CHAPTER 10

 ESTIMATING THE BINOMIAL TREE
10.1 INTRODUCTION 

With most bonds having some  option clause, the binomial approach to valuing bonds is by necessity becoming the standard pricing model for bonds.  In the last chapter, we’ve examined how the tree can be used to price bonds with call and put options, sinking fund agreements, and convertible clauses. We have not addressed,  though, the  more fundamental problem of how to estimate the tree.  In this chapter, we examine two models that have been used for estimating binomial interest rate trees.  Before we describe these model, though, we first need to look at how we can subdivide the tree so that the assumed binomial process is defined in terms of a realistic lengths of time, with a sufficient number of possible rates at maturity.      
10.2 SUBDIVIDING THE BINOMIAL TREE
The binomial model is more realistic when we  subdivide  the periods to maturity into  a number of subperiods. That is, as the number of subperiods increases, the length of each period becomes smaller, making the assumption that the spot rate will either increase or decrease more plausible, and the number of possible rates at maturity increases, which again adds realism to the model. For example,  suppose  the three-period bond in our illustrative example in Chapter 8 were a three-year bond.  Instead of using a three period  binomial tree, where the length of each period is  a year, suppose we evaluate the bond using a six-period tree with the length of each period being half a year. If we do this, we need to divide the one-year spot rates and the annual coupon by two, adjust the u and d parameters to reflect changes over a six-month period  instead of one year (this adjustment will be discussed in the next section), and define the binomial tree of  spot rates for five periods, each with a length of six months.  Figure 10.2-1 shows a five-period binomial tree for one-year spot rates with the length of each period being six months, u =1.0488, and d = .9747.


Given the spot rates in  Figure 10.2-1, the value of a  three-year, 9% option-free  bond and callable bond with CP of 98 are shown in Figures 10.2-2.   Note, in valuing the bonds at each node, we use a $45 coupon (reflecting  the accrued interest) and discount at a six-month rate (annual spot rate divided by 2).  In examining the tree for the callable bond, observe that in period 5 it is advantageous for the issuer to call the bond at all five interest rate cases, including the higher rates. This reflects the fact that the bond prices are approaching their face value. Also note, that except at  the lowest node in Period 4, the holding values of the call equal or exceed the intrinsic values at all of the earlier nodes. 


In this example, we valued a three-year bond with a five-period tree of one-year spot rates, with the length of each period being six months.  If we wanted to value the bond every quarter, then we would need a 11-period tree of spot rates with the length of each period being three months and with the annual rates divided by 4 and u and d adjusted to reflect movements over three months. In general, let: 


     
h = length of the period in years;



n = number of periods of length h defining the maturity of the bond,


     
       where n  = (maturity in years)/h.


Thus, a three-year bond evaluated over quarterly periods (h = 1/4 of a year), would have a maturity of n = (3 years)/(1/4 years) = 12 periods and would require a binomial interest rates tree with  n-1 = 12-1 = 11 periods.  To evaluate the bond over monthly periods (h = 1/12 of a  year),  the bond’s maturity  would be n = (3 years)/(1/12 years) = 36 periods and would require a 35-period binomial tree of spot rates;  for weekly periods (h = 1/52), the bond’s maturity would be 156 periods of length one week, and we would need a 155-period tree of spot rates.  Thus, by subdividing we make the lengths of each period smaller, which makes  the assumption of only two rates at the end of one period more plausible, and we  increase the number of possible rates at maturity.  

10.3 ESTIMATING THE BINOMIAL TREE
In practice, determining the value of a bond using a binomial tree requires that we be able to estimate the random process that spot rates follow. There are two general approaches to estimating binomial interest rate movements. The first  (models derived by  Rendleman and Bartter (1980) and Cox, Ingersoll, and Ross ((1985))  is to estimate the u and d parameters based on estimates of the spot rates’s mean and  variability. The estimating formula for u and d are obtained by solving for the u and d values which make the mean and variance of spot rates resulting from a binomial process equal to their estimated values. Bond values obtained  using this approach can then be compared to actual bond prices to order to determine if the bond is mispriced. The second approach (models derived by Black, Derman, and Toy (1990), Ho and Lee (1986), and Heath, Jarrow, and Morton (1992)) is to calibrate the binomial tree to the current spot yield curve and to the interest rate’s volatility. This approach is analogous to estimating  the implied variance used in option pricing.  This calibration approach solves for the spot  rate which satisfies a variability condition and a price condition which ensures that the binomial tree is consistent with the term structure of rates.  Since the binomial tree is calibrated to current interest rates, the model yields bond values for option-free bonds that are equal to the equilibrium prices.  Given these rates, the model is then used to value bonds with embedded option features.  

10.3-1 u and d Estimation Approach
The formulas for estimating u and d are obtained by solving mathematically for the u and d values that make the statistical characteristics (mean and variance) of the spot rate’s logarithmic return equal to the characteristics estimated values. As background to understanding this approach,  let us first  examine the probability distribution that characterizes a binomial process.

Probability Distribution Resulting from a Binomial Process 
In the last section, we assumed a simple binomial approach where  in each period  the one-period spot rate would either increase to  equal to a proportion u times its initial value or decrease to equal to a proportion d times the initial rate, with probability of the increase in one period  being q = .5.  At the end of n periods, this binomial process yields a distribution of n+1 possible spot rates (e.g., for n = 3, there are four possible rates: Suuu = u3S0, Suud = u2d S0, Sudd = ud2 S0,  and Sddd = d3S0 ).  This distribution, though, is not normally distributed since spot rates cannot be negative  (i.e., we normally do not have negative interest rates). However, the distribution of spot rates can be converted into a distribution of logarithmic returns, gn , where:

[image: image1.wmf]
This distribution can take on negative values and will be normally distributed if q =.5. Figure 10.3-1 shows the binomial distributions of spot rates for n = 1, 2, and 3 periods and their corresponding logarithmic returns for the case in which u = 1.1,  d = .95, S0 = 10%, and q = .5. As shown in the figure, when n = 1, there are two possible spot rates of 11% 9.5%, with respective logarithmic returns of .0953 and -.0513:
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when n = 2, there are three possible spot rates of 12.1%, 10.45%, and 9.025% with corresponding logarithmic returns of 
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when n = 3, there are four  possible spot rates of 13.31%, 11.495%, 9.9275%, and 8.574%, with logarithmic returns of

The probability of attaining any one of  these rates is equal to the probability of the spot rate increasing j times in n periods, pnj.  That is, the probability of attaining spot rate 10.44% in Period  2 is equal to the probability of the spot rate increasing one time (j = 1) in two periods (n = 2),  p21.  In a binomial process this probability can be found using the following formula:
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Thus after two periods, the probability of the spot rate equaling  19.06% is p22 = .25,  10.45% is  p21 =.5, and 9.025% is  p20 =.25. Using these probabilities, the expected value and the variance of the distribution of logarithmic returns after two periods would be equal to E(gn) =  4.4% and V(gn) = .0108:
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The means and variances for the three distributions are shown at the bottom of Figure 10.3-1.  In examining each distribution’s mean and variance, note that as the number of periods increases, the expected value and variance increase by a multiplicative factor, such that E(rn) = nE(r1) and V(rn) = nV(r1). Also, note that the expected value and the variance are also equal to
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Solving for u and d
Given the features of a binomial distribution, the formulas for estimating u and d are found by solving for the u  and d values which make the expected value and the variance of the binomial distribution of the logarithmic return of spot rates equal to their respective estimated parameter values, under the assumption that q = .5 (or equivalently that the distribution is normal).  If we letADVANCE \d 6

ADVANCE \u 6 and (e and Ve ADVANCE \d 5

ADVANCE \u 5 be the estimated mean and variance of the logarithmic return of spot rates for a period equal in length to n periods, then our objective is to solve for the u and d which simultaneously satisfy the following equations: 
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If q = .5, then the values for u and d  (formulas for the values) which satisfy the two equations are 

(See the appendix at the end of his chapter for the algebraic derivation.) 


In terms of our example, if the estimated expected value and variance of the logarithmic return were .044 and .0108, respectively, for a period equal in length to n = 2, then using the above equations, u would be 1.1 and d would be .95:

[image: image10.wmf]nE

g

n

q

u

q

d

nV

g

n

q

q

u

d

V

e

e

(

)

[

ln

(

)

ln

]

(

)

(

)

ln(

/

)

.

1

1

2

1

1

=

+

-

=

=

-

=

m


Annualized Mean and Variance
In order to facilitate the estimation of u and d for a number of bonds with different maturates, it is helpful to use an annualized mean and variance ((Ae and VAe ADVANCE \d 5

ADVANCE \u 5) ADVANCE \d 6

ADVANCE \u 6).  Annualized parameters are obtained by simply multiplying the estimated parameters of a given length by the number of periods of that length that make up a year.  For example, if quarterly data is used to estimate the mean and variance ((qe and Vqe ), then we simply multiply those estimates by four to obtain the annualized parameters ((Ae = 4(qe and (VAe = 4Vqe ADVANCE \d 6

ADVANCE \u 6). Thus, if the estimated quarterly mean and variance were .022 and .0054, then the annualized mean and variance would be .088 and .0216, respectively
. Note, when the annualized mean and variance are used, then these parameters must by multiplied by the proportion h, defined earlier as the time of the period being analyzed expressed as a proportion of a year and n is not needed since h define  the length of tree’s period [image: image11.wmf]u
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tree: 

If the annualized mean and variance of the  logarithmic return of one-year spot rates were .044 and .0108, and  we wanted to evaluate a three-year bond with  six-month periods (h = ½ of a year), then we would use a six-period tree to value the bond (n = (3 years)/(½) = 6 periods) and u and d would be 1.1 and .95:
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If we make the length of the period monthly (h=1/12), then we would value the three-year bond with 36-period tree and u and d would be  equal to 1.03424 and .9740:
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Estimating  (Ae and VAe ADVANCE \d 6

ADVANCE \u 6Using Historical Data

To estimate u and d requires estimating the mean and variance: (e and Ve . The simplest way  to do this is to estimate the parameters using the average mean and variance from an historical sample of spot rates (such as the rates on T-Bills). As an example, historical quarterly one-year spot rates over 13 quarters are shown in Table 10.3-1.  The 12 logarithmic returns are calculated by taking the natural log of the ratio of spot rates in one period to the rate in the previous period (St/St-1ADVANCE \d 6

ADVANCE \u 6).  From this data, the historical quarterly logarithmic mean return and  variance are:
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Multiplying the historical quarterly mean and variance by 4, we obtain an annualized mean and variance, respectively,  of 0 and .016836.


Given the estimated annualized mean and variance, u and d can be estimated once we determine the number of periods to subdivide (see bottom of Table 10.3-1).

Features

The u and d formulas derived  here assume an interest rate process in which the variance and mean are stable and where the end-of-the-period distribution is symmetrical. Other models can be used to address cases in which these assumptions do not hold.  Merton’s mixed diffusion-jump model, for example, accounts for the possibilities of infrequent jumps in the underlying price or interest rate, and Cox and Ross’s constant elasticity of variance model is applicable  for cases in which the variance is inversely related to the underlying price or rate. Johnson, Pawlukiewicz, and Mehta, in turn, have developed a skewness-adjusted binomial model for pricing securities when the distribution of logarithmic returns is characterized by skewness. 


A binomial interest rates tree generated using the u and d estimation approach is constrained to have an end-of-the-period distribution with a mean and variance that matches the analyst’s estimated mean and variance. The tree is not constrained, however, to yield a bond price that  matches its equilibrium value.  As a result, analysts using such models need to make additional assumptions about the risk premium in order to explain the bond’s equilibrium price.  In contrast, calibration models are constrained to match the current term structure of spot rates and therefore yield bond prices that are equal to their equilibrium values.

10.3-2 Calibration Model

The calibration model generates a binomial tree by first finding spot rates which satisfy a variability condition between the upper and lower rates.  Given the variability relation, the model then solves for  the lower spot rate which satisfies a price condition where the bond value obtained from the tree is  consistent with the equilibrium bond price given the current yield curve.

Variability Condition
In our derivation of the formulas for u and d we assumed that the distribution of the logarithmic return of spot rates was normal. This assumption also implies the following relationship between the upper and lower spot rate:
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That is, from the binomial process we know
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Substituting the equations for u and d, we obtain:
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or in terms of the annualized variance:
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Thus, given a lower rate of 9.5% and an annualized variance of .0054, the upper rate for a one-period binomial tree of length one year (h = 1)  would be 11%.:
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If the current one-year spot rate were 10%, then these upper and lower rates would be consistent with the upward  and downward parameters of u = 1.1 and d = .95.  This variability condition would therefore result in a binomial tree identical to the one shown in Figure 10.3-1.:

Price Condition
One of the problems with using just a variability condition (or equivalently just u and d estimates) is that it does not incorporate all of the information.  As we discussed in Chapter 5, the yield curve reflects not only the supply and demand for bonds of different maturity segments, but also the expectations of investors about future interest rates.  Thus, in addition to the variability relation between upper and lower spot rates, the calibration model also tries to generate a binomial tree that is consistent with the current  yield curve’s spot rates. This is done by solving for a lower spot rates which satisfies the variability relation and also yields a bond price that is equal to the equilibrium bond price. To see this, suppose the current  yield curve has one-, two-, and three-year spot rates of y1 = 10%,  y2 = 10.12238%, and y3 = 10.24488%, respectively. Furthermore, suppose that we estimate the annualized logarithmic mean and  variance to be .048167 and  .0054, respectively.  Using the u and d approach, a one-period tree of length one year would have up and down  parameters of u = 1.12936 and d = .975.   Given the current one-period spot rate of 10%, the tree’s  possible spot rate would be  Su =  11.2936% and  Sd = 9.75%.  These rates, though, are not consistent with the existing term structure.  That is,  if we value a two-year pure discount bond (PDB) with a face value of $1 using this tree, we obtain a value of .82258, which, given the two-year spot rate of 10.12238%, differs from the equilibrium price on the two-year zero discount bond of B0M = .8246: 
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Thus, the tree generated  from our estimates of u and d is not consistent with the current interest rate structure, nor with the market’s expectation of future rates given that expectations are incorporated into the term structure. To make our tree consistent with  the term structure, we need to find the ADVANCE \d 6

ADVANCE \u 6 value such that whenADVANCE \d 6

ADVANCE \u 6, 
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the value of  the  two-year bond obtained  from the tree is equal to the current equilibrium price of a two-year zero discount bond.  That is, we need to find Sd ADVANCE \d 6

ADVANCE \u 6 where: 
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Or in terms of  the example:
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Solving the above equation for ADVANCE \d 6

ADVANCE \u 6Sd,  yields a rate of 9.5%.  At  Sd  = 9.5%, we have a binomial tree of one-year spot rates of  Su ADVANCE \d 6

ADVANCE \u 6 = 9.5% and Sd = 9.5%  that simultaneously satisfies our variability condition and price condition; that is, the rate is consistent with the estimated volatility of ADVANCE \d 6

ADVANCE \u 6 .0054 and the current yield curve with one-year and two-year spot rates of 10% and 10.12238% (see Figure 10.3-2).


It should be noted that the lower rate of 9.5%  represents a decline from the current rate of 10%, which is what we tend to expect in a binomial process.  This is because we have calibrated the binomial tree to a relatively flat yield curve. If we had calibrated the tree to a positively sloped yield curve, then it is possible that both rates next period could be greater than the current rate; although the upper rate will be greater than the lower. For example, if the current two-year spot rate were 10.5% instead of 10.1022385, then the equilibrium price of a two-year bond would be .8189 and the Sd and Su values which calibrate the tree to this price and variability of .0054 would  be 10.20066% and 11.8156%.   By contrast, if we had calibrated the tree to a negatively sloped curve, then it is possible that both rates next period could be lower than the current one.

Two-Period Binomial Tree

Given our estimated one-year spot rates after one period of 9.5% and 11%, we can now move to the second period and determine the tree’s  three possible spot rates using a similar methodology.  


The variability condition follows the same form as the one period; that is:
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Similarly, the price condition requires that the binomial value of a three-year PDB be equal to the equilibrium price. Analogous to the one-period case, this condition is found by solving for the lower rate Sdd  that, along with the above variability conditions and the rates for Su and Sd obtained previously, yields a value for a three-year PDB that is equal to the price on a three-year PDB  yielding  10.24488%. This condition can be mathematically stated as:
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Using an iterative (trial and error) approach, we find  that a lower rate of Sdd = 9.025% yields a binomial value that is equal to  the equilibrium price of the three-year bond of .731 (see Figure 10.3-3):
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The two-period binomial tree is obtained by combining the upper and lower rates found for the first period with the three rates found for the second period (Figure 10.3-4).  This yields a tree that is consistent with the estimated  variability condition and with the current term structure of spot rates. To grow the tree, we continue with this same process. For example, to obtain the four rates in Period  3, we solve for the Sddd which  along with the spot rates found previously for periods one and two and the variability relations,  yields a value for a four-year PDB that is equal to the equilibrium price.

Valuation of Coupon Bonds

One of the features of using a calibrated tree to determine bond values is that the tree will yield prices that are equal to the bond’s equilibrium price; that is, the price obtained by discounting cash flows by spot rates.  For example,  the value of a three-year, 9% option-free bond using the tree we just derived is 96.9521 (this is the illustrative example from Chapter 9, see Figure 10.3-5), which is also equal to its equilibrium bond price obtained by discounting the bond’s periodic 

cash flows at the spot rates of 10%, 10.12238% and 10.24488%: 
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This feature should not be too surprising since we derived the tree by calibrating it to the current spot rate. Nevertheless, one of the features of the calibrated tree is that it yields values on option-free bonds that are equal to the bond’s equilibrium price. The primary purpose of generating the tree, though, is to value bonds with embedded option. In this example, if the three-year bond were callable at 98 (our Chapter 9 example), then its value would be 96.258 (see  Figure 10.3-6).

Option-Free Features 

One of the  features of the calibration model is that it prices a bond equal to its equilibrium price.  Recall, a bond’s equilibrium price is an arbitrage-free price. That is, if the market does not price the  bond at its equilibrium value, then arbitrageurs would be able to realize a riskless return either by buying the bond, stripping it into  a number of zero discount bonds, and selling them, or by buying a portfolio of zero discount bonds, bundling them into a coupon bond, and selling it. In general, a security can be valued by arbitrage by pricing it to  equal  the value of its replicating portfolio: a portfolio constructed so that it has the same cash flows.   The replicating portfolio of a coupon bond, in turn, is the portfolio of zero discount bonds. Thus, one of the important features of the calibration model is that  it yields prices on option-free bonds that are arbitrage free. 

In addition to satisfying an arbitrage-free condition on option-free bonds, the calibration model also values a bond’s  embedded options  as arbitrage-free prices. To see this, consider  a three-year, 9% callable bond priced in terms of the calibrated binomial tree shown in Figure 10.3-4.  The values of the bond and its call option are the same as the one shown in Figure 10.3-6  As shown,   the value of the call option in period 1 is .3095 when the rate is at 11% and 1.2165 when the rate is at 9.5%, and the value of the option in the current period is .6936.  Each of these values were determined by calculating the  present value of each  option’s expected value.  These values are also equal to the values of their replicating portfolios. For example, the current call price of .6936 is equal to the value of a  portfolio consisting of a one-year, 9% option-free bond and a two-year, 9% option-free bond constructed so that next year the portfolio is  worth .3095 if the spot rate is 11% and 1.2165 if the rate is at 9.5%. Specifically, given the possible cash flows on the two-year bond of Bu + C = (109/1.11) + 9 = 107.198198 and Bd  +  C = (109/1.095)  +  9 = 108.543379,  and the cash flow on the one-year bond of 109, the replicating portfolio is formed by solving for the number of one-year bonds, n1, and the number of two-year bonds, n2, where:
 

[image: image32.wmf]Path

y

y

y

1

10

1

10

1

095

1

0974972

1

10

1

095

1

09025

1

0950751

1

2

1

2

3

1

3

=

=

-

=

=

-

=

.

[(

.

)(

.

)]

.

[(

.

)(

.

)(

.

)]

.

/

/


Solving for n1 and n2,  we obtain n1 = -.6602736  and  n2 = .674259.  Thus, a portfolio formed by buying .674259  issues of a two-year bond and shorting .6602736   issues of a one-year bond will yield possible cash flows next year of .3095  if the spot rate is at 11% and 1.2165 if the rate is at 9.5%. Moreover, given the current one-year and two-year bond prices of 99.091 and 98.0643, the value of this replicating portfolio is .6936:
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Since the replicating portfolio and the call option have the same cash flows, by  the law of one price they must be equally priced.  Thus, in the absence of arbitrage, the price of the call is equal to .6936, which is the same price we obtained by discounting the option’s expected value.

The two call values in period 1 of .3095 and 1.2165 are likewise equal to the values of their replicating portfolios.  That is, at the 11% rate a replicating portfolio consisting of  -.46108027  issues of a one-year, 9% bond (original two-year bond) and .4730827 of the two-year, 9% bond (original three-year) will yield cash flows in period 2 equal to 0  if the spot rate is 12.1%   and .6872 if the rate is 10.45%. At that node,  the price on the one-year bond is 109/1.11 = 98.198198 and the price of the two-year is 96.3612 (see Figure 10.3-6). At these prices, the value of the replicating portfolio is .30956 = (-.4610803)(98.198198) + (.4730827)(96.3612), which matches the value of the call.    At the lower node, the replicating portfolio consists of -.9816514 one-year, 9%  bonds priced at 99.54338 = 109/1.095  and 1 two-year, 9%  bond priced at 98.9334 (see  Figure 10.3-6).  This portfolio’s possible cash flows in period 2 match the possible call values of  .6872 and 1.977 and its period 1 value is equal to the  call value of 1.2165.

With the option values equal to their replicating portfolio values, the calibration model has the feature of  pricing embedded options equal to their arbitrage-free prices. Because of this feature and  the  feature of pricing option-free bonds equal to their equilibrium prices, the calibration model is referred to as an arbitrage-free model.  Students of option pricing may recall that arbitrage-free models can alternatively be priced using a risk-neutral pricing approach.  When applied to bond pricing, this approach requires finding the pseudo probabilities that make a binomial tree of  bond prices equal to the  equilibrium price. The risk-neutral pricing approach is equivalent to the calibration approach.

The calibration model presented here is the Black-Derman-Toy model. In addition to being arbitrage free, its major attribute is that it captures the volatility and drift in rates which are dependent on the current level of interest rates.  Other calibration  models  have been developed which differ in terms of the  assumptions they make about the evolution of interest rates.  The Ho-Lee model, for example, assumes interest rates each period are determined by the previous rate plus or minus an additive rather than multiplicative random shock.  The Black-Kurasinski model, in turn, is characterized  by a mean  reversion process in which short-term rates revert to a central tendency.  Each of these models, though, is characterized by the property that if their assumption about  the evolution of rates is correct, the model’s  bond and embedded option prices are supported by arbitrage. This arbitrage-free feature of the calibration model is one of   the main reasons that many practitioners  favor this  model over the equilibrium model.
10.4 OPTION-ADJUSTED SPREAD
Once we’ve derived a binomial tree,  we can then use it to value any bond with embedded option features.  In addition to valuation, the tree also can be used to estimate the option spread (the difference in yields between a bond with option features and an otherwise identical option-free bond), as well as the duration and convexity of bonds with embedded option features. 

The simplest way to estimate the option spread is to estimate the YTM for a bond with an option given the bond’s values as determined by the binomial model,  then subtract that rate from the YTM of an otherwise identical option-free bond.  For example, in the previous example the value of the three-year, 9% callable was 96.258, while the equilibrium price of the noncallable was 96.9521.  Using these price, the YTM on the callable is 10.4256% and the YTM on the noncallable is 10.17, yielding an option spread of .2556%: 
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One of the problems with using this approach to estimating the spread  is that not  all of the possible cash flows of the callable bond are considered. In three of the four interest rate scenarios, for example, the bond could be called, changing the cash flow pattern. from three periods of 9, 9, and 109 to two periods of 9, 9 and 107.  An alternative approach that addresses  this problem is the option-adjusted spread (OAS) analysis. 
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OAS analysis solves for the option spread, k, which makes the average of the present values of the bond’s cash flows from all of the possible interest rate paths equal to the bond’s market price. The  first step in this approach is to specify the cash flows and spot rates for each path.  In the case of the  three-year bond valued with a  two-period binomial interest rate tree, there  are four possible paths:

                      Path 1


Path 2
Path 3
Path 4

Time
S1
CF
S1
CF
S1
CF
S1
CF

0

1

2

3


.10

.095

.09025

-
-

9

107
.10

.095

.1045

-
-

9

107
.10

.11

.1045

-
-

9

107
.10

.11

.121

-
-

9

9

109

Given the four paths, we next determine the appropriate two-year spot rates (y2ADVANCE \d 6

ADVANCE \u 6) and three-year rates (y3ADVANCE \d 6

ADVANCE \u 6) to discount the cash flows. These rates  can be found using the geometric mean and the one-year spot rates from the tree; that is: 
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Given a discount rate equal to the spot rate plus the spread, k, the final step is to solve for the k which makes the average  present values of the paths equal to the callable bond’s market price,  BM0; that is: 
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Note, if the market price is equal to the binomial value we obtained using the calibration model, then the option spread, k, is equal to zero.  This reflects the fact that we have calibrated the tree to the yield curve and have consider all of the possibilities.  In practice, though, we do not expect the market price to equal the binomial value.  If the market price is below the binomial value, then k will be positive. Many analyst in trying to identify mispriced bonds  use  the OAS approach to estimate k instead of comparing the market price with the binomial value. 

10.5 DURATION AND CONVEXITY
Like our earlier measure of bond value, we defined a bond’s duration (modified and Macauley) without factoring in its embedded option features.  In a period of low interest rates, when the likelihood of a call is high, we would expect differences in the cash flows of a callable and otherwise identical noncallable and therefore differences in their durations. The inclusion of option features also changes the convexity of a bond.  Bonds with call options are sometimes said to have negative convexity, meaning that the  bond’s duration moves inversely with rate changes.  That is,  an option-free bond’s duration move in the opposite direction as interest rates, increasing in absolute value as rates decrease and decreasing as rates increase. When a bond has a call option, though, a rate decrease can lead to an early call, which shortens the life of the bond and lowers its duration, while  an interest rate increase tends to length the expected life of the bond causing its duration to increase. Thus, the option features of a bond can have a significant impact on the bond’s duration and convexity.


As first noted in Chapter 7, the duration and convexity of bonds with embedded option features can be estimated using a binomial tree and what is referred  to as the effective duration and convexity measures. Effective duration and convexity are defined as 
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where:  B- =  price associated with a small decrease in rates; 

 
 B+= price associated with small increase in rates.


The binomial tree calibrated to the yield curve can be used  to estimate B0, B-  and B+. First, the current yield curve and calibrated tree can be used to determine B0 ADVANCE \d 6

ADVANCE \u 6; next, B- can be estimated by allowing for a small equal decrease in each of the  yield curve rates (e.g. 10 basis points) and then using the tree calibrated to the new rates to find the price; finally, B+ can be  estimated in a similar way by allowing for a small equal increase in the yield curve’s rates and then estimating the bond priceADVANCE \d 6

ADVANCE \u 6 using the tree calibrated to these higher rates.

10.6 Conclusion

In the last two chapters, we’ve examined how binomial interest rate trees can be constructed and used to value bonds with call and put options, sinking fund arrangements, and convertibility clauses. Given that many bonds, as well as other debt contract,  have embedded option feature, the binomial tree represents both  a useful and practical approach to the valuation  of debt securities.  In this Chapter we’ve focused on introducing how the tree can be estimated. Bonds with multiple option features and ones that are subject to the uncertainties of more than one factor, such as callable  convertible bonds or LYONS, are more difficult to evaluate and may require more complex binomial models.  Each, though,  can be evaluated by extending the basic binomial tree presented here.

APPENDIX A

ALGEBRAIC DERIVATION OF THE u AND d FORMULAS  

A. 1 DERIVATION OF THE EQUATIONS FOR E(gn) and V(gn) 
Mathematically, the random variable gn can be defined in terms of u, d, n, the number of upward moves in n periods, j, and the number of downward moves, n-j.  That is:
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By applying the rules of logarithms, gn can also be expressed as
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Note that in Equation (A.1), the only random variable is j, the number of upward moves in n periods.  Thus, the expected value of j is
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Given that the probability of an upward move in one period is q, the expected number of upward moves in n periods therefore is E(j) = nq.  Substituting nq for E(j) in Equation (A.2) and rearranging the resulting equation, the expected value of gn can be expressed alternatively as follows:
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The bracket expression on the right-hand side of Equation (A.3) is the expected logarithmic return for one period.  Thus, Equation (A.3) shows that E(gn) is equal to the expected logarithmic return for one period times n.


The mathematical expression for V(gn) is found first by substituting the expressions for gn and E(gn) into the general equation for V(gn), then rearranging as follows to obtain Equation (A.4)): 
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For one period, the number of upward moves (j) is either 1 or 0, with the expected value of the number of upward moves, E(j),  equal to q.  With the probability of j = 1 being q and the probability of j = 0 being 1-q, the variance of upward moves for one period, V(j1), is therefore q(1-q).  That is:
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 In a binomial process the variance of j for n periods, V(j), is equal to the variance of upward moves in one period times n; thus:
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Substituting Equation (A.5) into (A.4), we obtain the alternative expression for V(gn): 
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A. 2 ALGEBRAIC SOLUTIONS FOR u AND d 

If  a spot rate’s possible logarithmic returns in the future are characterized by a symmetric distribution (zero skewness) in which the parameter values increase with the length of the differencing period, then the binomial distribution for logarithmic returns is a good approximation of the way a security's return performs over time. If this is the case, then we can estimate u and d by finding the values which make E(gn)  and V(gn) for the distribution equal to their respective empirical (estimating) values. Mathematically, this is done by setting Equation (A.3) for the mean equal to its estimated value, (e, and Equation (A.6) for the variance equal to its estimated value, Ve, to obtain the following equation system:
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The u and d formulas are found by solving these equations simultaneously for the unknowns.  
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This equation system, however, consist of two equations and three unknowns, u, d, and q, and therefore cannot be solved without additional information about one of the unknowns.  If we assume that the distribution of gn is symmetric, then we can set  q = .5 in Equations (A.7) and (A.8).  Doing this yields the following two-equation system with two unknowns (u and d):
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To solve for u and d, first rewrite Equation (A.9) in terms of lnd and Equation (A.10) in terms of lnu. That is:
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Next, substitute Equation (A.11) for lnd in Equation (A.12) to obtain the equation for the lnu:  
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Similarly, substitute Equation (A.13) for lnu in Equation (A.11) to obtain the equation for lnd:

[image: image54.wmf]Figure 9.3-2: Three-Year, 9%

Bond Valued with 6-Period Tree

12

69%,

98

265

265

98

.

.

.

B

V

IV

B

B

V

nc

C

C

nc

C

=

=

=

=

-

=

11

794%,

98

681

681

98

.

.

.

B

V

IV

B

B

V

nc

C

C

nc

C

=

=

=

=

-

=

10

96%,

99

071

1

071

98

.

.

.

B

V

IV

B

B

V

nc

C

C

nc

C

=

=

=

=

-

=

9

4665%,

99

777

1

777

98

.

.

.

B

V

IV

B

B

V

nc

C

C

nc

C

=

=

=

=

-

=

8

789%,

100

10

2

10

98

.

.

.

B

V

IV

B

B

V

nc

C

C

nc

C

=

=

=

=

-

=

10

1856%,

99

4359

1

4359

98

.

.

.

B

V

IV

B

B

V

nc

C

C

nc

C

=

=

=

=

-

=

12

10%,

97

0985

0

4460

96

6525

.

.

,

.

.

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

11

245%,

97

873

0

8294

97

0436

.

.

,

.

.

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

10

45%,

98

6015

6051

1

1912

97

4103

.

.

.

,

.

.

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

9

7122%,

99

2851

1

2851

1

531

97

754

.

.

.

,

.

.

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

9

016%,

99

934

1

934

1

8549

98

.

.

.

,

.

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

9

9643%,

98

5342

5342

1

2965

97

2377

.

.

.

,

.

.

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

9

25%,

99

5073

1

5073

1

6559

97

8514

.

.

.

,

.

.

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

11

537%,

96

4235

0

6007

95

8227

.

.

,

.

.

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

10

7217%,

97

5098

0

9567

96

5531

.

.

,

.

.

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

11%,

96

1769

0

7381

95

4388

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

.

,

.

.

10

223%,

97

5364

0

1

0718

96

4628

.

.

,

.

.

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

9

5%,

98

8265

8265

1

40926

97

4173

.

.

.

,

.

.

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

10

488%,

96

3063

0

85986

95

4464

.

.

,

.

.

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

9

747%,

97

9098

0

1

1829

96

7269

.

.

,

.

.

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

10%,

96

7696

0

9727

95

7969

B

IV

V

B

B

V

nc

H

C

nc

C

=

=

=

=

-

=

.

,

.

.

Period

F

C

6

100

4

5

104

50

:

.

.

+

=

+

=

Figure

10

2

2

.

-


Finally, express Equations (A.13) and (A.14) as exponents to obtain the equations for the u and d values which satisfy Equations (A.9) and (A.10):
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Equations (A.15) and (A.16) are the familiar Binomial Option Pricing Model equations for estimating u and d. The equations determine the values of u and d, given the estimated variance and the mean of the spot rate’s logarithmic return for the period and the assumption that  spot rate changes follow a binomial process.

FIGURE 10.2-1

SIX-PERIOD TREE
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BOND VALUE WITH SIX-PERIOD TREE

FIGURE 10.3-1: BINOMIL DISTRIBUTION OF LOGARITHMIC RETURNS
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TABLE 10.3-1

 Estimating Mean and Variance with Historical Data
Quarter


Spot Rate

ADVANCE \d 6

ADVANCE \u 6 St
St/St-1
g t = (St/St-1)
(gt - (e)2

98.1

98.2

98.3

98.4

99.1

99.2

99.3

99.4

00.1

00.2

00.3

00.4

01.1


10.6%

10.0%

9.4%

8.8%

9.4%

10.0%

10.6%

10.0%

9.4%

8.8%

9.4%

10.0%

10.6%
–

.9434

.9400

.9362

1.0682

1.0638

1.0600

.9434

.9400

.9362

1.0682

1.0638

1.0600
--

-.0538

-.0619

-.0659

.0660

.0618

.0583

-.0583

-.0619

-.0659

.0660

.0618

.0583
(e = 0

ADVANCE \d 6

ADVANCE \u 6
–

.003399

.003382

.004343

.004356

.003819

.003399

.003399

.003832

.004343

.004356

.003819

.003399

Vqe = .046296

ADVANCE \d 24

ADVANCE \u 24

ADVANCE \u 19 (Ae   =  4(qe =  4(0)   =   0;         VAe   =  4Vqe =  4(.046296)   =   .016836

Length
h
n for 3-year

Bond
UADVANCE \d 6

ADVANCE \u 6
DADVANCE \d 6

ADVANCE \u 6

Year

Quarter

Month
1

1/4

1/12
3

12

36
1.1385

1.0670

1.0382
.8783

.9372

.9632



Figure  10.3-2
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Calibration of  Binomial Tree to Two-Period Bond

Figure  10.3-3

Calibration of  Binomial Tree to Three-Period Bond
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Figure 10.3-4

Calibrated Binomial Tree
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Figure 10.3-5

Value of Three-Period Option-Free Bond
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Figure 10.3-6
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� n! (Read as n factorial) is the product of all numbers from n to 1; also 0! = 1.


� Note, the annualized standard deviation cannot be obtained simply by multiplying the quarterly standard deviation by four.  Rather, one must first multiply the quarterly variance by four and then take the square root of the resulting annualized variance.


� Note, in the equations for u and d, as n increases the mean term in the exponent goes to zero quicker than the square root term.  As a result, for large n (n = 30), the mean term’s impact  on u and d is negligible and u and d can be estimates as 
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Figure 9.2-1: Five-Period Binomial Tree of Spot Rates


So = 10%, u = 1.0488, d = .9747
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Figure 9.2-1: Five-Period Binomial Tree of Spot Rates


So = 10%, u = 1.0488, d = .9747
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Figure 9.3-2: Three-Year, 9% Bond Valued with 6-Period Tree
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Figure 9.3-2: Three-Year, 9%


Bond Valued with 6-Period Tree
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