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MÄLARDALENS HÖGSKOLA
Instituitionen för Matematik och fysik, IMa

Examination in MT1470 Analytical Finance II

Monday 14 of August 2006, 14:30 – 18:30


Examiner: Jan Röman, phone 0708-606 306

You may use: Pencil, ruler and rubber gum.
General direction: The solution should be well motivated and readable. All notations must be explained.

Remark: Write your national registration number (personnummer) and the number of pages on the first page. Write only one solution on per sheet. Use page numbers and write your name on all pages.

For G you need 25 points including bonuses and for VG 35 points,

Good Luck!!


1. The explanations of the concepts below must be given in detail (such as figures) to give any points (0.5 points each) if important information is missing they give zero point each. 

(a) Explain with a graph (curve) and words the discount function P(t) and give 
      the relation between the discount function, zero coupon prices and the 
      spot rate rspot(t). 

(b) Explain the concept of a bond with an embedded option e.g. a callable bond. 
     What do we mean with call events, call periods, effective duration and 
     effective convexity? Explain why the effective duration is less than the 
     duration. 

(c) Explain in words and graph, caps, floors, caplets, floorlets and tenor. 

(d) Explain in words and a graph, the relation between the clean price and dirty 
     price of a bond. 

(e) Explain in words a convertible bond.
 
(f) Explain the interest rate called repo-rate. Why is this lower than many of the 
     other rates. What is the meaning of O/N, T/N and C/W?

(g) Explain in words and graph, a plain vanilla interest rate swap.

(h) Define what we mean with CTD and why do we need to calculate it. 
(i) Define what we mean with shifting the yield curve. Reason and different 
      types of shifts must be given. 

(j) Define in words and formula the concept of changing numeraire. 

(k) Give at least one advantage of the Hull-White interest rate model.

(l) What do we mean with quote types? Give at least three quote types.

(m) What do we mean by “inverting the yield-curve”?

(n) Define in words and formula the forward measure and why the forward 
     measure simplifies the calculations dramatically.

(o) Define in words convexity. 
 
(p) What is forward induction and how is it used?

(q) What do we mean when we calibrate a short rate model to the market data?

(r) Why are HJM a framework, not a model?

(s) Write the price formula for a contingent claim X under the T-forward measure 
     QT. 

(t) What is the advantage of the CIR model compared with the Vasicek model.   
     What give rise to this advantage?
.…………………………………………………………….……………….(10p)


2. A standard HJM model, under the risk neutral martingale measure Q, is of the form
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where V for simplicity is assumed to be a scalar Q-Wiener process.

(a) It is known that short rate models are special cases of forward rate models. In   
     the Vasicek model the short rate is assumed to have the following dynamics
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where (, ( and (r are constants and V is as before.
Your task is to specify the volatilities (f(t, T) for the forward rate model in such a way that the Vasicek model is obtained for the short rate. ................................ (3p)

Hint: This is perhaps most easily done by comparing the solution of equation (2) to the expression for the short rate obtained from equation (1) (you may find some of the formulas on the last page of this exam useful).
(b) Given the forward rate dynamics (1) derive the dynamics of the (zero-coupon)  
      bond prices, p(t, T) (you may find some of the formulas on the last page of this 
      exam useful for doing this)............................................................................(4p)

(c)  Derive the Heath-Jarrow-Morton drift condition (under Q).........................(1p)

(d) Given time you could show that for the Vasicek model the ( appearing in the 
     drift of the short rate under Q can be written as
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where 
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 is the mean reversion level under the objective measure P and ( is the market price of risk. Assume that both 
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 and ( are constant. Derive an expression for the market price of risk in terms of the initial forward rates and the parameters 
[image: image7.wmf]a

, ( and (r.........................................................................................................(2p)

Hint: This can be done by comparing the non-stochastic terms of the solution of (2) and the expression for the short rate obtained from (1), with drift given by the HJM drift condition.

3. In the Vasicek model, the short rate is modelled by the dynamics:
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In this model the price of a European call option is given by:
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where
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Use this model to value a European call option on a zero-coupon bond. Time to expiration is two years, the strike price is 92, the volatility is 3%, the mean-reverting level is 9%, and the mean reverting rate is 5%. The face value of the bond is 100 with time to maturity three years, and initial risk-free rate of 8%. I.e.,: 

           F = 100,  K = 92, T = 2, (  = 3,  b = 0.0045,  a = 0.05,  r = 0.08,  ( = 0.03. 
……………………………………………………………….……………….(10p)


4. In the Vasicek model, the short rate is modelled by the dynamics:
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Derive the Zero-coupon bond prices in this model.
……………………………………………………………….……………….(10p)



5. You get the following data from a bond trader named, James (called, James Bond by his friend Johnny Cash):
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where T is the time to maturity and c the coupon rate. Coupons are paid semi-annually. Your task is to calculate the missing data by bootstrapping. Since the YTM for the two last bonds have to be solved by e.g., a Newton-Raphson method you are given the last two values: YTM1.5 = 6.4722 and YTM2.0 = 4.4225 %.
(Remark! If you get a negative forward rate, this can be because of bad data!)
………………………………………………………………….……………(10p)

Formulas:

Suppose there exist a process X(t, T) for every T ( 0 and suppose that Y is a process defined by:
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Then, we have the following version of the Itô formula:
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A linear SDE of the form:
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where a is a constant an b(t) and ((t) are deterministic functions, has the solution:
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“Probability that a normal random variable is smaller than x
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