 1
E[X‘FS}ZZE[XZt‘fs}

A probability under which Sy is a martingale

Assume
dSt = /LStdt + O'Stdm
and set
St = €_rtSt
Then
dS, = —re S dt + e "dS,

= S, (1 — r)dt + cdW]

= gtO'th
where .

w, =2 4w,

o

30



From Girsanov’s Theorem , W, is a Brownian motion
under P defined by

P(A) = [, ZrdP

where

=T L uw—r
Zr = exp{— . W —2( . )°’T}

This implies that S is P - martingale.
Exercise

Check that F [ /OT gﬁdt] < oo and show that

1 __
Sy = Spexp{(r — 202)75 + oW;}
(i.e. dS; =rSidt+ oS, dW, under P)
Consider contingent claim X € Fp that satisfies
X >0 and E(X?) < o

Set

Vi = B,F for0<t<T

X
~— | F
T

Need to show that
V}:atSt—i—btﬁt fOTOStST

31



d‘/;f = CLtdSt + btdﬁt

for some a and b.

A strategy ¢ = (ay, bt)o<i<7 , is admissible if it is self
- financing and if the discounted value Vi = b+ a:S;
is non-negative and such that supogtgﬂ;} i square -
integrable under P.

A option is said to be replicable if it’s payoff at matu-
rity is equal to the final value of an admissible strat-

egy.
Theorem (Martingale Representation Theorem)

{X;}o<i<r : aF; - martingale such that F(X#) < oo
= there exists an unique ¢ € H?[0,T] such that

X =Xo+ /Ot d(w, s)dWs(w) for all 0 <t <T.

M, =FEe"X | F]is a P - square integrable mar-
tingale.

By martingale representation theorem , there exist
an adapted process { K} }o<i<7 such that

E(/OT KZds) < o0
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and
M, = M, + /Ot K.dW,

Set %

a; = ' and by = M; — atgt

O'St
Then
Vi = a5t + b5y
= "My =E|e""X | 7

Moreover

. V; " -

V}zeﬁ:Mt:VO%—/oastt

Hence (ay, by) is a self - financing replication of X
Theorem (Risk - neutral valuation)

In the Black — Scholes model , any option defined
by a non-negative , F; - measurable variable X |
which is square - integrable under the probability P
, is replicating and the value of any replicating port-

folio is given by
Vi=Ele"TIX | F

Thus , the option value at time ¢ can be naturally
defined by the expression F [e‘T(T_”X | ,7-",5]
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Examples

X = (S — K)* (European call option)

X = (K-87)" (European put option)
1

X = (T /OT Sydt — K)* (Asian call option)

X = max S (look hack option)

0<t<T

11. Up and Out European call option

(a) 0 < K < L

X = (St — K)"|sscr , where S; = max S;

St

Then

0<t<T

Soexp{o lm + (T — O)t }
o 2
max Sy,
0<u<t
Wy =W, + 0t
= B+ (- -
o 2
sup B,
0<u<t

St = SOexp{O-Bz/f}
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S¢ = Spexp{oM,}

Hence

eV, = B :(ST - K>+1S}>L}

- FE (SoexpioBry — K )+150€$p{0M/T}>L
= F _(Soea}p{UBT} - K)lB}>(}log;% ) M}>;log¢éo]

Under P B,T is a Brownian motion with drift rate

6:

-4
12. Joint distribution of (B, M) under P (without drift)

reflection principle

35



Assumem >0,0<b< M
p[BT<b,MT>m] = P[BT>2m—b]

1 %) ZCZ

= o7 /zm_bexp{—QT}da?
b—2m

= N
=

where

N(d) = ['e
Var et

P[Br<b, My <m] = Fr(b,m)
= p[BT<b]—p[BT<b,MT>m]

b b—2m
= N(—) = N
() = N
Hence
EB(b,m) = N(\/Z)T)_N(lt/z%n) it m>0,b<m
Y N(\/Z)T)_N(\}%) if m>0,m>b

density function for (Br, Mr) under P

2(2m — b)

=2 -
22m —b) 2m —b

T\/T ¢( \/T )‘m>0,b<m

36
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(with drift)

Write § = ~ — 7. and hence B, = B, + 6t. and
Mt/ = max B;
0<u<t

P|By < b, My <m|

= [1{B'T<b,M£p<m}

655/ = Ar ,where A, = e /B30 ’g’ = At = AlT
=E [A%ll{BTd)M <m}

_ E’ GBT 202T1{BT<5 MT<m}

0z— 1 2 m s _.
= [T 2R (2 dyd»

z

=" L. TZy{/_Z AT (22 dzdy

density of (By, M) under P :

r / m —y I 1.2 m—
SR (0, m') = 2o ) =501 20l

on 0 <m/, b <m
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Consider the case Sy < K < L.
Set b = i_logéf) and m' = i_logéf)

R O'B/
= [[Soe™ = K] Yoy yeniy fF (2, y)dady

= Jy [ (See™ — K )QT(?ﬁy{g})@_@yQ ST dy

/
- [ K) g S b

=+ [, (Soe™ —K) 5=

m' 22 1p2 m' a2 g 192
_ QlﬂTSO/b/ 0% s +0r—50 de_ 217TTK/b/ e s +H0r—50 de

1 g /m’ 0T
V27T 0 4
m/ —<2m,7$)2+93¢—192T
K /b, e oT 2" L dx

e Vo AL e U VP

dx

€

_ (2m’—m)2

12

1
V2T

ax—§;+9x—§92T

= —5-(2% — (0 + 0)2Tx) — 36°T

(x — 0T — oT)* — 1@2T—|—%(9—|—0)2
(x — 0T — oT)* + L0°T + 00T

( 7T)? —|—7“T

—_

T =l =3

S
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m’ _ﬁ _1p2
1 /b/ PR 57 +0r—50 de

V2T

T a2
= e 2T dx
VorT b’m/ ) ]
_ g7 /\/T_U T_Q\/Te—y; t—LT-3T
V2T \%_gﬁ_% T Yy v Y
_ T m’ r ./ b r o
= € {N(ﬁ_a T—§ T)—N(ﬁ — T—§ T)}

Pricing formula for up and out European call op-
tion

/

Vo(So) = So [N (2% — 2T — yT) — N(F — /T — T

JT 2 2 JT 2
T m’ T | oJT v T | oJT
—eTK [N(2 — T 4 3Ty - N( G — T 4 oyT))
_i_e—rTJer'(g—%) [N(% 4+ rUT _ 0\2/T> _ N(Zn\z/%b 4+ r\;T _ 0\2/7)]

where b’ = ilogg and m' = ;logéo
Remark

If we let L — oo we obtain the classical Black —
Scholes formula.

If we replace T" by T' — t and replace Sy by x in the
formula V5(Sp), we obtain a formula for Vi(x), the
value of the option at time ¢ if S; = x.
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13.

Fxercise

(a) A down and in call option give the holder the
right to buy a share of the stock for a strike price
K at time 1" provided that at some time t < T
the price St of the stock fell below L, otherwise
the option does not yet exist.
Compute the arbitrage-free price of this option.

(b) A look-back call option correspond to a payoff
function

X:ST—?TLT

where

mm = min S
= o<t

Compute the time £ = 0 value of this option

American options

An American option is naturally defined by on adapted
non-negative process {h; fo<i<r. We study processes
of the form h; = 1(S;) where ¢ is a continuous func-
tion from R* to R", satisfying : ¢(x) < A+ Bz
for some non-negative constants A and B.
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Ezxample

hy = (S; — K)©  (American call option)
he = (K —S;)7" (American put option)
he = |S; — K| (American straddle)

¢ = (at, by, ¢t)o<t<r - a trading strategy with as-
sumption if

(a) /OT |a;|dt + /OT b, |dt < oo as.

(b) arSe+bi3 = aoSo+bofo+ ) audSu+ [ budf—
Ct YO0 S t S T

(¢) {ct}o<t<r is adapted, non-decreasing process with
Co = 0

The trading strategy with consumption
¢ = (at, by, c)o<e<t

is said to hedge the American option defined by
he = ¥(S;) if, setting Vi(¢) = a; + b3, we have
v (@) > W(S) as.

dY¥ = the set of trading strategies with consumption
hedging the American option defined by b; = 1)(.S})
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7 :Q — [0, 00] is a stopping time if
v{r <t} e F Vvt >o
T 7 = the set of all stopping time taking values in

4, T

ut,7) = sup E G_T(T_t)w(xe(r—";)(T—t)+a(m”/;_’W“t))
TE'];’T

Theorem

There exist a strategy ¢ € ®¥ such that

Vilp) =u(t,S;) VO<t<T

Moreover

Vi) 2 Vi(¢)  forall0<t<Tand¢e "

It is nature to consider wu(t,S;) as a price for the
American option at time ¢, since it is the minimal
value of a strategy hedging the option.

T heorem

Consider the American call option. Then we have
u(t,z) =V(t,x)=E [e_T(T_t>(S§%x — K)ﬂ
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14.

where V' is the function corresponding to the Euro-
pean call price.

proof

we assume that ¢ = 0 (the proof is the some for
t > 0). It suffices to show that

Ele™(S,—K)|<E [e‘rT(ST — K)ﬂ , VT €Tyr
Note that

E[(Sr—eTK)" | F] > E|(Sr—eTK) | F
S —e K
> NT___e—TT}(

Hence
E|(Sr—e"K)" | F| = (5 —e"K)*

We obtain the derived inequality by computing the
expectation of both sides.

First passage times for Brownian motion

(2, F, P) - a probability space
{Wi}i>0 - the standard Brownian motion

M, = sup W,

0<s<t
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T, = min{t > 0,W; =z} (first passage time to x)

Consider the case x > 0

Note that
{T, <t} ={M; > z}
and recall
2(2 —b) (2m b
P(M; € d,,, W; € db) = S dmdb
form > 0,b<m
Hence
P[T, <t] = P[M; > z]
mo22m-b)
= [ A iy
= me_(zm%b) t=tedm
. _m? .
:/ \/S—me 2t dm (W:w
= 2/ orss ~ dy = N(=7)
Hence
d
P(T, € dt) = dtP(Tx < t)dt
d T
= —(2N(——=))dt
GON=)
-3 1 _a?
= 2 9 2727T€ Tdt
$2
— t\/%e_ﬂdt
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and

E [e‘mﬂ = /e‘”t\/g—m : e‘édt

= e v2x A >0
W, = 6t+W,  (Brownian motion with drift)
T = inf{t > 0|W, =z}
Fix t > 0 and choose T > t |
PT!<t| = E |l
_1

I
3.

dP
L
ev’V“T—ge%]

I
e

1T£§t€

~

[ oW —Lo2T
lpooy B0 [6 2 ’]:TgAtH

I
e

1/ _ 1920

I
.

I
e

6:5—192T9}
2 €T

t oo 1.2 22
:/eex 307 T | o=%5 s

0 s\ 2ms

t (m—95)2
:L' J—
— 2
/() S 27rs€ s ds

therefore
x (z—0t)%

P(TY € dt) = e = dt
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15.

Fxercise

Show that
E [e—m?] _ pfr—|z|VET+2X

Recall that £ > 0 and notice

P {Tf < oo} = limFE [e—Aqu
A0

60:L‘—|x|\/m

e@x—|€|x

If 6 >0, then P |T! < 00| =1
If 6 <0, then P|T¢ < oo = ¥ < 1

Perpetual American put
. 2
u(0,2) = sup E(Ke '™ —zeVr 27"
TE%,T
. 2
< sup F(Ke '™ —ge?Vr2m)t
76%,00
(The right-hand term can be interpreted as the value
of a "perpetual” put)
Write
. — 2
u®(x) = sup E(Ke '™ — eV 27)*
€Ty
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Note that u™(z) > (K — x)* , u®(x) > 0 Vo > 0
and u™ is decreasing and convex.

Set
" = sup{x > 0lu™(z) = K —x}
Then
0<z"<K,uX(x)=K—zVr<z"
and

u™(z) > (K — )" for x > a2

Fix & € and then the Snell enuelope theory enables
us to show

. 2
ue(z)=F |(Ke ™ — xegWTx_77$)+1Tx<oo
where
T, =inf{t > 0] e "u®(S’) =K — St}

and ,
Stx _ CUG(T_%)LL+UWT

Note that

Too = inf{t >0|S; <z*}

0.2

= inf{t>0] (r— 2)t—|—0Wt > logx}
T
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For any z € R™, consider
Tp. =inf{t > 0|5 <z}
and set

o(z2)=FE [6—7"%21%2@0([( — 57 )ﬂ

Tx,z

Then ¢(z) attains its maximum at z = x* . We are
going to calculate ¢ explicitly , then we will max-
imuize it to determine z* and u*(z) = ¢(x*) .
Clearly if z > x , then 7, . = 0 and ¢(z) = (K —x)™.
If 2 <, then 7, = inf{t > 0|5 = 2} and
¢z) = (K —z)" E(e”"™7) .

Note that
o2 _ z
r 5 t+ oW, ogaj}

_ __ 1 z
= nf{t>0]0t+W,=—log—}
o “x
where -
0=———.
o 2
White

T) =inf{t > 0| 6t + W, = b}
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Therefore for z < x A K , we observe

~ —rTY
o(z) = (K—2)E|e %ZOgE
T
_ (K . 2)69b+b\/92+2r
= (K — 2)ete3+5+2)
= (K — z)ezgl()g;
2
— (K — )(2) _
(5 —2)(%) ;
On [0, z] A [0, K] , we get
/ 271
9(z) =~ [Ky—(v+1) .
If
r < LK
v+1
then
max ¢(t) = p(x) = K —x
If
T > T Kk
v+1
then
K
maxg(t) = 617 = (K = ") ()7

)\:r,bzllogz
o "



where 5
Tk =g

_”y—l—l o249

Therefore

(z) = K—=x if x<az*
R (N0 s T S R TR
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16. Basic interest rate instruments and terminslugy

A deposit (fixed term) is an agreement between two
parties in which one pays the other a cash amount
and in return receive this money hack a pre-agrees
additional payment of interest.

actual  actual
actual fador or day count fraction = or

365 360

LIBOR = London Interbank Offer Rate
H (for Hong kong)
S (for Singapole)

Forward Rate Agreements

A forward rate agreement , or FRA |, is an agree-
ment between two counter parties to exchange cash
payments at some specified date in the future .
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T : reset date

S : payment date

A : notional amount

« : accural factor

K : fixed rate

Ly [T, S] = LIBOR for the period [T, S] that sets on
date T .

L [T, S] = forward LIBOR rate = the value of K for
which the FRA is t-value zero.

at time T : invert his unit capical at the spot LO-
BOR Ly [T, 5]

at time S : AaL7 [T, S]+[AaL [T, S] — AaLy [T, S]]
= Aaly [T, 5]

Interest Rate Swaps

An interest rate swap , which we will abbreviate to
swap , an agreement between two counterparties to
exchange a series of cashflow on pre-agreed dates in
the future.
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T = the start date (the start of the first accural pe-
riod)
S = maturity date (the date of the last cashflow)

parment frequeney (each leg can in general have a

difference payment frequeney )

K

par swap rate

swap rate (t = T) , forward swap rate (t < T)
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zero coupon bonds (pure discount)

Zero coupon bonds are assets which entitle the holder
to receive a cashflow at some future date T.

Discount factors and valuation

Dyp = the value, at time t, of a ZCB paying a unit
amount at time T', ¢t < T.

e We will usually assume that the initial discount
curve, {Dop = T > 0} if today is time zero, is
known.

e We will see how discount factor can be used to
express the value of the basic interest rate instru-
ments.
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Deposit valuation

Drr=1= DTS(l + Lp [T, S] a)
DTS = (1 + CYLT [T, SD_l

FRA valuation

payment under an FRA = «(Lyp [T, S] — K)
Drr — Drg
= — K
a( OzDTS )

(a derivative of ZCBs)

at time t
buy one unit of the T — bond
sell (1 + aK) units of the S — bond.
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at time T’

receive a unit payment from the maturing ZCB

deposite this unit payment until time S

at time S
the deposit and ZCB mature
(14+alp|T,S)—(14+aK)=a(Lr|S,T] — K)

No Arbitrage

DtT — (1 + OZK)DtS = ‘/t

L.[T,S] = forward LIBOR rate

— the value if L for which V; is zero
Dy — Dys

OthS

Swap valuation

VE<D - K '21 a;Dys,
]=
— KPt[T,S],S: (517527'”7571)
Pt [T, S] = Zl CYthSj
j:
(the present value of a basic point)
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at time t
buy one unit of the T — bond

sell one unit of the S, — bond.

at time T

receive one unit from the T — bond

deposit it at LIBOR until time S¢

at time Sy

receive one 1 + a1Ly [T, Sq]

ay Ly [T, S1] - replicate the swap extra unit of prin-
ciple deposit at LIBOR until time .55.

at time S,

receive one 1 + ay Ly, [Ty, Sy

FLT
Viiw = Dyr — D,

% . VFLT . VFXD
= Y t
= the value of a payer swap at time t

- DtT - DtSn — Kpt [T7 S]
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17.

y [T, S] = the value of K which set Vi = 0

= forward swap rate

_ Dir = Dys,
BT, 5]
The value of a receiver swap = —V;.

Some standard interest rate derivatives

Caps and Floors

Caps and floors are similar to swaps in that they
are made of a series of payments on regularly spaced
times , Sj,j = 1,2,---,n. On dates S; the holder
of a cap receiver a payment of amount

aymar{ K — Lz, [T}, S;] — K,0},T; = S

while the holder of a floor receives a payment of
amount

aymar{K — Lr, [T}, S;],0}

K : the strike of the sption
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18.

caplet / floorlet = an option on an FRA.
swaption : an option on a swap.
Future

T : a settlement date

{P;,0 < s < T} : future price process

®; — O = the net amount a counteopatty who buys
the future contract at time ¢ , when the future price
is @; , agrees to pay to the exchange over the time
interval [¢,T.

payment rules : the rules which determine precisely
how the net amount ®; — P is paid.

initial margin / maintence margin

Term-Structure models

W = {W,}o<i<r : a Brownian motion on some prob-
ability space (§2, F, P)

{F:}o<t<r+ : the natural filtration generated by W
{r(t);0 <t < T*}: an adapted interest rate process
satisfying /OT 7 (t)|dt < oo
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B(t,T) = price at time t of the zero-coupon bond
payment $1 at time T, 0 < ¢t < T*

Fundamental Theorem of Asset Pricing

A term structure model is free of arbitrage if and

only if there is a probability measure P equivalent to
P . under which for each T' < T

50~

, 0t < T
is a martingale.

Arbitrage — free bond prices

B(t,u) =

— B(t,u) = Ele” ' F)]

Term-Structure model : Any mathematical model
which determines , at least theoretically , the stochas-

tic process B(t,T) ,0 <t <T  forall T € (0,T")
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Forward rate agreement : L;|T, S|

at time t : buy a unit of 7-bond short Bi%i)e) units

of (T'+¢€) - bond . The value of this portfolio at time
s

B, T) B(t,T+¢) =0

B(t.T) - B(t,T + ¢)

at time T : receive $1 from the T-matuning zero
bond.

at time T + € : puy $-2¢D

B(t,T+e¢)

B(t7 T) _ eeLt(T,T—i—e)
B(t, T +¢)

L.e.
log B(t,T +¢) —log B(t,T)

€

Ly(T, T +¢€) = —
The forward rate is

ft,T) = hmo LT, T +¢)
0

= the instantaneous interest rate , agree at time ¢ ,
for money borrowed at time T
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T T 0
J; Fudu = = 7 o log B(t, u)du
= —log B(t,u) Z;T
= —log B(t,T)
1.c.
B(t,T) = ¢~ I ftwydu
Remark
B(t,T) = Ele~ i rwdu £,
0 - T
T B(t.T) = El—r(T)e Ji rt)du
S B(tT) = El-r(T)e 1 0% 7;
O BTl = —r(t)
8T ) T=t — r
l.e.

. Bond Options

W = (Wy)o<t<r+ @ BM on a probability space (€2, F, P)
(Ft)o<r<T+ : the information generates by W
(rt)o<r<7+ : adapted process with /OT 7(s)|ds < o0
a.s.

By = exp( /0 : r(s)ds) : accumulation factor

62



Assume that there exist a probability measure P,
equivalent to P, such that for every 0 < 7 < T™,

B(t,T)
By

07T,

is a p—martingale

B(t,T) : T-bond price at time t < T
B(t,T) = Ele~ ' 04| 7]

Write Lp = fi];
(a)For any non-negative random variable X ,we have

E[X] = E[XLy]

(b)If Xis F; measurable,then E[X] = E[X Ly],where
L; = E[L7|F] (Hence |5, = L)

(c)For any non-negative random variable X |

- 1
EIX|F] = | BIX Lyl

t
Indeed if Yis Fi-measurable | then

1
E[YME[XLT\EH



Hence

B(t,T) = Ele ) ") |

Proposition

There is an adapted process (q(t))o<t<r+ such that,
for all t € [0, 7],

L; = exp /0 s)dwg — /0 ds) a.s.

B{t,u) = Bleap(~ [" r(s)ds+ [ a(s)dw,— [

Proposition

For each maturity w, there is an adapted process
(0f)o<t< » such that,on [0,u],
dB(t,u)
B(t,u)

= (r(t) — o/q(t))dt + o' dw,

Note that —o}'q(t)is the difference between the aver-
age yield of the bond and the riskless rate here the
interpretation Recall that under p ,
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Wi =W, — /Ot q(s)ds is a BB and hence of -q(t) as a

"risk premium”
dB(t,u)
B(t,u)

= r(t)dt + o, dw,

For this reason the probability P is often call the risk
neutral probability.

Bond options

6 . maturity date

K : strike price

HY : the quantity of riskless asset

H; : the number of bond with maturity T

V(t) = the value of the portfolio at time t
= H)B, + H,dB(t,T)

Self-financing :

dV, = H)dB; + H;dB(t,T)

A strategy ¢ = (H?, Hy)o<t<7 is admissible if it is
self-financing and if the discounted value Vi(o) is

non-negative and if sup V;(¢) is square-integrable
t€[0,T

under P
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T heorem

We assume sup |r(t)| < ocas. and ol # 0 as.
0<t<T

for all £ € [0, 6.

Let 6 < T and h be a Fyp-measurable random vari-
able such that he=Jo ()45 i square-integrable under
P.

Then there exist an admissible strategy whose value
at time 6 is equal to h. The value at time ¢ < 6 of
such a strategy is given by

V, = E(e— fter(s)dsh‘f-t>
Proof

= (HE, H;):an admissible strategy dVi(0) =
t, T)ol'dW, Hence V; is a P-measurable i.c

= E[Vg( )| Fi] IF Vy(¢) = h, then we get
V, = el r(s)ds Ble~ fgr<5>d5h|,7-—t}
(2)3(J;)o<t<g such that /09 Jdt < coas. and he™ o 7(s)ds
i — [9r(s)ds 0 T/
E(he™ Jors)ds) +/O JdWys Set Hy = B(t#)a? and
HY = Elhe~ r)s| 7] — 2

t

Then ¢ = (Hy, HY) is a self-financing strategy whose

(1) ¢
H,B(
Vi(¢) =

value at time 6 is indeed equal to h.
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20. The Vasicek Model

dr(t) = a(b — r(t))dt + odW;

where a,b,o are non-negative constants.
Set
Xt = T(t) —b

Then
dXt = —CLXtdt + O'th

which means { X;} is an Ornstein—U hlenbeck pro-
cess.
We deduce that r(t) can be written as

r(t) = r(0)e " +b(1 — e ™) + ge /Ot e dW;

e (t) follows a normal law
o Er(t)=r(0)e "+b(1—e ) = b+(r(0)—b)e™ ™

o Var(r(t)) = £(1 — e~2)

e (t) converges in law to a Gaussian random vari-
. . 2
able with mean b and variable Z-.

We also assume that ¢(t) is a constant q(t) = —\ |
with A € R.
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Then

B(t,T) = Ele ¥ r5)ds| 7,

T

_ W) fle I (o) D)ds| )
_ e—b(T—t)E[e— ftT XSdS’]:t]

where b = b — A% and X, =r(t)—b.
Note that

dX, = —aX,dt + cdW,.....x

with
AW, = \dt + dW,

We can write
Ele™# X\ 5] = F(T — t,r(t) — b)
where F'is the function defined by
F(0,x) = Ele I X¥ds)

{ X7} being the unique solution of (*) which satisfies
Xg = Xy.
Since
_ at [t —
Xt =xe " +oe at/O e dW
we have
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Bl Xzds] = [) E[X2]ds

0 S
= a:/oee_asds
T
_- 1_ —ab
"1 ey

Note that
Var(/og)fgfds) = Cov /Og)fl"ds /OHXIdS
= [" [/ Cou(Xz, Xp)dsdt
and
Cov(X?, X7) = ole HWE /0 anW/o e dWy]

_ tAu
_ 0'26 at+u/0 2a5d8

2atA\u
_ 0_26—a(t+u)61
2a
Therefore
2 2 2

0 > o0 o —ab g —ab\2
VCLT(/O XSdS):a?_a}?’(l_e )—2&3(1—6 )
Hence

E[G_ f09 X?;fds} _ e—E[fOe )fg?ds]nL%Var(an XZds)

and
B(t,T) = e~ (T-OR(IT—tx()

69



Ee—)\X _ 6(—)\)EX+%(—)\)2”UCLTX

where
R(O,r) = ROO—1{(Roo—r)(l—e_ae)—az(1—6_“9)2}
’ al 4a?
with
52
Ry = eh_r)noo R(O,r)=b— 902

o R(T —t,r(t))can be seem as the average interest
rate on the period [t,T]

e Rnfty can be interpreted as a long-term rate

[t is immediately clear that the Vasicek Model does
not have enough free parameters so that it can be
calibrated to correctly price all pure discount bonds,
i.e. we cannot in general choose a, o, b and A to
simultaneously solve

B(0,T) = Elexp{— / s)ds}]

for all maturities T" > 0.
This led Hull and White (1990) to extend to the Va-
sicek Model by replacing these constants a,b,A, and

YA

o whit deterministic function,

dr(t) = (6(t) — a(t)r(t))dt + o(t)dW;
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Hull and white Model. Assume ,under the risk-neutral
measure P, we have

dr(t) = (a(t) — B(t)y(t))dt + o(t)dW (1)

where «a(t), B(t)and o(t) are deterministic function.

Set t
= |, B(s)ds

d(e"Or Dy = FD(B(t)r(t)dt + dr(t))
= O(a(t)dt + o(t)dW (1))
Integrating we get
r(t) = 0)+ /0 s)ds + /0 o(s)dW]

We see that r( ) is a Gauss1an process with mean
function

m(t) = e *D[r(0) + Ot e ay(s)ds]
and covariance function

(s, 1) = o k() —k(s) /OMS €2k(u)o_2(u)du

Moreover we have

B(0,T)b = Elexp{— /0 dt}
= exp{(— /o 1 1)21}@7“(/0T7“(t)dt)}
= exp{— A(O T) - C(O T) (0)}

71



Where

/0 /0 u)dudt

——/ 2k(v / e dy )*dv
and

C0,T)= [ et

Exercise
Show that

var /0 t)dt) = / / e

and

A0, T) = /0 / e
2 U)(/UTe—k:

Exercise
Show that

B(t,T) =exp{—A(t,T) — C(t,T)r(t)}
Where

A(t,T) = /tT[ek(“)oz(v)(/UT e "

1 /e dy dv
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21,

and .
C(t,T)= ek<t)/t e "W dy

By Ito’s lemma, we get

dB(LT) L
B(th) - {—C(t,T)(Oé(t)—ﬁ(t)?“(t))_2c (t,T)U (t)

—r(t)Cy(t, T) — Ay(t, T) }dt — C(t, T)o(t)dW (t)
=r(t)dt + o(t)C(t, T)dW ()
In particular,the volatility of the bond priceis o(t)C(t,T)

Calibration of the Hull-White Model

dr(t) = (at) — Bt)r(t)dt + o(t)dW (t))

k() = Jﬁ( >du
At T) = /tT / e FW) dy) _;e%() (’U)(/UTG_k(y)
dy)?|dv

Ct,T) = ek(t) /tT e MW
B(t,T) = exp{—rt)C(t,T) — A, T)}
Suppose we obtain B(0,T) for all T € [0, T*] from

market data (with some interpolation).
Can we determine the function «(t), 5(t), ando(t)
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for all ¢ € [0, T™]

We take the following input data foe the calibration:
1.B(0,7),0<T < T

2.7(0);

3.a(t);

4.0(t),0 <t < T*(usually assumed to be constant)
5.0(0)C(0,T),0 < T < T*(the volatility at time
zero of bond of all maturities)

Step 1

—logaaTC'(O,T) = k(T)

0(0.7) = [T ety —
k(T) = fy Bly)dy

= B(T) = gpk(T) = —gplog5:C(0,T)
Step 2

From the formula

B(0,T) = exp{—r(0)C(0,T) — A0, T)}

We can solve for A(0,T) for all 0 < T < T™.
Sept 3

a%[ek<T)a%[ek(T)a%A(oﬂT)]] _ O/(T)e%(T)+205(T)5(T)62k(T>—
PN (T),0< T < T*
This give us an ordinary equation for o

o/ (T)e* ™) 4 2a(T)B(T)e* ™) — 2 Do*(T)
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=know function of t.
We can solve the equation numerically to determine
the function «(t),0 < T < T™.
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