CHAPTER 5PRIVATE 

BOND VALUE AND RETURN

5.1 INTRODUCTION

In Part I we examined a number of different debt securities. All of these securities can be evaluated in terms of the characteristics common to all assets: value, return, risk, maturity, marketability, liquidity, and taxability.  In this and the next two chapters, we will analyze debt securities in terms of these characteristics.  In this chapter we will look at how debt instruments (which we will usually refer to here as bonds) are valued and how their rates of return are measured.  This chapter is very technical, entailing a number of definitions.  Understanding how bonds are valued and their rates determined, though, is fundamental to being able to evaluate and select bonds.

5.2 BOND VALUATION

5.2.1. Pricing Bonds

An investor who has purchased a bond can expect to earn a possible return from the bond's periodic coupon payments, from capital gains (or losses) when the bond is sold, called, or matures, and from interest earned from reinvesting coupon payments.  Given the market price of the bond, the bond's yield is the interest rate which makes the present value of the bond's cash flows equal to the bond price.  This yield takes into account these three sources of return.  In Section 5.3 we will discuss how to solve for the bond's yield given its price.  Alternatively, if we know the rate we required in order to buy the bond, then we can determine its value. 


Like the value of any asset, the value of a bond is equal to the sum of the present values of its future cash flows: 
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where Vb0 is the value or price of the bond, CFt is the bond's expected cash flow in period t, including both coupon income and repayment of principal, R is the period discount rate, and M is the time to maturity on the bond.  The discount rate is the required rate, that is, the rate investors require to buy the bond.  This rate is typically estimated by determining the rate on a security with comparable characteristics.


As we noted in Part I, many bonds pay a fixed coupon interest each period, with the principal repaid at maturity.  The coupon payment, C, is often quoted in terms of the bond's coupon rate, CR.  The coupon rate is the contractual rate the issuer agrees to pay on the bond.  This rate is often expressed as a proportion of the bond's face value (or par) and is usually stated on an annual basis.  Thus, a bond with a face value of $1,000 and a 10% coupon rate would pay an annual coupon of $100 each year for the life of the bond:




         
C = CRF = (.10)($1,000) = $100.

The value of a bond paying a fixed coupon interest each year and the principal at maturity, in turn, would be:
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With the coupon payment fixed each period, the C term in Equation (5.2-2) can be factored out and the bond value can be expressed as:
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The term 
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 is the present value of $1 received each year for M years.  It is defined as the present value interest factor (PVIF).  The PVIF for different terms and discount rates can be found using the PVIF Tables in Appendix B at the end of the book.  It also can be calculated using the following formula:
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Thus, if investors required a 10% annual rate of return on a 10-year, high quality corporate bond paying a coupon equal to 9% of par each year and a principal of $1,000 at maturity, then they would price the bond at $938.55.  That is:
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5.2.2 Bond Price Relations 

Relation Between Coupon Rate,

Required Rate, Value, and Par Value

The value of the bond in the above example is not equal to its par value.  This can be explained by the fact that the discount rate and coupon rate are different.  Specifically, for investors in the above case to obtain the 10% rate per year from a bond promising to pay an annual rate of CR = 9% of par, they would have to buy the bond at a value, or price, below par: the bond would have to be purchased at a discount from its par, V0b < F.  In contrast, if the coupon rate is equal to the discount rate (i.e., R = 9%), then the bond's value would be equal to its par value, V0b = F.  In this case, investors would be willing to pay $1,000 for this bond, with each investor receiving $90 each year in coupons.  Finally, if the required rate is lower than the coupon rate, then investors would be willing to pay a premium over par for the bond, V0b > F.  This might occur if bonds with comparable features were trading at rates below 9%.  In this case, investors would be willing to pay a price above $1,000 for a bond with a coupon rate of 9%.  Thus, the first relationship to note is that a bond's value (or price) will be equal, greater than, or less than its face value depending on whether the coupon rate is equal, less than, or greater than the required rate.  That is:

	PRIVATE 


Bond-Price


Relation 1:
	if CR = R ( 
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In addition to the above relations, the relation between the coupon rate and required rate also explains how the bond's value changes over time.  If the required rate is constant over time, and if the coupon rate is equal to it (i.e., the bond is priced at par), then the value of the bond will always be equal to its face value throughout the life of the bond.  This is illustrated in Exhibit 5.2-1 by the horizontal line which shows the value of the 9% coupon bond is always equal to the par value.  Here investors would pay $1,000 regardless of the terms to maturity.  On the other hand, if the required rate is constant over time and the coupon rate is less (i.e., bond is priced at a discount), then the value of the bond will increase as it approaches maturity; if the required rate is constant, and the coupon rate is greater (i.e., the bond is priced at a premium), then the value of the bond will decrease as it approaches maturity.  These relationships are illustrated in Exhibit 5.2-1.

Relation Between Value and Rate of Return

Given known coupon and principal payments, the only way an investor can obtain a higher rate of return on a bond is for its price (value) to be lower.  In contrast, the only way for a bond to yield a lower rate is for its price to be higher.  Thus, an inverse relationship exists between the price of a bond and its rate of return.  This, of course, is consistent with Equation (5.2‑1) in which an increase in R increases the denominator and lowers Vb.  Thus, the second bond relationship to note is that there is an inverse relationship between the price and rate of return on a bond.  That is:
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Relation 2:
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The inverse relation between a bond's price and rate of return is illustrated by the negatively sloped price-yield curves shown in Exhibit 5.2-2.  The curve shown in the exhibit illustrates the different values of a 10-year, 9% coupon bond given different rates.  As shown, the 10-year bond has a value of $882.22 when R = 11%, $1,000 when R = 9%, and $1,140.47 when R = 7%.  In addition to showing a negative relation between price and yield, the price-yield curve is also convex from below (bowed shaped).  This convexity implies that for equal increases in yields, the value of the bond decreases at a decreasing rate (for equal decreases in yields, the bond’s price  increase at increasing rates)  Thus, the inverse relationship between bond prices and yields is non-linear.

The Relation Between a Bond's Price Sensitivity

to Interest Rate Changes and Maturity

The third bond relationship to note is the relation between a bond's price sensitivity to interest rate changes and its maturity.  Specifically:

	PRIVATE 

Bond‑Price

Relation 3:
	The greater the bond's maturity, the greater its price sensitivity to a given change in interest rates.




This relationship can be seen by comparing the price sensitivity to interest rate changes of the 10‑year, 9% coupon bond in our above example with a 1‑year, 9% coupon bond.  As shown in Exhibit 5.2-3, if the required rate is 10%, then the 10‑year bond would trade at $938.55, while the 1‑year bond would trade at $990.91 ($1,000/1.10).  If interest rates decrease to 9% for each bond (a 10% change in rates), both bonds would increase in price to $1,000.  For the 10‑year bond, the percentage increase in price would be 6.55% (($1,000‑$938.55)/$938.55), while the percentage increase for the 1‑year bond would be only 0.92%.  Thus, the 10‑year bond is more price sensitive to the interest rate change than the 1‑year bond.  In addition, the greater price sensitivity to interest rate changes for longer maturity bonds also implies that their price-yield curves are more convex than the price-yield curves for smaller maturity bonds.  

The Relation Between a Bond's Price Sensitively

to Interest Rate Changes and Coupon Payments
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Consider two 10‑year bonds, each priced at a discount rate of 10% and each paying a principal of $1,000 at maturity, but with one bond having a coupon rate of 10% and priced  at $1,000, while the other having a coupon rate of 2% and priced at $508.43:
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Now suppose that the rate required on each bond decreases to a new level of 9%.  The price on the 10% coupon bond, in turn, would increase by 6.4% to equal $1,064.18, while the price on the 2% coupon bond would increase by 8.3% to $550.76.

In this case the lower coupon bond's price is more responsive to given interest rate changes than the price of the higher coupon bond.  Thus:

	PRIVATE 

Bond‑Price

Relation 4:
	The lower a bond's coupon rate, the greater its price sensitivities to changes in discount rates.




5.2.3 Pricing Bonds with Different Cash Flows

Equation (5.2-2) can be used to value bonds that pay coupons on an annual basis and a principal at maturity.  Bonds, of course, differ in the frequency in which they pay coupons each year, and many bonds have maturities less than one year.  Also, when investors buy bonds they often do so at non-coupon dates.  Equation (5.2-2), therefore, needs to be adjusted to take these factors into account.

Semi‑Annual Coupon Payments

Many bonds pay coupon interest semiannually.  When bonds make semi-annual payments, three adjustments to Equation (5.2‑2) are necessary: (1) The number of annual periods is doubled; (2) the annual coupon rate is halved; (3) the annual discount rate is halved.  Thus, if our illustrative 10‑year, 9% coupon bond trading at a quoted annual rate of 10% paid interest semiannually instead of annually, it would be worth $937.69.  That is:
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Note that the rule for valuing semi‑annual bonds is easily extended to valuing bonds paying interest even more frequently.  For example, to determine the value of a bond paying interest four times a year, we would quadruple the annual periods and quarter the annual coupon payment and discount rate.  In general, if we let n be the number of payments per year (i.e., the compounding per year), M be the maturity in years, and, as before, R be the discount rate quoted on an annual basis, then we can express the general formula for valuing a bond as follows:
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When n becomes very large, we approach continuous compounding.  How to value bonds with continuous compounding is presented in Appendix C at the end of this book.

Valuing Bonds With Maturities Less Than One Year

When a bond has a maturity less than one year, its value can be determined by discounting the bond's cash flows by the period rate.  However, the convention is to discount by using an annualized rate instead of a period rate, and to express the bond's maturity as a proportion of a year, with the year being 365 days.  Thus, a bond paying $100 seventy days from today and trading at an annual discount rate of 8% would be worth $98.53.
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Valuing Bonds at Non‑Coupon Dates

Equations (5.2‑2) and (5.2-3) can be used to value bonds at dates in which the coupons are to be paid in exactly one period. However, most bonds purchased in the secondary market are not bought on coupon dates, but rather at dates in between coupon dates.  An investor who purchases a bond between coupon payments must compensate the seller for the coupon interest earned from the time of the last coupon payment to the settlement date of the bond.
  As noted in Chapter 2, this amount is known as accrued interest.
  The formula for determining accrued interest is:
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The amount the buyer pays to the seller is the agreed-upon price plus the accrual interest.  This amount is often called the full-price or dirty price.  The price of a bond without accrued interest is called the clean price:


    

     
Full Price = Clean Price + Accrued Interest.


As an example, consider a 9% coupon bond with coupon payments made semiannually and with a principal of $1,000 paid at maturity.  Suppose the bond is trading to yield an annual rate of R = 10% and has a current maturity of 5.25 years.  The clean price of the bond is found by first determining the value of the bond at the next coupon date.  In this case, the value of the bond at next coupon date would be $961.39:
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Next, we add the $45 coupon payment scheduled to be received at that date to the $961.39 value:






$961.39 + $45 = $1,006.39

The value of $1,006.39 represents the value of bond three months from the present.  Discounting this value back 3-months yields the bond's current value of $982.13:
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Finally, since the accrued interest of the bond at the next coupon payment goes to the seller, this amount is subtracted from the bond's value to obtain the clean price:
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Thus, the bond's full price (or dirty price) is $982.13, which is equal to its clean price of $959.63 less the accrued interest of $22.50.

Price Quotes, Fractions, and Basis Points

While many corporate bonds pay principals of $1,000, this is not the case for many noncorporate bonds and fixed income securities.  As a result, many traders quote bond prices as a percentage of their par value.  For example, if a bond is selling at par, it would be quoted at 100 (100% of par); thus, a bond with a face value of $10,000 and quoted at 80-1/8 would be selling at (.801252)($10,000) = $8,012.50.  When a bond's price is quoted at a percentage of par, the quote is usually expressed in points and fractions of a point, with each point equal to $1.  Thus, a quote of 97 points means that the bond is selling for $97 for each $100 of par.  The fractions of points differ among bonds.  Fractions are either in thirds, eighths, quarters, halves, or 64ths.  On a $100 basis, a 1/2 point is $0.50 and a 1/32 point is $0.03125.  A price quote of 97-4/32 (97.4 or 97-4) is 97.125 for a bond with a 100 face value.  It should also be noted that bonds expressed in 64ths usually are denoted in the financial pages with a plus sign (+): for example, 100.2+, would indicate price of 100 5/64.


Finally, it should be noted that when the yield on a bond or other security changes over a short period, such as a day, the yield and subsequent price changes are usually quite small.  As a result, fractions on yields are often quoted in terms of basis points (BP).  A BP is equal to 1/100 of a percentage point.  Thus, 6.5% may be quoted as 6% plus 50 BP or 650 BP, and an increase in yield from 6.5% to 6.55% would represent an increase of 5 BP.

5.3 THE YIELD TO MATURITY AND OTHER 

RATES OF RETURN MEASURES
The financial markets serve as conduits through which funds are distributed from borrowers to lenders.  The allocation of funds is determined by the relative rates paid on bonds, loans, and other financial securities, with the differences in rates among claims being determined by risk, maturity, and other factors, which serve to differentiate the claims.  There are a number of different measures of the rates of return on bonds and loans.  Some measures, for example, determine annual rates based on cash flows received over 365 days, while others use 360 days; some measures determine rates which include the compounding of cash flows, while some do not; and some measures include capital gains and losses, while others exclude price changes.  In this section, we examine some of the measures of rates of return, including the most common measure - the yield to maturity, and in Sections 5.4, 5.5, and 5.6 we look at three other important rate measures -the spot rate, the annual realized return, and the geometric mean.

5.3.1 Common Measures of Rates of Return

When the term rate of return is used it can mean a number of different rates, including the interest rate, coupon rate, current yield, or discount yield.  The term interest rate usually refers to the price a borrower pays a lender for a loan.  Unlike other prices, this price of credit is expressed as the ratio of the cost or fee for borrowing and the amount borrowed.  This price is typically expressed as an annual percentage of the loan (even if the loan is for less than one year): 
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Another measure of rate of return is a bond's coupon rate.  As noted in the last section, the coupon rate, CR, is the contractual rate the issuer agrees to pay each period.  It is usually expressed as a proportion of the annual coupon payment to the bond's face value:
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Unless the bond is purchased at par, the coupon rate is not a good measure of the bond's rate of return, since it fails to take into account the price paid for the bond.


The current yield on a bond is computed as the ratio of the bond's annual coupon to its current price.  This measure provides a quick estimate of a bond's rate of return, but certainly not an accurate one since it does not capture price changes.  Finally, the discount yield is the bond's return expressed as a proportion of its face value.  For example, a one-year pure discount bond costing $900 and paying a par value of $1,000 yields $100 in interest and a discount yield of 10%:
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The discount yield used to be the rate quoted by financial institutions on their loans (since the discount rate is lower than a rate quoted on the borrowed amount), and it is the rate quoted by Treasury dealers on Treasury bills.  The difficulty with the discount yield is that it does not capture the conceptual notion of the rate of return being the rate at which the investment grows.  In this example, the $900 bond investment grew at a rate of over 11%, not 10%:
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5.3.2 Yield to Maturity

The most widely used measure of a bond's rate of return is the yield to maturity (YTM).  As noted earlier, the YTM, or simply the yield, is the rate which equates the purchase price of the bond, PB0, with the present value of its future cash flows.  Mathematically, the YTM is found by solving the following equation for y (YTM):
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The YTM is analogous to the internal rate of return used in capital budgeting.  It is a measure of the rate at which the investment grows.  From our first example, if the ten‑year, 9% annual coupon bond was actually trading in the market for $938.55, then the YTM on the bond would be 10%.  Unlike the current yield, the YTM incorporates all of the bonds cash flows (CFs).  It also assumes the bond is held to maturity and that of all CFs from the bond are reinvested to maturity at the calculated YTM.

Estimating YTM: Average Rate to Maturity

If the cash flows on the bond (coupons and principal) are not equal, then Equation (5.3‑1) cannot be solved directly for the YTM.  Alternatively, one must use an iterative (trial and error) procedure: substituting different y values into Equation (5.3‑1), until that y is found which equates the present value of the bond's cash flows to the market price.  An estimate of the YTM, however, can be found using the bond's Average Rate to Maturity (ARTM).
  This measure determines the rate as the average return per year as a proportion of the average price of the bond per year.  For a coupon bond with a principal paid at maturity, the average return per year on the bond is its annual coupon plus its average capital gain.  For a bond with a M‑year maturity, its average gain is calculated as the total capital gain realized at maturity divided by the number of years to maturity: (F‑P0b)/M.  The average price of the bond is computed as the average of two known prices, the current price and the price at [image: image28.wmf]Interest
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maturity (F): (F+P0b)/2.  Thus the ARTM is:

The ARTM for the 9%, 10‑year bond trading at $938.55 is 0.0992:





    ARTM = 
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5.3.3 YTM, Bond Equivalent Yields, and Effective Yields

The YTM calculated above represents the yield for the period (in the above example this was an annual rate, given annual coupons).  If a bond's CFs are semi-annual, then solving Equation (5.3-1) for y would yield a 6-month rate; if the CFs are monthly, then solving (5.3-1) for y would yield a monthly rate.  To obtain a simple annualized rate (with no compounding), yA, one needs to multiply the periodic rate, y, by the number of periods in the year.
  Thus, if a 10-year bond paying $45 every six months and $1,000 at maturity is selling for $937.69, its 6-month yield would be .05 and its simple annualized rate, yA, would be 10%:
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The annualized yield obtained by solving for the semi-annual rate and then multiplying that rate by two is called the bond-equivalent rate.  This rate, though, does not take into account the reinvestment of CFs during the year.  Therefore, it underestimates the actual rate of return earned.  Thus, an investor earning 5% semiannually would have $1.05 after six months from a $1 investment which she can reinvest for the next six months.  If she reinvests at 5%, then her annual rate would be 10.25%, not 10%:






(1.05)(1.05) - 1 = (1.05)2 - 1 = .1025.

This 10.25% annual rate, which takes into account compounding, is known as the effective rate.  

5.3.4 Holding Period Yields

The YTM measures the rate of return earned for an investor who holds the security to maturity.  For investors who plan to hold the security for a period less than the maturity period, for example holding it for a period of length K (where K<M) and then selling the security at a price of PK, the yield they obtain is referred to as the holding period yield, HPY.  The HPY is found by solving the following equation for y: 

[image: image30.wmf]Discount

Yield

F

P

F

=

-

=

=

0

10

$100

$1000

.

.


For just one period, the HPY is found by solving for y where:
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Here, y can be found algebraically by solving Equation (5.3-4) for y.  That is:
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5.3.5 Yield to Call

The yield to call, YTC, is the rate obtained by assuming the bond is called on the first call date (if specified in the indenture).  Like the YTM, the YTC is found by solving for the rate which equates the present value of the CFs to the market price.  That is:
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Thus, a 10-year, 9% coupon bond first callable in 5 years at a call price of $1050, paying interest semiannually, and trading at $937.69, would have a YTM of 10% and a YTC of 13%:
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Many investors calculate the YTC for each possible call date, as well as the YTM.  They then select the lowest of the yields as their yield return measure.  The lowest yield is sometimes referred to as the yield to worst.

5.3.6 Yields on Bonds with Constant Cash Flows

If a bond pays a coupon and principal which are not equal, then no direct or algebraic solution for the YTM exists.  A direct solution does exist, however, in the case of securities with equal cash flows.  Specifically, for a bond in which the principal has been fully amortized over the life of the instrument and in which fixed payments of interest and principal are made each period, the effective rate can be found by solving algebraically for the PVIF and then finding the rate which corresponds with that value and maturity.  For example, a mortgage-backed bond paying a CF = $1,319 per year and selling at PO = $5,000 would yield 10%.  This 10% yield can be found by solving for the PVIF and then using the PVIF Table in Appendix B at the end of the book to find the rate.  In this case, the PVIF is 3.791:
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Using the PVIF Table, the rate corresponding to five years and 3.791 is 10%.

5.3.7 Bond Portfolio Yields

The yield for a portfolio of bonds is found by solving the rate that will make the present value of the portfolio's cash flows equal to the market value of the portfolio.  For example, a portfolio consisting of a two-year, 5% annual coupon bond priced at par (100) and a three-year, 10% annual coupon bond priced at 107.87 to yield 7% (YTM) would generate a three-year cash flow of $15, $115, and $110 and would have a portfolio market value of $207.87.  The rate which equates this portfolio's cash flows to its portfolio value is 6.3%.  That is:
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Note that this yield is not the weighted average of the YTM of the bonds comprising the portfolio.  In this example, the weighted average (Rp) is 6.04%:
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Thus, the yield for a portfolio of bonds is not simply the average of the YTMs of the bonds making up the portfolio.

5.4 RATES ON PURE DISCOUNT BONDS: SPOT RATES

5.4.1 Formula for the Rate on Pure Discount Bonds

While no algebraic solution for the YTM exists when a bond pays coupons and principal which are not equal, a solution does exists in the case of pure (or zero) discount bonds (PDBs) in which there is only one cash flow (F):
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Thus, a pure discount bond with a par value of $1,000, a maturity of three years, and trading for $800 would have an annualized YTM of 7.72%. That is:
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Similarly, a pure discount bond paying $100 at the end of 182 days and trading at $96 would yield an annual rate of 8.53%:
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It should be noted that the rate on a pure discount bond is also called the spot rate.  As we will see next, spot rates are important in determining a bond’s equilibrium price. 

5.4.2 Spot Rates and Equilibrium Prices
We previously examined how bonds are valued by discounting their cash flows at a common discount rate.  Given different spot rates on similar bonds with different maturities, the correct approach to valuing a bond, though, is to price it by discounting each of the bond's CFs by the appropriate spot rates for that period.  Theoretically, if the market does not price bonds with spot rates, arbitrageurs would be able to realize a riskless return by buying the bond and stripping it into a number of pure discount bonds (see Chapter 3 for discussion on strip securities), or by buying strip bonds and bundling them into a coupon bond to sell.  Thus, in the absence of arbitrage, the equilibrium price of a bond is determined by discounting each of its CFs by their appropriate spot rates.


To illustrate this relationship, suppose there are three riskless pure discount bonds, each with principals of $100 and trading at annualized spot rates (st) of s1 = 7%, s2 = 8%, and s3 = 9%, respectively.  If we discount the CFs of a three-year, 8% annual coupon bond paying a principal of $100 at maturity at these spot rates, its value or equilibrium price, P*O, would be $97.74:
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Suppose this coupon bond were trading in the market at a price (Pm0) of $95.03 to yield a YTM of 10%:

At the price of $95.03, an arbitrageur could buy the bond, then strip into three riskless pure discount bonds: One-year pure discount bond paying $8 at maturity, a two-year pure discount bond paying $8 at maturity, and a three-year pure discount bond paying $108 at maturity.  If the arbitrageur could sell the bonds at their appropriate spot rates, she would be able to realize a cash flow from the sale of 97.74 and a riskless profit of $2.71 (see Table 5.4-1).  Given this riskless opportunity, this arbitrageur, as well as others, would implement this strategy of buying and stripping the bond until the price of the coupon bond was bid up to equal its equilibrium price of $97.74.


On the other hand, if the 8% coupon bond were trading above the equilibrium price of $97.74, then arbitrageurs could profit by reversing the above strategy.  For  example, if the coupon bond were trading at $100, then arbitrageurs would be able to go into the market and buy proportions (assuming perfect divisibility) of the three riskless pure discount bonds (8% of Bond 1, 8% of Bond 2, and 1.08% of Bond 3) at a cost of $97.74, bundle them into one three-year, 8% coupon bonds to be sold at $100.  As shown in Table 5.4-2, this strategy would result in a riskless profit of $2.26.

5.4.3 Estimating Spot Rates: Bootstrapping

Many investment companies use spot rates to value bonds, and there are a number of securities that have been created by arbitrageurs purchasing bonds valued at rates different than the spot rates, stripping the securities, and then selling them.  (Recall our discussion of stripped Treasury and mortgage-backed securities in Chapter 3.)  One problem, though, in valuing bonds with spot rates or in creating stripped securities is that there are not enough longer-term pure discount bonds available to determine the spot rates on higher maturities.  As a result, long-term spot rates have to be estimated.


One estimating approach that can be used is a sequential process commonly referred to as bootstrapping.  This approach requires having at least one pure discount bond, such as a Treasury bill.  Given this bond's rate, a coupon bond with the next highest maturity is used to obtain an implied spot rate; then another coupon bond with the next highest maturity is used to find the next spot rates, and so.  As an example, consider the three riskless bonds in Table 5.4-3.  Bond 1 is a one-year pure discount bond selling at $100 and paying $107 at maturity.  The one-year spot rate using this bond is 7%:
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Bond 2 is an 8% annual coupon bond selling at par to yield 8% (YTM = 8%).  The spot rate on a two-year riskless bond can be determined by setting this bond's price (Pb0 = $100) equal 
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to the equation for its equilibrium price, P*0 (price obtained by discounting CFs by spot rates), and then solving the resulting equation for the two-year spot rate (s2).  Doing this yields a two-year spot rate of 8.042%:
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Finally, given one-year and two-year spot rates, the three-year spot rate can be found by setting the price of the three-year coupon bond equal to its equilibrium price, and then solving the resulting equation for s3.  Doing this yields a three-year spot rate of 9.12%:
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It should be noted that the equilibrium prices of other one-, two-, or three-year bonds can be obtained using these spot rates.  For example, the equilibrium price of a riskless, three-year, 10% annual coupon would be $102.57:

5.5 ANNUAL REALIZED RETURN

Equation (5.4‑1) provides the formula for finding the YTM for pure discount bonds.  A useful extension of Equation (5.4‑1) is the annual realized return, ARR (also called the total return). The ARR is the annual rate earned on a bond for the period from when the bond is bought to when it is converted to cash (which could be either maturity or a date prior to maturity if the bond is sold), with the assumption that all coupons paid on the bond are reinvested to that date. The ARR is computed by first determining the investor's horizon date, HD, defined as the date the investor needs cash; next finding the HD value, defined as the total funds the investor would have at his HD; and third solving for the ARR using a formula similar to Equation (5.4‑1).

[image: image47.wmf]P

P

m

t

t

m

0

3

1

3

0

3

3

1

10

1

10

1

1

1

10

10

1

10

03

=

+

=

-

L

N

M

O

Q

P

+

=

=

å

$8

(

.

)

$100

(

.

)

$8

(

/

.

)

.

$100

(

.

)

$95

.

.


To illustrate, suppose an investor buys a 4‑year, 10% annual coupon bond selling at its par value of $1,000.  Assume the investor needs cash at the end of year 3 (HD = 3), is certain he can reinvest the coupons during the period in securities yielding 10%, and expects to sell the bond at his HD at a rate of 10%.  To determine the investor's ARR, we first need to find the HD value.  This value is equal to the price the investor obtains from selling the bond and the value of the coupons at the HD.  In this case, the investor, at his HD, will be able to sell a one‑year bond paying a $100 coupon and a $1,000 par at maturity for $1,000, given the assumed discount rate of 10%. That is:

Also at the HD, the $100 coupon paid at the end of the first year will be worth $121, given the assumption it can be reinvested at 10% for two years, $100(1.10)2 = $121, and the $100 received at the end of year two will, in turn, be worth $110 in cash at the HD, $100(1+.10) = $110. Finally, at the HD the investor would receive his third coupon of $100. Combined, the investor would have $1,331 in cash at the HD: HD value = $1,331 (see Table 5.5‑1).


Given the HD value of $1,331, the ARR is found in the same way as the YTM for a pure discount bond. In this case, a $1,000 investment in a bond yielding $1,331 at the end of year 3 yields an ARR of 10%.  That is:
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Equation (5.5‑1) provides the general formula for computing the ARR. In the above example, the ARR is 10%, which is the same rate at which the bond was purchased (i.e., a 10% coupon bond, selling at par, yields a YTM of 10%).  In  this case, obtaining an ARR equal to the initial YTM should not be surprising, since the coupons are assumed to be reinvested at the same rate as the initial YTM (10%) and the bond is also assumed to be sold at that rate as well  (recall, the YTM measure implicitly assumes that all coupons are reinvested at the calculated YTM).  If the coupons were expected to be reinvested at different rates or the bond sold at a different YTM, then an ARR equal to the initial YTM would not have been realized. Such differences, in turn, can be explained in terms of market risk (see Chapter 7).

5.6 GEOMETRIC MEAN

Another useful measure of the return on a bond is its geometric mean.  Conceptually, the geometric mean can be viewed as an average of current and future rates. To see this, consider one of our previous examples in which we computed a YTM of 7.72% for a pure discount bond selling for $800 and paying $1,000 at the end of year three. The rate of 7.72% represents the annual rate at which $800 must grow to be worth $1,000 at the end of three years. If we do not restrict ourselves to the same rate in each year, there are other ways $800 could grow to equal $1,000 at the end of three years. For example, suppose one‑year bonds are currently trading at a 10% rate, a one‑year bond purchased one year from the present is expected to yield 8% (RMt=R11=8%), and a one‑year bond to be purchased two years from the present is expected to be 5% (RMt=R12=5%). With these rates, $800 could grow to $1,000 at the end of year three. Specifically, $800 after the first year would be $880 = $800(1.10), after the second, $950 = $800(1.10)(1.08), and after the third, $1,000 = $800(1.10)(1.08)(1.05). Thus, an investment of $800 which yielded $1,000 at the end of three years could be thought of as an investment which yielded 10% the first year, 8% the second, and 5% the third. Moreover, 7.72% can be viewed not only as the annual rate in which $800 can grow to equal $1,000, but also as the average of three rates: one‑year bonds today (RMt=R10), one‑year bonds available one year from the present (RMt=R11), and one‑year bonds available two years from the present (RMt=R12).  That is:
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Mathematically, the expression for the average rate on an M‑year bond in terms of today's and future one‑year rates can be found by solving Equation (5.6‑1) for YTMM. This yields:


Equation (5.6-2) defines the rate of return on an M‑year bond in terms of rates that are expected in the future.  A more useful concept than an expected rate, though, is the implied forward rate.

5.6.1 Implied Forward Rate

An implied forward rate, fMt, is a future rate of return implied by the present interest rate structure.  This rate can be attained by going long and short in current bonds.  To see this, suppose the rate on a one‑year, pure discount bond is 10% (i.e., spot rate is s1 = 10%) and the rate on a similar two‑year pure discount bond is s2 = 9%.  Knowing today's rates we could solve for f11 in the equation below to determine the implied forward rate. That is:
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Thus, with one‑year and two‑year pure discount bonds presently trading at 9% and 10%, respectively, the rate implied on one‑year bonds to be bought one year from the present is 8%. This 8% rate, though, is simply an algebraic result.  This rate actually can be attained, however, by implementing the following locking‑in strategy:



(1) sell the one‑year pure discount bond short (or borrow an equivalent amount of funds at the one‑year pure discount bond (spot) rate);



(2) use the cash funds from the short sale (or loan) to buy a multiple of the two‑year pure discount bond;



(3) cover the short sale (or pay the loan principal and interest) at the end of the first year;



(4) collect on the maturing two‑year bond at the end of the second year.

In terms of the above example, the 8% implied forward rate is obtained by:



(1) executing a short‑sale by borrowing the one‑year bond and selling it at its market price of $909.09 = $1,000/1.10 (or borrowing $909.09 at 10%);



(2) with two‑year bonds trading at $841.68 = $1,000/(1.09)2, buying $909.09/$841.68 = 1.08 issues of the two year bond;



(3) at the end of the first year covering the short sale by paying the holder of the one-year bond his principal of $1,000 (or repay loan);



(4) at the end of the second year receiving the principal on the maturing two‑year bond issues of (1.08)($1,000) = $1,080.


With this locking‑in strategy the investor does not make a cash investment until the end of the first year when he covers the short sale; in the present, the investor simply initiates the strategy. Thus, the investment of $1,000 is made at the end of the first year. In turn, the return on the investment is the principal payment of $1,080 on the 1.08 two‑year bonds which comes one year after the investment is made. Moreover, the rate of return on this one‑year investment is 8% (($1,080‑$1,000)/$1,000). Hence, by using a locking‑in strategy, an 8% rate of return on a one‑year investment to be made one year in the future is attained, with the rate being the same rate obtained by solving algebraically for f11.


Given the concept of implied forward rates, the geometric mean now can be formally defined as the geometric average of the current one‑year spot rate and the implied forward rates. That is:
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Two points regarding the geometric mean should be noted. First, the geometric mean is not limited to one‑year rates. That is,  just as 7.72% can be thought of as an average of three one‑year rates of 10%, 8% and 5%, an implied rate on a 2‑year bond purchased at the end of one year, fMt = f21, can be thought of as the average of one‑year implied rates purchased one and two years, respectively, from now. Accordingly, the geometric mean could incorporate an implied two‑year bond by substituting (1+f21)2 for (1+f11)(1+f12) in Equation (5.6-3). Similarly, to incorporate a 2‑year bond purchased in the present period and yielding YTM2, one would substitute (1+YTM2)2 for (1+s1) (1+f11).  Thus:
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Secondly, note that for bonds with maturities of less than one year, the same general formula for the geometric mean applies. For example, the annualized YTM on a pure discount bond maturing in 182 days (YTM182) is equal to the geometric average of a current 91-day bond's annualized rate (s91) and the annualized implied forward rate on a 91-day investment made 91 days from the present, f91,91:
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Thus, if a 182-day pure discount bond is trading at Pb182 = $97 (assume F of $100) and a 

comparable 91-day bond is at Pb91 = 98.35, then the implied forward rate on a 91-day bond purchased 91 days later would be 5.7%. That is:
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5.6.2 Usefulness of the Geometric Mean

One of the practical uses of the geometric mean is in comparing investments in bonds with different maturities.  For example, if the present interest rate structure for pure discount bonds were such that two-year bonds were providing an average annual rate of 9% and one-year bonds were at 10%, then the implied forward rate on a one-year bond, one year from now would be 8%.  With these rates, an investor could equate an investment in the two-year bond at 9% as being equivalent to an investment in a one-year bond today at 10% and a one-year investment to be made one year later yielding 8% (possibly through a locking-in strategy).  Accordingly, if the investor knew with certainty that one-year bonds at the end of one year would be trading at 9% (a rate higher than the implied forward rate), then he would prefer an investment in the series of one-year bonds over the two-year bond.  That is, by investing in a one-year today and a one-year bond, one year from now the investor would obtain 10% and 9%, respectively, for an average annual rate on the two-year investment of 9.5%; specifically:
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This, of course, exceeds the 9% average annual rate the investor would obtain if he bought the two-year bond; thus in this case, the series of one-year bonds represents the better investment.  In contrast, if the investor expected with certainty that, at the end of one year, one-year bonds would be trading at 6% (a rate below the implied forward rate), then a series of one-year bonds at 10% and 6% would yield a two-year average annual rate of only 8% (equivalent YTM2 = [(1.10) (1.06)]1/2 - 1 = .08); a rate below the 9% average annual rate on the two-year bond.  Thus, in this case, the investor would prefer the two-year bond to the series of one-year bonds.  Finally, if the investor expects the rate in the future to equal the implied rate, the we can argue that he would be indifferent to an investment in a two-year bond and a series of one-year bonds (see Exhibit 5.6-1).


In general, whether the investor decides to invest in an M-year bond or a series of one-year bonds, or some combination with the equivalent maturity, depends on what the investor expects rates will be in the future relative to the forward rates implied by today's interest rate structure.

5.7 AFTER-TAX RATES OF RETURN

Taxability refers to the claims that the federal, state, and local governments have on the security's cash flow.  As noted in Chapter 2, the coupon interest on municipals, though not the capital gain, is exempt from federal income taxes (and often state taxes if the investor is a resident of the state where the bond originates), and the interest on Treasury instruments is exempt from most state and local taxes, though not federal taxes.  The after-tax yield on a bond can be found by solving for that rate (ATY) which equates the bond's price to the PV [image: image58.wmf]YTM
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of its after-tax CFs:
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The after-tax rate also can be found by first determining the pre-tax yield, then netting taxes from that rate.  That is:

Thus, if the YTM on a fully taxable bond is 10% and the marginal tax rate is 31%, then the ATY would be .069%:

  




ATY = (.10) (1-.31) = .069.
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Note, by substituting the yield on a tax-exempt bond for ATY in Equation (5.7-1), then expressing the equation in terms of the pre-tax yield, we can find the yield needed on a taxable bond which would make the investor indifferent between the tax-exempt bond and the taxable bond.  This yield is referred to as the equivalent taxable yield:

Thus, if a tax-exempt bond yields 8%, an investor in a 31% tax bracket would be indifferent between that bond and a comparable, but taxable one yielding 11.59%:

[image: image61.wmf]Series

Equivalent

YTM

s

Expected

Spot

Rate

Series

Equivalent

YTM

2

1

1

2

2

1

2

1

1

1

1

10

1

09

1

=

+

+

-

=

-

(

)(

(

)

(

.

)(

.

)

.

/

/


5.7 CONCLUSION

For most investors the most important characteristic of an asset is its rate of return.  In this chapter we've examined how the rate of return on a bond and its related characteristic, value, can be measured.  We are now in a position to take up the question of what determines the rate of return on a bond.  Our preceding discussions suggest that the characteristics of bonds -- taxability, liquidity, maturity, and risk -- ultimately determine the yield on a bond.  The two most important of these characteristics are maturity and risk - the subjects for the next two chapters.

Exhibit 5.2-1

The Value Over Time of an Original 10-Year, 9% Annual 

Coupon Bond Selling at Par, Discount, and Premium
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Exhibit 5.2-2

PRICE-YIELD RELATION
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Table 5.4-3 Bootstrapping
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APPENDIX C

THE VALUE AND RATES ON BONDS

WITH CONTINUOUS COMPOUNDING

5A.1 VALUING BONDS WITH CONTINUOUS COMPOUNDING
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In Equation (5.2-3), the term (1+(R/n))Mn is the future value of $1 invested for M years at an annual rate of R that is compounded n times per year.  This expression can be rewritten as:

The middle-bracket term in Equation (5A-1) has the mathematical property that as n gets larger (i.e., the compounding or frequency of payments increases), its value approaches the number 2.71828.  For example, at an R = 1, if  n = 1, the expression is 2, for n = 2, it is equal to 2.25, at n = 100, it is equal to 2.748138:
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As n becomes larger, the expression approaches 2.71828.  That is:
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The number 2.71828 is an irrational number that is often used as the base for many exponential numbers.  The reader may recall from algebra that this number is referred to as the natural exponent and is denoted by the symbol e.


For cases in which there is continuous compounding (or interest payments are made or accrue very frequently during the year), the natural exponent e can be substituted into the middle-bracket expression of Equation (5A-1) and the future value can be expressed as:






(5.A-2)
 FV = eRM.

If A dollars are invested, then the FV is:






(5.A-3)
 FV = A eRM
Thus, a two-year investment of $100 at a 10% annual rate with continuous compounding would be worth $122.14 at end of year 2:

 





FV = $100 e(.10)(2) = $122.14.


From Equation (5.A-3), the present value (A) of a future receipt (FV) is found by expressing (5.A-3) in terms of A:






(5.A-4)    
  A = PV = 
[image: image7.wmf]FV

e

RM

 = FV e-RM.

If R = .10, a security paying $100 two years from now would be worth $81.87, given continuous compounding:




                   PV = $100 e-(.10)(2) = $81.87.

Similarly, a security paying $100 each year for two years would be currently worth $172.36:
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5A.2 RATES ON BONDS WITH CONTINUOUS COMPOUNDING
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Using the properties of logarithms (see Appendix C at the end of the book for a primer on logarithms) the rate on a pure discount bond with continuous compounding is:

Thus, a $100 investment which pays $120 at the end of 2 years would yield a nominal annual rate of 9.12% given continuous compounding:
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Similarly, a pure discount bond selling for $980 and paying $1,000 at the end of 91 days would yield a nominal annual rate of 8.10% given continuous compounding:
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In general, the expression for the rate of return on a bond currently priced at Pob and expected to be worth VT at the end of one period (T=1) can be found as follows:

When the rate of return on a security is expressed as the natural log of the ratio of its end of period value to its current value, the rate is referred to as the logarithmic return.  Thus, a bond currently priced at $100 and expected to be worth $110 at the end of the period would have an expected logarithmic return of 9.53%: R = ln($110/100) = .0953.
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    � An exception to this rule would be when a bond is in default.  Such a bond is said to be quoted flat, that is, without accrued interest.


    � The computation of accrued interest depends on the type of bond.  For Treasury securities, accrued interest is based on the actual number of days the bond is held by the seller; for corporate and municipal bonds, accrued interest is based on a 360-day year and 30-day month.


    � Also referred to as the yield approximation formula.


    � This is equivalent to solving for yA where:





               � EMBED Equation  ���	





and where: CFt = period cash flow, yA = annual rate (YTM), n = number of CF payments per year.


    � Note, the estimated yield using the ARTM formula is 4.97%, or 9.94% annualized:





                   � EMBED Equation  ���


			


			


    � The YTC can be estimated by calculating the average rate to call (ARTC).  Analogous to the ARTM, the ARTC is:





                                 � EMBED Equation  ���


		


In this example, the bond's ARTC is 13.58%:





                              � EMBED Equation  ���		


    � It should be noted that, in practice, the rates of stripped securities differ from spot rates generated from bootstrapping.  The differences could be explained by marketability.  Also, other techniques such as regression models can be used to estimate spot rates.  For a discussion see Fabozzi (1996).


    � Note, the potential return an investor receives from purchasing a bond includes the periodic coupon interest, capital gains or losses (negative return), and interest received from reinvesting coupons.  The ARR and YTM measures all take into account these return sources.


    � In Chapter 12 we will show that there is good reason to expect that the implied forward rate is equal to the rate implied on a futures contract to buy or sell a debt security at some future date.





PAGE  
1

[image: image81.wmf]0912

.

1

88

.

83

109

s

)

s

1

(

109

88

.

83

)

s

1

(

109

)

08042

.

1

(

9

07

.

1

9

100

s

08042

.

1

52

.

95

108

s

)

s

1

(

108

52

.

95

)

s

1

(

108

07

.

1

8

100

s

07

.

1

100

107

s

s

1

107

100

s

3

/

1

3

3

3

3

3

2

3

2

/

1

2

2

2

2

2

2

1

1

1

=

-

ú

û

ù

ê

ë

é

=

Þ

+

=

+

+

+

=

=

-

ú

û

ù

ê

ë

é

=

Þ

+

=

+

+

=

=

-

ú

û

ù

ê

ë

é

=

Þ

+

=

[image: image82.wmf]Table 5.5

-

1

Annual Realized Return:  ARR

•

Example: Investor buys 4

-

year, 10% annual coupon bond at par (F=1000).  

Assuming

she can reinvest

CFs

at 10%, her ARR would be 10%: 

ARR

HD

Value

P

B

HD

=

é

ë

ê

ù

û

ú

-

=

é

ë

ê

ù

û

ú

-

=

0

1

1

3

1

1331

1000

1

10

/

/

.

P

B

3

1

1000

100

1

10

1000

=

+

=

(

.

)

Assumption

Assumption

Assumption

1

2

3

100

100

1

10

121

100

100

1

10

110

100

1000

1100

1331

2

=

=

=

+

=

HD

(

.

)

(

.

)

[image: image83.wmf]Exhibit 5.2

-

3

Price Sensitivity to Changes in Rates

Bond Relation 3:

10

9%

10%

55

9%

10%

6

55%

0

0

-

=

Þ

=

=

Þ

=

=

=

-

Year

coupon

bond

R

V

R

V

R

V

B

B

,

$938

.

$1000

%

%

.

D

D

1

9%

10%

91

9%

10%

9%

0

0

-

=

Þ

=

=

Þ

=

=

Year

coupon

bond

R

V

R

V

R

V

B

B

,

$990

.

$1000

%

%

.

D

D

[image: image84.wmf]Exhibit 5.6

-

1

In a risk

-

neutral world, the investor would

–

Prefer the two

-

year bond over the series if E(r

11

) > f

11

–

Prefer the series over the 2

-

year bond if E(r

11

) < f

11

–

Be indifferent if E(r

11

) = f

11

1

)

r

(

E

1

)(

10

.

1

(

YTM

09

.

1

)

08

.

1

)(

10

.

1

(

YTM

2

11

series

:

2

2

2

-

+

=

=

-

=

.

07

.

08

.

09

085

.

.

09

.

095

[image: image85.wmf](5

.

)

(

)

(

)

(

)

(

)

(

)

(

)

.

2

2

1

1

1

1

1

1

0

1

1

2

2

1

-

=

+

+

+

=

+

+

+

+

×

×

×

+

+

+

+

=

å

V

C

R

F

R

C

R

C

R

C

R

F

R

b

t

t

M

M

M

M

t

M

[image: image86.wmf]PVIF

R

M

R

R

M

(

,

)

[

/

(

)

]

.

=

-

+

1

1

1

[image: image87.wmf]C

Annual

Coupon

F

R

=

.

[image: image88.wmf]V

b

0

70

365

1

08

53

=

=

$100

(

.

)

$98

.

.

/

[image: image89.wmf]V

C

R

F

R

V

b

t

t

M

t

M

b

t

t

0

1

0

10

1

10

1

1

1

10

1

10

=

+

+

+

=

+

=

=

å

å

(

)

(

)

$90

(

.

)

$1000

(

.

)

[image: image90.wmf]YTM

3

1

3

1

0772

=

L

N

M

O

Q

P

-

=

$1000

$800

.

.

/

[image: image91.wmf]V

V

PVIF

yrs

V

V

V

b

t

t

b

b

b

b

0

10

1

10

0

10

0

10

10

0

0

1

1

10

1

10

10%,

10

1

10

1

1

1

10

10

1

10

6

144567

54

55

=

+

=

+

=

-

L

N

M

O

Q

P

+

=

+

=

=

å

$90

(

.

)

$1000

(

.

)

$90

[

(

)

$1000

(

.

)

$90

[

/

.

]

.

$1000

(

.

)

$90

[

.

]

$385

.

$938

.

.

[image: image92.wmf]V

V

b

t

t

b

0

20

1

20

0

20

20

1

05

1

05

69

1

1

1

05

05

1

05

69

=

+

=

=

-

L

N

M

O

Q

P

+

=

=

å

$45

(

.

)

$1000

(

.

)

$937

.

$45

(

/

(

.

)

.

$1000

(

.

)

$937

.

.

[image: image93.wmf]V

V

b

t

t

b

t

t

0

10

1

10

0

10

1

10

1

10

1

10

1

10

1

10

43

=

+

=

=

+

=

=

=

å

å

$100

(

.

)

$1000

(

.

)

$1000

$20

(

.

)

$1000

(

.

)

$508

.

.

[image: image94.wmf]V

proportion

al

change

V

proportion

al

change

b

t

t

b

t

t

0

10

1

10

0

10

1

10

1

09

1

09

18

1064

18

064

1

09

1

09

76

76

43

43

083

=

+

=

=

-

=

=

+

=

=

-

=

=

=

å

å

$100

(

.

)

$1000

(

.

)

$1064

.

.

$1000

$1000

.

$20

(

.

)

$1000

(

.

)

$550

.

$550

.

$508

.

$508

.

.

.

[image: image95.wmf](

.

)

/

(

(

/

)

(

(

/

)

.

5

2

3

1

1

0

1

-

=

+

+

+

=

å

V

C

n

R

n

F

R

n

b

A

t

A

Mn

t

Mn

[image: image96.wmf](

.

)

(

)

/

(

)

/

.

5

3

2

2

0

0

-

=

+

-

-

ARTM

C

F

P

M

F

P

b

b

[image: image97.wmf]Accrued

Interest

Days

Since

Last

Coupon

Days

Between

Last

Coupon

and

Next

Coupon

Coupon

Interest

=

L

N

M

O

Q

P

.

[image: image98.wmf]V

years

V

years

b

t

t

b

0

10

1

5

2

0

10

10

5

2

1

10

2

1

10

2

39

5

1

1

1

05

05

1

05

39

(

)

$90

/

(

(

/

))

$1000

(

(

/

))

$961

.

.

(

)

$45

(

/

(

.

)

.

$1000

(

.

)

$961

.

.

(

)(

)

=

+

+

+

=

=

-

L

N

M

O

Q

P

+

=

=

å

[image: image99.wmf]Accrued

Interest

Months

Months

Clean

price

=

L

N

M

O

Q

P

=

=

-

=

3

6

50

13

50

63

($45

)

$22

.

.

$982

.

$22

.

$959

.

.

[image: image100.wmf]V

years

b

0

3

6

5

25

39

1

05

13

(

.

)

$1006

.

(

.

)

$982

.

.

/

=

=

[image: image101.wmf]Interest

Rate

Annual

Fee

Loan

=

F

H

G

I

K

J

100

.

[image: image102.wmf]Discount

Yield

F

P

F

=

-

=

=

0

10

$100

$1000

.

.

[image: image103.wmf]Discount

Yield

F

P

P

=

-

=

=

0

0

111

$100

$900

.

.

[image: image104.wmf](

.

)

(

)

.

5

3

1

1

0

1

-

=

+

=

å

P

CF

y

b

t

t

t

M

[image: image105.wmf]937

69

1

1

15

2

05

10

20

1

20

.

$45

(

)

$1000

(

)

.

(

)(.

)

.

.

=

+

+

+

Þ

=

=

=

=

=

=

å

y

y

y

y

Annualized

Rate

n

y

t

t

A

[image: image106.wmf](

.

)

(

)

.

5

3

4

1

0

1

1

-

=

+

+

P

CF

P

y

b

K

b

[image: image107.wmf](

.

)

(

)

(

)

.

5

3

3

1

1

0

1

-

=

+

+

+

=

å

P

CF

y

P

y

b

t

t

k

b

K

t

K

[image: image108.wmf](

.

)

(

)

.

5

3

5

1

1

0

0

1

0

-

=

=

+

-

=

+

-

HPY

y

CF

P

P

P

CF

P

P

K

b

b

b

K

b

b

[image: image109.wmf]P

CF

YTC

CP

YTC

where

CP

Call

price

CD

Call

Date

b

t

t

CD

t

CD

0

1

1

1

=

+

+

+

=

=

=

å

(

)

(

)

,

:

[image: image110.wmf](

.

)

(

)(

)(

)

(

)

(

.

)(

.

)(

.

)

.

.

,

/

/

5

6

2

1

1

1

1

1

1

10

1

08

1

05

1

0772

1

11

12

1

1

1

3

1

3

-

=

+

+

+

×

×

×

+

-

=

-

=

-

YTM

YTM

R

R

R

YTM

M

M

M

[image: image111.wmf]$937

.

$45

(

)

$1050

(

)

.

(

)(.

)

.

.

69

1

1

065

2

065

13

1

5

=

+

+

+

Þ

=

=

=

=

å

YTC

YTC

YTC

Anualized

YTC

t

CD

t

[image: image112.wmf]P

CF

R

P

CF

PVIF

PVIF

P

CF

PVIF

o

b

t

t

M

b

b

=

+

=

=

=

=

=

å

1

1

3

791

1

0

0

(

)

[

]

$5000

$1319

.

.

[image: image113.wmf]$207

.

$15

(

)

$115

(

)

$110

(

)

.

.

87

1

1

1

063

1

2

3

=

+

+

+

+

+

Þ

=

y

y

y

y

[image: image114.wmf]R

w

YTM

w

YTM

R

p

p

=

+

=

F

H

G

I

K

J

+

F

H

G

I

K

J

=

1

1

2

2

87

05

87

87

07

0604

(

)

(

)

$100

$202

.

(.

)

$107

.

$202

.

(.

)

.

.

[image: image115.wmf]P

F

YTM

YTM

F

P

YTM

F

P

where

M

maturity

in

years

b

M

M

M

M

b

M

b

M

0

0

0

1

1

1

5

4

1

1

=

+

+

=

-

=

L

N

M

O

Q

P

-

=

(

)

(

)

(

.

)

,

:

.

/

[image: image116.wmf]P

HD

Value

ARR

ARR

HD

Value

P

b

HD

HD

o

b

0

1

1

=

+

+

=

(

)

(

)

[image: image117.wmf]YTM

=

L

N

M

O

Q

P

-

=

$100

$96

.

.

/

365

182

1

0853

[image: image118.wmf]P

C

s

C

s

C

s

F

s

P

0

1

1

1

2

2

2

3

3

3

3

3

0

1

2

3

3

1

1

1

1

1

07

1

08

1

09

1

09

74

*

*

(

)

(

)

(

)

(

)

.

$8

(

.

)

$8

(

.

)

$8

(

.

)

$100

(

.

)

$97

.

.

=

+

+

+

+

+

+

+

=

+

+

+

=

[image: image119.wmf]P

P

m

t

t

m

0

3

1

3

0

3

3

1

10

1

10

1

1

1

10

10

1

10

03

=

+

=

-

L

N

M

O

Q

P

+

=

=

å

$8

(

.

)

$100

(

.

)

$8

(

/

.

)

.

$100

(

.

)

$95

.

.

[image: image120.wmf]$100

$107

(

)

$107

$100

.

.

=

+

=

-

=

1

1

07

1

1

1

s

s

[image: image121.wmf]P

P

CF

s

CF

s

s

s

s

s

b

0

0

1

1

1

2

2

2

1

2

2

2

2

2

2

2

1

1

1

07

1

48

1

52

1

52

1

08042

=

=

+

+

+

=

+

+

=

+

+

=

+

=

-

=

*

(

)

(

)

$100

$8

(

.

)

$108

(

)

$100

$7

.

$108

(

)

$92

.

$108

(

)

$108

$92

.

.

.

[image: image122.wmf]P

P

CF

s

CF

s

CF

s

s

s

s

s

b

0

0

1

1

1

2

2

2

3

3

3

1

2

3

3

3

3

3

3

3

3

1

1

1

1

07

1

08042

1

12

1

88

1

88

1

0912

=

=

+

+

+

+

+

=

+

+

+

+

=

+

+

=

+

=

-

=

*

(

)

(

)

(

)

$100

$9

(

.

)

$9

(

.

)

$109

(

)

$100

$16

.

$109

(

)

$83

.

$108

(

)

$109

$83

.

.

.

[image: image123.wmf]P

0

1

2

3

1

07

1

08042

1

0912

57

*

$10

(

.

)

$10

(

.

)

$110

(

.

)

$102

.

.

=

+

+

=

[image: image124.wmf]P

b

=

+

=

$100

$1000

(

.

)

$1000

.

1

10

1

[image: image125.wmf](

.

)

[

]

(

).

5

7

1

1

-

-

=

-

-

After

tax

yield

pre

tax

yield

t

r

[image: image126.wmf](

.

)

$1331

$1000

.

.

/

/

5

5

1

1

1

10

1

1

3

-

=

L

N

M

O

Q

P

-

=

L

N

M

O

Q

P

-

=

ARR

HD

Value

P

ARR

o

b

HD

[image: image127.wmf]YTM

s

f

f

YTM

s

f

2

1

11

1

2

11

2

2

1

11

2

1

1

1

1

1

1

1

09

1

10

1

08

=

+

+

-

=

+

+

-

=

-

=

(

)(

)

(

)

(

)

(

.

)

(

.

)

.

.

/

[image: image128.wmf]YTM

s

f

f

YTM

s

f

YTM

YTM

f

3

1

11

12

1

3

3

1

21

2

1

3

3

2

2

12

1

3

1

1

1

1

1

1

1

1

1

1

=

+

+

+

-

=

+

+

-

=

+

+

-

[(

)(

)(

)]

[(

)(

)

]

[(

)

(

)]

.

/

/

/

[image: image129.wmf](

.

)

(

(

)(

)(

)

(

)

:

.

/

,

/

5

6

3

1

1

1

1

1

1

1

1

0

1

1

11

12

1

1

1

1

-

=

+

L

N

M

O

Q

P

=

+

+

+

×

×

×

+

-

=

-

=

-

Õ

YTM

f

s

f

f

f

where

f

the

implied

forward

rate

on

a

year

bond

purchased

t

years

from

the

present

M

t

t

M

M

M

M

t

[image: image130.wmf](

.

)

.

5

7

2

1

-

=

-

-

Equivalent

taxable

yield

Tax

exempt

yield

t

r

[image: image131.wmf]YTM

s

f

182

91

91

365

91

91

91

365

365

182

1

1

1

=

+

+

-

(

)

(

)

.

/

,

/

/

[image: image132.wmf]f

YTM

s

f

or

f

P

P

f

b

b

91

91

182

182

365

91

91

365

365

91

91

91

182

365

91

365

365

91

91

91

91

182

365

91

91

91

365

91

1

1

1

1

063

1

069

1

057

1

98

35

97

1

057

,

/

/

/

,

/

/

/

,

/

,

/

(

)

(

)

(

.

)

(

.

)

.

.

.

.

.

=

+

+

L

N

M

O

Q

P

-

=

L

N

M

O

Q

P

-

=

=

L

N

M

O

Q

P

-

=

L

N

M

O

Q

P

-

=

[image: image133.wmf]Discount Bond

Par Bond

Premium Bond

Price of Bond

Price of Bond

Price of Bond

Year

Selling to Yield 11%

Selling to Yield 9%

Selling to Yield 7%

10

882.22

1,000.00

1,140.47

9

889.26

1,000.00

1,130.30

8

897.08

1,000.00

1,119.43

7

905.76

1,000.00

1,107.49

6

915.39

1,000.00

1,095.33

5

926.08

1,000.00

1,082.00

4

937.95

1,000.00

1,067.74

3

951.13

1,000.00

1,052.49

2

965.75

1,000.00

1,036.16

1

981.98

1,000.00

1,018.69

0

1,000.00

1,000.00

1,000.00

[image: image134.wmf]P

CF

t

ATY

where

t

investor

s

appropriat

e

tax

rate

b

t

r

t

t

M

r

0

1

1

1

=

-

+

=

=

å

(

)

(

)

:

'

.

[image: image135.wmf]R

=

=

ln[$120

/

$100

]

.

.

2

0912

[image: image136.wmf]Equivalent

taxable

yield

=

-

=

.

.

.

.

08

1

31

1159

[image: image137.wmf]n

n

n

n

=

+

L

N

M

O

Q

P

=

=

+

L

N

M

O

Q

P

=

=

+

L

N

M

O

Q

P

=

=

+

L

N

M

O

Q

P

=

1

1

1

1

2

2

1

1

2

2

25

100

1

1

100

2

74813

1000

1

1

1000

2

716924

1

2

100

1000

.

.

.

[image: image138.wmf]Table 5.4

-

1

Spot Rates and the Equilibrium Bond Price

74

.

2

95

74

.

97

74

.

97

$

for

bonds

stripped

Sell

84

.

83

)

09

.

1

(

108

P

:

108

F

with

PDB

year

3

86

.

6

)

08

.

1

(

8

P

:

8

F

with

PDB

year

2

48

.

7

07

.

1

8

P

:

8

F

with

PDB

year

1

:

PDB

stripped

3

Sell

.

95

for

bond

the

Buy

:

Arbitrage

.

95

at

bond

the

prices

Market

3

0

2

0

0

=

-

=

p

=

=

=

-

=

=

=

-

=

=

=

-

[image: image139.wmf]Series

Equivalent

YTM

s

Expected

Spot

Rate

Series

Equivalent

YTM

2

1

1

2

2

1

2

1

1

1

1

10

1

09

1

=

+

+

-

=

-

(

)(

(

)

(

.

)(

.

)

.

/

/

[image: image140.wmf]1

1

2

71828

+

L

N

M

O

Q

P

®

®

¥

n

R

as

n

n

R

/

.

.

/

[image: image141.wmf]PV

Ae

e

Rt

t

M

=

=

=

-

=

-

å

1

10

2

36

$100

$172

.

.

(.

)(

)

[image: image142.wmf]Ae

FV

e

FV

A

e

FV

A

Rt

FV

A

A

R

FV

A

t

Rt

Rt

Rt

=

=

=

L

N

M

O

Q

P

=

L

N

M

O

Q

P

-

=

ln(

)

ln

ln

(

.

)

ln[

/

]

5

5

[image: image143.wmf]P

YTM

F

P

YTM

R

R

R

YTM

F

P

YTM

R

R

R

b

M

M

o

b

M

M

M

o

b

M

0

1

11

12

1

1

1

11

12

1

1

3

1

1

1

1

1

5

6

1

1

1

1

1

1

1

0772

1

10

1

08

1

05

(

)

(

)(

)(

)

(

)

(

.

)

(

)

(

)(

)(

)

(

)

(

.

)

$1000

$800

(

.

)(

.

)(

.

).

,

,

+

=

=

+

+

+

×

×

×

+

-

+

=

=

+

+

+

×

×

×

+

+

=

=

-

-

[image: image144.wmf]R

=

=

ln[$1000

/

$980

]

/

.

.

91

365

0810

[image: image145.wmf]V

P

e

R

V

P

T

b

Rt

T

b

=

=

L

N

M

O

Q

P

0

0

ln

.

[image: image146.wmf]V

C

R

F

R

b

t

M

t

M

0

1

1

1

1

=

+

+

+

=

å

(

)

(

)

.

[image: image147.wmf]Exhibit 5.2

-

3

Price Sensitivity to Changes in Rates

Bond Relation 3:

10

9%

10%

55

9%

10%

6

55%

0

0

-

=

Þ

=

=

Þ

=

=

=

-

Year

coupon

bond

R

V

R

V

R

V

B

B

,

$938

.

$1000

%

%

.

D

D

1

9%

10%

91

9%

10%

9%

0

0

-

=

Þ

=

=

Þ

=

=

Year

coupon

bond

R

V

R

V

R

V

B

B

,

$990

.

$1000

%

%

.

D

D

[image: image148.wmf]0

200

400

600

800

1000

1200

10

9

8

7

6

5

4

3

2

1

0

Years to maturity

Bond Value

Pr

emium

Discount

[image: image149.wmf]Required Rate

Bond Value

Changes in Bond Value

5%

1,308.87

6%

1,220.80

-88.07

7%

1,140.47

-80.32

8%

1,067.10

-73.37

9%

1,000.00

-67.1

10%

938.55

-61.45

11%

882.22

-56.33

12%

830.49

-51.73

13%

782.95

-47.54

[image: image150.wmf](

.

)

(

)

(

)

(

)

(

)

,

5

2

1

1

1

1

1

0

1

1

2

2

1

-

=

+

=

+

+

+

+

×

×

×

+

+

=

å

V

CF

R

CF

R

CF

R

CF

R

b

t

t

M

M

t

M

[image: image151.wmf]Table 5.4

-

2

Spot Rates and the Equilibrium Bond Price

26

.

2

74

.

97

100

100

for

bond

coupon

%

8

,

year

3

as

them

sell

and

bonds

the

Bundle

74

.

97

40

.

83

86

.

6

48

.

7

Cost

40

.

83

)

09

.

1

(

100

)

08

.

1

(

Cost

:

100

F

with

PDB

year

3

of

%

8

10

86

.

6

)

08

.

1

(

100

)

08

(.

Cost

:

100

F

with

PDB

year

2

of

%

8

48

.

7

07

.

1

100

)

08

(.

Cost

:

100

F

with

PDB

year

1

of

%

8

:

PDB

3

Buy

:

Arbitrage

100

at

bond

the

prices

Market

3

2

=

-

=

p

-

=

+

+

=

=

=

=

-

=

=

=

-

=

=

=

-

[image: image152.wmf]Table 5.5

-

1

Annual Realized Return:  ARR

•

Example: Investor buys 4

-

year, 10% annual coupon bond at par (F=1000).  

Assuming

she can reinvest

CFs

at 10%, her ARR would be 10%: 

ARR

HD

Value

P

B

HD

=

é

ë

ê

ù

û

ú

-

=

é

ë

ê

ù

û

ú

-

=

0

1

1

3

1

1331

1000

1

10

/

/

.

P

B

3

1

1000

100

1

10

1000

=

+

=

(

.

)

Assumption

Assumption

Assumption

1

2

3

100

100

1

10

121

100

100

1

10

110

100

1000

1100

1331

2

=

=

=

+

=

HD

(

.

)

(

.

)

[image: image153.wmf]Price

-

Yield Curve depicts the inverse relation 

between V and R. The Price

-

Yield curve for the 

10

-

year, 9% coupon bond:

V

B

R

$938

.

55

$1000

9%

10%

·

·

[image: image154.wmf]Maturity

Annual

Coupon

F

P

year

years

years

B

0

1

7%

100

100

2

8%

100

100

3

9%

100

100

[image: image155.wmf]Exhibit 5.6

-

1

In a risk

-

neutral world, the investor would

–

Prefer the two

-

year bond over the series if E(r

11

) > f

11

–

Prefer the series over the 2

-

year bond if E(r

11

) < f

11

–

Be indifferent if E(r

11

) = f

11

1

)

r

(

E

1

)(

10

.

1

(

YTM

09

.

1

)

08

.

1

)(

10

.

1

(

YTM

2

11

series

:

2

2

2

-

+

=

=

-

=

.

07

.

08

.

09

085

.

.

09

.

095

[image: image156.wmf]FV

R

n

FV

R

n

A

FV

n

R

Mn

nR

RM

nR

RM

=

+

L

N

M

O

Q

P

=

+

L

N

M

O

Q

P

L

N

M

M

O

Q

P

P

-

=

+

L

N

M

O

Q

P

L

N

M

M

O

Q

P

P

1

1

5

1

1

1

(

)

/

[image: image157.wmf]0912

.

1

88

.

83

109

s

)

s

1

(

109

88

.

83

)

s

1

(

109

)

08042

.

1

(

9

07

.

1

9

100

s

08042

.

1

52

.

95

108

s

)

s

1

(

108

52

.

95

)

s

1

(

108

07

.

1

8

100

s

07

.

1

100

107

s

s

1

107

100

s

3

/

1

3

3

3

3

3

2

3

2

/

1

2

2

2

2

2

2

1

1

1

=

-

ú

û

ù

ê

ë

é

=

Þ

+

=

+

+

+

=

=

-

ú

û

ù

ê

ë

é

=

Þ

+

=

+

+

=

=

-

ú

û

ù

ê

ë

é

=

Þ

+

=

_1054549877

_1054550335

_1054551375

_1054552246

_1054552268

_1054552278

_1054552257

_1054552192

_1054552221

_1054552236

_1054552209

_1054551494.ppt


Table 5.4-1

Spot Rates and the Equilibrium Bond Price
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Table 5.5-1

Annual Realized Return:  ARR

		Example: Investor buys 4-year, 10% annual coupon bond at par (F=1000).  Assuming she can reinvest CFs at 10%, her ARR would be 10%: 
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Exhibit 5.6-1

 In a risk-neutral world, the investor would

		Prefer the two-year bond over the series if E(r11) > f11

		Prefer the series over the 2-year bond if E(r11) < f11 

		Be indifferent if E(r11) = f11
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Table 5.4-2

Spot Rates and the Equilibrium Bond Price
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	Price-Yield Curve depicts the inverse relation between V and R. The Price-Yield curve for the 10-year, 9% coupon bond:
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Exhibit 5.2-3

Price Sensitivity to Changes in Rates  

   Bond Relation 3:
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		Required Rate		Bond Value		Changes in Bond Value

		5%		1,308.87

		6%		1,220.80		-88.07

		7%		1,140.47		-80.32

		8%		1,067.10		-73.37

		9%		1,000.00		-67.1

		10%		938.55		-61.45

		11%		882.22		-56.33

		12%		830.49		-51.73

		13%		782.95		-47.54
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