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Abstract

The paper analyzes one of the most common life insurance products - the so-called

participating (or with profits) policy. This type of contract stands in contrast to Unit-

Linked (UL) products in that interest is credited to the policy periodically according to

some mechanism which smoothes past returns on the life insurance company’s (LIC)

assets. As is the case for UL products, the participating policies are typically equipped

with an interest rate guarantee and possibly also an option to surrender (sell-back) the

policy to the LIC before maturity.

The paper shows that the typical participating policy can be decomposed into a risk free

bond element, a bonus option, and a surrender option. A dynamic model is constructed

in which these elements can be valued separately using contingent claims analysis. The

impact of various bonus policies and various levels of the guaranteed interest rate is

analyzed numerically. We find that values of participating policies are highly sensitive

to the bonus policy, that surrender options can be quite valuable, and that LIC solvency

can be quickly jeopardized if earning opportunities deteriorate in a situation where bonus

reserves are low and promised returns are high.

JEL Classification Codes: G13, G22, and G23.

Subject/Insurance Branche Codes: IM10 and IE01.

Keywords: Participating Life Insurance Policies, embedded options, contingent claims valu-

ation, bonus policy, surrender.
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1 Introduction

Embedded options pervade the wide range of products offered by pension funds and life

insurance companies. Interest rate guarantees, bonus distribution schemes, and surrender

possibilities are common examples of implicit option elements in standard type policies issued

in the United States, Europe, as well as in Japan. Such issued guarantees and written options

are liabilities to the issuer. They represent a value and constitute a potential hazard to company

solvency and these contract elements should therefore ideally be properly valued and reported

separately on the liability side of the balance sheet. But historically this has not been done,

to which there are a number of possible explanations. Firstly, it is likely that some companies

have failed to realize that their policies in fact comprised multiple components, some of which

were shorted options. Secondly, it seems fair to speculate that other companies have simply

not cared. The options embedded in their policies may have appeared so far out of the

money, in particular at the time of issuance, that company actuaries have considered the costs

associated with proper assessment of their otherwise neglegible value to far outweigh any

benefits. Thirdly, the lack of analytical tools for the valuation of these particular obligations

may have played a part. Whatever the reason, we now know that the negligence turned out

to be catastrophic for some companies, and as a result shareholders and policyowners have

suffered. In the United States, a large number of companies have been unable to meet their

obligations and have simply defaulted (see e.g. Briys and de Varenne (1997) and the references

cited therein for details), whereas in e.g. the United Kingdom and Denmark, companies have

started cutting their bonuses in order to ensure survival.

The main trigger for these unfortunate events is found on the other side of the balance

sheet where life insurance companies have experienced significantly lower rates of return on

their assets than in the 1970s and 1980s. The lower asset returns in combination with the

reluctance of insurance and pension companies to adjust their interest rate guarantees on new

policies according to prevailing market conditions have resulted in a dramatic narrowing of

the safety margin between the companies’ earning power and the level of the promised returns.

Stated differently, the issued interest rate guarantees have moved from being far out of the

2



money to being very much in the money, and many companies have experienced solvency

problems as a result. The reality of this threat has most recently been illustrated in Japan

where Nissan Mutual life insurance group collapsed as the company failed to meet interest

rate guarantees of 4.7% p.a.1 Nissan Mutual’s uncovered liabilities were estimated to amount

to $ 2.56 billion, so in this case policyholders’ options indeed expired in the money without

the company being able to fulfil its obligations.

Partly as a result of Nissan Mutual Life’s collapse, Japanese life insurance companies

have been ordered to reduce the interest rate guarantee from 4.5% to 2.5% p.a. In Europe,

the EU authorities have also responded to the threat of insolvency from return guarantees.

Specifically, Article 18 of the Third EU Life Insurance Directive, which was effective as of

November 10, 1992, requires that interest rate guarantees do not exceed 60% of the rate of

return on government debt (of unspecified maturity). In relation to this, Table 1 shows the

prevalent maximum level of interest rate guarantees as of October 1998 for Japan and the EU

member countries. In several of these countries, the maximum guaranteed interest rate has

decreased during recent years and further cuts are likely to be seen.2

Table 1

Countries Maximum rate
Japan 2.50%
Denmark and Italy 3.00%
Luxembourg 3.50%
France 3.75%
Austria, Germany, the Netherlands,
Portugal, Spain, and Sweden 4.00%
Belgium 4.75%

As a consequence of the problems outlined above, insurance companies have experienced an

increased focus on their risk management policy from regulatory authorities, academics, and

the financial press. In particular the shortcomings of traditional deterministic actuarial pricing

1The Financial Times, June 2, 1997.
2From personal communication with members of the Insurance Committee of Groupe Consultatif des Asso-

ciations d’Actuaires des Pays des Communautés Européennes(sic!).
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principles when it comes to the valuation of option elements are surfacing. Recent years have

also revealed an increasing interest in applying financial pricing techniques to the fair valuation

of insurance liabilities, see for example Babbel and Merrill (1999), Boyle and Hardy (1997),

and Vanderhoof and Altman (1998).3

In the literature dealing with the valuation of and to some extent also the reserving for

insurance liabilities, several types of contracts and associated guarantees and option elements

are recognized. Some of the contracts considered contain option elements of European type,

meaning that the option(s) can be exercised only at maturity. This contrasts American type

contracts where the embedded option(s) can be exercised at any time during the life of the

contract. Another important distinction must be made between unit-linked contracts4 and con-

tracts where interest is credited according to some smoothing surplus distribution mechanism.

The latter type is generally known as participating contracts and the interest rate crediting

mechanism applied is often referred to as a portfolio average method or an average interest

principle. Finally, in relation to guarantees it is important to distinguish between maturity

guarantees and interest rate guarantees (rate of return guarantees). A maturity guarantee is a

promise to repay at least some absolute amount at maturity (75% of the initial deposit, say)

whereas an interest rate guarantee promises to credit the account balance with some minimum

return every period.5

While participating policies are by far the most important in terms of market size, the larger

part of the previous literature in this area has been analyzing unit-linked contracts with interest

rate or maturity guarantees of the European type (Boyle and Schwartz (1977), Brennan and

Schwartz (1976), Brennan and Schwartz (1979), Baccinello and Ortu (1993a), Nielsen and

3The concern about traditional deterministic actuarial pricing principles and in particular the principle of
equivalence is not entirely new. In the United Kingdom, the valuation of maturity guarantees (as opposed to
the interest rate guarantees studied in the present paper) was a concern twenty years ago when the Institute of
Actuaries commissioned the Report of the Maturity Guarantees Working Party (1980), in which the valuation
of maturity guarantees in life insurance was studied (see also the discussion in Boyle and Hardy (1997)). It
was recognized that a guarantee has a cost and that explicit payment for these guarantees is necessary. For an
interesting view and a discussion of actuarial vs. financial pricing, the reader is referred to Embrechts (1996).

4A policy is unit-linked (equity-linked) if the interest rate credited to the customer’s account is linked directly
and without lags to the return on some reference (equity) portfolio - theunit.

5Maturity guarantees and interest rate guarantees are obviously equivalent for single period contracts. How-
ever, in a multiple period setting where the interest rate guarantee is on the current account balance and interest is
credited according to the principle that “what has once been given, can never be taken away” there is a significant
difference between these two types of guarantees.
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Sandmann (1995), and Boyle and Hardy (1997)). Some notable exceptions to this are the works

by Brennan (1993), Briys and de Varenne (1997), Miltersen and Persson (1998), and Grosen

and Jørgensen (1997). Inspired by classic UK with profits policies, Brennan (1993) discusses

the efficiency costs of the reversionary bonus mechanism applied to these contracts. In their

analysis of the valuation and duration of life insurance liabilities, Briys and de Varenne (1997)

explicitly introduce aparticipation level in addition to the guaranteed interest rate attached to

policies. However, the model is essentially a single period model where distinctions between

interest rate and maturity guarantees and between guarantees of European and American type

become less interesting. Miltersen and Persson (1998) present another interesting model in

which contracts with an interest rate guarantee and a claim on excess returns can be valued.

To model a kind of participation, the authors introduce a bonus account to which a part of

the return on assets is distributed in ‘good’ years and from which funds can be withdrawn

and used to fulfil the interest rate guarantee in poor years. The drawbacks of this model are

that no averaging or smoothing is built into the distribution mechanism, and that the bonus

account, if positive at maturity, is paid out in full to policyholders. This is a somewhat

unrealistic assumption. Also the American typesurrender option is not considered in this

model. In Grosen and Jørgensen (1997), arbitrage-free prices of unit-linked contracts with an

early exercisable (American) interest rate guarantee are obtained by the application of American

option pricing theory. They also point out that the value of the option to exercise prematurely

is precisely the value of the the surrender option implicit in many life insurance contracts.

The numerical work in Grosen and Jørgensen (1997) demonstrates that this particular option

element may have significant value and hence that it must not be overlooked when the risk

characteristics of liabilities are analyzed and reserving decisions are made. However, the

contracts considered in their paper are unit-linked and bonus mechanisms are not considered.

The present paper attempts to fill a gap in the existing literature by extending the analysis

in Grosen and Jørgensen (1997) from unit-linked contracts to traditional participating policies,

i.e. to contracts in which some surplus distribution mechanism is employed each period to

credit interest at or above the guaranteed rate. The objective is thus to specify a model which

encompasses the common characteristics of life insurance contracts discussed above and which
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can be used for valuation and risk analysis in relation to these particular liabilities. Our work

towards this goal will meet a chain of distinct challenges: First, asset returns must be credibly

modeled. In this respect we take a completely non-controversial approach and adopt the widely

used framework of Black and Scholes (1973). Second, and more importantly, a realistic model

for bonus distribution must be specified in a way that integrates the interest rate guarantee. This

is where our main contributions lie. The third challenge is primarily of technical nature and

concerns the arbitrage-free valuation of the highly path-dependent contract pay-offs resulting

from applying the particular bonus distribution mechanism suggested to customer accounts. We

will carefully take interest rate guarantees as well as possible surrender options into account

and during the course of the analysis we also briefly touch upon the associated problem

of reserving for the liabilities. Finally, we provide a variety of illustrative examples. The

numerical section of the paper also contains some insights into the effective implementation

of numerical algorithms for solving the model.

The paper is organized as follows. Section 2 describes the products which will be analyzed

and presents the basic modelling framework. In particular, the bonus policy and the dynamics

of assets and liabilities are discussed. In section 3 we present the methodology applied for

contract valuation, we demonstrate how contract values can be conveniently decomposed into

their basic elements, and computational aspects are addressed. Numerical results are presented

in section 4, and section 5 concludes the paper.
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2 The Model

In this section we provide a more detailed description of the life insurance contracts and

pension plan products which we will analyze. Furthermore, we introduce the basic model to

be used in the analysis and valuation of these contracts - especially the valuation of various

embedded option elements.

The basic framework is as follows. Agents are assumed to operate in a continuous time

frictionless economy with a perfect financial market, so that tax effects, transaction costs,

divisibility, liquidity, and short-sales constraints and other imperfections can be ignored. As

regards the specific contracts, we also ignore the effects of expense charges, lapses and mor-

tality.6

At time zero (the beginning of year one) the policyholder makes a single-sum deposit,

9�, with the insurance company.7 He thereby acquires a policy or a contract of nominal

value 3� which we will treat as a financial asset, or more precisely, as a contingent claim.

In general, we will treat 3� as being exogenous whereas the fair value of the contract, 9�, is

to be determined. 9� may be smaller or larger than 3� depending on the contractual terms -

particularly the various option elements. The policy matures after 7 years when the account

is settled by a single payment from the insurance company to the policyholder. However, in

some cases to be further discussed below, we will allow the policy to be terminated at the

policyholder’s discretion prior to time7 .

At the inception of the contract, the insurance company invests the trusted funds in the

financial market and commits to crediting interest on the policy’s account balance according

to some pay-out scheme linked to each year’s market return until the contract expires. We will

discuss the terms for the market investment and the exact nature of thisinterest rate crediting

6 Since we ignore the insurance aspects mentioned and focus entirely on financial risks, the reader may also
simply think of the products analyzed as a specific form of guaranteed investment contracts (GICs). In general,
GICs in their various forms have been a significant investment vehicle for pension plans over the last 20 years. In
the early 1990s, confidence in GICs was seriously shaken by the financial troubles of some insurance companies
that were affected by defaults of junk bonds they purchased in the 1980s and poor mortgage loan results. GICs do
not generally enjoy the status of ‘insurance’, and therefore they are not entitled to state guarantee fund coverage
in the event of defaults, (Black and Skipper (1994), p. 814–815.)

7The extension to periodic premiums is straightforward, but omitted owing to space considerations.
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mechanism in more detail shortly. For now we merely note that the interest rate credited to

the policy in year W, i.e. from time W � � to time W, is denoted U3 �W� and is guaranteed never

to fall below U*, the constant, positive, and contractually specified guaranteed annual policy

interest rate. Both rates are compounded annually.

The positive difference between the policy interest rate credited in year W and the guaranteed

rate is denoted the bonus interest rate, U%�W�, and we obviously have

U%�W�  U3 �W�� U* � �� � W� (1)

The final interest rate to be introduced is the economy’s (continuously compounded) riskless

rate of interest. We denote it byU and assume that it is a constant.8

It is obvious that the interest rate crediting mechanism, i.e. the policy for the determina-

tion of each year’sU3 ��� (or equivalentlyU%���), is of vital importance for the value of the

policyholder’s claim. We now turn to the discussion and our modelling of this key issue.

2.1 Bonus Policy and the Dynamics of Assets and Liabilities

Our modelling of the insurance company’s bonus policy will use the following simplified time

W balance sheet as its point of departure:

Figure 1

Assets Liabilities

$�W� 3 �W�

%�W�

$�W� $�W�

Some comments on Figure 1 are in order. Firstly, note that we use$�W� to denote the timeW

market value of the assets backing the contract (theasset base). The liability side comprises

8It is possible and straightforward to include stochastic interest rates in our setting. However, in the interest
of simplicity and since we are mainly concerned with studying other effects than those created by a stochastically
changing term structure of interest rates, we refrain from making this extension.
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two entries: 3 �W� is the policyholder’s account balance or, briefly, thepolicy reserve, whereas

%�W� is thebonus reserve. Actuaries also often denote%�W� simply as thebuffer. Although

added up, these two entities equal the market value of the assets, individually they are not

market values. The policy reserve,3 �W�, is rather a book value, whereas%�W� is a hybrid

being residually determined as a difference between a market value and a book value. This

construction is applied out of a wish to model actual insurance company behavior rather than

in an attempt to describethe ideal way. Furthermore, we emphasize that since we have chosen

to focus on individual policies (or, alternatively, a cohort of identical policies), Figure 1 is not

the company balance sheet but rather a snap-shot of the asset and liability situation at a certain

point in time and in relation to some specified policy (cohort of policies). Finally, we note

that ‘equity’ is not missing from the liability side of Figure 1. Since in many cases the owner

and the policyholders of the insurance company are the same, it is not essential to distinguish

between bonus reserves, i.e. the amount allocated for future distribution, and equity. Hence,

we have not included ‘equity’ as a separate entry on the liability side of the balance sheet.

2.1.1 The Asset Side of the Balance Sheet

The insurance company is assumed to keep the asset base invested in a well-diversified and

well-specifiedreference portfolio at all times. Recall that we use$�W� to denote the time

W market value of this investment. No assumptions are made regarding the composition of

this portfolio with respect to equities, bonds, real estate, or regarding the dynamics of its

individual elements. We simply work on an aggregate level and assume that the total market

value evolves according to a geometric Brownian motion,9

G$�W�  �$�W� GW�  $�W� G: �W�� $���  $�� (2)

9The assumption that assets evolve according to the GBM is not motivated by a wish to obtain closed form
or analytic solutions to the problems studied. Indeed, due to the complexity of the contract pay-offs, we obtain
no such solutions and we resort instead to extensive use of numerical methods. The numerical analysis could
just as easily be carried out using another model for the evolution in asset values. Actuaries, for example, may
prefer to apply the Wilkie model to describe the evolution of asset values (see e.g. Boyle and Hardy (1997)).
Another interesting possibility is to let assets evolve according to a jump-diffusion model.
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Here �,  , and $� are constants and : ��� is a standard Brownian motion defined on the

filtered probability space ���) � �)W�� 3 � on the finite interval >�� 7 @.10

For the remaining part of the paper we shall work under the familiar equivalent risk neutral

probability measure, 4, (see e.g. Harrison and Kreps (1979)) under which discounted prices

are 4-martingales and where we have

G$�W�  U$�W� GW�  $�W� G:4�W�� $���  $�� (3)

and where :4��� is a standard Brownian motion under 4. The stochastic differential equation

in (3) has a well-known solution given by

$�W�  $� � H�U� �

�
 ��W� :4�W�� (4)

In particular, we will need to work with annual (log) returns which are easily established as

conditionally normal:

OQ
$�W�

$�W� �� M)W��  U � �

�
 � �  

�
:4�W��:4�W� ��� M)W�� � 1

�
U � �

�
 ��  �

�
� (5)

2.1.2 The Liability Side of the Balance Sheet

We now direct our attention towards describing the dynamics of the liability side of the balance

sheet. Referring to Figure 1, we have previously introduced the two entries 3 �W� and %�W�

as the policy reserve and the bonus reserve, or alternatively, as the policyholder’s account

balance and the buffer. Regardless of terminology, it is important not to confuse3 �W� with

the concurrent fair value of the policy.

The distribution of funds to the two liability entries over time is determined by the bonus

policy, i.e. by the sequenceU3 �W� for W � � � I�� �� � � � � 7J. In particular, note that from the

10The assumption that � is constant is made for simplicity and is a bit stronger than necessary. As pointed
out by Black and Scholes (1973), standard arbitrage valuation carries through without changes if we allow � to
depend on time and/or the current state.
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earlier definition of the policy interest rate we must have

3 �W�  �� � U3 �W�� � 3 �W� ��� W � �� (6)

from which we deduce

3 �W�  3�

W<
L �

�� � U3 �L��� W � �� (7)

These are obviously two rather empty expressions until we know more about the determinants

of the process followed by U3 ���, i.e. the interest rate crediting mechanism. Not until more

has been said about this issue can we start to study the dynamics of the liability side of the

balance sheet (in particular the policyholder’s account) and the valuation of the policyholder’s

contract.

The question of howU3 ��� is determined in practice is highly subtle involving intangible

political, legal, and strategic considerations within the insurance company. There is therefore

little hope that we can ever construct simple models which can preciselycapture all elements

of this process. In particular, the theoretical possibility for the management of the insurance

company to change the surplus distribution policy over time – perhaps within specific limits set

by law – will be problematic for the task of valuing the policyholder’s claim. Put differently,

this means that whenever we apply and analyze a certain interest rate crediting mechanism in

our models, we should keep in mind that we are not necessarily dealing with strictly (legally)

binding agreements between the parties.

Having realized these problems – of which we are unaware of parallels in the standard

financial (exotic) options literature – we will proceed with an attempt to specify an interest

rate crediting mechanism which is as accurate and realistic an approximation to the true bonus

policy as possible. We shall specify the interest rate crediting mechanism in the form of some

mathematically well-defined function in order to be able to apply the powerful apparatus of

financial mathematics and, in particular, arbitrage pricing.

While problemsdo exist as outlined above, there are fortunately also some well-established

principles that can be used as inspiration. Firstly, it is clear that realized returns on the assets

in a given year must influence the policy interest rate in the ensuing year(s). Secondly,
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since one of the main arguments in the marketing of these life insurance policies is that they

provide a low-risk, stable, and yet competitive return compared with other marketed assets,

our modelling of the interest rate crediting mechanism should also accomplish this. The

surplus distribution rule should in other words resemble what is known in the industry as the

average interest principle.11 Thirdly, in order to provide these stable returns to policyholders12

and to partially protect themselves against insolvency, the life insurance companies aim at

building and maintaining a certain level of reserves (the buffer). This could and should also

be accounted for in constructing the distribution rule.

In sum, an attempt to model actual interest rate crediting behavior of life insurance compa-

nies should involve the specification of a functional relationship from the asset base, $���, and

the bonus reserve, %���, to the policy interest rate, U3 �W�. In this way, the annual interest bonus

can be based on the actual investment performance as well as on the current financial position

(the degree of solvency) of the life insurance company. Furthermore, the functional relation-

ship should be constructed in such a way that policy interest rates are in effect low-volatility,

smoothed market returns.

We thus propose to proceed in the following way. It is first assumed that the insurance

company’s management has specified a constant target for the ratio of bonus reserves to policy

reserves, i.e. the ratio%�W�
3 �W�

. We call this thetarget buffer ratio and denote it by�. A realistic

value would be in the order of 10–15%. Suppose further that it is the insurance company’s

objective to distribute to policyholders’ accounts a positive fraction,�, of any excessive bonus

reserve in each period. The company must, however, always credit at least the guaranteed

rate, U*, which it will do if the bonus reserve is insufficient or even negative. Clearly for

appropriate values of� this mechanism will ensure a stable smoothing of the surplus. The

11The average interest principle is discussed in e.g. Nielsen and Thaning (1996). These authors write

“... the average interest principle used by most of the pension business, partly to assure the
customer a positive yield each year and partly to minimize the companies’ risk due to the interest
guarantee given - means that the yield given to the insured is very different from the companies’
yield on investments each year. The difference is regulated by the so-called dividend equalisation
provisions.”

12Insurance companies sometimes label their bonus reserves ‘bonus smoothing reserves’ indicating their role
in sustaining the average interest principle.
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coefficient � is referred to as the distribution ratio.13 A realistic value of � is in the area of

20–30%. Before we proceed, let us briefly recapitulate the most frequently applied notation:

3� � policy account balance at time 0
7 � maturity date of the contract

U3 �W� � policy interest rate in yearW
U* � guaranteed interest rate

U%�W� � bonus interest rate in yearW
U � riskless interest rate

$�W� � market value of insurance company’s assets at timeW

3 �W� � policy reserve at timeW
%�W� � bonus reserve at timeW

� � target buffer ratio
� � distribution ratio
  � asset volatility

(8)

The discussion above can now be formalized by setting up the following analytical scheme

for the interest rate credited to policyholders’ accounts in yearW,

U3 �W�  PD[

�
U*� �

�%�W� ��
3 �W� �� � �

� 
� (9)

This implies a bonus interest rate as stated below,

U%�W�  PD[

�
�� �

�%�W� ��
3 �W� �� � �

�
� U*

 
� (10)

Note first that as in real life contracts, the interest rate credited between timeW� � and timeW

is determined at timeW� �, i.e. there is a degree of predictability in the interest rate crediting

mechanism.14 Observe also that whenU* � �
�
%�W���
3 �W���

� �
�

(reserves are ‘high’) we can write

3 �W�  3 �W� ��
�
� � �

�%�W� ��
3 �W� �� � �

��

 3 �W� �� � �
�
%�W� ��� �3 �W� ��

�

 3 �W� �� � �
�
%�W� ���%��W� ��

�
� (11)

13Briys and de Varenne (1997) work with a similar parameter called the participation coefficient.
14In Denmark, for example, all major insurance companies announce their policy interest rate for the coming

year in mid-december the year before.
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where %��W� �� � �3 �W��� denotes the optimal reserve at time W��. Hence, when reserves

are satisfactorily large, a fixed fraction of the excessive reserve is distributed to policyholders.15

Returning to the general evolution of the policyholder’s account, we have the relation

3 �W�  3 �W� ��
�
� � PD[

�
U*� �

�%�W� ��
3 �W� �� � �

� �

 3 �W� ��
�
� � U* �PD[

�
�� �

�$�W� ��� 3 �W� ��
3 �W� �� � �

�
� U*

 �
� (12)

This difference equation clarifies a couple of points. Firstly, it is seen that the interest rate

guarantee implies a floor under the final payout from the contract. The floor is given as

3PLQ�7 �  ��� U*�
7 �3 ��� and it becomes effective in case bonus is never distributed to the

policy. But note also that as soon as bonus has been distributed once, the floor is lifted since

the guaranteed interest rate applies to the initial balance, accumulated interest, andbonus. We

can therefore conclude that there is a risk free bond element to the contract implied by the

interest rate guarantee. Secondly, expression (12) clarifies that the bonus mechanism is indeed

an option element of the contract.

At this point it would have been convenient if from (12) we could establish the probabilistic

distribution followed by3 �7 �. However, recursive substitution of the3 ���s quickly gets

complicated and3 �7 � is obviously highly dependent on the path followed by$���. The path

dependence of the policyholder’s account balance eliminates any hope of finding analytical

expressions for the contract values. However, there is a wide range of numerical methods

at our disposal to deal with this kind of problem. We will start looking at these in the next

section. The present section is rounded off with some plots of simulation runs of the model

to give the reader a feel for how things work.

Figure 2 plots the various interest rates over a 20-year period resulting from a typical

simulation run of our model with a target buffer ratio (�) of 10%, an initial buffer of 10%, a

distribution rate (�) of 30%, and an asset volatility ( ) of 15%. The plot clearly illustrates

15Note that if one prefers to use continuously compounded rates throughout, one should use

U3 �W�  PD[

�
U*� OQ

�
� � �

�%�W� ��
3 �W� �� � �

�� 

instead of (9) and 3 �W�  3 �W� �� � HU3 �W� instead of (6) and so on.
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Simulated Market Return and Policy Interest Rate
rG=4.5%, r=8%, σ=15%, α=30%, γ=10%, B(0)=10, P(0)=100
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Figure 2: Simulated market return and policy interest rate

the smoothing that takes place in the policy interest rate. These rates vary much less than the

market return on assets. Moreover, they are bounded below by the guaranteed rate of interest

of 4.5% which comes into effect in certain years. Put differently, in some years there is no

bonus whereas in other years the policy interest rate is quite generous compared with the risk

free rate which is set at 8% in this example.

Figure 3 shows the evolution of various accounts resulting from the realisation of returns

shown in Figure 2. The curve describing the market value of the asset base again clearly

represents the more volatile evolution. Contrary to asset values, the policy reserve is strictly

increasing due to the interest rate guarantee. It appears significantly less risky than the cor-

responding asset base, yet with a quite comparable return over the entire contract period. We

have also plotted two exponential curves corresponding to the annual interest rate guarantee

of 4.5%. The first of these depicts the guaranteed future account balance as seen from time 0

whereas the other curve illustrates the guaranteed future account balance as seen from W  ��

where previously distributed bonus has contributed to current account balance. Hence the floor

provided by the interest rate guarantee at this point in time is ‘lifted’. Finally, the dynamics
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Simulated Evolution in Accounts
rG=4.5%, r=8%, σ=15%, α=30%, γ=10%, B(0)=10, P(0)=100

-100.00

0.00

100.00

200.00

300.00

400.00

500.00

0 2 4 6 8 10 12 14 16 18 20

Time in years

U
n

it
s 

o
f 

ac
co

u
n

t

Initial Guaranteed Amount (Floor)

Asset Base

Policy Balance

Buffer

Target Buffer

Example of ’Lifted Floor’ (from t=15)

Figure 3: Simulated Evolution in accounts

of the bonus reserve and the target buffer are shown as the two lower curves in the graph. In

the present example, %��� starts out at 10 and continues to fluctuate around the target buffer,

�3 ���.
Having demonstrated some essential characteristics of the contracts considered we now

turn to their valuation.
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3 Contract Types and Valuation

It is now time to turn to the valuation of specific contracts. In the present section we discuss

two variations – theEuropean and theAmerican versions – of the contracts described in the

previous section. The various numerical valuation techniques employed in the pricing of these

contracts will be discussed as we proceed.

3.1 Contract Types

3.1.1 The Participating European Contract

The participating European type of contract is defined as the contract that pays simply3 �7 � at

the maturity date,7 . Using the risk-neutral valuation technique (Harrison and Kreps (1979)),

the value of this contract at timeV, V � >�� 7 @, can be represented as

9 (�V�  (4
�
H�U�7�V�3 �7 �M)V

�
� (13)

As is usual, the expectation in (13) is conditioned on the information set,)V, but we can

substitute this with the triplet�$�W � ��� 3 �W � ��� $�V��, where W � � � V � W and W �
�  I�� �� � � � � 7J. In fact, since the pair�$�W � ��� 3 �W � ��� uniquely determines3 �W�,

the expectation in (13) can be conditioned merely on�$�V�� 3 �W��.16 This is an important

observation and the intuition behind it is the following. On one hand, in order to value the

contract at an intermediate date,V, it is notsufficient to know the current value of the reference

portfolio (the asset base), i.e.$�V�, due to the earlier mentioned path dependence. On the

other hand, it is not necessary also to know the entirepath followed by$��� up to timeV.

However, wedo needsome knowledge about this path and the information summarized by

�$�W� ��� 3 �W� ���, or just3 �W�, will be adequate. In other words,3 �W� contains sufficient

information about the status of the reference portfolio at the end of previous years since this

in turn has determined the policy interest rates and thus the present account balance.

From a computational point of view, the observation above implies that we have in fact a

relatively tractable two-state-variable problem on our hands. This means that finite-difference

16Recall that 3 �W� is )V-measurable by construction.
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and lattice schemes can be relatively easily implemented for numerical valuation of the con-

tracts. We postpone the discussion of these issues a little further and note first that for the

European type of contracts, numerical evaluation via Monte Carlo simulation is also a possi-

bility. In particular, the initial value of the participating European contracts is given as

9�  (4
�
H�U73 �7 �M$���� 3 ���� (14)

which will be the point of departure in our Monte Carlo evaluation of the participating Euro-

pean contracts.

3.1.2 The Participating American Type Contract

The participating American type of contract differs from the participating European contract

only in that it can be terminated (exercised) at the policyholder’s discretion at any time during

the time interval>�� 7 @. Should the policyholder thus decide to exercise prematurely at time

V, he will receive3 �V� � 3 �W � �� whereW� � � V � W and W � �.17 Hence, in addition to

the the bonus option and the bond element implied by the interest rate guarantee, the policy-

holder has an American style option to sell back the policy to the issuing company anytime he

likes. This feature is known in the insurance business as a surrender option. The participating

American contract thus contains a double option element in addition to the risk free bond

element implied by the interest rate guarantee. The total value of the contracts considered can

therefore be decomposed as shown in Figure 4:

17A possible and reasonable modification of this definition of 3 �V� would be to define 3 �V� � 3 �W � �� �
�� � U3 �W��

V�W�� in order to allow for inter-period accumulation of interest to the account. However, in our
numerical experiments we have only considered early exercise at dates in the set � in which case the extension
is irrelevant.
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Figure 4

Participating American Contract Value

Risk Free Bond Bonus Option Surrender Option

Participating European Contract Value

The valuation of the risk free part of the contracts is straightforward. At time zero, the

value is given by H�U7 � 3� � �� � U*�
7 .

The entire participating American contract can be fairly valued according to the theory for

the pricing of American style derivatives (see e.g. Karatzas (1988)). Denoting the fair value

at time V by 9 $�V�, V � >�� 7 @, we have the following abstract representation of this value

9 $�V�  VXS
¡�7V�7

(4
�
H�U�¡�V�3 �¡ �M)V

�
� (15)

where 7V�7 denotes the class of )V-stopping times taking values in >V� 7 @.18

Unfortunately, the introduction of a random expiration date complicates practical valuation

considerably. Without any knowledge of the distribution of 3 ���, further manipulation of the

probabilistic representation (15) is impossible and Monte Carlo evaluation - being a forward

method - is now also problematic. However, as demonstrated in recent works (for example

Tilley (1993) and Broadie and Glasserman (1997)) Monte Carlo evaluation is feasible for

some American style derivatives (low dimension and few exercise dates) but will typically be

computationally demanding and we will not follow that avenue. Instead we will handle the

18Surrender charges are common in real life contracts. We have not taken this into account.
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path-dependence by using the two-state-variable observation made earlier and the associated

numerical techniques as discussed next.

3.2 Computational Aspects

3.2.1 Monte Carlo Simulation

As mentioned in the previous section, the participating contracts of European type can be

valued by standard Monte Carlo techniques. The way to proceed is to simulate a sequence

of asset returns under the risk-neutral measure, 4, (see equation (5)) in order to get a large

number (P) of paths for 3 ��� leading to final values of the policy reserve, 3 L�7 �, for each

path indexed by L.

The actual steps involved in simulating a single path are the following:

1st step: Determine U3 ���  PD[IU*� �
�
%���
3 ���

� �
�
J

Simulate $���

Calculate 3 ���  �� � U3 ����3 ���

%���  $���� 3 ���

Determine U3 ���  PD[IU*� �
�
%���
3 ���

� �
�
J

...

j’th step: Simulate $�M�

Calculate 3 �M�  �� � U3 �M��3 �M � ��
%�M�  $�M�� 3 �M�

Determine U3 �M � ��  PD[IU*� �
�
%�M�
3 �M�

� �
�
J

...

T’th step: (Simulate $�7 �)

Calculate 3 �7 �  �� � U3 �7 ��3 �7 � ��
(%�7 �  $�7 �� 3 �7 ��

These steps are repeatedP times and the Monte Carlo estimate of the initial contract value,
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A9 (���, is found by averaging the 3 L�7 ��V and discounting back to time zero, i.e.

A9 (���  
H�U7

P

P;
L �

3 L�7 �� (16)

The standard error of the Monte Carlo estimate is obtained as an easy by-product of the

simulation run and is given by

 � A9 (
� �  

 
�
H�U73 L�7 �

�
S
P

(17)

with obvious notation.

There are a number of methods for enhancing the precision of the Monte Carlo estimates

and in our implementation we have employed one of the simplest - the antithetic variable

technique, which is described in e.g. Hull (1997). The reader is also referred to the pioneering

article by Boyle (1977), the recent survey by Boyle, Broadie, and Glasserman (1997), and the

excellent book by Gentle (1998) for further details and more advanced techniques.

The simulation framework is also well-suited for the analysis of issues such as optimal

reserving, the distribution of the future solvency degree, and default probabilities at the in-

dividual contract level. We take a brief look at some of these issues in section 4 where our

numerical work is presented and discussed.

We finally report some technical details in relation to the simulation experiments. Firstly,

in generating the necessary sequence of random numbers we employed the multiplicative con-

gruential generator supplied with Borland’s Delphi Pascal 4.0 (for details on random number

generators, see e.g. Press et al. (1989) and Gentle (1998)). This particular random number

generator has aperiod which exceeds���. The sequence was initialized and shuffled (to elim-

inate sequential correlation) according to the Bays and Durham algorithm described in Press

et al. (1989), p. 215–216. The uniform variates were transformed to independent normal vari-

ates using the Box-M̈uller transformation (see e.g. Quandt (1983)). All Monte Carlo results

reported are based on the same 1,000,000 simulation runs, i.e. on the same sequence of gen-

erated random variates. This permits a more direct comparison between the various contracts

without having to allow for random differences in simulated conditions. The values of the
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European participating contracts reported in Tables 2, 3, and 4 below have been obtained in

this way.

3.2.2 The Recursive Binomial Method

In order to be able to price the American participating contracts we have also implemented

a binomial tree model ‘a la Cox, Ross, and Rubinstein (1979). The European contracts can

also be priced by using this methodology and excluding early exercise so this technique also

conveniently provides us with a rough check on the values obtained via Monte Carlo simulation,

cf. earlier.

Because of the dependence of the contract values on both $��� and 3 ��� we are forced to

implement a recursive scheme that keeps track of these variates at all knots in the tree starting

from time zero. More specifically, we have used 7 time steps - typically 20. This allows

for 7 � � final values of $�7 �, �7 different paths, and similarly (up to) �7 different terminal

values of 3 �7 �.

The prices of the American participating policies reported in Tables 2 and 3 have all been

obtained using this methodology.

4 Numerical Results

In this section we present results from the numerical analysis of the model. We first report and

discuss the valuation results in relation to the participating European as well as the American

contracts. We then perform a numerical study of default probabilities on an individual contract

level which is in line with traditional reserving analyses.

The results of the pricing analysis are contained in Tables 2–4 where we study contracts

for which 3�  ���, %�  �, 7  �� years andU*  ����. In Table 2, the volatility of the

reference portfolio is set to 15%19 whereas   ��� in Table 3. The riskless interest rate is

chosen from the setI����� ����� ����J. The distribution rate,�, and the target buffer ratio,

19Pennacchi and Lewis (1994) estimate the average volatility of pension assets to about 15%. See also the
discussion in Kalra and Jain (1997).
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�, are varied within each panel in the tables.

There are two values in each entry of Tables 2 and 3. The first is the value of the European

contract obtained by Monte Carlo simulation as explained earlier. The value of the otherwise

equivalent American-type policy is given in parentheses below the European price. These

prices are obtained via the recursive binomial method discussed earlier.20

In the interpretation of the tables, recall that �  � corresponds to the extreme situation

where surplus is never distributed and the value of � is redundant. The policyholder receives

U* per year for the entire period of the contract which has thus effectively degenerated into a

20 year zero-coupon bond. The present value of this bond is given as H�U7 � 3� � �� � U*�
7 in

the top row of each of the three panels in Tables 2 and 3. This value is ‘clean’ in the sense that

it does not contain any contribution from bonus or surrender options, and it will obviously be

below par when the market interest rate is high relative to the guaranteed interest rate and vice

versa. Note that�  � and European contract values below par imply that American contract

values are precisely at par indicating that these contracts should be terminated immediately.

The above-mentioned bond element is present in all prices but when� ! � there will also

be a contribution to the contract value from the bonus option. A large� obviously implies a

more favorable bonus option, ceteris paribus, so contract values are rising in�. Conversely,

an increase in the target buffer ratio,�, means less favorable terms for the option elements,

so contract values decrease as� increases. Hence, bonus policies with relatively low�s and

high �s can be classified asconservative whereas contracts with the opposite characteristics

can be labelledaggressive. In this connection it should be recalled that�  ���� corresponds

to the situation where the life insurance company does not aim at building reserves.

Another conclusion is immediate from Tables 2 and 3. It can be seen that constructing par

contracts (9�  ���) is a matter of extreme sensitivity to the distribution policy parameters�

and�. This aspect is further illustrated in Table 4, where the contract values from Tables 2

and 3 have been decomposed into their basic components, i.e. the risk free bond element, the

20In a few cases where early exercise is never optimal (bottom panel of Table 2) we obtained values of the
American contracts which were slightly lower (less than 1%) than those of their European counterparts. This
is due to discretization error in the binomial approach so in these cases we have relied upon and reported the
values obtained by Monte Carlo simulation also for the American contracts.
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bonus option and the surrender option.

In the tables we see that the American contracts are always more valuable than their

European counterparts, the difference being the value of the surrender option. Also as expected,

contract values increase as the bonus policy moves from conservative towards more aggressive.

However, note that the value of the surrender option decreases with a more aggressive bonus

policy. This is quite intuitive since a more aggressive bonus policy is purely to the advantage

of the policyholder. Consequently, his incentive to exercise prematurely may be partly or fully

removed in this way.

When the risk free interest rate drops towards and perhaps below the guaranteed interest

rate, the contract value increases although the value of the option elements decreases. This is

explained by the fact that the interest rate guarantee itself moves from being in a sense out of

the money to being at or in the money. Being in effect a riskless bond, this contract element

of course rises in value when the market interest rate drops. Note at the same time that the

value of the surrender option decreases as staying in the company becomes more attractive

the closer the riskless rate is to the guaranteed interest rate. In other words, the incentive to

exercise prematurely will gradually disappear as the market interest rate drops.

The effect of the level of volatility of the underlying portfolio can be seen from comparing

Tables 2 and 3. As is usual, option elements become more valuable with increasing uncertainty.

We do not report valuation results for non-zero initial values of the buffer. It is quite clear,

however, that if for example %� ! �, the contract values shown in the tables would increase

since surplus obtained over the contracts’ life would not have to be partly used to build up and

maintain the target buffer. Finally, in each panel we indicate theaverage relative standard

error of the 24 prices obtained by Monte Carlo simulation. The individual standard errors

(not reported) are calculated as the standard error of the Monte Carlo estimate divided by the

price estimate itself.
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Table 2

Values of European and American participating contracts
for different levels of interest rates and bonus policy parameters, � and �.

Other parameters:
3�  ���, %�  �, 7  �� years,    ���, and U*  ����.
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Table 3

Values of European and American participating contracts
for different levels of interest rates and bonus policy parameters, � and �.

Other parameters:
3�  ���, %�  �, 7  �� years,    ���, and U*  ����.
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Table 4

Decomposition of Participating European and American Contract Values
3�  ���, %�  �, 7  �� years,    ���, and U*  ����.

Bond Bonus Surrender European American
Interest Rate Bonus Policy Element Option Option Contract Contract

Scenario Scenario (1) (2) (3) (1)+(2) (1)+(2)+(3)
Conservative D 48.69 0.00 51.31 48.69 100.00

U  �� Neutral E 48.69 28.35 22.96 77.04 100.00
Aggressive F 48.69 61.04 14.78 109.73 124.51
Conservative 72.64 0.00 27.36 72.64 100.00

U  �� Neutral 72.64 20.93 10.28 93.57 103.85
Aggressive 72.64 52.55 8.31 125.19 133.50
Conservative 108.37 0.00 0.00 108.37 108.37

U  �� Neutral 108.37 13.94 0.00 122.31 122.31
Aggressive 108.37 43.65 0.13 152.02 152.15

D Conservative scenario with �  ����.

E Neutral scenario with �  ���� and �  ����.

F Aggressive scenario with �  ���� and �  ����.

In order to provide a different perspective on the implications of the model, we have ex-

tended the simulation analysis to cover an issue of relevance to the reserving process. Specif-

ically, we have estimated by simulation the probability of default on the individual contract

for various bonus policy parameters. The probabilities reported are risk neutral, i.e. they are

4-probabilities. These differ from the true probabilities (3 -probabilities) to the extent that the

expected return on assets differ from the risk free rate of interest. We note that to obtain default

probabilities under the 3 -measure would be computationally equivalent but would require a

subjective choice of the value of the parameter � in equation (2).

We consider European contracts only and Table 5 below contains the estimated default

probabilities where default is defined as the event that %�7 � � �. The top panel represents

the base case where we have taken U*  ����� U  ��� %�  �� and    ���. Different

bonus policies are studied by varying � and � as in our earlier pricing analysis. These parame-
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ters are seen to represent a rather risky regime for the insurance company: default probabilities

vary between 0.23 and 0.68. The following three panels each depicts a situation where we

have changed one, and only one, parameter from the base case in a favorable direction as seen

from the side of the company. First, the volatility of assets was lowered to 10%. Second, the

guaranteed interest rate was lowered to 2.5%, and third, the initial reserve, %�, was set to 20.

In the fifth panel all three changes were applied simultaneously.

Table 5

Default probabilities for Participating European Contracts

3�  ���, 7  �� years, and U  ��.

�
0.00 0.05 0.10 0.15 0.20 0.25

0.00 0.23 0.23 0.23 0.23 0.23 0.23
   ��� 0.25 0.37 0.34 0.32 0.31 0.29 0.28
U*  ���� � 0.50 0.52 0.47 0.43 0.40 0.37 0.35
%�  � 0.75 0.62 0.56 0.51 0.46 0.43 0.39

1.00 0.68 0.62 0.57 0.51 0.47 0.43
0.00 0.08 0.08 0.08 0.08 0.08 0.08

   ��� 0.25 0.14 0.12 0.11 0.10 0.10 0.09
U*  ���� � 0.50 0.29 0.23 0.18 0.15 0.13 0.12
%�  � 0.75 0.41 0.32 0.25 0.20 0.17 0.14

1.00 0.50 0.39 0.31 0.24 0.20 0.16
0.00 0.09 0.09 0.09 0.09 0.09 0.09

   ��� 0.25 0.25 0.22 0.20 0.18 0.16 0.15
U*  ���� � 0.50 0.41 0.35 0.31 0.27 0.23 0.21
%�  � 0.75 0.52 0.45 0.38 0.33 0.29 0.25

1.00 0.59 0.52 0.45 0.39 0.34 0.29
0.00 0.16 0.16 0.16 0.16 0.16 0.16

   ��� 0.25 0.33 0.31 0.28 0.26 0.24 0.23
U*  ���� � 0.50 0.51 0.46 0.41 0.37 0.34 0.31
%�  �� 0.75 0.62 0.55 0.50 0.45 0.40 0.37

1.00 0.68 0.62 0.56 0.50 0.45 0.41
0.00 0.00 0.00 0.00 0.00 0.00 0.00

   ��� 0.25 0.06 0.04 0.03 0.02 0.01 0.01
U*  ���� � 0.50 0.18 0.12 0.08 0.05 0.04 0.03
%�  �� 0.75 0.30 0.20 0.13 0.09 0.06 0.04

1.00 0.39 0.27 0.18 0.12 0.08 0.06

28



The change in volatility from 15% to 10% in the second panel is seen to be quite effectful. For

what we consider to be realistic values of the bonus policy parameters, the default probability

is more than cut in half. As seen from the third panel, the effect on default probabilities of

a lowering of the guaranteed interest rate can also be dramatic, whereas for this particular

choice of parameters the impact of an initial buffer of substantial size is not that significant

(fourth panel). Of course, when the effects are combined as in the fifth panel, the default

probabilities can be made quite small. This is particularly outspoken when bonus policies are

in the conservative to moderate area.

An alternative view on default probabilities is given in Figures 5 and 6 where we have

drawn iso-default probability curves, i.e. curves depicting combinations of � and � which

result in the same default probabilities for an otherwise given set of parameters. Figure 5 uses

parameters as in the base case in Table 5 and thus represents a problematic situation where the

company must set a very conservative bonus policy to ensure default probabilities below 25%.

Figure 6, on the other hand, represents a relatively safe scenario corresponding to the fifth

panel in Table 5 where the company would have to specify a very aggressive bonus policy in

order to experience default probabilities in excess of 25%.

Iso-default Probability Curves
rG=4.5%, r=8%, σ=15%, B(0)=0
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Figure 5: Iso-default probability curves
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Iso-default Probability Curves
rG=4.5%, r=8%, σ=15%, B(0)=0
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Figure 6: Iso-default probability curves

5 Conclusion

As the general level of interest rates has dropped in the 1990s, life insurance companies have

experienced a dramatic narrowing in the safety margin between their earning power on the asset

side and the level of promised returns on the liability side. As a consequence, the interest rate

guarantees issued with traditional participating life insurance policies have become particularly

valuable to policyholders and threatened the solvency of the issuing companies. The situation

has in many cases been worsened by established bonus practices and by the fact that some

contracts have been issued with an option to surrender the policy before maturity.

Life insurance companies have traditionally not given much attention to the proper valu-

ation of the various option elements with which their policies have been issued, and this has

undoubtedly contributed to the problems now experienced in the life insurance business. In

the present paper we have presented a dynamic model for use in valuing the common family

of life insurance products known as participating contracts. The model was based on the well-

developed theory of contingent claims valuation. We have shown that the typical contract can

be decomposed into three basic elements: a risk free bond, an option to receive bonus, and a
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surrender option.

The properties of the model were explored numerically. The analysis showed that contract

values are highly dependent on the assumed bonus policy and on the spread between the

market interest rate and the guaranteed rate of interest built into the contract. In another

application of the model, we estimated by simulation the relation between bonus policies

and the probability of default at the individual contract level. This analysis showed default

probabilities of substantial size for realistic parameter choices indicating that the management

of the life insurance company should take solvency problems very seriously. In this respect,

initiatives on both the asset and the liability sides could be considered. An obvious first

choice could be to reduce asset volatility by changing the asset composition towards less risky

assets. But another potential problem enters here. The return offered by less risky assets

(bonds) might be so low that such a move would only make it certain that interest guarantees

could not be honored in the future. A classical asset substitution problem where the company

management is forced into taking risks might thus exist. Alternatively, to reduce the probability

of default, the company could consider more conservative bonus policies to the extent that this

is permitted by law and the contractual terms. In fact, the possibility for the management to

change the bonus policy parameters in a sense constitutes a counter option which we have not

explicitly taken into account in this paper. This is an interesting subject for future research

as would be the analysis of how the asset mix could possibly be optimally described as a

function of the liability situation of the life insurance company.

Some other natural paths for further research emerge. In the present article, a model was

constructed in order to describe actual insurance company behavior with particular respect to

applied accounting principles and bonus policies. Future research should try to establish the

ideal way in the sense that systematic market value accounting should constitute the basis of

the balance sheet as well as the bonus policy. Furthermore, realism could obviously be added

to the model by considering periodic premiums and taking into account mortality, lapses and

various expense charges. Lastly, an interesting issue would be to incorporate the possibility

of default of the life insurance company and to analyze how this would affect contract values

and possibly also the optimal surrender strategy.
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