Solution to exam in Analytical Finance I, January 2008.
1. See the Lecture Notes.

2. We recall

0
f@,T)= —Elnp(t,T)

p(t,T) = SN e

From these we immediately have the answers to (a) and (b):

l T
(@) y(,T)= T——tJt.f(t’S)dS
) f(.T)= aiTy(r,T)(T )+ (0T

The idea, exactly as for HIM theory, is to use the fact that, under Q, the local rate of return of
all bonds equals the short rate. We recall yield dynamics under Q as

dy(t,T)=a(t,T)dt +b(t,T)dW (t)
We can write the bond prices as
p(t,T)=e"""
with Z(t, T) =—y(¢, T) - (T — t) From Ito we have

dZ(t,T) = —(T - t)dy(t,T) + y(t,T)dt
={y(t,T)—a(t,TT —1)}dt — b(t,T)T — t)dW (1)

Again from Ito we have
1
dp(t,T) = p(t,T)dZ + > p(6,T)(dZ)’
Inserting the Z-dynamics we obtain

dp(t,T) = p(t,T){y(t,T) —a(t,TYT —t)+ %b(r,T)z(T - t)z}dt

- p&,T)b(t,TYT —t)dW (t)

Under Q, the local rate of return of all bonds equals the short rate so, denoting the short rate
by 7, and recalling that r, = y(¢, ) we have



()= Y(T) = (. TNT =1) + b, T (T 1)
i.e. the drift condition is

a(t,T)= ! {y(t,T)—y(t,t)+%b(t,T)2(T—t)2}

—t

3. The six month interest rate is given by the bill:
2
98.068=— N0 . [ 109 J ~1=14.000%
(1+7, 98.068

With extrapolation we have 72, = '3, = 7’6, = 4.000%
To get the interest rate at one year and three months, we use one of the bonds:

101.436 = > + 105 = 1, =7.000%

(1 n )90/360 1+90/360 1y3m
7/3’” (1 + r1y3m>

With use of linear interpolation we can calculate the rate at one year and two months:

ioom = 4.000% + o180
14— -2

360 360

o/ _ 0
7.000% 4.0004( N 60 180}:6.667%
360 360

The rate at 2 year and 2 month is given by:

102.000 = 6 + 6 + 106 = 7, = 7.426%

1 60/360 1+60/360 2+90/360
( +r2m) (1+riy2m) (1+r2y2m)

Finally, we get the two year interest rate by interpolation:

o/ _ ()
r,, =7.000% + 7.:426% ~ 7.000% 2— 1+ﬂ =7.349%
7 60 90 360
24— || 1+—
360 360




4.

(a) Set w, = Efr;]. We have that

: :
=Ty —|—/ (v — Fr,) ds —|—f o /r.dB,.
0 i

Since the second term is a stochastic integral, with a square integrable
integrand, it has mean 0, so

t t t
uy = 7o+ E[f (v — Br.)ds] = f Eloo — fr,]ds = f [v — Gu,] ds.
0 0 0
Differentiating, we get an ODE for w:, which is easily solved, namely
duy = I:Ct' - ﬁuﬂ ng,

or u, = o — G,
[You didn’t have to solve, it but here is how the argument would go
Rewrite it in the form

dus
—— =dt
o — Fus
and integrate both sides to get

-1 1 a — Gy ;
—log | ——— | =1t
[ Slaz Bry

(1 — e_m) + ?'ue_S* —

Solving for w, yields

U =

| R

“
il
as t — oo

(b) To find the second moment of ry we do exactly the same thing. The
first step is to find the SDE for r7. From the SDE for r, we have that
d{r), = o®r,dt. Thus by [t&’s lemma,

dr? = 2rydr, + d{r),
= 2r(a — Bry) dt + 2-:r1'"f"FE dB, + o*r, dt.

In other words,

¢ ¢ t
e =ri+ f (2a + 0% )r.ds — 2,‘3/ rds + 20/ 32 dB,.
0 0 0

Write v, = E[r?], so that vg = r2. Then taking expectations,
: :
E[Y] =rt + f (2a + o) E[r.]ds — 23 f E[r?] ds.
0 0
In other words,

¢ ¢
v = 1-'3 + f (2ev 4+ o) u.ds — 28 f U, ds.
0 0



Differentiating, we get the ODE for v
v = (20 + o%)u, — 23w,

[Again, this could be solved, as follows: The standard method is to use
what is called an integrating factor. In other words, to note that

[ﬂzeﬂ.ﬁz}f _ EZS#(U; + 2.‘.31'#}

= ¥ (20 + o),
= (22 + %) [eS*(TD - %) + egﬂtl%].

Integrating gives that

e28t — 4y (250 3ﬂ+Ujf ')+ 2333]{55
1 crez‘gt—ll
=i+ (204 a7) (?D_E) 3 +.‘__? ok ]

[ rn K [} s 0
=15 + (20 + 07) (-F — E)eﬂ* + Eem* + (E — ?j] :
Thus
v = e 7 4 (20 4 o?) (%ﬂ — ‘%)e_&* + 2;2 + (% - %)6_23*]

— (200 + crg:l

252

The point of the question is that pricing involves finding the state-
price density. This may not always be easy, but at least we can extract
information about the moments, using the above arguments. It turns
out that CIR models produce equilibrinm distributions that are gamma
distributed, so in fact, the moments characterize the distributions.]

5.) See Lecture Notes

6.) See Lecture Notes



