
 1

 

           
MÄLARDALENS HÖGSKOLA 
Instituitionen för Matematik och fysik, IMa 
 
Examination in MMA707 & MT1410 Analytical Finance I 
Wednesday 24 of October 2007, 14:30 – 18:30 
 
 
Examiner: Jan Röman, phone 0708-606 306 
You may use: Pencil, ruler, rubber gum and calculator. 
General direction: The solution should be well motivated and readable. All notations 
must be explained. 
Remark: Write your national registration number (personnummer) and the number of 
pages on the first page. Write only one solution on per sheet. Use page numbers and 
write your name on all pages. 
 
Remark2: There are one extra problem (the last one). You don’t have to make it. But 
if you are close to a limit I will consider it. 

 
Good Luck!! 

 
 

 
1. Prove the put-call relationship for American options (current time is t = 0 

maturity at T): 
 
  rT

A AS K C P S Ke      
……………………………………………………………..…………………. (3p) 
 

2. Assume a one-period financial market model with three securities on the 
probability space (, F, P) with  = {1, 2, 3}, F = P() and P(i) > 0 i = 1, 
2, 3. The current prices of the securities are S(0) = (S0(0), S1(0), S2(0)) = (100, 
150, ). At time t = 1 the prices are given by the following matrix: 

 
1 1 1 2 1 3

2 1 2 2 4 3

3 1 3 2 3 3

(1, ) (1, ) (1, ) 110 110 110
(1) (1, ) (1, ) (1, ) 154 198 143

(1, ) (1, ) (1, ) 176 220 143
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S S S S
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 (a) Name an equivalent characterization to freedom of arbitrage in single period 
      market models. 
(b) What are the possible values for , so that the market remains arbitrage-free? 
(c) Assume that  = 160. Calculate an equivalent martingale measure EMM with the  
      bond as numéraire. 
(d) Calculate the price of the asset with payoff-vector C(1) = (22, 66, 0) 
…………………………………………………………………………..………….(4p) 
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3. Assume a standard 3-period CRR binomial model. The price of the stock is 
currently $100. The risk-free interest rate with continuous compounding is 6% 
per annum. Over the next three 4 month periods, the stock is expected to go up 
by 8% or go down by 7% in each period. 
 
(a) What is the value of a one-year European call with strike price $103? 
(b) What is the value of a one-year European put with strike price $103? 
(c) Verify the Put-Call parity for the European call and the European put. 

………………………………………………………………………………..(3p) 
 

4. Consider a financial market in which the Black-Scholes formula for a 
European call option holds. The risk-free interest rate (cont. compounding) is 
r. The underlying stock has value S with volatility . For a European call with 
strike K and maturity T, show that the following relations hold: 

 

 
 
 Show that the call satisfies the partial differential equation 
 

   
  

HINT! First, show that  
 

 
……………………………………………………………………………………(10p) 
 
 
5.  The price of the stock of ABC corporation satisfies the SDE 

 
 t t t tdS S dt S dW    
 
where Wt is a Brownian motion. The corporation enters into a contract with its 
CEO, worth  
 

 ln TSA
K
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at time T. Note that if the stock price ST is greater than K, the CEO receives a 
payment, but if ST  < K then she has to pay the corporation. In other words, this is 
an incentive for her to see that the stock price goes up. In order to neutralize the 
contract, she decides to hedge. Ignoring transaction costs, how much does it cost 
her at time t = 0 to implement a hedge that will exactly balance this contract at 
time t = T? You should obtain your answer by 
 
(a)    Expressing the hedging cost in terms of risk neutral expectations, 
 
(b)    evaluating these expectations. 
 
(c)    Finally, work out an actual cost, where T corresponds to 2 years, r = 3% per 
year,   = 6% per year,  = 30% per year, K = 10, the initial price of the stock is 
S0 = 12, and A = 100,000. 
..……………………………………………………………….……………(10p) 
 

6. Consider a standard Black-Scholes market, i.e. a market consisting of a risk free 
asset, B, with P-dynamics given by 
 

 ( ) ( )
(0) 1

dB t r B t dt
B

 
 

 

 
and a stock, S, with P-dynamics given by 
 

 ( ) ( ) ( ) ( )
(0)

dS t S t dt S t dW t
S s

    
 

 

  
Here W denotes a P-Wiener process and r, α and σ are assumed to be constants. 
 
(a) Suppose that you for some reason are fairly certain that there will be a large  
      move in the stock price until time T. However you are not certain of whether  
      the price will increase or decrease. One way to make use of your information  
      is to buy a strangle, which is a T-contract with a payoff structure illustrated in  
      the figure below. 

  
 (For the application described above today's stock price should lie between x1  
      and x2.) Compute the price of the strangle as explicitly as possible. 
 
 Hint: The easiest way of doing this might be to construct a portfolio of  
 derivatives with known prices, which at time T will pay exactly the same 
 amount as the option above, i.e. to use the same method used to derive  
 put-call-parity.................................................................................................(4p) 
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(b) Determine the arbitrage price of the contingent T-claim X = Φ(ST ) with  
     contract function Φ given by 
 

         if ( )
0          otherwise.

s s Ks
   


 

 
 Here K denotes a strictly positive constant. 
…………………………………………………………….……….........……(6p) 
 

7. Consider a model for two countries. We then have a domestic market (Sweden) 
and a foreign market (Japan). The domestic and foreign interest rates, rd and rf, 
are assumed to be given real numbers. Consequently, the domestic and foreign 
savings accounts satisfy 
 
  fd r tr td f

t tB e B e   
 
where Bd and Bf are denominated in units of domestic and foreign currency, 
respectively. The exchange rate process X, which is used to convert foreign 
payoffs into domestic currency (the "krona/yen"-rate), is modeled by the 
following stochastic differential equation under the objective measure P 
 
  X XdX Xdt XdW    
 
where µx and σx are assumed to be constants and W is a P-Wiener process. 
A domestic martingale measure, Qd, is a measure which is equivalent to the 
objective Measure P and which makes all a priori given price process, expressed 
in units of domestic currency and discounted using the domestic risk-free rate, 
martingales. We assume that if you buy the foreign currency this is immediately 
invested in a foreign bank account. All markets are assumed to be frictionless. 
 
(a) Determine the Qd-dynamics of X. 
 
(b) Now take the viewpoint of a foreign-based investor, that is an investor who 
 consistently denominates her profits and losses in units of foreign currency.  
 A foreign martingale measure, Qf, is a measure which is equivalent to the 
 objective measure P and which makes all a priori given price process,  
 expressed in units of foreign currency and discounted using the foreign risk-
 free rate, martingales. 
  
Find the Girsanov transformation between Qd and Qf. 
 
(c) The domestic (foreign) market is said to be risk neutral if the domestic  
  (foreign) martingale measure is equal to the objective measure P. Under 
 which conditions are both markets risk neutral? 
………………………………………………………………….…………….(10p) 
 

8. Extra problem(see page 1): Derive Black-Scholes Partial Differential Equation 
and solve it for a European Put-option. 
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Formulas: 
 

 Suppose that there exist processes X(., T) for every T ≥ 0 and suppose that Y is a 
process defined by: 
 

 
0

( ) ( , )
T

t

Y t X t s ds   

 
Then we have the following version of Itô's formula 
 

 
0

( , ) ( , )
T

t
t

dY X t t dt dX t s ds     

 
 The standard Black-Scholes formula for the price (t) of a European call option 

with strike price K and time of maturity T is (t) = F(t, S(t)), where 
 
    ( )

1 2( , ) ( , ) ( , )r T tF t s S N d t S e K N d t S      
 
Here N is the cumulative distribution function for the N(0, 1) distribution and 
 

 
2

1

2 1

1 1( , ) ln ( ) ,
2

( , ) ( , )

Sd t S r T t
KT t

d t S d t S T t






                

  

 

 
 If N denotes the cumulative distribution function for the N(0; 1) distribution, then 

 
 N(-x) = 1 - N(x). 
 

A linear SDE of the form 
 

  
0 0

t t t t tdX aX b dt dW
X x

   



 

 
where a is a constant and bt and σt are deterministic functions, has the solution 
 

    
0

0 0

t t
a t s a t sat

t s s sX e x e b ds e dW      
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